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hi  my  late  father's  Will  no  instructions  were  left  as 
to  the  publication  of  his  Writings,  nor  specially  as  to 
that  of  the  "  Elements  of  Qqaternions,"  which,  but 
for  his  late  fatal  illness,  would  have  been  before  now, 
in  all  their  completeness,  in  the  hands  of  the  Public. 
My  brother,  the  Rev.  A.  H.  Hamilton,  who  was 
named  Executor,  being  too  much  engaged  in  his  cle- 
rical duties  to  undertake  the  publication,  deputed  this 
task  to  me. 

It  was  then  for  me  to  consider  how  I  could  best 
fulfil  my  triple  duty  in  this  matter — First,  and  chiefly, 
to  the  dead ;  secondly,  to  the  present  public ;  and, 
thirdly,  t6  succeeding  generations.  I  came  to  the  con- 
clusion that  my  duty  was  to  publish  the  work  as  I  found 
it,  adding  merely  proof  sheets,  partially  corrected  by 
my  late  father  and  from  which  I  removed  a  few  typo- 
graphical  errors,  and  editing  only  in  the  literal  sense 
of  giving  forth. 

Shortly  before  my  father's  death,  I  had  several  con- 
versations with  him  on  the  subject  of  the  "  Elements." 
In  these  he  spoke  of  anticipated  applications  of  Qua- 
ternions to  Electricity,  and  to  all  questions  in  which 
the  idea  of  Polarity  is  involved — applications  which 
he  never  in  his  own  lifetime  expected  to  be  able  fully 
to  develope,  bows  to  be  reserved  for  the  hands  of 
another  Ulysses.  He  also  discussed  a  good  deal  the 
nature  of  his  own  forthcoming  Preface  ;  and  I  may 
intimate,  that  after  dealing  with  its  more  important 
topics,  he  intended  to  advert  to  the  great  labour  which 


(    vi    ) 

the  writing  of  the  "  Elements"  had  cost  him — labour 
both  mental  and  mechanical;  as,  besides  a  mass  of 
subsidiary  and  unprinted  calculations,  he  wrote  out 
all  the  manuscript,  and  corrected  the  proof  sheets, 
without  assistance. 

And  here  I  must  gratefully  acknowledge  the  ge- 
nerous act  of  the  Board  of  Trinity  College,  Dublin,  in 
relieving  us  of  the  remaining  pecuniary  liability,  and 
thus  incurring  the  main  expense,  of  the  publication  of 
this  volume.  The  announcement  of  their  intention  to 
do  so,  gratifying  as  it  was,  surprised  me  the  less,  when 
I  remembered  that  they  had,  after  the  publication  of 
my  father's  former  book,  "  Lectures  on  Quaternions,^ 
defrayed  its  entire  cost;  an  extension  of  their  liberality 
beyond  what  was  recorded  by  him  at  the  end  of  his 
Preface  to  the  "  Lectures,"  which  doubtless  he  would 
have  acknowledged,  had  he  lived  to  complete  the  Pre- 
face of  the  "  Elements." 

He  intended  also,  I  know,  to  express  his  sense  of 
the  care  bestowed  upon  the  typographical  correctness 
of  this  volume  by  Mr.  M.  H.  Gill  of  the  University 
Press,  and  upon  the  delineation  of  the  figures  by  the 
Engraver,  Mr.  Oldham. 

I  annex  the  commencement  of  a  Preface,  left  in  ma- 
nuscript by  my  father,  and  which  he  might  possibly 
have  modified  or  rewritten.  Believing  that  I  have 
thus  best  fulfilled  •  my  part  as  trustee  of  the  unpub- 
lished "  Elements,"  I  now  place  them  in  the  hands  of 
the  scientific  public. 

William  Edwin  Hamilton. 

January  Uty  1866. 


PREFACE/ 


[1.^  The  volume  now  submitted  to  the  public  is  founded  on 
die  same  principles  as  the  **  Lectures,"^*^  which  were  pub- 
lished on  the  same  subject  about  ten  years  ago :  but  the  plan 
adopted  is  entirely  new,  and  the  present  work  can  in  no  sense 
be  considered  as  a  second  edition  of  that  former  one.    The 
Tabu  of  Contents^  by  collecting  into  one  view  the  headings  of 
the  various  Chapters  and  Sections,  may  suffice  to  give,  to 
readers  already  acquainted  with  the  subject,  a  notion  of  the 
comse  pursued :  but  it  seems  proper  to  offer  here  a  few  intro- 
ductory remarks,  especially  as  regards  the  method  of  expo- 
sition, which  it  has  been  thought  convenient  on  this  occasion 
to  adopt 

[2.]  The  present  treatise  is  divided  into  Three  Books,  each 
designed  to  develope  one  guiding  conception  or^ew,  and  to 
illastrate  it  by  a  sufficient  but  not  excessive  number  of  exam- 
ples or  applications.  The  First  Book  relates  to  the  Concep- 
tion of  a  Vector^  considered  as  a  directed  right  line^  in  space  of 
three  dimensions.  The  Second  Book  introduces  a  First  Con- 
eeption  of  a  Quaternion^  considered  as  the  Qtwtient  of  two  such 
Vectors.  And  the  Third  Book  treats  of  Products  and  Powers 
of  Vectors,  regarded  as  constituting  a  Second  Principal  Form 
of  the  Conception  of  Quaternions  in  Geometry, 


*  This  fragment,  bj  the  Author,  was  found  in  one  of  his  manuscript  books 
br  the  Editor. 
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Pages. 
OH   VECTORS,    COMSIDEBED    WITHOUT    REFERENCE    TO 

ANGLES,  OR  TO  ROTATIONS,  ....      1-102 
CHAPTER*  I. 

FUNDAMXHTAL  PBIirCIPLES  RBSPECTIKe  YECT0R6,     .         1-1 1 

Seciioh  \  1. — On  the  Conception  of  a  Vector ;  and  on  Equa- 
lity of  Vectors,      ,    .  US 

Sscnov  2. — On  Differences  and  Sums  of  Vectors,  taken  two 

by  two, • 3—5 

Sbctiov  3. — On  Sums  of  Three  or  more  Vectors,  ....  5-7 

SEcnoK  4. — On  Coefficients  of  Vectors, 8-11 

This  sh(«t  Firat  Chapter  should  be  read  with  care  by  a  beginner ; 
any  misoonoeption  of  the  meaning  of  the  word  **  Vector"  being  fatal 
Id  pzogren  in  the  Qnatemions.  The  Chapter  contains  explana- 
tions also  of  the  connected,  but  not  all  equally  impartant,  words 
or  phrBSffl,  ^reveotor,**  '* provector,*'  "  transyector,"  ''actual  and 
miUTecton,'*  "opposite  and  successiye  vectors,"  ''  origin  and  term  of 
aTeetor,"  ''equal and  unequal  rectors,"  "addition  and  subtraction 
of  Tectora,"  "  multiples  and  firaotions  of  vectors,"  &c. ;  with  the  nota- 
tion B  —  A,  ibr  the  Vector  (or  directed  right  line)  ab  :  and  a  deduction 
of  the  result,  essential  but  not  peculiar%  to  quaternions,  that  (what 
is  here  called)  the  wetor-sum,  of  two  co-initial  sides  of  a  parallelo- 
gram, is  the  intermediate  and  co-initial  diagonal.  The  term  "  Scalar^' 
is  also  introduced,  in  connexion  with  eoeffieUnU  ofv^ctor$, 

*  This  Chapter  may  be  referred  to,  as  I.  i. ;  the  next  as  I.  ii. ;  the  first  Chap- 
ter of  the  Second  Book,  as  II.  L  ;  and  similarly  for  the  rest. 

t  This  Section  may  be  referred  to,  as  L  i.  1 ;  the  next,  as  I.  i.  2  ;  the  sixth 
Section  of  the  second  Chapter  of  the  Third  Book,  aa  III.  ii.  6 ;  and  so  on. 

{  Compare  the  second  Note  to  page  203. 
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CHAPTER  II. 

APPLICATIONS  TO  POINTS  A.'STD  LINES  IK  A  GIVEN  PLANE,     ll--^^ 

Section  1 . — On  Linear  Equations  connecting  two  Go-initial 

Vectors, 11-12 

Section  2. — On  Linear  Equations  between  three  Co-initial 

Vectors, 12-20 

After  reading  theae  two  first  Sections  of  the  second  Chapter,  and 
perhaps  the  three  first  Articles  (81-88,  pages  20-23)  of  the  following 
Section,  a  student  to  whom  the  subject  is  new  may  find  it  oonyenient 
to  pass  at  once,  in  his  first  perusal,  to  the  third  Chapter  of  the  present 
Book;  and  to  read  only  the  two  first  Articles  (62,  68,  pages  49-51) 
of  the  first  Section  of  that  Chapter,  respecting  Veetort  in  Space^  before 
proceeding  to  the  Second  Book  (pages  103,  &c.),  which  treats  of  Qim- 
Umions  as  Quotients  of  Vectors, 

Section  3. — On  Plane  Geometrical  Nets,     ......  20-24 

Section  4. — On  Anharmonic  Co-ordinates  and  Equations 

of  Points  and  Lines  in  one  Plane, 24-32 

Section  5. — On  Plane  Geometrical  Nets,  resumed,   .     ,     ,  32-35 
Section  6 On  Anharmonic  Equations  and  Vector  Ex- 
pressions, for  Curves  in  a  given  Plane, 35-49 

Among  other  results  of  this  Chapter,  a  theorem  is  given  in  page  48, 
which  seems  to  offer  a  new  geometrical  generation  of  (plane  or  spheri- 
cal) eurvea  of  the  third  order.  The  anharmonic  eo-^trdinatea  and  equa- 
tions employed,  for  the  plane  and  for  space,  were  suggested  to  the 
writer  by  tome  of  his  own  vector  forme  ;  but  their  geometrical  inter- 
prettttione  are  assigned.  The  geometrical  nets  were  first  discussed  by 
Professor  Mobius,  in  his  Baryeenirie  Calculus  (Note  B),  but  they  are 
treated  in  the  present  work  by  an  entirely  new  analysis :  and,  at  least 
for  space,  their  theory  has  been  thereby  much  extended  in  the  Chapter 
to  which  we  next  proceed. 

CHAPTER  in. 

APPLICATIONS  OP  VECTOES  TO  SPACE,     .       .      .49-102 

Sechon  1. — On  Linear  Equations  between  Vectors  not  Com- 

planar, 49-56 

It  has  already  been  recommended  to  the  student  to  read  the  first 
two  Articles  of  this  Section,  even  in  his  first  perusal  of  the  Volume; 
and  then  to  pass  to  the  Second  Book. 

Section  2 — On  Quinary  Symbols  for  Points  and  Planes  in 

Space, 67-62 
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Pa^es. 
acnrar  3.— -On  ABhanaonic  Co-ordinates  in  Space,     .     .      62-67 

Shcth>i4. — On  Geonietrical  Nets  in  Space, 67-85 

Sicnoy  5. — ^On  Barycentres  of  Systems  of  Points ;  and  on 

Simple  and  Complex  Means  of  Vectors, 85-89 

Sscnos  6 — On  Anhannonic  Equations,  and  Vector  Ex- 

pressons,  of  Surfaces  and  Curves  in  Space,   ....  90-97 

SBCTio3r7. — On  Differentials  of  Vectors, 98-102 

-An  application  of  Jinite  dtjbreneei,  to  a  question  connected  with  io- 
Tw^frTtt,  oecun  in  p,  87.  The  anhannonic  generation  of  a  ruled  Ay- 
f^^^lotd  (or  paraboloid)  is  employed  to  illustrate  anhannonic  equa- 
tiw;  alld(amo^g  other  examples)  certain  «oftM,  of  the  second  and  thiid 
«to>  hare  their  Tector  equations  assigned.  In  the  last  Section,  a  dejl- 
■**»  ^  diferentiaU  ^of  veetws  and  sealars)  is  proposed,  which  is 
•fterwirfa  extended  to  difermiiais  of  quatemiontj  and  which  is  in- 
^8|®d«it  of  derelopments  and  of  infinitesimals,  but  involves  the 
«^«eption  of  Umita,  Vectors  of  Velocity  and  AceeUration  are  men- 
*«*»d;  andahintof  ^Mfo^<lpA«isgiven. 
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ON  QUATERNIONS,  CONSIDEEED  AS  QUOTIENTS  OF 
VBCTORS,  AND  AS  INVOLVING  ANGULAR  EELA- 
TI0N8, • 103-300 

CHAPTER  L 

I'^nuiurxAi.  FKnrciPLES  bespsctino  aroTiEif  ts  op  vbctoes,  1 03-239 

Veiy  little,  if  any,  of  this  Chapter  II.  L,  should  he  omitted,  even 
in  a  first  penual ;  since  it  contains  the  most  essential  conceptions 
^"^  Bolatunis  of  the  Calculus  of  Quaternions,  at  least  so  far  as  quo- 
^^^''^  of  veetofTB  are  concerned,  with  numerous  geometrical  illustra- 
^UBs.  Still  there  are  a  few  investigations  respecting  circumscribed 
coneB,  imaginary  intersections,  and  ellipsoids,  in  the  thirteenth  Sec- 
tion, which  a  student  may  peas  over,  and  which  will  be  indicated  in 
^  proper  place  in  this  Table. 

SttrnoH    1 Introductory    Remarks ;     First    Principles 

adopted  from  Algebra, 103-106 

Bscno^r  2. — ^First  Motive  for  naming  the  Quotient  of  two 

Vectors  a  ftuatemion, 106-110 

Sicnoir  3. — Additional  Illustrations, 110-112 

It  is  shown,  by  consideration  of  an  angle  on  a  desk^  or  inclined 
plane,  that  the  complex  relation  of  one  vector  to  another,  in  length  and 
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in  directum,  inyolyea  generally  a  system  of  four  mmmcdl  $Ummii$. 
Many  other  motiyeB,  leading  to  the  adoption  of  the  nam$,  <<  Quater- 
nion," for  the  subject  of  the  present  Galcnlus,  from  its  Amdamental 
connexion  with  the  number  "  Four,**  are  found  to  present  themselyes 
in  the  course  of  the  work. 

Section  4 On  Equality  of  Quaternions ;  and  on  the  Plane 

of  a  Quaternion, . 112-117 

Section  5. — On  the  Axis  and  Angle  of  a  Quaternion ;  and 

on  the  Index  of  a  Biglit  Quotient,  or  Quaternion,  .     •  117-120 
Section  6. — On  the  Eeciprooal,  Conjugate,  Opposite,  and 

Norm  of  a  Quaternion ;  and  on  Null  Quaternions,  •    .  120-129 
Section  7. — On  Badial  Quotients ;  and  on  the  Square  of  a 

Quaternion, 129-133 

Section  8. — On  the  Yersor  of  a  Quaternion,  or  of  a  Yec- 

tor ;  and  on  some  General  Formulse  of  Transformationy  133-142 

In  the  five  foregoing  Sectious  it  is  shown,  among  other  things, 
that  the  plane  of  a  quaternion  is  generally  an  essential  element  of  its 
constitution,  so  that  diplanar  quaternions  are  unequal;  but  that  the 
equare  of  everjf  right  radial  (or  right  versor)  is  equal  to  negative  unity, 
whatever  its  plane  may  be.  The  Symbol  V  -  1  admits  then  of  a  real  m- 
terpretation,  in  this  as  in  seyeral  other  systems ;  but  when  thus  treated 
as  redly  it  is  in  the  present  Calculus  too  vague  to  be  useful :  on  which 
account  it  is  found  convenient  to  retain  the  old  eignijlcation  of  that 
symbol,  as  denoting  the  (uninterpreted)  Imaginary  of  Algebra^  or 
what  may  here  be  called  the  scaiar  imaginary^  in  investigations  re- 
specting non^real  intersections,  or  non-real  contacts,  in  geometry. 

Section  9 — On  Vector-Arcs,  and  Vector-Angles,  consi- 
dered as  Eepresentatives  of  Versors  of  Quaternions ; 
and  on  the  Multiplication  and  Division  of  any  one  such 
Versor  by  another, 142-157 

This  Section  is  important,  on  account  of  its  constructions  of  mul- 
tiplication and  division ;  which  show  that  the  product  of  tufo  diplanar 
versorSf  and  therefore  of  two  such  quaternions,  is  not  independent  of 
the  order  of  the  factors. 

Section  10. — On  a  System  of  Three  Eight  Versors,  in 
Three  Eectangular  Planes;  and  on  the  Laws  of  the 
Symbols,  ijk, 157-162 

The  student  ought  to  make  himself /amtVt^r  with  these  laws, 
which  are  all  included  in  the  Fundamental  Formula, 

,-»«;i  =  *i  =  y*  =  -1.  (A) 
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Ptge*. 

mdEipreumn  of  the  ionn, 

<?=w  +  «*+^+*«,  (B) 

B  vkidi  fp,  2^  y,  s  are^mir  setUart,  or  ordinaiy  algebraic  qnantitiea, 
v^  i,j,  k  are  ^Atm  «i#i0  aywtM^  obeying  the  i«iM  contained  in  the 
fisBola  (A),  and  therefore  not  mbfeet  to  all  the  usual  rales  of  Mlge- 
in  :  sraee  we  haTe,  for  instanoe, 

iF=+4i    Iwt    Ji^'k;    and    tyil^«-(^)». 

&cnoH  11. — On  the  Tensor  of  a  Tector,  or  of  a  Qnater- 
nioii;  and  on  the  Pn)diict  or  Qnotient  of  any  twoQua- 
temionsy 162-174 

Sicnoir  12. — On  the  Sum  or  Difference  of  any  two  Qna- 
temions ;  and  on  the  Scalar  (or  Scalar  Part)  of  a  Qua- 
ternion,    175-190 

%KnxxE  13. — On  the  Bight  Part  (or  Vector  Part)  of  a 
Qnateniion ;  and  on  the  Distributiye  Property  of  the 
Kultiplication  of  Quaternions, 190l^33 

SicnoK  14. — On  the  Beduction  of  the  General  Quaternion 
to  a  Standard  Quadrinomial  Form ;  with  a  First  Proof 
of  the  AsaodatiYe  Principle  of  Multiplication  of  Qua- 

233-239 


Aitides  81&-t20  (vith  their  sab-articlesX  in  PP-  214-888,  may  be 
^Butted  at  fint  xeading. 

CHAPTEB  n. 

<nr  ooKPijusrAB  QUAXEBmoHS,  0£  auonEirrB  op  tbciobs  ik 
oi(x  YiAME ;  Ain>  oir  powebs,  boots,  Aim  looabithms  of 
QLVAxxBsaov%y 240-285 

The  first  BIX  SectioDa  of  this  Chapter  (II.  iL)  may  be  passed  oyer 
in  a  fint  pemsal. 

SwnoH  1- — On  Complanar  Proportion  of  Vectors ;  Fourth 
Proportional  to  Three,  Third  Proportional  to  Two, 
Mean  Proportional,  Square  Root ;  Oeneral  Eeduction 
of  a  Quaternion  in  a  giv^i  Plane,  to  a  Standard  Bino« 
mialForm, 240-246 

Bscnov  2. — On  Continued  Proportion  of  Four  or  more  Vec- 
tors; whole  Powers  and  Roots  of  Quaternions  ;  and 
Roots  of  Unity, 246-251 
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Section  3.— On  the  Amplitudes  of  Quaternions  in  a  given 

Plane;  and  on  Trigonometrical  Expressions  for  such 

Quaternions,  and  for  their  Powers, 251-257 

Section  4. — On  the  Ponential  and  Logarithm  of  a  Quater- 
nion ;  and  on  Powers  of  Quaternions,  with  Quaternions 
for  their  Exponents, 257-264 

Section  5. — On  Finite  (or  Polynomial)  Equations  of  Alge- 
braic Form,  involving  Gomplanar  Quaternions ;  and  on 
the  Existence  of  n  Eeal  Quaternion  Boots,  of  any  such 
Equation  of  the  n*  Degree, 265-275 

Section  6. — On  the  »*  -  n  Imaginary  (or  Symbolical) 
Boots  of  a  Quaternion  Equation  of  ttie  n**  Degree,  with 
Coefficients  of  the  kind  considered  in  the  foregoing 
Section, 275-279 

Section  7. — On  the  Beciprocal  of  a  Vector,  and  on  Har- 
monic Means  of  Vectors ;  with  Bemarks  on  the  Anhar- 
monic  Quaternion  of  a  Group  of  Four  Points,  and  on 
Conditions  of  Concircularity,      ........  279-285 

In  this  last  Section  (II.  ii.  7)  the  short  first  Article  258,  and  the 
following  Art  259,  as  fSur  as  the  formula  YIII.  in  p.  280,  should  be 
read,  as  a  preparation  for  the  Third  Book,  to  which  the  Student  may 
next  proceed. 

CHAPTEB  III. 

ON    DIPLiNAK    QUATEBNIONS,    OB    QUOTIENTS    OF  TECTOBS   IN 
^        SPACE :    AND  ESPECIAXLir   ON  THE  ASSOaATITS  PMNCIPLE 

OP  MULTIPLICATION  OF  SUCH  QUATEBNIONS, 286-300 

This  Chapter  may  be  omitted,  in  a  first  perusal. 

Section  1. — On  some  Enunciations  of  the  Associative  Pro- 
perty, or  Principle,  of  Multiplication  of  Diplanar  Qua- 
ternions,      286-293 

Section  2. — On  some  Geometrical  Proofs  of  the  Associative 
Property  of  Multiplication  of  Quaternions,  which  are 
independent  of  the  Distributive  Principle,     ....  293-297 

Section  3. — On  some  Additional  Formulae,     ....  297-300 
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ON    QUATERNIONS,    CONSIDERED    AS    PRODUCTS    OR 

POWERS    OF  VECTORS;    AND    ON    SOME   APPLICA- 

TI0N8  OP  QUATERNIONS, 801  to  the  end. 

CHAPTER  I. 

ON  THE  INTEBFBETATIOir  OF  A  PBODTTCT  OF  YECTOSSy  OB  POW BB 

OF  A  YECTOB,  AS  A  aVATBBinOK,        .      .      •   301-390 

The  first  six  Sections  of  this  Chapter  ought  to  be  read,  eyen  in  a 
first  perusal  of  the  work. 

Sbction  1. — On  a  Pirst  Method  of  Interpreting  a  Product 

of  Two  Vectors  as  a  Quaternion, 301-303 

Section  2. — On  some  Consequences  of  the  foregoing  Inter- 
pretation,    303-308 

Thiajirst  interpntation  treats  the  product  ]3.a,  as  equal  to  the 
guati&m  fi  :  cr^ ;  where  a'^  (or  Ra)  is  the  preyiously  defined  Beeiprocal 
(II.  ii.  7)  of  the  vector  a,  namely  a  second  vector^  which  has  an  m- 
rerte  length,  and  an  oppowte  direction.  Multiplication  of  Vectors  is 
thns  proved  to  be  (like  that  of  Quaternions)  a  Dietributivey  but  not 
generally  a  Commutative  Operation,  The  Square  of  a  Vector  is  shown 
to  be  always  a  Negative  Scalar,  namely  the  negative  of  the  square  of 
the  tensor  of  that  vector,  or  of  the  number  which  expresses  its  length  ; 
and  some  geometrical  applications  of  this  fertile  principle,  to  spheres, 
&C.,  are  given.  The  Index  of  the  Bight  Tart  of  a  Product  of  Two  Co- 
initial  Vectors,  OA,  ob,  is  proved  to  be  a  right  line,  perpendicular  to 
ths  Plane  of  the  Triangle  gab,  and  representing  by  its  length  the 
J>ouUe  Area  of  that  triangle ;  while  the  Rotation  round  this  Index, 
from  the  Multiplier  to  the  Multiplicand,  ia  positive.  This  right  part, 
or  vector  part,  Va/3,  of  the  product  vanishes,  when  the  factors  are 
parallel  (to  one  common  Une) ;  and  the  scalar  part,  8ap,  when  they 
are  rectangular, 

Sbctiok  3. — On  a  Second  Method  of  arriving  at  the  same 

Interpretation,  of  a  Binary  Product  of  Vectors,  .     .    .308-310 

Section  4. — On  the  Symbolical  Identification  of  a  Eight 
Quaternion  with  its  own  Index :  and  on  the  Construc- 
tion of  a  Product  of  Two  Eectangular  Lines,  by  a  Third 
lane,  rectangular  to  both, 310-313 

Section  5. — On  some  Simplifications  of  Notation,  or  of 
Expression,  resulting  from  this  Identification ;  and  on 
the  Conception  of  an  Unit-Line  as  a  Right  Versor,      .  313-316 
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In  this  ucand  inUrpretatumy  which  is  found  to  agree  in  all  ita  re- 
sults with  the  first,  but  is  better  adapted  to  an  extension  of  the  theory, 
as  in  the  following  Sections,  to  ternary  producU  of  vectors,  a  product 
of  two  veetort  is  treated  as  the  product  of  the  two  riffht  quaUrnumtj  of 
which  those  Teotors  are  the  indices  (II.  L  5).  It  is  shown  that,  on 
the  same  plan,  the  Sum  of  a  Scalar  and  a  Vector  ie  a  Qntatemion, 

Section  6. — On  the  Interpietation  of  a  Product  of  Three 

or  more  Vectors  as  a  Quaternion, 816-330 

This  interpretation  is  effected  by  the  substitution,  as  in  recent 
Sections,  ot  Right  Quatemione  for  Vectorsy  without  change  of  order  of 
the  factors.  MuUiplieation  of  Veetore^  like  that  of  Quaternions,  is 
thus  proved  to  be  an  AstociaHve  Operation,  A  vector,  generally,  is 
reduced  to  the  Standard  Trinomial  Ibrm^ 

p^it+fy+bt;  (C) 

in  which  i,j\  k  ore  the  peculiar  symbols  already  considered  (II.  L 
10),  but  are  regarded  now  as  denoting  Three  Reetanguiar  Vector-  Unite, 
while  the  three  ecalare  «,  y,  s  are  simply  rectangular  eo-ordinatet ;  £rom 
the  known  theory  of  which  last,  illustrations  of  results  are  derived. 
The  Scalar  of  the  Product  of  Three  eoinitial  Vectors,  oa,  ob,  oc,  is  found 
to  represent,  with  a  eign  depending  on  the  direction  of  a  rotation,  the 
Volume  of  the  Parallelepiped  under  those  three  lines;  so  that  it  va- 
niahee  when  they  are  eomplanar.  Oonatruetione  are  given  also  for  j^ro- 
duete  ofeueceeeive  eidee  of  triangles,  and  other  closed  polygene,  inscribed 
in  circles,  or  in  spheres;  for  example,  a  characteristic  property  of  the 
circle  is  contained  in  the  theorem,  that  the  product  of  the  four  suo- 
cessive  sides  of  an  inscribed  quadrilateral  is  a  scalar :  and  an  equally 
characteristic  (but  less  obvious)  property  of  the  sphere  is  included  in 
this  other  theorem,  that  the  product  of  the^^  successive  sides  of  an 
inscribed  gauche  pentagon  is  equal  to  a  tangential  vector,  drawn  from 
the  point  at  which  the  pentagon  begins  (or  ends).  Some  general  For- 
muke  of  Transformation  of  Vector  Expressions  are  given,  with  which 
a  student  ought  to  render  "^nmasM  very  familiar,  as  they  are  of  con- 
tinual occurrence  in  the  practice  of  this  Calculus ;  especially  the  four 
formulee  (pp.  816,  817)  : 

V.  yV/Ja  =  aS/3y  -  ^Sya ;  (D) 

\ypa  =  aS/3y  -  ^Sya  +  y8a/3 ;  (E) 

pSa^y  =  aSi3yp  +  /JSyap  +  ySa/3p ;  (F) 

pSa^y  =  V/3y  Sap  +  VyaS^p  +  Va/3Syp ;  (G) 

in  which  a,  /3,  y,  p  are  any  four  vectors,  while  S  and  Y  are  signs  of 
the  operations  of  taking  separately  the  scalar  and  vector  parts  of  a  qua- 
ternion. On  the  whole,  this  Section  (III.  L  6)  must  be  considered 
to  be  (as  regards  the  present  exposition)  an  important  one ;  and  if 
it  have  been  read  with  care,  after  a  perusal  of  the  portions  previously 
indicated,  no  difficulty  will  be  experienced  in  passing  to  any  subse- 
quent applications  of  Quaternions,  in  the  present  or  any  other  work. 
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Ssmoi  7. — On  tbe  Fourtii  Proportional  to  Three  Diplanar 

\cd0re, S31-849 

Skhos  8.. — Ou  an  Equivalent  Interpretation  of  the  Fourth 

PraportionaL  to  Three  Diplanar  Vectors,  deduced  from 

IliePrinciplesof  the  Second  Book, 349-361 

Sechox  9. — On  a  Third  Method  of  interpreting  a  Product 

or  Function  of  Vectors  as  a  Quaternion ;  and  on  the 

Consistency  of  the  Kesults  of  the  Interpretation  so  oh- 

tained,  i?ith  those  which  have  heen  deduced  from  the 

two  preceding  Methods  of  the  present  Book,      .     .    .361-364 

These  three  SeetioDs  may  be  passed  orer,  in  a  first  reading.  They 

*—»*■"»,  hoverer,  tiieorems  respecting  cotiyMmtion  oftueeesnve  roUh 

timM  (pp.  3S4, 336,  see  also  p.  340) ;  expressions  for  the  JMM»-arM  of  a 

tpheruMl  pot^sfOHy  or  for  kaif  ike  openmg  ofmn  wrhiUtury  pyrtmidy  as 

the  amgle  •f «  ^[tuUmum  pro^ktet,  wxUi  an  extension,  by  limits,  to  the 

aenufliea  of  a  spherical  figure  bonnded  by  a  efoastf  furm^or  to  half  the 

opcBiDg  of  an  aibitrary  com  (pp.  340,  341) ;  a  constnietion  (pp.  358- 

360),  for  a  $tne»  of  §pAerieai  pmraUeiogrami,  so  called  from  a  partial 

mtmhffff  to  pszallelograms  in  a  piane  ;  a  theorem  (p.  361),  connecting 

a  eeitain  system  of  meh  (spherical)  parallelograms  with  the/06t  of  a 

apkerieai  amiCf  inscribed  in  a  certain  quadrilateral ;  and  the  eoneep^ 

tiam  (pp.  353,  361)  of  a  Fourth  Unit  m  Space  (UyCft  +  t),  which  is  of 

a  wsfar  rather  than  a  vector  character,  as  admitting  merely  of  ekange 

•f  »$n,  throngh  rerersal  of  an  order  ofroiaiiony  although  it  presents 

itadf  infills  theory  as  the  Ibtirth  Proportional  (JJ-^k)  to  Three  Eee^ 

•  Veetor  Umte. 


S£cno5  10. — On  the  Interpretation  of  a  Power  of  a  Vector 

as  a  Quaternion, 364-384 

It  may  be  well  to  read  this  Section  (TIL  i.  10),  especially  for 
the  ExpmeiUial  Qmnexiont  which  it  establishes,  between  Quatemiona 
and  Spherieal  Tirigonometry^  or  rather  PolffgoHometrp^  by  a  species  of 
extmnmof  Mokr^e  tieorem,  from  ihepiametxt  epaee^  or  to  the  epkere. 
For  example,  there  is  given  (in  p.  381)  an  equation  of  six  termif 
vhich  holds  good  for  every  epJkerieal  pentagon^  and  is  deduced  in  this 
way  from  an  extended  exponenUal  fomuda.  The  calculations  in  the 
sub-artieles  to  Art  312  (pp^  375-379)  may  however  be  passed  over; 
and  perhaps  Art  315,  with  its  sub-articles  (pp.  383,  384).  But  Art 
314,  and  iU  sub-articles,  pp.  331-333,  should  be  read,  on  account  of 
the  eiponenfial  forme  which  they  contain,  of  equations  of  the  eirde, 
eUipee,  legaritAmie  epirale  (circular  and  elliptie),  heUx^  wadeerew ew" 

Stcnov  11. — ^On  Powers  and  Logarithms  of  Diplanar  Qoa- 

temiona ;  with  some  Additional  Formulae,    •    «     .  •  .  384-390 

c 
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It  may  suffice  to  read  Art  816,  and  ita  firet  eleven  sub-articlea, 
pp.  884-886.  In  thia  Section,  the  adopted  Logarithm,  Iq,  of  a  Qua- 
ternion q^  ia  the  nmpktt  root,  /,  of  the  tranacendental  eqnation, 

and  its  expreasion  ia  found  to  be, 

lq  =  lTq  +  lq.Tjyqy  (H) 

in  which  T  and  U  are  the  signa  of  tensor  and  versor,  while  Z.  ^  ia  the 
angU  of  q^  supposed  usually  to  be  between  0  and  ir.  Such  logarithms 
are  found  to  be  often  useful  in  this  Calculus,  although  they  do  not  gene- 
rally possess  the  elementary  property,  that  the  sum  of  the  logarithms 
of  two  quaternions  is  equal  to  the  logarithm  otHiQir  produet :  this  ap- 
parent paradox,  or  at  least  deviation  from  ordinary  algebraie  rules, 
arising  necessarily  from  the  corresponding  property  of  quaternion 
multipiieation,  which  haa  been  already  seen  to  be  not  generally  a  com- 
mutative  operation  {q'q*'  not  =  q"q\  unless  q'  and  ^  be  oomplanar). 
And  here,  perhaps,  a  student  might  consider  hia  Jirst  perusal  of  this 
work  as  elosed»* 


Pagea. 


CHAPTER  II. 

ON  DIFFERENTIALS  AND  DEVELOPMENTS  OF  FUNCTIONS  OF  QUA- 
TEENI0N8 ;  AND  ON  SOME  APPLICATIONS  OF  QITATEBNIONS 
TO  OEOICETEICAL  AND  PETTSICAL  QT7ESTI0NS, 391-495 

It  has  been  already  said,  that  this  Chapter  may  be  omitted  in  a 
first  perusal  of  the  work. 

Section  1. — On  the  Definition  of  Simultaneous  Differen- 
tials,       391-393 


*  If  he  should  choose  to  proceed  to  the  Differential  Calculus  of  Quaternions  in 
the  next  Chapter  (III.  iL),  and  to  the  Geometrical  and  other  Applications  in  the 
third  Chapter  (III.  iii.)  of  the  present  Book,  it  might  be  useful  to  read  at  this 
stage  the  last  Section  (I.  iii.  7)  of  the  First  Book,  which  treats  of  Differentials  of 
Vectors  (jp^.  98-102);  and  perhaps  the  omitted  parts  of  the  Section  II.  i.  13, 
namely  Articles  213-220,  with  their  subarticles  (pp.  214-233),  which  relate, 
among  other  things,  to  a  Oonstruetion  of  the  Ellipsoid,  suggested  by  the  present 
Calculus.  But  the  writer  will  now  abstain  from  miaking  auy  further  suggestions 
of  this  kind,  after  having  indicated  as  above  what  appeared  to  him  a  minimmn 
course  of  study,  amounting  to  rather  less  than  200  pages  (or  parts  of  pages) 
of  this  Volume,  which  will  be  recapitulated  for  the  convenience  of  the  student 
at  the  end  of  the  present  Table. 


CONTENTS.  Xi 

Pageik 
SBcnoir  2. — Elementary  OlnBtratioiiB  of  the  Definition, 

horn.  Algebra  and  Geometry, 394-398 

In  the  yiew  here  adopted  (comp.  I.  iii.  7 ),  difftrmtMi  we  no^  ii#- 
eeuarily,  nor  even  gentrally^  tmalL  Bnt  it  U  shown  at  a  Liter  stage 
(Art.  401,  ppb  626-680),  tiiat  the  principles  of  this  Calculus  a/tot<;  us, 
whenever  any  advantage  may  be  thereby  gained,  to  treat  difEerentiala 
aa  inJSmietimals ;  And  so  to  abridge  calcukUioH,  at  least  in  many  ap- 
plications. 

Secttoit  3. — ^On  some  general  Consequences  of  the  Defini- 
tion,        398-409 

Partial  difermtiah  and  thrivaHvet  are  introduced ;  and  diiferen* 
tiala  of  Junctions  ofjunctiong. 

Section  4. — ^Examples  of  Qnatemion  Differentiation,  .     .  409-419 

One  of  the  most  important  ruUs  is,  to  differentiate  the/a«<or«of  a 
quaternion  produety  in  8it&  ;  thus  (by  p.  405), 

^.q^^^.^  +  qM'  (I) 

The  fonnula  (p.  899),       d.  y"'  =  -  ^^^»  q-\  (J) 

for  the  differential  of  the  rmproeal  of  a  quaternion  Cor  vector),  is  also 
very  often  useful ;  and  so  are  the  equations  (p.  418), 

i^q        q         ^q        q 

and  (p.  411),  d .  a*  =  ^  a^d^ ;  (L) 

2 

q  being  any  qnatemion,  and  a  any  constant  vector-unit,  while  <  is  a 
variable  scalar.  It  is  important  to  remember  (comp.  III.  L  11),  that 
we  have  net  in  quatemiona  the  mwo/  equation, 

unUei  q  and  d^  be  tfompfamir;  and  therefore  that  we  have  notgeneraUy^ 

if  p  be  a  variable  vector ;  although  we  Aocw,  in  this  Calculus,  the 
scarcely  leas  simple  equation,  which  is  useful  in  questions  respecting 
orbital  motion^ 

die=^.  (M) 

a      p 
if  a  be  any  constant  vector,  and  if  the  plane  of  a  and  p  be  ^i^en  (or 
constant). 

Sectiok  5. — On  Successive  Differentials  and  Developments, 

of  Functions  of  Quaternions, 420-436 
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In  this  Section  prmcipleB  are  established  (pp*  428-426X  respect- 
ing qoaitBndoafimetioM  which  vaniBh  together  ;  and  a  foim  of  dere* 
lopment  (pp.  427,  428)  is  assigned,  analogotta*  to  Tayhr't  Serut^ 
and  like  it  capable  of  being  concisely  expressed  by  the  tymMieal 
eqaationj  1  -I-  A  «  r>  (p.  432).  As  an  example  of  partial  and  sncees- 
siye  differentiation,  the  expression  (pp.  482,  438), 

which  may  represent  any  veetoTy  is  operated  on ;  and  an  application 
is  made,  by  means  of  definite  integration  (pp.  434, 485),  to  deduce  the 
known  area  and  volnme  of  a  sphere,  or  of  portions  thereof;  together 
with  the  theorem,  that  the  vector  mm  of  the  directed  elements  of  a 
^heric  tegmmt  is  uro  :  each  element  of  ewfaee  being  represented  by  an 
inward  normal,  proportional  to  the  elementary  area,  and  oorrespond- 
ing  in  hydrostatics  to  the  presmre  of  a  fluid  on  that  element. 

• 
Section  6. — On  the  Differentiation  of  Implicit  FonctionB 

'  of  Quaternions ;  and  on  the  General  Inversion  of  a  Li- 
near Function,  of  a  Yector  or  a  Quaternion  :  with 
some  connected  Investigations,  .     .     .  ' 435-495 

In  this  Section  it  is  shown,  among  other  things,  that  a  Linear 
and  Vector  Symbol,  ^,  of  Operation  on  a  Vector,  p,  satisfies  (p.  448)  a 
Symbolic  and  Cubic  JBquation,  of  the  form, 

0  s  m  -  m>  +  m'y  -  0» ;  (N) 

whenoe  iiif-»  =  m'-m>  +  0«=!(f,  (N') 

8  emother  eymbol  of  linear  operation,  which  it  is  shown  how  to  de- 
duce otherwise  from  f,  as  well  as  the  three  scalar  constants,  m,  m',  m\ 
The  connected  algebraical  cubic  (ppw  460,  461), 

Jf  =  m+m'e-\-  m''c«+  o»  =  0,  (0) 

is  fonnd  to  have  important  applications ;  and  it  is  provedf  (pp.  460, 
462)  that  if  SXfp  =  Sp^X,  independently  of  X  and  p,  in  which  case 
the  function  f  is  said  to  be  self-cor^fuyate,  then  this  last  cubic  has  three 
real  roots,  ^,  ^  ^ ;  while,  in  the  same  case,  the  vector  equation, 

Vp^p  =  0,  (P) 

is  satisfied  by  a  system  of  Three  Real  and  Rectangular  Directione  : 
namely  (compare  pp.  468,  469,  and  the  Section  III.  iit  7),  those  of 
the  axet  of  a  (biconoydic)  eyetem  of  eurfaces  of  the  second  order,  re- 
presented by  the  scalar  equation. 


*  At  a  later  stage  (Art  875,  pp.  609,  510),  a  new  Enunciation  of  Taylor's 
Theorem  is  giren,  with  a  new  proof,  but  stall  in  a  form  adapted  to  quaternioiis. 

f  A  simplified  proof,  of  some  of  the  chief  results  for  this  important  ease  of 
sOf-co^fuyation,  is  given  at  a  later  stage,  in  the  few  first  subartides  to  Art.  415 
(pp.  698,  699). 
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8^p=Cf^-V  (T,  in  which  <7 and  Care eonBtantB.  (Q) 

Cmr  BR  &ciiB8ed  ;  and  general  formt  (called  cyclic,  rectangular, 
&eil,\nioeaL»  &c.,  from,  their  £hief  geometrical  uses)  are  assigned, 
is  t^  -veetoT  and  scalar  functions  f  p  and  Sp^p :  one  nseful  pair  of 
■ik(<ydie)  forma  being,  with  real  and  constant  yalues  of  y,  X,  ft, 

fp  =  9P+YXpi^        8/>fp=yfi«  +  SXpMp.  (B) 

iai  finally  it  ia  ahown  (pp.  491,  492)  that  \Xfq  be  a  Imear  mud  ^tM- 
tewM  fmketum  of  a  ^waf fmtM,  ^,  then  the  Symbol  of  Operaiumj  /, 
iBbifiea  a  certain  SymMie  mtd  Bi^madratie  Equationy  analogous  to  the 
eAk  eqnatiaii  in  f,  and  capable  of  similar  applications. 

CHAPTER  IIL 

OS  BOXS  ASBmonAL  AFPIJCATI0K8  OF  QT7ATEB17ION8,   WITH 

SOUS  ooNCLUDHTG  BEMAKxs,      .     .     495  io  the  end. 

Thb  Chapter,  like  the  one  preceding  it,  may  be  omitted  in  a  first 
psaaal  of  the  Yolome^  as  has  indeed  been  already  remarked. 

&EcnoF  1. — Remarks  Introductory  to  this  Concluding 

Chapter, 496-496 

SscnoH  2. — On  Tangents  and  Normal  Planes  to  Curves  in 

Space, 496-501 

Bscno^  3. — On  Normals  and  Tangent  Planes  to  Surfaces,    501-510 

SxcTTOV  4. — On  Osculating  Planes,  and  Absolute  Normals, 

to  Curves  of  Double  Curvature,  .     .    .     ^    .     .     .     .  511-515 

SecnojT  5.— On  Geodetic  lines,  and  Families  of  Surfaces,  515-531 

In  these  Sections,  dp  nsually  denotes  a  tangent  to  a  curve,  and  v 
a  apfsw/  io  a  eurfaoe.  Some  of  the  theorems  or  constructions  may 
pcihapa  be  new ;  for  instance,  those  connected  with  the  cone  o/parai- 
UIb  (pp.  498,  518,  &C.)  to  the  tangents  to  a  curve  of  double  curvature  ; 
and  possibly  the  theorem  (p.  525),  respecting  reciprocal  curvee  in 
epaee  :  at  least,  the  deductions  here  given  of  these  results  may  serve 
as  exemplifications  of  the  Calculus  employed*  In  treating  of  Families 
of  Surfaces  by  quaternions,  a  sort  of  analogue  (pp.  529,  530)  to  the  for- 
malion  and  integration  of  FarticU  Differential  Equations  presents 
xtBelf ;  as  indeed  it  had  done,  on  a  similar  occasion,  in  the  Lectures 
(p.  574). 

Sflcnoir  6. — On  Osculating  Circles  and  Spheres,  to  Curves 

in  8pace;  with  some  connected  Constructions,  .     .     .  531-630 

The  analysis,  however  conden^d,  of  this  long  Section  (III.  iii.  6), 

cannot  conveniently  be  performed  otherwise  than  under  the  heads  of 

•  the  respective  Articles  (389-401)  which  compose  it:  each  Article 
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Pages, 
being  followed  by  sereral  Bubortides,  which  form  with  it  a  sort  of 

AjtTiCLB  889 Oseulating  Circle  defined^  as  the  limit  of  a  circle, 

which  touches  a  giffm  curve  (plane  or  of  double  cunrature)  at  a  given 
point  p,  and  euta  the  curve  at  a  near  point  a  (see  Fig.  77,  p.  611). 
Deduction  and  interpretation  of  general  expressions  for  the  rector  c 
of  the  centre  k  of  the  circle  so  defined.  The  reciprocal  of  the  radiue 
KF  being  called  the  vector  of  ewrvature^  we  hare  generally, 

Vector  of  Curvature  ^ifi-K)-^^^^  =  J"  ^^  "  *^' '        ^^^ 

and  if  the  ore  («)  of  the  curye  be  made  the  independent  yariable,  then 

Vector  of  Curvature  =  p"  =  D.^  =  ^.  (S') 

Examples :  curvatures  of  helix,  ellipse,  hyperbola,  logarithmic  spiral ; 

locus  of  centres  of  curvature  of  helix,  plane  evolute  of  plane  ellipse,       681-535 

Abticlb  890. — ^Abridged  general  calculations ;  return  from  (S*) 
to(S), 686,586 

Article  391 Centre  determined  by  three  scalar  equations ; 

Folar  AxiSf  Polar  Developable, 687 

Abticle  892.— Fetf^or.E^<um  of  osculating  circle, 638,589 

Article  893. — Intersection  (or  intersections)  of  a  circle  with  a 
plane  curve  to  which  it  osculates ;  example,  hyperbola, 639-641 

Article  394. — Intersection  (or  intersections)  of  a  spherical  curve 
with  a  small  circle  osculating  thereto ;  example,  spherical  conic  ;  con- 
structions for  the  spherical  centre  (or  poU)  of  the  circle  osculating  to 
such  a  curve,  and  for  the  point  of  intersection  above  mentioned,     .    .     641-649 

Article  395 Osculating  Sphere,  to  a  curve  of  double  curvature, 

defined  as  the  limit  of  a  sphere,  which  contains  the  osculating  circle  to 
the  curve  at  a  given  point  p,  and  cuts  the  same  curve  at  a  near  point 
a  (comp.  Art  389).  The  centre  s,  of  the  sphere  so  found,  is  (as  usual) 
the  point  in  which  the  polar  axis  (Art  391)  touches  the  cusp-edge  of 
^e  polar  developable.  Other  general  construction  for  the  same  centre 
(p.  661,  comp.  p.  673).  General  expressions  for  the  vector,  9  =  os, 
and  for  the  radius,  i2  =  sp ;  Br^  U  the  spherical  curvature  (comp.  Art 
897).  Condition  of  Sphericity  (5=  1),  and  Coefficient  of  Non-sphericity 
(^  -  1),  for  a  curve  in  space.  When  this  last  coefficient  is  positive 
(as  it  is  for  the  helix),  the  curve  lies  outside  the  sphere,  at  least  in  the 
neighbourhood  of  the  point  of  osculation, 649-553 

Article  396. — Notations  r,  r, . .  for  D,p,  D^p,  &c. ;  properties 
of  a  curve  depending  on  the  square  («*)  of  its  arc,  measured  from  a 
given  point  p  ;  r  =  unit-tangent,  r  =  vector  of  curvature,  r~*  =  Tr  =  cur- 
vature (pt  first  curvature,  comp.  Art  397),  v^^rr*  =  binormal  ;  the 


*  A  Tahle  of  initial  Pages  of  all  the  Articles  will  be  elsewhere  given,  which  will 
much  facilitate  reference. 
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tkm  fUmUy  xeBpecAively   perpendicixlar  to  r,  r',  v,  are  the  normal 
l/m^i^  nUifymg plan^,  and  the  osculating  plane ;  general  theory 
tf  n—fiwit  luiet  osiJ  jrfofies,  vtctor  of  rotation^  axis  ofditplaeementy  o§eu^ 
Utm§  acme  mrfaee  ;  condition  of  dwdopabUity  of  aurfaee  ofomanants,     664—659 

AxncLB  397 . — Properties  depending  on  the  cube  (t^)  of  the  are  ; 
MaUme  r  (denoted  here,  fpr  distinction,  by  a  roman  letter),  and  Veetor 
i^'r,  of  Seamd  Cwrvature;  this  raHue  r  may  be  either  poeitive  or  ne- 
foiim  (whereaa  the  radiiu  r  of  Jiret  cnrvature  is  always  treated  ae 
pNcNer),  and  ita  reciprocal  r~>  may  be  thus  expressed  (pp.  668,  669), 

&Mri  Crvtur,'  =!-«  =  8^1^.  (T),  or.  r«  =  8^       (T) 

tke  independent  Tariablo  being  the  are  in  (T),  while  it  is  arbitrary  in 
(T) :  Init  quaternions  supply  a  Tast  Tariety  of  other  expreeeiont  for  this 
is^ortant  scalar  (see,  for  instance,  the  Table  in  pp.  574,  675).  We 
hare  ako  (by  p^  560,  comp.  Arts.  389,  895,  396), 

Vtcior  of  Spherical  Curvature  =  8p-»  =  (/)  -  efy^  =  &c.,  (U) 
=frejeetiom  of  vector  (/)  of  (eimple  or  Jir$t)  eurvature,  on  radius  (S) 
of  owemlsiing  ephere  :  and  if  p  and  P  denote  the  linear  and  angular 
elevaiiengj  of  the  centre  (a)  of  thisfpAer^aboye  the  osculating /^/on^, 
then  (by  aame  page  560), 

j?=rtanP=J28inP=rr  =  rDjr.  (U') 

Again  (pp.  560,  561),  if  we  write  (comp.  Art  896), 

X  =  V  —,  =r-ir  +  rr  =  Vector  of  Second  Curvature  plus  Binormal^  (V) 

tills  line  X  may  be  called  the  Rectifying  Vector ;  and  if  S  denote  the 
uidinatioM  (considered  first  by  Lancret),  of  this  rectifying  lute  (X)  to 
the  tangent  (r)  to  the  curve,  then 

tanir=r'->tanP=*->r.  (V') 

Xnown  right  cone  with  rectifying  line  for  its  axis,  and  with  H  for  its 
eemiangloy  which  osculates  at  p  to  the  developable  locus  of  tangents  to 
the  carve  (or  by  p.  568  to  the  cone  of  parallels  abeady  mentioned) ; 
new  right  cone,  with  a  neto  semiangle,  C,  connected  with  S  by  the 
relation  (p.  562), 

tan(7=jtanB;  (V^ 

whirii  osculates  to  the  cone  of  chords^  drawn  from  the  given  point  p 


•  In  this  Article,  or  Series,  397,  and  indeed  also  in  896  and  898,  several  re- 
fierences  are  given  to  a  very  interesting  Memoir  by  M.  de  Saint-Venant,  *'  Sur 
Us  Ugnee  eourbes  non  planes .-"  in  which,  however,  that  able  writer  ofy'ects  to  such 
known  phrases  as  second  curvature,  torsion,  &c.,  and  proposes  in  their  stead  a  new 
name  ^eambrure,"  which  it  has  not  been  thought  necessary  here  to  adopt. 
(Journal  de  TEcole  Polytechnique,  Cahier  xxx  ) 
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to  other  points q of  thegiren cure.  Olh^ oflcolating €one$y  cylnukn, 
heliXj  and  parabola  ;  this  last  being  (pp.  562, 566)  the  parabola  which 
OMuiatet  to  the  prtffeetion  of  the  emrve,  on  it$  own  oaeuiatm^  piano,  JD#- 
viation  of  eurve^  at  any  near  point  a,  from  the  oacnlating  eiroU  at  p, 
decompoaed  (p.  566)  into  ttpo  rectangular  deviaUone,  from  oaculating 
helix  and  parabola.  Additional  formnls  (p.  576),  for  the  general 
tlieory  otemanants  (Art  896)  ;  case  of  normally  emanant  ItneOf  or  of 
tangentiaUjf  emanant  planee.  General  anxiliarp  opherioal  enrve  (pp. 
576-578,  comp.  p.  515) ;  neir  proof  of  the  aeoond  expreaaion  (V)  for 
tan  Mf  and  of  the  theorem  that  if  this  ratio  of  eurvaturee  be  constant, 
the  propoeed  cnrre  ia  a  geodetic  on  a  cylinder :  new  proof  that  if  each 
curvature  (f^  r^)  be  eonetant^  the  cylinder  is  right,  and  therefore 
the  curre  a  A^iK,     .     .' 559-578 

A&TicLB  898. — Propertiea  of  a  ourre  in  apace,  depending  on  the 
fmrth  tLodJifth  powers  (8^,  t^)  of  iU  are  (^t\ 578-612 

This  Seriee  898  ia  so  much  longer  than  any  other  in  the  Volume, 
and  ia  auppoaed  to  contain  bo  much  original  matter,  that  it  aeema 
necessary  here  to  subdiTide  the  analysis  under  seyeral  separate  heads, 
lettered  as  (a),  (6),  (0>  && 

(a).  Neglecting  »»,  we  may  write  (p.  578,  oomp.  Art  896), 

op,  =  p,=p  +  «r  +  J»«r'+iJ>r''+A«*r'';  (W) 

or  (oomp.  p.  587),      p,  =  f»  +  a^  r  +  jf^  +  Sirv,  (W) 

with  expressions  (p.  588)  for  the  coeffieicnte  (or  eo-ordinatet)  d^  y«,  aif, 
in  terms  of  r,  r^,  f^,  r,  if,  and  t.  If  j^  be  taken  into  account,  it  be- 
comea  necessary  to  add  to  the  expression  (W)  the  term,  ^io^^*  > 
with  corresponding  additions  to  the  scalar  coefficients  in  (W'),  intro- 
ducing r**  and  r" :  the  laws  for  forming  which  additional  terms,  and 
for  extending  them  to  higher  powers  of  the  arc,  are  assigned  in  a 
subsequent  Series  (899,  pp.  612,  617). 

(*>  Analogous  expressions  for  r*",  v\  c",  X',  y,  andy,  if,  P',  S', 
to  serye  in  questions  in  which  e^  is  neglected,  are  assigned  (in  p.  579) ; 
1^  »/,  K ,  X,  9,  andjp,  J2,  P,  if,  haying  been  previously  expressed  (in 
Series  897) ;  while  r",  v",  r*",  X",  »",  &c.  enter  into  investigations 
which  take  account  of  «b  :  the  arc  «  being  treated  as  the  independent 
variable  in  all  theee  derivations. 

(e).  One  of  the  chief  results  of  the  present  Series  (398),  is  the 
introduction  (p.  581,  &c.)  of  a  new  auxiliary  angle,  /,  analogoue  in. 
several  respects  to  the  known  angle  S  (897),  but  belonging  to  a 
higher  order  of  theorems,  respecting  cnrvee  in  space  :  because  the  new 
angle  J  depends  on  the  fourth  (and  lower)  powers  of  the  arc  t,  while 
Lancreff  s  angle  H  depends  only  on  •>  (including  «i  and  $'*).  In  &ct, 
while  tan  ^  is  represented  by  the  expressions  (V*),  whereof  one  is 
f^'i  tan  P,  tan  /admits  (with  many  transformations)  of  the  following 
analogous  expression  (p.  581), 

tan/=J2'-itanP;  (X) 
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Paget. 
▼iitn  Jf  dcpeDds*  by  (6>  on  #^9  whilo  r'  aad  P4«pend  (8f 7)  m  ao 
^B|bBr  fow  thaoD.  «*. 

tA*  To  1^  amove  diofciiiet  f«MM<riM/ mmmm^ tothisiieimfk 

J.  i2«&  GUL lie  eealy  galiheEed  £:oiii  moh afonauk as (Z),  reipeetug 

^v^adiitmay  Iw  olieerv^edfinpaasiiigythat/ismgeiifiKalxiofeMnply 

d^aedby  expieanona  far  ita  eoian^ent  (pp.  581,  588),  than  for  its 

taa^eni,  ^areHoe  to  conoeive  that,  at  each  point  p  of  any  proposed 

cone  oCdoolile  tsgrwvtsa^  thore  ia  drawn  a  tan^mtplm%$  to  ihe  tpher$^ 

vkkb  mailmitM  (895)  to  the  eiure  at  that  point;  and  that  thon  the 

eawbyi  of  all  theae  plmua  fa  detennined,  whieh  envelope  (for  reaiona 

iftnaaids  noce  folly  explained)  la  called  hero  (p.  681)  the  *<  CSr- 

f— ■rrflpif  JjjpgfgjiaWj  .•"  being  a  gnrikce  awafey w*  to  the  **  Rteiifymg 

JkvdtpaU^*  of  Lanciety  but  belonging  (e)  to  a  Ai]^A^  order  of  ques- 

tiow.    And  Aen,  aa  the  JfcoMCM  angle  fdenotM  (897)  the  mMmm- 

tiim^  suitably  meaaozed,  of  the  reetifymg  Une  (X),  which  ia  a  gmm^ 

iris  of  the  rmtifymg  deyelopaUe,  to  the  iangeiid  (r)  to  the  murv;  ao 

the  iMW  ang^  /icprowmta  the  inclination  of  a  fmeratimg  Hm  (f ),  of 

what  baa  jnai  been  called  the  ciremueribed  deyelopable,  to  the  um$ 

tangent  (r),  meaaoied  lihewise  in  a  defined  direction  (p.  581),  b«t 

in  ^le  tangent  plane  to  the  sphere.    It  may  be  noted  as  another  aaa^ 

logy  (p.  582),  that  while  ^  is  a  ri^lU  angle  for  a  plane  curve,  so  / 

is  rigki  when  the  eurre  ia  epherieaL    For  the  Mix  (p.  585),  the  an- 

g^  S  and  /  are  eqml;  and  the  rectifying  and  circumsoribed  deve^ 

UfpmHee  eeinddey  with  each  other  and  with  die  right  eylinder^  on 

vhidi  the  helix  is  a  geodetic  line. 

(#).  If  the  recent  line  ^  be  measored  from  the  given  point  f,  in 
a  soitable  dizection  (as  contrasted  with  the  opposite),  and  with  a  suit- 
aUe  length,  it  becomes  what  may  be  called  (comp.  396)  the  Veelwr  ef 
Beiaiiim  0/  the  Tangent  Fkme  {d)  to  the  Oaeulating  Sphere  ;  and  then 
it  ntiifies,  among  others,  the  equations  (pp.  579,  581,  comp.  (V)), 

0  =  V^,    T^=i2-ico8ec/;  (X*) 

tbia  last  being  an  ezpros&on  for  tho  velocity  of  rotation  of  the  plane 
just  mentioned,  or  of  its  normal,  namely  the  spherical  radiue  B,  if  the 
>gmen  emve  be  conceived  to  be  described  by  a  point  moving  with  a  con- 


*  In  oUier  words,  the  calculation  of  f^  and  P  introdaoee  no  differentials 
higher  than  the  third  order  ;  but  that  of  IC  requires  ^^  fourth  order  of  differen- 
taala.  In  the  language  of  modem  geometry,  ^Ja^  former  can  be  determined  by 
tfie  eeneideration  otfonr  eoneeeuiive  pointe  of  the  curve,  or  by  that  of  two  eoneectt" 
Uve  eeeuUHng  eirelee;  but  the  latter  requires  the  consideration  of  tufo  consecu- 
tive oeeulaUng  epheree,  and  therefore  otfke  consecutive  ^»^  of  the  curve  (sup- 
posed to  be  one  of  doable  curvature).  Other  investigations,  in  the  present  and 
ianediatdy  following  (Series  (398,  399),  especially  those  connected  with  what 
we  •'^11  ahoitiy  etSL  the  Osculating  Twisted  Cubic,  will  be  found  to  involve  the 
conaidcTation  of  six  consecutive  points  of  a  curve. 

d 
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statu  velocity  f  Msnmed  =  1.  And  if  we  denote  by  t  the  point  in  whioh 
the  ffivm  radius  J2  or  ps  is  Morest  to  a  eonsedtOive  radius  of  the  aame 
kind,  or  to  the  radins  of  a  consseutwe  osetOating  sphere,  then  this  point  t 
dioides  the  line  p8  intemdUy,  into  segments  which  may  (ultimately)  be 
thus  ezpresaed  (pp.  680,  581), 

PV=128ia«7,    vB=iJco^«^-  (ST) 

But  these  and  other  connected  results,  depending  on  s\  haye  their 
known  analogues  (with  IT  for  /,  and  r  for  R),  in  that  earUer  theory 
(0  which  introduces  only  »»  (besides  »»  and  j*)  :  and  they  are  all  wi- 
eluded  in  the  general  theory  oiemanant  lines  and  planes  (396,  397),  of 
which  some  new  geometiioal  illustrations  (pp.  582-684)  are  here 
giren. 

(/).  New  auxiliary  scalar  n  (=i>-»JU2'  =  oot/8eoP=&c.),  =  ve- 
loeity  of  centre  s  of  osculating  sphere,  if  the  Telocity  of  the  point  P  of 
the  given  curve  be  taken  as  unity  (e) ;  n  yanishes  with  ^,  cot  7,  and 
(comp.  896)  the  coefficient  S-1  (=iinrO  of  non-sphericity,  for  the 
case  of  a  spherical  curye  (p.  684).  Arcs,  first  and  second  ouryatures, 
and  rectifying  planes  and  lines,  of  the  cusp-edges  of  the  polar  and 
rectifying*  deyelopables ;  these  can  all  he  expressed  without  going 
beyond  «o,  and  some  without  using  any  higher  power  than  s\  or  diffiB- 
rentials  of  the  orders  corresponding;  ri=nr,  and  ri  =  wr,  are  the 
scalar  radii  of  first  and  second  curyature  of  ihe  former  cusp-edge,  ri 
hmng  positive  when  that  curye  turns  its  eoncaviiy  at  s  towards  the 
given  curye  at  p  :  determination  of  the  point  b,  in  which  the  latter 
cusp-edge  is  touched  by  the  rectifying  line  X  to  the  original  curye 
(pp.  684-687). 

(jg).  Equation  with  one  arbitrary  constant  (p.- 687),  ottLCone  of 
the  second  order,  which  has  its  vertex  at  the  giyen  point  p,  and  has 
contact  (^  the  third  order  (ot  four-side  contact)  with  the  cone  of  chords 
(397)  from  that  point ;  equation  (p.  690)  of  a  cylinder  of  the  second 
order,  which  has  an  arbitrary  line  pe  £rom  p  as  one  side,  and  has 
contact  of  ike  fourth  order  (or  ^e-point  contact)  with  the  curve  at  p; 
the  constant  aboye  mentioned  can  be  so  determined,  that  the  right  line 
PB  shall  be  a  side  of  the  cone  also,  and  therefore  apart  of  the  iniersec* 
tion  of  cone  and  cylinder;  and  then  the  remaining  or  curvilinear 
part,  of  the  complete  intersection  of  those  two  surfaces  of  the  second 


*  The  rectifying  plane,  of  the  cusp-edge  of  the  rectifying  deyelopable,  is  the 
plane  of  X  and  r*,  of  which  the  formula  LIV.  in  p.  687  is  the  equation ;  and  the 
rectifying  line  rh,  of  the  same  cusp-edge,  intersects  the  absolute  normal  pk  to  the 
giyen  curye,  or  the  radius  (r)  of  first  curyature,  in  the  point  h  in  which  that 
radius  is  nearest  (e)  to  a  consecutive  radius  of  the  same  kind.  But  this  last  theo- 
rem, which  is  here  deduced  by  quaternions,  had  been  preyioualy  arriyed  at  by 
M.  de  Saint-Venant  (comp.  the  Note  to  p.  xy.),  through  an  entirely  different 
analysis,  confirmed  by  geometrical  considerationB. 
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cris,  18  (fay  known  pExncapLeB)  a  ^m^A^  emve  cfiM  third  ordtr^ 
a  ilil  is  Iffieay  catLed«  a  Twisted  (hihie  :  and  Mtf  ^<m<  tfunw^  in 
liitQfi  of  ttft  coDStniGtion  abore  deacribed,  and  wliateTer  the  ai* 
■Bad  &eeti(RL  of  tibe  aiudliary  line  fs  maj  be,  htm  eoniaet  of  ike 
^mOk  mdftr  {ptjice  point  cowtaeC)  with  the  given  cmve  of  dooUe  onr> 
Titan  ax  T  (pp.  687>-590,  comp.  pp.  668,  572). 

(&).  BetfizminaEticm  (p.  690)  of  the  etmtttmtm  the  equation  of  the 

^"^{9^  BO  that  ihie  cona  may  haye  eontaet  of  the  /otirlA  ortfpr  (or 

>ntfg  wwfacQ  with  the  eone  of  chorda  from  p  ;  the  eone  thus  found 

Biy  be  ceDed  the  Oeeulatinff  Oblique  Oene  (oomp.  397),  of  the  aecond 

<sder»  to  that  cone  of  chorda ;  and  the  coeffidenta  of  ita  equation  in- 

T^dre  (mlj  r,  t,  r%  r',  r",  x^,  bat  iio^  r%  although  thia  last  derivatiTe 

is  of  no  higher  order  than  x^,  aince  each  depends  only  on  ^  (and  lower 

povoaX  or  introdueea  only  fifth  diferentiale.    Again,  the  cylinder 

(j)  wiH  hare  eontaet  of  ihib  fifth  order  (or  tiz-point  contact^  with  the 

fmm,  cwree  at  p,  if  the  line  fb,  which  ia  by  oonatmction  a  tuiSf  of  that 

cylinder,  and  haa  hitherto  had  an  arbitrmy  direetionj  be  now  obliged 

to  be  a  ade  of  a  oertain  cyhic  cone,  of  which  the  equation  (p.  590)  in- 

TcilTia  aa  eonatanta  not  only  rr/rVi^,  like  that  of  the  oeeuUiting  cone 

jnat  detennined,  but  aleo  /".    The  two  eonee  laat  mentioned  hare  the 

faee§mt  (r)  to  tibe  giyen  curye  for  a  common  «ufe,t  but  they  haye  also 

ihgre  other  common  aidea,  whereof  one  at  least  is  real,  since  they  are 

aeaigned  by  a  cubic  eqttation  (same  p.  590) ;  and  by  taking  thie  tide 

Ux  the  line  pb  in  Q/),  there  reaulta  a  new  cylinder  of  the  second  order, 

whi^  etOa  the  oaeulatiny  oblique  eone,  partly  in  that  riyht  line  pb  itself, 

and  partly  m  a  yauehe  curve  of  the  third  order,  which  it  ia  propoaed  to 

call  an  OIkh^o^  7\pitted  Cubic  (oomp.  again  (^]),  because  it  has  con- 

tact  of  the/fth  order  (or  eix-point  caniaet)  with  the  given  curve  at  p 

(pp.  690,  591). 

(t).  In  general,  and  independently  of  any  question  of  oeeulationt 
a  Twitted  Ouhic  (j\  if  paaaing  through  the  origin  o,  may  be  repre- 
KBted  by  any  one  of  the  veetor  equationa  (pp.  592,  598), 


*  By  Dr.  Salmon,  in  his  excellent  Treatise  on  Analytic  Geometry  of  Three 
I>imeimim9  (Dublin,  1862),  which  is  seyeral  times  cited  in  the  Notes  to  this  final 
Chapter  (III.  iii.)  of  these  Elemente,  The  gauche  curyes,  aboye  mentioned,  haye 
been  studied  with  much  success,  of  late  years,  by  M.  Chasles,  Sig.  Cremona,  and 
other  geometera :  but  their  existence,  and  some  of  their  leading  properties,  ap- 
pear to  haye  been  first  peroeiyed  and  published  by  Prof.  Mobiua  (see  his  Bary^ 
mtrie  Ctleulue,  Leipzig,  1827,  pp.  114-122,  especially  p.  117). 

t  l%ta  eidCf  howeyer,  counte  ae  three  (p.  614),  in  the  system  of  the  mt /mm  of 
wteraeetim  (real  or  imaginary)  of  these  two  eonee,  which  haye  a  commonvertex  p, 
and  are  lespectiyely  of  ^  eeeond  and  third  ordere  (or  degreea).  Additional  light 
▼iD  be  thrown  on  this  whole  subject,  m  the  following  Series  (899) ;  in  which  also 
itwillhe  ahown  that  there  ia  only  one  osculating  twisted  cubic,  at  a  giyen  point, 
toagiyaneoryeofdoublecuryature;  KSidi^tiaX  thie  cubic  curve  can  be  determined^ 
without  reeohing  any  cubic  or  other  equation. 
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Vap^Yp^p^a,        (Y);        or    (^  +  *)p«*a,  (Y') 

or  p^dp^eYth  fT');  or  Vap+pVyp+VpVXp^*0,  (Y'O 
in  which  a,  7,  X,  ^  are  fv«/  a^d  eonsiant  veetora,  but  0  is  a  variable  t&a- 
lar  ;  while  ^p  denotes  (comp.  the  Section  III.  iL  6,  or  pp.  ziL,  ziii.)  a 
linear  and  vertor  fimeiien,  which  is  here  generallj  not  eelf-eonjugate^ 
of  the  variable  vector  p  of  the  cubic  curve.  The  number  of  the  scaiUr 
canetante,  in  the  form  (Y*"),  or  in  any  other  form  of  the  eqndtion,  is 
found  to  be  Im  (p.  698),  with  the  foregoing  supposition  that  the  curve 
passes  through  the  origin,  a  restriction  which  it  is  easy  to  remove. 
The  curve  (T)  is  cut,  as  it  ought  to  be,  in  three  pointe  (real  or  imagi- 
nary), by  an  arbitrary  secant  plane  ;  and  its  three  aeymptotee  (real  or 
imaginary)  have  the  tHrectiona  of  the  three  vector  roote  fi  (see  again 
the  last  cited  Section)  of  the  equation  (same  p.  593), 

Vi30i3  =  O:  (Z) 

so  that  by  (P),  p.  zii.,  theee  three  aeymptotee  compote  a  real  and  red- 
angular  eyetem,  for  the  case  of  self-cot^ugation  of  the  function  ^ 
in(Y). 

(J),  Deviation  of  a  near  point  p«  of  the  given  curve,  from  the  sphere 
(395)  which  osculates  at  the  given  point  f  ;  this  deviation  (by  p.  593, 
comp.  pp.  553,  584)  is 

«^*-  «^'  23;;rB  =  24;^  =  25^  =  *<^-  (^0 

it  is  ultimately  equal  (p.  595)  to  the  quarter  of  the  deviation  (397) 
of  the  same  near  point  v,  from  the  osculating  circle  at  p,  multiplied  by 
the  sine  of  the  small  angle  bps«,  which  the  smaU  arc  88«  of  the  locus  of 
the  spheric  centre  s  (or  of  the  cusp-edge  of  the  polar  developable)  sub-- 
tends  at  the  same  point  p ;  and  it  has  an  outward  or  an  inward  direc- 
tion, according  as  this  last  arc  is  concave  or  convex  (/)  at  s,  towards  the 
pwcn  curve  at  P  (pp.  585,  595).  It  is  also  ultimately  equal  (p.  596) 
to  the  deviation  P8«  —  f«8«,  of  the  given  point  p  from  the  near  sphere, 
which  osculates  at  the  near  point  t,  ;  and  likewise  (p.  597)  to  the  eom- 
ponent,  in  the  direction  of  sp,  of  the  deviation  of  that  near  point  from 
the  osculating  circle  at  p,  measured  in  a  direction  parallel  to  the  nor- 
mal plane  at  that  point,  if  this  last  deviation  be  now  expressed  to  the 
tujcuracy  of  the  fourth  order :  whereas  it  has  hitherto  been  considered 
Sufficient  to  develope  this  deviation  from  the  osculating  circle  (397)  as 
fer  as  the  third  order  (or  third  dimension  of  «) ;  and  Uierefore  to  treat 
it  as  having  a  direction,  tangential  to  the  osculating  sphere  (comp. 
pp.  666,  594). 

(A).  The  deviation  (Ai)  is  also  equal  to  the  third  part  (p.  598)  of 
the  deviation  of  the  near  point  p«from  the  given  eirde  (which  osculates 
at  p),  if  measured  in  the  near  normal  plane  (at  p,),  and  decomposed  in 
the  direction  of  the  radius  Sa  of  the  near  sphere;  or  to  the  third  part 
(with  direction  preserved)  of  the  deviation  of  the  new  near  point  in 
irtioh  the  given  circle  is  cut  by  the  near  plane, /row  the  near  sphere :  or 
finally  to  Uie  third  part  (as  before,  and  stUl  with  an  unchanged  direc- 
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ttm)  of  IJm  deriatiam  from  the  givm  tpk§n,  of  that  otAfr  mtarpimt 
c^iairlu^ths  neor  eirei^  (oocvlsting  at  Pt)  i*  eat  hy  the  ^iptn  mmuU 
pimm  (at  p),  and  irloch  k  found  to  satiafy  the  eqnatioiif 

ic  =  8sp«  -  2ip.  (Bi) 

Oa— f  fi  i<y/  eomuxiont  (p.  599)  between  these  TarioiiB  results  (/)  (Q, 
iDBStrated  hy  a  diagram  (Pig.  83). 

(0-  The  Swrfaee^  which  is  the  2m»»  0/fAtf  OtcuUtmg  OireU  to 
a  g^ren  cnrre  in  space,  may  be  represented  rigOTonslj  by  the  vector 
•q^rwwa  (^  600), 

•••I  • = f»»  +  r,r.  sin  « + r,«r,'  yers  u ;  (Ci) 

in  which  «  and  «  are  two  independent  scalar  variahlaa,  whereof  « is 
(aa  befiore)  the  mre  pp«  o/ih*  gwm  ewrve^  bat  is  not  now  treated  at 
tmmR :  and  u  is  the  (small or  large)  tingle  subtended  at  the  eentreiL^ot 
the  cbde,  by  the  are  of  thai  eSreUy  measared  from  iiA  point  of  oeeiila- 
Hm  p«.  But  the  eame  euperjkiai  iecue  (oomp.  892)  may  be  repre- 
oenied  also  by  the  vector  egmttion  (p.  61 1),  inrolTing  apparently  only 
MMicalar  Tariable  («X 

V-?I^  +  w=0,  (DO 

in  whieh  >'«'==r«r/,  and  «=  w«yit  «=  the  yedor  of  an  arbitrary  point 
of  the  sarbce.  The  general  method  (p.  501),  of  the  Section  III.  iii. 
3,  diowB  that  the  normal  to  this  surface  (Ci),  at  any  proposed  point 
theteo^  has  the  direction  of  6»«, «  —  (t»  ;  that  is  (p.  600),  the  direction 
ofthertiiihM  of  the  ephercy  which  contains  the  cirele  through  that 
point,  and  has  the  eame  point  of  osculation  p«  to  the  given  curve.  The 
*•««  ef  tie  eeevlatinff  circle  is  therefore  found,  by  this  little  calculation 
vith  quaternions,  to  be  at  the  same  time  the  Envelope  of  the  Oaculat- 
My  Spkerty  as  was  to  be  expected  from  geometrical  considerations 
(comp.  the  Note  to  p.  600). 

(m).  The  curvilinear  locus  of  the  point  0  in  (A;)  is  one  branch  of 
the  teetion  of  the  surface  (I),  made  by  the  normal  plane  to  the  given 
carre  at  p ;  and  if  d  be  the  projection  of  c  on  the  tangent  at  p  to  this 
new  curve,  which  tangent  pd  has  a  dlieciion perpendicular  to  the  ra- 
^01 F8  or  J?  of  the  osculating  sphere  at  p  (see  again  Fig.  88,  in  p. 
599),  while  the  ordinate  no  Im  parallel  to  that  radius,  then  (attending 
ooij  to  prindpal  terms,  pp.  598,  599)  we  have  the  expressions, 

and  therefore  ultimately  (p.  600), 

from  which  it  follows  that  p  is  a  singular  point  of  the  tectum  here 
considered,  bat  not  a  cusp  of  that  section,  although  the  curvature 
at  r  is  inJSnite :  the  ordinate  dc  varying  ultimately  as  the  power 
▼ith  exponent  |  of  the  abscissa  pd.     Oontraet  (pp.  600,  601),  of  this 
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section,  with  that  of  the  derelopftble  Zociu  of  TangmU^  made  bj  the 
same  nonnal  plane  at  p  to  the  giten  ounre ;  the  vectors  analogous  to 
PD  and  DC  are  ih  thi»  case  nearly  equal  to  -  }j*i^  and  -  \t^^v ;  so 
that  the  latter  yaries  ultimatelj  as  the  power  f  of  the  former,  and  the 
point  p  u  (as  it  is  known  to  be)  a  eu^  of  this  last  section. 

(«).  A  given  Chirv$  of  double  curvature  is  therefore  generally  a 
SUtffular  Line  (p.  601),  although  not  a  euap-edge^  upon  that  Surface  (Q, 
which  is  at  once  the  Loem  of  its  osculating  Circle^  and  the  Envelope 
of  its  osculating  Sphere :  and  the  new  developable  eurfaee  (<0i  as  being 
eireumeeribed  to  thie  tuperjlcial  loeua  (or  envelope),  so  as  to  touch  it 
along  this  singular  line  (p.  612),  maj  naturally  be  called,  as  above, 
the  CKreumseribed  DevOopahle  (p.  581). 

(o).  Additional  light  maj  be  thrown  on  this  whole  theory  of  the 
singular  line  (n),  bj  considering  (pp.  601-611)  a  problem  which  was 
discussed  by  Monge,  in  two  distinct  Sections  (xxii.  xxvi.)  of  his  well- 
known  Analyse  (comp.  the  Notes  to  pp.  602,  608,  609,  610  of  these 
JSlements)  ;  namely,  to  determine  the  envelope  of  a  sphere  with  varying 
radius  R,  whereof  the  centre  s  traverses  a  given  curve  m  space  ;  or 
briefly,  to  find  the  Envelope  of  a  Sphere  with  One  varying  Parameter 
(comp.  p.  624) :  especially  for  the  Ckise  of  Coincidence  (p.  608,  &c.),  of 
what  are  usually  two  distinct  branches  (p.  602)  of  a  certain  CharaC' 
teristie  Curve  (or  arite  de  rebroussement"),  namely  the  curvilinear  enve^ 
lope  (real  or  imaginary)  of  all  the  circles,  along  which  the  superficial 
envelope  of  the  spheres  is  touched  by  those  spheres  themselves. 

(j?).  Quaternion  forms  (pp.  608,  604)  of  the  condition  ofeoinci' 
dence  (o)  /  one  of  these  can  be  at  once  translated  into  Monge's  equa^ 
turn  of  condition  (p.  603),  or  into  an  equation  slightly  more  general, 
as  leaving  the  independent  variable  arbitrary ;  but  a  simpler  and 
more  easily  interpretable  form  is  the  following  (p.  604), 

ridr=±iMjB,  (Gi) 

in  which  r  is  the  radius  of  the  circle  of  contact,  of  a  sphere  with  its 
envelope  (o),  while  n  is  the  radius  of  (first)  curvature  of  the  curve  (s), 
which  is  the  locus  of  the  centre  a  of  the  sphere. 

(g).  The  singular  line  into  which  the  two  branches  of  the  curvi- 
linear envelope  tare  fused,  when  this  condition  is  satisfied,  is  in  general 
an  orthogonal  trq^ectory  (p.  607)  to  the  osculating  planes  of  the  curve 
(s) ;  that  curve,  which  is  now  the  given  one,  is  therefore  (comp.  891, 
896)  the  cusp-edge  (p.  607)  of  ihe  polar  developable,  corresponding  to 
the  singular  line  just  mentioned,  or  to  what  may  be  called  the  curve 
(p),  which  was  formerly  the  given  curve.  In  this  way  there  arise 
many  verifications  of  formulsB  (pp.  607,  608) ;  for  example,  the 
equation  (Gi)  is  easily  shown  to  be  consistent  with  the  results  of  (/). 

(r).  With  the  geometrical  hints  thus  gained  from  interpretation 
of  quaternion  results,  there  is  now  no  difficulty  in  assigning  the  Cbm- 
plete  and  General  Integral  of  the  Equation  of  Condition  (ji),  which  was 
presented  by  Monge  under  the  form  (comp.  p.  603)  of  a  non-linear 
differential  equation  of  the  second  order,  involving  three  variables 
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{^  ^  v)  eonaidered  as  fwmeiiona  of  u  fowrih  (a),  oamely  the  0OH>r- 
dMiaf^^ke  emir*  of  "Qie  npherty  regarded  as  varying  with  the  ro- 
dfas,  lot  irbidb  does  not  appear  to  baye  been  either  inie^ated  or 
kiarfr^Ui  \fj  that  iUiiatrions  analyst.  The  general  integral  htre 
£^ad  pRsentft  itaelf  at  first  ixL9,quatemionfcrm  (p.  609),  but  is  easily 
trmJKitd  (p.  610)  into  the  nsoal  language  of  analysis,  k  Um  g&- 
9BwL  mUyni  is  also  aaaigned,  and  its  geometrical  signification  ezhi- 
laied,  as  answering  to  a  case  for  which  the  singular  line  lately  oonsl- 
ted  reduces  itself  to  a  eingtdar  point  (pp.  610,  611). 

(i).  AmiQDg  the  verifieatione  Qg)  of  this  whole  theory,  it  b  shown 
(p^  608, 609)  that  although,  when  the  two  branehee  (o)  of  the  general 
tmvSmem'  emveiope  of  the  eirelee  of  the  system  are  real  and  dietinet, 
eaA  ftrmeA  is  a  eutp-^dge  (or  arite  de  rebrwusement,  as  Monge  per- 
edTed  it  to  he),  upon  the  mperjlcial  envelope  of  the  ephoree^  yet  in  the 
earn  of  jtuion  {p)  this  euepidal  eharueter  is  loet  (as  was  likewise 
seen  hy  Mange*) :  and  that  then  a  aeetion  of  the  nurfaeey  made  by 
a  mfrmAplame  to  the  eingular  Ime,  has  precisely  the  form  (m),  ez- 
preasiifl  by  the  equation  (Fi).  In  short,  the  result  is  in  many  ways 
eoBfitmed,  hy  calculation  and  by  geometry,  that  wHen  the  condition  of 
emmeidenoe  (j»)  is  satisfied,  the  Swrfaee  is,  as  in  (»),  at  once  the  Enve- 
hpe  ef  tie  oeeulating  Sphere  and  the  Loeue  ^  the  oectdating  CireU,  to 
tiiat  Singidar  Ime  on  itself,  into  which  by  Qj)  the  tun  branehee  (o) 
of  its  general  cuep^e  exe  fused. 

(0-  Other  applications  of  preceding  formuls  might  be  given ; 
for  instance,  the  formula  for  c"  enables  us  to  assign  general  ex- 
presaiaiis  (p.  611)  for  the  centre  and  radiue  of  the  cireUj  which  oeeU" 
iaiee  at  K  to  the  loeue  of  the  centre  of  the  oeeulating  circle,  to  a  given 
f  in  apaee :  with  an  elementary  verification,  for  the  case  of  the 
r  eeobUe  ef  the  plane  evolute  of  a  plane  curve.  But  it  is  time  to  con- 
clude tlus  long  analysis,  which  however  could  scarcely  have  been 
modi  ihridged,  of  the  results  of  Series  898,  and  to  pass  to  a  more 
hrief  aooount  of  the  investigations  in  the  following  Series. 

AsncLB  899. — ^Additional  general  investigations,  respecting  that 
gaueheeuree  of  the  third  order  (or  degree),  which  has  been  above 
rifled  an  Oeeulating  Twieted  Cubic  (398,  (A)),  to  any  proposed  curve 
of  dmible  curvature ;  with  applications  to  the  case,  where  the  given 

curve  isa^tr, 612-621 

(«}.  In  general  (p.  614),  the  tangent  pt  to  the  given  curve  is  a 
foial  eide  oi  ihe  cubic  cone  898,  (A) ;  one  tangent  plane  to  that  cone 
(Oi)t  along  that  side,  being  the  oeeulating  plane  (P)  to  the  curve,  and 
tberefiire  touching  also,  along  the  same  side,  the  oeeulating  oblique  cone 
(Qi)  of  the  eeoond  order,  to  the  cone  of  chorde  (897)  from  f  ;  while  the 
other  tangent  plane  to  the  cubic  cone  (C%)  croeeee  Hxait first  plane  (P), 
or  tbe  guadrie  cone  (Cs),  at  an  angle  of  which  the  trigonometric  cotan- 


Compare  the  first  Note  to  p.  609  of  these  Elements. 


Pa^^es. 
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pmi  (iO  is  equal  to  halfih$  dif&rmUial  of  ih$  radiuB  (r)  of  •ewnd 
ewrvaiwro^  divided  hjf  th$  difersntial  of  the  aro  («)•  And  the  tkree 
etmmoH  tide$f  fb,  pb',  pb%  of  these  two  eones,  which  remain  when  the 
tangmt  ft  ia  excluded,  and  of  which  one  at  leaat  must  be  real,  are  the 
parallele  throogh  the  given  point  p  to  the  three  usymptotee  (898,  (0) 
to  the  gauche  cunre  sought;  being  also  eidee  of  three  qttadrie  ejflm- 
dersy  BBj  (Xa),  (X't),  (X''i),  which  contain  those  asyBiptotes  as  other 
eidee  (or  generating  lines) :  and  of  which  eaeh  containe  the  tuneted 
eubic  sought,  and  iaeutin  it  hj  the  guadrie  cone  (0%). 

(b).  On  applying  this  First  Method  to  the  case  of  a  given  hetix,  it 
is  found  (p.  614)  that  the  general  cMo  cone  {fiz)  breaks  up  into  the 
BTstem  of  a  new  quadric  cone,  (^'),  and  a  new  plane  (PO »  ^bioh  lat- 
ter is  the  rectifying  plane  (896)  of  the  helix,  or  the  tangent  plane  at  p 
to  the  right  cylinder,  whereon  that  given  curve  is  traced.  The  two 
quadric  cones,  (Ci)  and  {G{)y  touch  each  other  and  the  plane  (P)  along 
the  tangent  ft,  and  have  no  other  real  common  eide :  whence  tufo  of 
the  sought  aeymptotee,  and  two  of  the  corresponding  cylinders  (a),  are 
in  this  case  imaginary,  although  they  can  still  be  used  in  calculation 
(pp.  614,  616,  617).  But  the  plane  (P^  outs  the  cone  (^C%\  not  only 
in  the  tangent  pt,  but  also  in  a  second  real  side  pb,  to  which  the  real 
asymptote  u parallel  (a);  and  which  is  at  the  same  time  a  side  of  a 
real  quadric  cylinder  (Z2),  ^i^iich  has  that  asymptote  for  another  side 
(p.  617),  and  contains  the  twisted  cubic  :  this  gauche  curve  being  thus 
the  curvilinear  part  (p.  615)  of  the  intersection  of  the  real  cone  (fi^, 
with  the  real  cylinder  (X3). 

(0).  Transformations  and  verifications  of  this  result ;  fracttmuUeX" 
pressions  (p.  616),  for  the  co-ordinates  of  the  twisted  cubic ;  expres- 
sion (p.  616)  for  the  deviation  of  the  helix  from  that  osculating  curve, 
which  deviation  is  directed  inwarde,  and  is  of  the  sixth  order  :  the 
least  distance,  between  the  tangent  ft  and  the  real  asymptote,  is  a  right 
line  PB,  which  is  cut  internally  (p.  617)  by  the  axis  of  the  right  cyUn- 
der  (b),  in  a  point  a  such  that  fa  is  to  ab  as  three  to  seven. 

(d).  The  First  Method  (a),  which  had  been  established  in  the  pre- 
ceding Series  (898),  succeeds  then  for  the  case  of  the  helix,  with  a  faci- 
lity which  arises  chiefly  from  the  circumstance  (6),  that  for  this  case 
the  general  cubic  cone  (jOz)  breaks  up  into  two  separate  loci,  whereof 
oMtf  is  a  plane  (P').  But  usually  the  foregoing  method  requires,  as  in 
398,  (A)),  the  solution  of  a  cubic  equation :  an  inconvenience  which  is 
completely  avoided,  by  the  employment  of  a  Second  General  Method, 
as  follows. 

(e).  This  Second  Method  consists  in  taking,  for  a  eecond  locus  of  the 
gauche  oseulatrix  sought,  a  certain  Cubic  Surface  (6t),  of  which 
every  point  is  the  vertex*  of  a  quadric  cone,  hanng  six-point  con- 


*  It  is  known  that  the  hcus  of  the  vertex  of  a  quadric  cone,  which  passes 
through  six  given  points  of  space,  A,  b,  c,  d,  b,  f,  whereof  no  four  are  in  one 
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ted  vith  the  ipEven  onnre  at  IP :  to  that  thii  wwg  w/«i  k  entliy  the 
fbiM  «t  «/bi«<|r,  m  the  ie»M  fiiKtf  cmtm  at  the  cmke  com  ((%X  ^^  >■ 
&iBd(p.<»0)tobea.fiidMSw/eM^  with  the  tan^eat  rr  fiv  a  5ia- 
fvivlMe;  and  vbenthian^A/fiMf  is «l«n^  the  fMMtniy  (diat 
k,  the  airvilMeaf)  pmrt  of  the  intenection  of  the  tftm  Xtci;  {O^)  and 
(■g>X  M  thB  Ouuimtmg  2)0wM  (Mm  aoii|^t :  wMch  f  iiaili  iia  uUtt  ik 
a  thaa  mmfieitlyvaA^mtmruUy  dttmrnm^^  withontany  anch  dii&eiilty 
(x  ap^mrnU  vmritijf^  aa  nugfat  be  d^poied  to  atteod  the  aolntian  of  a 
etiit  •qyaatign  {d%  and  with  new  TwififatMna  fivthe  caae  of  the  kdis 

AxncLx  400. — On  Involutes  and  Erolatea  in  8paee,   ....      C21~tt6 
(a).  Theosoalpointaof  Monge'stheoiyaiededDoedframthetvo 
fandaneotal  qnataniian  eq[iiatuma  (p.  6S1), 

S(*r-p)^=0,    V(<r-rt<r'=0,  (Hi) 

in  which  p  and  v  axe  conesponding  Teetors  of  involute  and  evolate  \ 
together  with  a  theorem  of  Prof.  De  Morgan  (p.  622),  respecting  the 
caae  when  the  UKvofaite  is  a  spherical  cmre. 

(I).  An  Missfato  m  tpme$  is  generslly  the  sn/jr  nmlpmri  (p.  624)  of 
fhe  flusirffl/eofa  certain  TsziaUe  tphtn  {pomp.  388),  which  haa  its 
eaairr  oa  tibe  mtimtt,  while  ita  rmUtu  iS  ia  the  variable  imitntpi  be- 
tween the  two  carves:  botbeoansewehaveAsrvtherelatiioa  (p.622, 
ooaipu  p.  602), 

jr»+«^«o,  (HO 

t2)e  cwwfet  ofcmiaei  (398,  (o))  rednoe  themaelves  each  to  a^psiM  (or 
nther  to  zpair  of  wta^maiy  right  /mm,  intersecting  in  a  real  point), 
and  the  preceding  theory  (398),  of  envdopee  of  spheres  with  one 
'varying  paruneter,  undogoes  important  modifications  in  its  resolta, 
the  eonditiaos  of  the  application  being  di&rent.  In  particular,  the 
■■wArff  is  indeed,  as  the  equations  (Hi)  express,  an  ortkogomal  <rs» 
/sKii|  to  the  imgoHU  of  the  spstos;  bat  not  to  the  oomUimg pimm 


^^a/^  is  geaeaiSlj  tk  Smfaeoy  waj  (8^%  of  ihB  IbtirthJ^^  infut,  itisMrfby 
the  plane  of  the  triang^  abo  in  a  system  otfimr  right  /cms,  v^ieieof  three  are 
the  sides  of  that  triangle,  and  the  fborth  is  tiie  intersection  of  the  two  Irenes, 
ABC  and  imp.  If  then  we  investigate  the  intersection  of  this  enrface  (Ai)  with 
tiie  gtudrio  eottOy  (a.bcdkp),  or  say  (Ob),  which  has  a  for  vertex,  and  passes 
throogfa  (he  five  other  given  points,  we  might  expect  to  find  (in  joms  sflfus)  a 
curve  of  the  oightk  dogroo.  But  when  we  set  aside  the^  right  Uhoo,  ab,  ac^  ai>, 
Ai^  AP,  which  are  commom  to  the  two  snxfiMMS  here  considered,  we  find  that  the 
(leoniiiing  or)  oiti  vHimoar  p0rt  of  the  complete  interieetioH  jm  reduced  to  a  otmfo 
^<l^<il^«ld^yyw,  which  is  precisely  the  twitted  etiHe  throMgh  the  oix  givempoiitti. 
Li  spi^yuig  this  general  (and  perhaps  new)  method,  to  the  problem  of  the  otfu- 
/i^  twisted  oabic  to  a  «frM,  the  osculating|;faN#  to  that  curve  may  be  «Mfti^ 
at  ftieign  to  the  question:  and  then  the  ptarHc  eurfaee  (^«)  is  reduced  to  the 
aiHemrfiee  (A),  above  described. 
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of  UiAt  ourye,  as  the  nngtOar  litu  (898,  (9))  of  the  former  envelope 
watf  to  thoae  of  the  curve  whioh  wu  the  locus  of  the  centres  of  the 
spheres  before  oonsidered,  when  a  certain  amditicn  of  coincidence  (or 
otfmiony  898,  {p)")  was  satisfied. 

(tf).  Ourvaiure  of  hodograph  of  ecoluU  (p.  626) ;  if  p,  Pi,  1%  . .  and 
8,  Bi,  Ba,  •  •  he  corresponding  points  of  involute  and  evolute,  and  if  we 
draw  right  lines  sti,  wt%  . .  in  the  directions  of  SiPi,  SaPi*  •  •  and  with 
a  common  length  «=  ^^  the  spherical  curve  ftiTi  . .  will  have  contact 
of  the  second  order  at  p,  toith  the  involute  ppiPj  . .  (pp.  626,  626). 

A&TiOLB  401. — Calculations  abridged,  by  the  treatment  of  quater^ 
men  differentials  (which  have  hitherto  been  JiniU^  comp.  p.  xi.)  as 
i^/lnitesimals  ;*  new  deductions  of  osculating  plane,  circle,  and  spherSf 
with  the  vector  equation  (892)  of  the  cirde ;  and  of  the  first  and  se- 
cond curvatures  of  a  curve  in  space, 626-630 

Suction  7 On  Surfaces  of  the  Second  Order;  and  on 

Cnrvatures  of  Surfaces, 630-706 

A&TTOLB  402. — Beferences  to  some  equations  of  Surfaces,  in  earlier 

parts  of  the  Volume, 680,631 

AsTiOLB  408. — Quaternion  equations  of  the  Sphere  (p>  =  -  1,  &c),     681-633 
In  some  of  these  equations,  the  notation  N  for  norm  is  employed 
(comp.  the  Section  II.  L  6). 

Abtiglb  404. — Quaternion  equations  of  the  Ellipsoid,    ....     688-635 
One  of  the  simplest  of  these  forms  is  (pp.  807,  686)  the  equation, 

T(cp  +  p«)=r»-*«,  (Ii) 


*  Although,  for  the  sake  of  brevity,  and  even  of  clearness,  some  phrases  have 
been  used  in  the  foregoing  analysis  of  the  Series  898  and  899,  such  sa  four-side 
or  five-side  contact  between  conee,  and  fhe-'point  or  six-point  contact  between 
curves,  or  between  a  curve  and  a  surface,  which  are  borrowed  firom  the  doctrine 
of  consecutive  points  and  lines,  and  therefore  firom  that  of  infinitesimals ;  with  a 
few  other  expressions  of  modem  geometry,  such  as  the  plane  at  it\/initg,  &c  ; 
yet  the  reasonings  in  the  text  of  these  Elements  have  all  been  rigorously  reduced, 
BO  far,  or  are  all  obviously  reducible,  to  the  fundamental  conception  of  Limits  : 
compare  the  definitions  of  the  osculating  cirde  and  sphere,  assigned  in  Articles 
889,  896.  The  object  of  Art  401  is  to  make  it  visible  how,  without  abandoning 
such  ultimate  reference  to  limits,  it  is  possible  to  abridge  calculation,  in  several 
oaseB,  by  treating  (at  this  stage)  the  differential  symbols,  dp,  d'p,  &c.,  as  if 
they  represented  infinitely  small  differences,  Ap,  A*p,  &c ;  without  taking  the 
trouble  to  write  these  latter  symbols  first,  as  denoting  finite  differences,  in  the 
rigorous  statement  of  a  problem,  of  which  statement  it  is  not  always  easy  to  assign 
the  proper  form,  for  the  case  of  points,  &c.,  at  finite  distances  :  and  then  having 
the  additional  trouble  of  reducing  ihe  complex  expressions  so  found  to  simpler  forms, 
in  which  differentials  shall  finally  appear.  In  short,  it  is  shown  that  in  Quater* 
nions,  as  in  other  parts  of  Analysis,  the  rigour  of  limits  can  be  combined  with 
Hie  facility  of  infinitesimals. 
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Pagei. 
kvticiL  I  and  b  are  real  and  ccmstant  yecton,  in  the  direotknu  of 
tjt  cycSte  Mrmois.  Tbls  farm  (JLi)  is  intimately  connected  with,  and 
mkA  aerred  to  su^geaty  that  Oomtmction  of  the  Miptoid  (II.  i  18), 
Vy  Boaa  of  a  iHacientHc  Sphere  and  a  IMn/  (p.  227,  oomp.  Fig.  58, 
>  2t6),  which  was  among  the  earliest  ffeometrieal  reetdia  of  the  Qua- 
Xeaaaos.  The  three  aemiaxea^  a,b,  e^aie  ezpreaaed  (oomp.  p.  280)  in 
tsBs  (^  t,  K  aa  foUowa  : 

«i  =  Tt  +  T«;    b=~^-r^;    r=Ti-Tjc;  GO 

whence  «*■««?  =  T  (i  -  c).  (I^ 

AsncLs  405. — Generel  Central  Surface  of  the  Second  Order  (or 

eeateal  qnadric),  8p^p=/p  =  l, 686-688 

Astici:b  406. — Gemeral  Cone  of  the  Second  Order  (or  quadric  cone), 
S|>f^=/p=0 •    .    .      688-648 

AsfncLB  407. — Bifocal  Form  of  the  equation  of  a  eentrai  hat  wm- 
rem\ciMi  swface  of  die  second  order :  with  some  quaternion  formnlie, 
xebddng  to  Cb«i/«M/ ^tfi/Mef , 648-658 

(«>  The  hifocedform  here  adopted  (comp.  the  Section  IIL  ii.  6) 
ia  the  equation, 

Qrp  =  (Sap)«-2^Sflp8a'p  +  (8a»»+(l-<^)p»  =  C,         (Ji) 
in  which,  C=  (i^  - 1)  («  +  SaaO  ^.  (JO 

a,  a'  are  two  (real)  focal  umt-linea^  common  to  the  whole  eyttem  of 
coifocala ;  tbe  (real  and  positive)  scalar  I  is  also  constant  for  that  sys- 
tem :  hnt  the  scalar  e  varies,  in  passing  from  surftEice  to  surface,  and 
■lay  he  regarded  as  a  parameter,  of  which  the  yalue  serves  to  distin- 
^•M*  ofne  oonfocal,  say  (e),  from  another  (pp.  648,  644). 

(if).  The  gquares  (p.  644)  of  the  three  scalar  eemiaxee  (real  or  ima- 
pBsry)^  arranged  in  algehraically  descending  order,  are, 

«»=(«+ 1)^,     *«=(if  +  Saa')/«,     c»  =  ((!-l)i«;  (Ki) 

and  tlie  three  iwlor  eendaxes  corresponding  are, 

aIT(a+a')»     *TJVaa',     cU(a-a').  (Mi) 

(0-  Beetanffular,  unifocal,  and  cyclic  forms  (pp.  644,  648,  660), 

of  tlie  scalar  function //>,  to  each  of  which  corresponds  a  form  of  the 

vector  function  ^p ;  deduction,  hy  a  new  analysis,  of  several  known 

tbeorems*  (pp.  644,  645,  648,  652,  658)  respecting  eonfocal  surfaces, 


*  For  example,  it  is  proved  hy  quaternions  (pp.  652,  658),  that  the  focal 
linti  of  ihe  focal  cone,  which  has  any  proposed  point  F  for  vertex,  and  rests  on 
tbe  focal  hyi>erhola,  are  generating  lines  of  the  singte-sheeted  hyperboloid  (pt  the 
giren  eonfocal  system),  which  passes  through  that  point :  and  an  extension  of 
this  result,  to  the  focal  lines  of  any  cone  eireutnseribcd  to  a  eonfocal,  is  deduced 
\gj  a  similar  analysis,  in  a  suhsequent  Series  (408,  p.  656).  But  such  known 
theorems  respecting  confocals  can  only  he  alluded  to,  in  these  Contents. 
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Pages, 
and  their  fo9al  coniet ;  the  lines  a,  a'  are  aa^mpMsa  to  the  foeal  Ay- 
perbola  (p.  647),  whatever  the  tpeeiet  of  the  snrfiioe  may  be :  refe- 
rences (in  Notes  to  pp.  648,  649)  to  the  JMuregf*  for  the  focal  ellipse 
of  the  EUipaoid,  and  for  se yeral  different  gmeraiione  of  this  last  sur- 
face. 

(eQ.  Oemral  SgponmUial  TVaneformation  (p.  651),  of  the  equation 
of  an^  central  guadric  ; 

p  =  aj«  +  yYa%  (Ni),  with  a^/a  +  ^fUYaa  =  I,       (NiO 

this  aiM^uiry  fwfor  j3  is  conttanty  for  any  om  oonfocal  (e) ;  the  m^- 
nmtij  ty  in  (Ni),  is  an  arbitrary  or  variable  scalar;  and  the  eoeffieienta^ 
X  and  y,  are  ^t^o  o^A^  soalar  yariables,  which  are  howeyer  connected 
with  each  other  by  the  relation  (Ni'). 

(«).  If  BUjJixed  value  be  assigned  to  ^,  the  equation  (Ni)  then  re- 
presents the  eeetion  made  by  a  plane  through  a  (p.  651),  which  sec- 
tion is  an  eUipw  if  the  surface  be  an  ellipsoid^  but  an  hyperbola  for 
eitJicr  hyperbohid;  and  the  cutting  plane  makes  with  the  Jbeal  plane 
of  a,  a',  or  with  the  plane  of  the  focal  h3rperbola,  an  angle  «  Itrr. 

(/).  If,  on  the  other  hand,  we  allow  t  to  vary^  but  assign  to 
X  and  y  any  constant  values  consistent  with  (Ni^),  the  equation  (Ni) 
then  represents  an  ellipse  (p.  651),  whatever  the  species  of  the  surface 
may  be ;  x  represents  the  distance  of  its  centre  from  the  centre  o  of  Uie 
surface,  measured  along  the  focal  line  a ;  y  is  the  radius  of  a  right 
cylinder^  with  a  for  its  axis,  of  whioh  the  ellipse  is  a  section,  or  the 
radius  of  a  circle  in  a  plane  pierpendicular  to  a,  into  which  that  ellipse 
can  be  orthogonally  printed :  and  the  angle  \tir  is  now  the  excentric 
anomaly.  Such  elliptic  sections  of  a  central  quadric  may  be  otherwise 
obtained  from  the  unifocal  form  (e)  of  the  equation  of  the  surfieuse ; 
they  are,  in  some  points  of  yiew,  almost  as  interesting  as  the  known 
eireular  sections  :  and  it  is  proposed  (p.  649)  to  call  them  CentrO' 
Focal  EUipses, 

(g).  And  it  is  obvious  that,  by  interchanging  the  two  focal  lines 
a,  a'  in  (d),  a  Second  Exponential  Transformation  is  obtained,  with  a 
Second  System  of  centro-foeal  ellipses,  whereof  the  proposed  surface  is 
the  locus,  as  well  as  of  the  Jlrst  system  (/),  but  which  have  their 
centres  on  the  line  a',  and  are  projected  into  circles,  on  a  plane  per- 
pendicular to  this  latter  line  (p.  649). 

(A).  Equation  of  Confoeals  (p.  652), 

V»',^v,«=V»'0,v.  (Oi) 

Abticle  408. — On  Circumscribed  Quadric  Cones;  and  on  the 
Umbilics  of  a  central  quadric, 658-  663 


*  Lectures  on  Quaternions  (by  the  present  author),  Dublin,  Hodges  and 
Smith,  1853. 
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',i\  Idis^^uamA  Cp.  S53^  of  Cimjmfmtg  M$Um,  and  of  Cbit^yclf  Di- 
^tiMt^Yttk  Tesfkeel  to  the  wtMrfuse/f  =  1, 

Ofi£twi  •/  GsKterC,  of  the  sune  snz&ee  with  the  right  lm4  n\ 

C/Os  0-iy=(/p-i)  C/p'-O;  (QO 

&is  litter  ta  also  a  form  of  the  eq[iiatiim  of  the  Cbm,  with  feitez  at 
y.  ^elndi  is  ttrrwMcrfltfrf  to  the  same  qiiadric  (Jp  - 1). 

{hy  The  eoikfitian  (Ui)  mmy  also  he  thus  truisformed  (p.  654), 

/bCTf  «  scalar  fanetioii,  connected  witfa/hy  certain  relationa  of 
fgfiyiBcify  (eomp.  p.  483);  and  a  simple  feometrieti  interprttaiion 
Bsj  be  asBgned,  for  this  last  equation. 

(e).  The  Bedproeal  Corny  or  €bM  ofNarwmU  9  at  p'.to  the  dream- 
ictibed  oone  (Qi)  or  (Qi*)*  inA7  ^  represented  (p.  655)  hj  the  very 
simple  equation, 

whoeh  likewiae  admits  of  an  extremely  simple  interpretation. 

(O.  A  gxren  right  liiu  (p.  656)  is  touched  by  two  eonfoeaby  and 

other  known  results  axe  easy  consequences  of  the  preeent  analysis  ; 

for  example  (pp.  658,  659),  the  oone  circnmscribed  to  any  surface  of 

the  system,  frran  any  point  of  eitMor  of  the  iioo  rttU  focal  eurvety  is  a 

eem  »/  rtntuUon  (real  or  imaginary) :  but  a  similar  condosion  holds 

good,  whoi  the  vtriex  is  on  the  third  (or  imaginary)  foealy  and  even 

ooie  generally  (p.  663),  when  that  vertex  is  amvif  point  of  the  (known 

and  imsginary)  devOopahle  envelope  of  the  eonfoeal  iystem, 

(O-  -^  central  qnadric  has  in  general  Ticehe  Umbilies  (p.  659), 

whereof  aelj/our  (at  most)  can  be  reaiy  and  which  are  its  intereeetione 

with  the  (Arer/Mo/ 0«rM9  ;  and  these  ^tre^^p^to  are  ranged,  ^Ar^^ 

threty  on  tight  imagiaary  right  linee  (p.  662),  which  inierseet  the  circle 

at  infiaiig,  and  which  it  is  proposd  to  call  the  Eight  Utnbiliear  Ge- 

ntretrieu  of  the  surface. 

(/).  These  (imaginary)  umbiliear  generatrieee  of  a  quadrio  are 

finmd  to  possess  several  interesting  properties,  especially  in  relation 

to  tbe  lina  of  curvature :  and  their  tocue,  for  a  eonfoeal  eyatemy  is  a 

deeeiepabU  twrfaee  (p.  663),  namely  the  known  envelope  (d)  of  that 

•ystem. 

AxncLS  409.  ~ Geodetic  Lines  on  Cdntral  Surfaces  of  the  Second 

Order, 664-667 

(s).  One  form  of  the  general  differential  equation  of  geodetice  on 

sn  arbiirary  turf  ace  being,  by  III.  iii.  6  (p.  515), 

VydV  =  0,  (Ri),     if    Tdf)  =  const,  (R/) 

tiiis  is  shown  (p.  664)  to  conduct,  for  central  quadrics,  to  the  first 

iot^raL 

T-^Dr^  =  T>'«/Udp  =  A  =  const ;  (Si) 

where  Pis  the  perpendicular  from  the  centre  o  on  the  tangent  planCy 
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and  D  is  the  (real  or  imaginary)  tmnidiameUr  of  the  surface,  which 
IB  parallel  to  the  tangent  (dp)  to  the  curre.  The  known  equation 
of  Joachimstal,  P.J)  =  const,  ia  therefore  proved  anew;  this  last 
constant,  however,  being  by  no  means  necessarily  rtal,  if  the  surface 
be  fi0^  an  ellipaoieL 

{b).  Deduction  (p.  665)  of  a  theorem  of  M.  Chasles,  that  the  ton- 
gents  to  a  geodetic,  on  any  one  central  quadric  («),  touch  also  a  common 
eonfoeal  (e,) ;  and  of  an  integral  (p.  666)  of  the  form, 

ei  sin*  vi  4  «a  cos'  vi  =  ^,  =  const.,  (Si') 

which  agrees  with  one  of  M.  Liouville. 

(0).  Without  the  restriction  (Kf),  the  differential  of  the  scalar  A 
in  (Si)  may  be  thus  decomposed  into  factors  (p.  666), 

dA  =  d.  P-«i)-«  =  2Svdvdp-i.  Svdp-  »dV ;  (81") 

but,  by  the  lately  cited  Section  (III.  ill.  5,  p.  515),  the  differential 
equation  of  the  second  order, 

Si/dpdV  =  0,  (Ri") 

with  an  arbitrary  scalar  variable,  represents  the  geodetic  lines  on  any 
surface  :  the  theorem  (a)  is  therefore  in  this  way  reproduced. 

(d).  But  we  see,  at  the  same  time,  by  (Si"),  that  the  quantity  A, 
or  P.  2>  =  A-i,  is  constant,  not  only  for  ih&geodeties  on  a  central  quadric, 
but  also  for  a  certain  other  set  of  curves,  determined  by  the  differen- 
tial equation  of  the^r«/  order,  Svdvdp  =  0,  which  will  be  seen,  in  the 
next  Series,  to  represent  the  lines  of  curvature. 

Article  410. — On  Lines  of  Curvature  generally ;  and  in  particu- 
lar on  such  lines,  for  the  case  of  a  Central  Quadric, 667-674 

(ff).  The  differential  equation  (comp.  409,  (iQ), 

Si;di/dp  =  0,  (Ti) 

represents  (p.  667)  ^q  Lines  of  Curvature,  \xpori  vi  arbitrary  surface  ; 
because  it  is  a  limiting  form  of  this  other  equation, 

SvAvAp  =  0,  (Ti') 

which  is  the  condition  of  intersection  (or  of  parallelism),  oftheti^rma^ 
drawn  at  the  extremities  of  the  two  vectors  p  and  p  +  Ap. 

(&).  The  normal  vector  v,  in  the  equation  (T|),  may  be  multiplied 
(pp.  .678,  700)  by  any  constant  or  variable  scalar  n,  without  any  real 
change  in  that  equation ;  but  in  this  whole  theory,  of  the  treatment 
of  Curvatures  of  Surfaces  by  Quaternions,  it  is  advantageous  to  con- 
sider the  expression  Svdp  as  denoting  the  exact  differential  of  some 
scalar  function  of  p ;  for  then  (by  pp.  486, 487)  we  shall  have  an  equa- 
tion of  the  form, 

dv  =  0dp  =  a  self -conjugate  function  of  dp,  (TJi) 

which  usually  involves  p  also.  For  instance,  we  may  write  generally 
(p.  669,  comp.  (R),  p.  ziii), 

dv  =  ^dp+VXdp^;  (Ui') 
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the  scalar  ^,  and  the  yecton  X,  ii  being  rtdt^  and  boing  gmm'aily*  fiinc- 
tioDB  of  p,  bat  not  inyolying  df>. 

(ff).  This  being  understood,  the  tu>o\  dire&tioru  of  the  tangent  dp, 
which  satisfy  at  once  the  general  equation  (Ti)  of  the  lines  of  cuira- 
ture,  and  the  differential  equation  Svdp  »  0  of  the  surface,  are  easily 
found  to  be  represented  bj  the  two  rector  expressions  (p.  669), 

XrVv\±VYvft;  (TO 

they  are  therefore  generally  rectangular  to  each  other,  as  they  haye 
long  been  known  to  be. 

(d).  The  ettrfaee  «to0(^  remaining  still  quito  arUtrttryy  it  is  found 
useful  to  introduce  the  conception  of  an  AweUiary  Surface  of  the  Se- 
cond Order  (p.  670),  of  which  the  yariable  yector  is  p-\-p%  and  the 
equation  is, 

sp>p'=^p'a +sxp>p'= 1,  cur) 

or  more  generally  =  const. ;  and  it  is  proposed  to  call  thie  surface,  of 
which  the  centre  is  at  the  giyen  point  p,  the  Index  Surface^  partly 
because  its  diametral  eectwnf  made  by  the  tangent  plane  to  the  given 
surface  at  p,  is  a  certain  Index  Curve  (p.  668),  which  may  be  consi-  ^ 
dered  to  coincide  with  the  known  '*  indieatric^'  of  Dupin. 

(ey.  The  expressions  (Ti")  show  (p.  670),  that  whatever  the  given 
surface  may  be,  the  tangents  to  the  lines  of  curvature  bisect  the  angles 
formed  by  the  traces  of  the  two  cyclic  planes  of  the  Index  Surface  (<Q, 
on  the  tangent  plane  to  the  given  surface ;  these  two  tangents  have 
also  (as  was  seen  by  Dupin)  the  directions  of  the  axes  of  the  Index 
Curve  (p.  668) ;  and  they  are  distinguished  (as  he  likewise  saw)  i^m 
all  other  tangents  to  the  given  surface,  at  the  given  point  p,  by  the 
condition  that  each  is  perpendicular  to  its  otvn  con^ugatCy  with  respect  ^ 
to  that  indicating  curve :  the  equation  of  such  cof^fugtttion,  of  two 
tangents  r  and  /,  being  in  the  present  notation  (see  again  p.  668), 

Sr^r  =  0,    or  S/^r  =  0.  (UO 

(/).  New  proof  (p.  669)  of  another  theorem  of  Dupin,  namely 
that  if  a  devdopaNe  be  circumscribed  to  any  surface,  along  any  curve 
thereon,  its  generating  lines  are  everywhere  eonJugatCy  as  tangents  to 
the  surface,  to  the  corresponding  tangents  to  the  curve, 

(jgy.  Case  of  a  central  quadric ;  now  proof  (p.  671)  of  still  another 
theorem  of  Dupin,  namely  that  the  curve  of  orthogonal  intersection 
(p.  645),  of  two  confocal  surfaces^  is  a  line  of  curvature  on  each. 

(A).  The  system  of  the  eight  umbUicar  generatrices  (408,  («)),  of  a 
central  quadric,  is  the  imaginary  envelope  of  the  lines  of  curvature  on 
that  surfisoe  (p.  671) ;  and  each  such  generatrix  is  itself  on.  imaginary 


•  For  the  case  ot  a  centnU  quadric^  g,\fftejre  constants, 
t  OeneraUy  two  ;  but  in  some  cases  more.    It  will  soon  be  seen,  that  thru 
luMs  of  curvature  pass  through  an  umbUic  of  a  quadric. 
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line  ofcurvatur$  thereon :  so  that  through  Hteh  of  the  iwel»e  umbUict 
(see  again  408,  (e))  there  pass  three  linee  of  curvature  (comp.  p.  677), 
whereof  however  only  one^  at  most,  can  he  real :  namely  two  ffenera- 
trieeSf  and  t^,  principal  teetion  of  the  snrfaoe.  These  last  results,  which 
are  perhaps  new,  will  be  illustrated,  and  otherwise  proyed,  in  the 
following  Series  (411). 

Artiglb  411.~Additional  illustrations  and  oonfirmations  of  the 
foregoing  theory,  for  the  case  of  a  Ofnirat*  Quadric  ;  and  especially 
of  the  theorem  respecting  the  Three  Linee  of  Curvature  through  am 
Vmbilie,  whereof  ttoo  are  always  imaginary  and  rectilinear,  ....    674-679 

(a).  The  general  equation  of  condition  (TO,  or  SvAvAp  «  0,  for 
the  intersection  of  two  finitely  distant  nonnals,  may  he  easily  trans- 
formed for  the  case  of  a  quadric,  so  as  to  express  (p.  675),  that  when 
the  normale  at  p  and  p'  intereeei  (or  are  parallel),  the  chord  pp'  is  per- 
pendicular to  ite  own  polar. 

(b).  Under  the  same  conditions,  if  the  point  p  he  given,  the  loeue 
of  the  chord  pp'  is  ueuallg  (p.  676)  a  guadrie  eone^  say  (C) ;  and  there- 
fore the  locus  of  ihe  point  p'  is  usually  a  guartic  curve,  with  p  for  a 
double  poinf,  whereat  two  branches  of  the  curve  out  each  other  at  right 
angles,  and  touch  the  two  linee  of  curvature. 

(/).  If  the  point  p  be  one  of  tiprineipal  section  of  the  given  surface, 
but  not  an  umbilic,  the  cone  ((7)  breaks  up  into  a  pair  of  planes,  whereof 
one,  say  (P),  is  the  plane  of  the  section,  and  the  other,  (P'),  is  perpen- 
dicular thereto,  and  is  not  tangential  to  the  surface ;  and  thus  the 
guartie  (&)  breaks  up  into  &pitir  of  conies  through  p,  whereof  one  is 
the  principal  section  itself,  and  the  other  is  perpendicular  to  it 

(<0.  But  if  the  given  point  p  be  an  umbilic,  the  second  plane  (P*) 
becon^  a  ^ofi^Mi^/T^iMM  to  the  surface;  and  the  #000111^001110(0)  breaks 
up,  at  the  same  time,  into  a  pair  ofimaginargf  right  lines,  namely 
the  two  umbilicar  generatrices  through  p  (pp.  676,  678,  679). 

(0).  It  follows  that  the  normal  pn  at  a  real  umbUie  p  (of  an  ellip- 
soid, or  a  double-sheeted  hyperboloid)  is  not  intersected  by  emy  other 
real  normal,  except  those  which  are  in  the  same  principal  section  ;  but 
that  this  real  normal  pn  if  intersected,  in  an  imaginary  sense,  by  all 
the  normals  pV,  which  are  drawn  at  points  p'  of  either  of  the  two  ima- 
ginary generatrices  through  the  real  wnbilic  p ;  so  that  000^  of  these 


*  Many,  indeed  most,  of  the  results  apply,  without  modification,  to  the  case  of 
the  Paraboloids  ;  and  the  rest  can  easily  be  adapted  to  this  latter  case,  by  the  con- 
sideration of  infinitely  distant  points.  We  shall  therefore  ottai,  for  conciseness, 
omit  the  term  central,  and  simply  speak  of  guadrics,  or  surfaces  of  the  second 
order, 

t  It  is  well  known  that  the  single-sheeted  hyperboloid,  which  (alone  of 
central  quadrics)  has  real  generating  lines,  has  at  the  same  time  no  real  umbHics 
(comp.  pp.  661,  662). 
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f  ri^Um$9\AWB/SMk  anew  tabe  a  Hm^oftwrv^trnty  on  the  mu> 
^  («Bq^  410,  {Si)j  'becaoae  «U  the  aonnab  p'a',  at  points  of  thi« 
Bft,  Be  atoated  in  one  eommon  {imaginary)  normal  plane  (p.  676)  ; 
■du befbce,  ^lece  «ie  thua  ikr§$  lim$  of  eurratiiro  ikrongh  an  mm- 
ttie. 

(/>  Tl&eie  geamfitri<»l  reaoltB  are  in  Tarioua  ways  dedudUe  from 
almhtian  villi  qvatesraioiu ;  for  ezamptei  a  fionn  of  the  equation  of 
&B  liaea  of  eDzratnie  on  a  qnadric  is  seen  (p.  677)  to  become  an 
r  at  an  "™^«^***  C*'  I  ^)  •  while  the  tUferfntitU  of  that  equation 
I  np  inso  two  faetorsy  whereof  one  represents  the  tangent  to  the 
:<MA|  while  tiie  oiAer  (SXd'p  s=  0)  assigns  the  directions  of 
Ibt  imc  generatricee, 

(fy  The  equation  of  the  ame  ((7),  which  has  already  presented 
iSKlf  aa  a  ootain  loene  of  chords  (b\  admits  of  many  qnateniion 
tnnionnatioas;  for  instance  (see  p.  675)^  it  may  be  written  thus, 

p  bang  the  Teetor  of  the  Tertez  p,  and  p-i-Ap  that  of  any  other  point 
f'  of  the  cone ;  while  a,  a' are  still,  as  in  407,  (a),  two  real/OM/  /tMM, 
of  vhieh  the  lengths  are  A^rv  arhitrary,  but  of  which  the  directions 
axe  OBHtteai;  as  before,  £>t  a  whole  eonfocal  system. 

(A).  This  oone  (C0»  oi*  (Vi),  is  also  the  loeus  (p.  678)  of  a  system 

•  It  might  be  nataral  to  suppose,  fiom  the  known  general  theory  (410,  (o)) 
of  die  ^vo  reetangolar  directions,  that  each  such  generatrix  fp'  is  crossed  perpendi- 
ffdarify  at  eTcry  one  of  its  non-umhUiear  points  p',  by  a  second  (and  distinct^ 
al&augh  iimaginary)  line  of  curvature.  But  it  is  an  almost  equally  well  known 
waAreteiccdresnli  of  modem  geometry,  paradoxical  as  it  must  at  first  appear,  that 
«rAm  a  right  line  is  dirscted  to  the  circle  at  infinity,  as  (by  408,  {e))  the  gene- 
ratrices in  question  are,  then  this  imaginary  line  is  everywhere  perpendicular  to 
Oseif,  Compare  the  Notes  to  pages  459,  672.  Quaternions  are  not  at  all  rc- 
^onsible  for  the  introduction  of  this  principle  into  geometry,  but  they  recognise 
and  Mipfey  it,  under  the  following  yery  simple  form  :  that  if  a  non-evanescent 
sector  be  directed  to  the  circle  at  ir^ity,  it  is  an  imaginary  value  of  the  symbol  Oi 
(comp.  pp.  dOO,  469,  662,  671,  672) ;  and  conversely,  that  iohen  this  last  symbol 
nprtsents  a  vector  which  is  not  nuUy  the  yector  thus  denoted  is  an  imaginary  lincy 
which  cuts  that  circle.  It  may  be  noted  here,  that  such  is  the  case  with  the  reci- 
procal polar  of  every  chord  of  a  quadrie,  connecting  any  two  umbilics  which  are  not 
in  one  principal  plane;  and  that  thus  the  quadratic  equation  (XXI.,  in  p.  669) 
fimn  which  the  two  directions  (410,  (e))  can  usually  be  derived,  becomes  an  idm- 
tity  for  every  umhiliCy  real  or  imaginary :  as  it  ought  to  do,  for  consistency  with 
tlie  foregoing  theory  of  the  three  lines  through  that  umbilic.  And  as  an  addi- 
tional illastration  of  the  coincidence  of  directions  of  the  lines  of  curyature  at  any 
tten-umhUicar  point  p'  of  an  umbilicar  generatrix,  it  may  be  added  that  the  cone 
(fekords  (C7),  in  411,  (*),  \b  found  to  touch  the  quadrie  along  thai  generatrix, 
wben  its  vertex  is  at  any  smh  point  p'. 

f 
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of  thne  reetanfftsUtr  lina  ;  and  if  it  be  out  by  any  plane  perpendicular 
to  a  side,  and  not  passing  through  the  yertez,  the  aecHon  is  an  equikk' 
UnU  hyperbola. 

(t).  The  same  cone  ((7)  has,  for  three  of  its  eidee  pp',  the  nermale 
(p.  677)  to  the  thr^  eonfoedk  (p.  644)  of  a  given  system  which  pass 
throu^  its  yertex  f  ;  and  therefore  also,  by  410,  (^),  the  tangenit 
to  the  three  lines  of  curvature  through  that  point,  which  are  the  inter- 
eedione  of  those  three  confocals. 

O')-  And  because  its  equation  (Vi)  does  not  inyolye  the  constant 
I,  of  407,  (a),  (*),  we  arriye  at  the  following  theorem  (p.  678) :— /jT 
ind^itehf  many  ^uadrice,  with  a  common  centre  o,  have  their  aeymp^ 
totic  eonet  bieonfocalj  and  pats  through  a  common  point  f,  their  normals 
at  that  point  have  a  guadric  cone  (JO)  for  their  locus. 

ABTIOLB412. — On  Centres  of  Ouryature  of  Sur£ues,    ....     679-689 

(a).  If  9  be  the  vector  of  the  centre  s  of  curvature  of  a  normal 
section  of  an  arbitrary  surface,  which  touches  one  of  the  two  lines  of 
ouryature  thereon,  at  any  given  point  f,  we  have  the  two  fundamental 
equations  (p.  679)» 

ff = p  +  -BUv,    (Wi),    and    i^>dp  +  dUv  =  0 ;         (Wi') 
whence 

VdpdUvoO,    (Wi'O,    and    ^  +  S^  =  0;         (Wr> 

the  equation  (Wi'')  being  a  new  form  of  the  general  differential  equa- 
tion of  the  lines  of  curvature, 

(b).  Deduction  (pp.  680,  681,  &o.)  of  some  known  tiieorems  from 
these  equations ;  and  of  some  which  introduce  the  new  and  general 
conception  of  the  Inde»  Surface  (410,  (d))t  &>  veil  as  that  of  the 
known  Index  (hirve, 

(0*  Introducing  the  auziliaty  scalar  (p.  682), 

in  which  r  (||  dp)  is  a  tangent  to  a  line  of  curvature,  while  dv  =  0dp, 
as  in  (III),  the  two  values  of  r,  which  answer  to  the  two  rectangular 
directions  (Ti")  in  410,  (c),  are  given  (p.  680)  by  the  expression, 

r = -y  - TX/« .  COS  (Z  -^T  Z  ~),  (X'l) 

in  which  g,  X,  ft  are,  for  any  given  point  f,  the  constants  in  the  equa- 
tion (Ui")  of  the  index  surface;  the  difference  of  the  two  curvatures 
£-1  therefore  vanishes  at  em  umbilic  of  the  given  surface,  whatever  the 
form  of  that  surface  may  be :  that  is,  at  a  point,  where  v  ||  X  or  ||  fi, 
and  where  consequently  the  index  curve  is  a  circle, 

(d).  At  any  other  pouQt  f  of  the  given  surface,  which  is  as  yet  en- 
tirely arbitrary,  the  values  of  r  may  be  thus  expressed  (p.  681), 

n=ai-«,n=a8-»,  (XO 

ai,  aa  being  the  scalar  semiaxes  (real  or  imaginary)  of  the  index  curve 
{defined,  comp.  410,  (<f),  by  the  equations  Sp'^p' »  h  Svp'^O}, 
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ffy.  Tlie  ftMdHriio  #giMrtiof^  of  wfaieh  n  and  ft,  or  tfatt  iwMrM 
9v«t  of  tbe  twolut  MMtMnev,  are  the  nwtf,  may  be  written  (p.  688) 
akr  ibe  ayBtkUeaJ /oTM, 

Bv-Hf  +  O*v«0;  (Y,) 

vUi  miy  be  dereloped  (eanie  page)  into  thu  other  foim, 

tiefioeu'  sad  Tector  f nncdons,  rjf  and  x*  being  deriyed  from  the  fbno- 
tiaa  ^,  an  tbe  plan  of  the  Section  III.  IL  6  (pp.  440,  443> 

(/>  'HeDOCjgeiterailifyihB  product  of  the  Uoo  wrtatmrsi  of  a  «tir- 
/fiflf  ie  cipn— cm]  (same  p.  683)  by  the  fozmnla, 

iriJZ,-i  =  n  r,  Ty-«  —  S  i-  +  - ;  (Zi) 

vkk^  win  be  found  nsefulin  the  following  serieB  (418),  in  connexion 
with  the  ^leoiy  of  the  Mtature  of  Ourpature. 

Cf ).  The  given  snrfuse  being  still  quite  general,  if  we  write 
»>«86X 

r  =  Udp,  r  =  U  (vdp),  (Aj),  and  therefore  rr  o  Uv,  •  ( A'a) 
Bothatr  and  r'  are  tifw^  tangenU  to  the  lines  of  curvatoie,  it  ia  easily 
^oredthat 

dr  =rSrdr,  (Bj),   or  that  Vrdr'^O;  (Fj) 

thoM  fg»erai  pttratteiigm  of  dr  to  r  being  geometrically  explained,  by 
obaenring  that  a  line  of  cnrratnre  on  any  ntrfaee  is,  at  the  same  time, 
a  line  of  cunrature  on  the  developable  normal  iur/aee,  which  reete  upon 
that  lime,  and  to  which  r'  or  yr  is  normal^  if  r  be  tangential  to  the 
lioe. 

(A).  If  the  veetor  of  curvature  (889)  of  a  line  of  cnryature  be 
prpftetai  on  the  normal  v  to  the    given  surface,  the  projection 

Cp-  6^)  is  the  vector  of  curratuxe  of  the  normal  eeetion  of  that  sur- 
fitoe,  which  has  the  same  tangent  r ;  but  this  result,  and  an  analo- 

gona  one  (same  page)  for  the  derelopable  normal  surface  (^),  are 

rirtoaQy  iaduded  in  Meusnier^s  theorem,  which  will  be  proved  by 

qoatemioni  in  Series  414. 

((X  The  vector  a  of  a  centre  s  of  curvature  of  the  given  surface, 

aaavering  to  a  given  point  p  thereon,  may  (by  (Wi)  and  (Xi))  be  ex- 

preseed  by  the  equation, 

a=p  +  r-iv;  (C) 

which  may  be  regarded  also  as  a  general  form  of  the  Veeier  Equation 
of  the  Surface  of  Oentree,  or  of  the  loeue  of  the  centre  s :  the  vari- 
able rectory  of  the  point  p  of  the  given  surface  being  supposed  (p.  501) 
to  be  ezpzesaed  as  a  vector  function  of  two  independent  and  scalar 
Tuiables,  whereof  therefore  v,  r\  and  a  become  also  functions, 
although  the  two  last  involve  an  ambiguous  eign,  on  account  of  the 
Two  Sheete  of  the  surface  of  centres. 

{J),  The  normal  at  s,  to  what  may  be  called  the  Firet  Sheet,  has 
the  direction  of  the  tangent  r  to  what  may  (on  the  same  plan)  be 
called  the  Fk-et  Lime  of  Curvature  at  p ;  and  the  vector  v  of  the  point 
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eorr$9p(mdm§  to  a,  on  the  coxre«ponding«AN<  of  the  Biteiprodal  (oomp. 
pp.  607,  508)  ^fih€  Smfim  cfOmtr$$t  hae  (by  p.  684)  the  ezpiMh 
sion, 

«-r(Spr)-ii  (D.) 

which  may  also  be  considered  (oomp.  (0)  to  be  a  foxm  of  the  Victor 
Equation  of  that  Jtmproeal  Surface. 

(it).  The  vector  v  satisfiee  generally  (by  same  page)  the  equatiaiu 
of  reciprocity, 

Si;<y=S<n;  =  l,    Sw&r^O,    Sa^veO,  (DO 

i(Tj  iv  denoting  any  infinitesimal  rariations  of  the  Teetors  a  and  v, 
consistent  with  the  equations  of  the  surface  of  centres  audits  recipro- 
cal, or  any  linern^  and  vector  elementt  of  those  two  sur&ces,  at  two 
corresponding  points ;  we  haye  also  the  relations  (pp.  684,  685), 

Spv^lf    Syv  =  0,    Sw^vaO.  (Dj*) 

(0*  The  equation  Sv  (w  -  p)  b=  0,  or  more  simply, 

SVA>=1,  (£3) 

in  which  a»  is  a  variable  vector,  represents  (p.  684)  the  normal  piane 
to  the  Jiret. line  {J)  of  curvature  at  p  ;  or  the  tangent  plane  at  s  to  the 
Jirst  sheet  of  the  surface  of  centres :  or  finally,  the  tangent  plane  to 
that  developable  normal  surface  (/),  which  rests  upon  the  second  line  of 
curvature,  and  touches  the  first  «A«rf  along  a  certain  curve,  whereof  we 
shall  shortly  meet  with  an  example.  And  if  v  bo  regarded,  comp.  (%), 
as  a  vector  Amotion  of  ttoo  scalar  variables,  the  envelope  of  the  variable 
plane  (£3)  is  a  sheet  of  the  surface  of  centres;  or  rather,  on  account  of 
tho  ambiguous  sign  (t),  it  is  that  surface  of  centres  itself:  while,  in 
like  manner,  the  reciprocal  surface  (/)  is  the  envelope  of  this  other 

pkme^ 

S<ri#«l.  (Ea') 

(m).  The  equations  (Wi),  (Wi)  give  (comp.  the  Note  to  p.  684), 

d<r«di2.Uv;  (F») 

combining  which  with  (Ci),  we  see  that  the  equations  (Hi)  of  p.  zzv. 
are  satisfied,  when  the  derived  vectors  p'  and  a^  are  changed  to  tho  cor- 
responding diflbrentials^  dp  and  d^ .  The  known  theorem  (of  Monge), 
that  each  Zine  of  Curvature  is  generally  an  involute,  with  the  corre- 
sponding Curve  of  Centres  for  one  of  its  evolutes  (400),  is  therefore  in 
this  way  reproduced :  and  the  connected  theorem  (also  of  Monge), 
that  this  evohtte  is  a  geodetic  on  its  men  sheet  of  the  surface  of  centres, 
follows  easily  from  what  precedes. 

(fi).  In  the  foregoing  paragraphs  of  this  analysis,  the  gwen  sur- 
face has  throughout  been  arbitrary,  or  general,  as  stated  in  ((f)  and 
(jgy  But  if  we  now  consider  specially  the  case  of  a  central  quadrie, 
several  less  general  but  interesting  results  arise,  whereof  many^  but 
perhaps  not  all,  are  known  ;  and  of  which  some  may  be  mentioned 
here. 


Pages. 


CONTENTS.  xxxvii 

Pages, 
(o).  Snppotiiig,  then,  that  not  only  dv  »  ^,  but  also  v  =>  0p,  and 
Spy  =fp  s=  1,  the  Index  Surface  (410,  {d))  beGOoea  simply  (p.  670}  the 
^tc«n  snr&oe,  with  its  centre  irtmeported  from  o  to  p  ;  whence  many 

nmplififtntinnfl  foUoW. 

(p).  For  example,  the  eemiagee  ai,  aa  of  the  index  curve  are  now 
eqnal  (p.  681)  to  the  aemiaxes  of  the  diametral  section  of  the  given 
suzfiice,  made  by  aphme  parallel  to  the  tangent  plane;  and  Ty  ia,  as 
in  409,  the  redproeal  P-^  oiUhe perpendicuiaTf  from  the  centre  on  this 
latter  plane ;  whence  (by  (Xi)  and  Xi"))  these  known  expressions 
for  the  two*  ciuTatnres  result: 

iri»Ar«;     Bi-iml%f\  (G,) 

(;).  Hence,  by  («),  if  a  new  surface  be  derived  from  a  given  cen- 
tral quadzic  (of  any  epeeiee'),  as  the  locue  of  the  extrenUtiee  of  nonnale, 
erected  at  the  centre,  to  the  planes  of  diametral  sections  of  the  given 
sar&oe,  each  euoh  normal  (when  real)  having  the  length  of  om#  of  the 
semiaaBCs  of  that  section^  the  equation,  of  this  new  surfaoe\  admits 
(p.  683)  of  being  written  thus : 

Sp(f-r*)-»P-=0-  (H,) 

(r).  Under  the  conditions  (o),  the  expression  (C2)  for  9  gives  (p.  684) 
the  two  converse  forms, 

a==ri(^+r)p,    (I2),        p-^rii^^-ry^c;  (I,-) 

whence  (pp.  684,  689), 

,  =  r(^  +  r)-i^(r,    (J,),        <r  =  (^-» +f->)i';  W 

and  therefore  (p.  689),  by  (tf),  (p),  and  by  the  theory  (407)  of  con- 
focal  surfaces, 

«ri  =  ^-iv  =  ^j-i0p,  (Ka) 

if  ^  be  formed  from  f  by  changing  the  semiazcs  dbe  to  a^b^ ;  it 
being  understood  that  the  given  quadrio  {abc)  is  cut  by  the  two  confo- 
cals  [a\bici)  and  {fhhfi2)i  in  the  frst  and  Meofirf  lines  of  curvatu^ 
through  the  given  point  p  :  and  that  ai  is  here  the  vector  of  that^«< 
emtre  s  of  curvature,  which  answers  to  ihQ  first  line  (comp.  (/).  Of 
course,  on  the  same  plan,  we  have  the  analogous  expression, 


*  Throughout  the  present  Series  412,  we  attend  only  (comp.  (a))  to  the  curva- 
tures of  the  two  normal  sections  of  a  surfJEice,  which  have  the  directions  of  the  two 
lines  of  curvature :  these  being  in  fact  what  are  always  regarded  as  the  two  princi- 
pal curvatures  (or  simply  as  the  two  curvatures)  of  the  surface.  But,  in  a  shortly 
subsequent  Series  (414),  the  more  general  case  will  be  considered,  of  tho  curva- 
ture of  any  section^  normal  or  oblique. 

t  When  the  given  surface  is  an  ellipsoid^  the  ^»9^  surface  is  the  celebrated 
Wave  Surface  of  Fresnel :  which  thus  has  (Hj)  for  a  sytnbolicalform  of  its  equa- 
tion. When  the  given  surface  is  an  hyperhohid,  and  a  semiaxis  of  a  section  is 
ienaginary,  the  (scalar  and  now  positive)  square^  of  the  (imaginary)  normal  erected, 
is  still  to  be  made  equal  to  the  square  of  that  semiaxis. 
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aa  «  0r»  V  =  ^i-^pt  (K2') 

for  the  yector  of  the  $$cond  centre, 

(0.  Theee  ezpreesione  for  aif  9%  include  (p.  689)  a  theorem  of  Dr. 
Balmon,  namely  that  the  centres  ofeurvainre  of  a  giyen  quadric  at  a 
giyen  point  are  the  poUt  of  the  tangent  plane^  with  respect  to  the  two 
confocale  through  that  point ;  and  either  of  them  may  he  regarded, 
hy  admiflflion  of  an  amhiguous  eign  (comp.  (t)),  aa  a  new  Vector  Form* 
of  the  Equation  of  the  Surface  of  Omtree,  for  the  case  (0)  of  a  given 
central  quadric, 

(Q.  In  connexion  with  the  same  ezpresaions  for  ^i,  a%y  it  may  be 
obseryed  that  if  rij  t^  be  the  corresponding  yalues  of  the  auxiliary 
scalar  r  in  (e)^  and  if  r,  r  still  denote  the  unit  tangents  (jg)  to  the 
first  and  second  lines  of  curvature,  while  ahcy  aihex^  and  a^jlufii  retain 
their  recent  sigmficationa  (r),  then  (comp.  pp.  686,  687,  see  also  p. 
652), 

n  =/r  =/IJdp  =  (<i»  -  «,»)-»  =  &c.,  (Lj) 

and  n=/r'=/Crvdp  =  (a«-tfi«)->  =  &c;  (LjO 

this  association  of  n  and  ^i  with  oa,  &c.,  and  of  1^  and  0%  with  ai, 
&c.,  arising  from  the  circumstance  that  the  tangents  r  and  i'  have  re- 
spectively the  directions  of  the  normals  vt  and  vi,  to  the  two  oonfooal 
surfaces,  (02^)  and  (aihic{). 

(tf).  By  the  properties  of  such  surfaces,  the  scalar  here  called  r%  is 
therefore  constant,  in  the  whole  extent  of  a  first  line  of  curvature ; 
and  the  same  constancy  of  ra,  or  the  equation, 

d/IJvdp  =  0,  (Ma) 

may  in  various  ways  be  proved  by  quaternions  (p.  687). 

(»).  "Writing  simply  r  and  r*  for  n  and  rji,  so  that  r'  is  constant, 
but  r  variable,  for  ajirst  line  of  curvature,  while  conversely  r  is  con- 
stant and  r*  variable  for  a  second  line,  it  is  found  (pp.  684,  685,  586), 
that  the  scalar  equation  of  the  surface  of  centres  (t)  may  be  regarded 
as  the  result  of  the  elimination  of  r-^  between  the  two  equations, 
l=S.«r(l  +  r-^0)-«0<T,  (Na),  and  0  =  S.<r  (l+ri0)-V<';  (N») 
whereof  the  latter  is  the  derivative  of  the  former,  with  respect  to  the 
scalar  r-K  It  follows  (comp.  p.  688),  that  the  First  Sheet  of  the  Sur- 
face of  Centres  ia  touched  by  an  Auxiliary  Quadric  (Na),  along  a  Quartic 
Curve  (Na)  (Na')»  which  curve  is  the  Locus  of  the  Centres  of  First  Cur- 
vaturCf  for  all  the  points  of  a  Line  qf  Second  Curvature ;  the  same 
sheet  being  also  touched  (see  again  p.  688),  along  the  same  curve,  by 
the  developable  normal  surface  (Q,  which  rests  on  the  same  second  line  : 
with  permission  to  interchange  the  words,  ^r«^  and  second^  through- 
out the  whole  of  this  enunciation. 

(ipy  The  given  surface  being  still  a  central  quadric  (0),  the  vec- 
tors p,  a,  V  can  be  expressed  as  functions  of  v  (comp.  (j)  (Ar)  (/)), 

*  Dr.  Salmon's  result,  that  this  surface  of  centres  is  of  the  twelfth  degree,  may 
be  easily  deduced  from  this  form. 


C02ITEKTS. 


■ietBTcadj  tlie  latber  can  Im  ezpnMed  Mftfimetkn  of  aajone  of 

^facBK -,  veliftve,  far  cmmqilB,  the  lec^rocil equtioBi  (p.  685), 

»=U+»-H^r*».     (0,>    «od   »=(l  +  f-'^y«#^;       (0,0 

&ai^«Ui^  last  Hie  fbnnnla  (Ni)  may  be  oibtamed  mev,  by  ob«rr- 

2f(i:)tbii8«v»l.     Henee  alBO^  bj  (r),  we  can  inlier  the 


TagB^ 


odm&et  ilia  easy  to  see  oCfaerwue  (comp.  p.  645),  fliat  vi|  r|v, 
tad  Spvft  s  1  s  8f»v,  vheooensvMbefise. 

(^  Move  folly,  the  twoaheeU  of  the  ree^neal  (J)  cHhewaAoe 
of  Qadiei  Bay  hsYe  tfaeir  aepante  fiM^or  «^iM<li0m 

nd  Od  MsZflp  tgumiiimf  of  tbii  rteiproeal  mrfme$  itaeii;  conaderod 
MndadiBgMA  dieeli,  may  (by  page  685)  be  titiis  wziltai,  flie  fini»- 
tiona/and  ^being  xdated  aa  in  408,  (5), 

•*=(1V-1)>,  (Q.) 

vifliaefeial  eqnmlent  ibniifl ;  onewayof  obfamiiig  dua  equation 
bcsag  tibednniaation  of  r  between  the  two  £Qllowiiig(aB]ne  p.  685): 
JW+r-»»«  =  l,(CU');>V  +  r»«=0.  (CU") 

(y).  The  two  last  eqoationa  may  alao  be  written  tinia»fbrth6.;firif< 
«i«rt  of  tiie  xec^TOcal  sozfieioe, 

l^an-^l,  (B»),  aad/(Jvi  =  r,  (B,") 

in  whkb  (eomp.  ppl685,  689), 

-F»v=8»^-i.  =  Sr(f-«+ri)w;  (B^O 

and  accordnig^y  (oomp.  pp.  488, 645),  we  hare  J'tn-^r^'ly  and 

(s).  For  a  Mm  ofucmd  emvature  on  the  given  sorfiioe,  the  eealar 
r  ia  ifM<M<,  M  before;  and  Oien  the  two  eqnationB  {Qa),  (Qs'O,  or 
P^)>  (^'Oi  npceaent  jointly  (oomp.  the  slightly  different  ennndation 
IB  P*  688)  a  eertain  ^iMrtttf  «iirM,  in  whioh  the  ^iMi^rM  rwi^^ 
of  tie  meimdemfieai  (a,  h  e^},  initneeti  th$JSnt  $heet  (y)  of  the  JBr- 
^Vf^ealSmftce^Qgi) ;  this  qoartic  cmre,  being  at  the  same  time  the 
niteneetionof  the  fuadrie  9urfae$  (Q/)  at(R»),wfaiihBguadneeom 


*  Ihe  eqoiUion  v  a  y,, » the  normal  to  the  oonfocal  (at  5s  ci)  at  p,  is  not  ac- 
tuOy  giren  in  the  text  of  Series  412 ;  but  it  is  easily  dedoced,  as  aboye,  from 
the  fonnnhe  and  methods  of  that  Series. 

t  The  equation  (Q2)  is  one  odhB  fourth  degree;  and,  when  expanded  by  00- 
odinates,  it  agrees  perfectly  with  that  which  was  first  assigned  by  Dr.  Booth 
(see  a  Kote  to  p.  685),  for  the  Tangential  Bquaium  of  the  Swfaee  of  Centree  of  a 
qoadric^  or  finr  the  Cartesian  equation  of  the  Seeiprocal  Bwrfaee, 
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Abticlb  413.~-On  the  Meamire  of  Ouiratozo  of  a  Surface,     .    .    089-693. 

The  object  of  thiB  short  Series  418  is  the  deduction  by  quaternions, 
somewhat  more  briefly  and  perhaps  more  clearly  than  in  the  ZeetureBf 
of  the  principal  results  of  Gauaa  (oomp.  Note  to  p.  690^,  respecting 
the  Metuure  of  Curpoturc  of  a  Surfa^y  and  questionB  therewith  con- 
nected. 

(a).  Let  r,  Pi,  Pa  be  any  thru  near  points  on  a  given  but  arbitrary 
9urfac$,  and  b,  Bi,  Bs  the  three  corresponding  points  (near  to  each  other) 
on  the  unit  sphere,  which  are  determined  by  the  parallelism  of  the  radii 
OB,  OBi,  OBs  to  the  normals  pn,  piNi,  Pa  K3 ;  then  the  areas  of  the  two 
small  triangles  thuB  formed  will  bear  to  each  other  the  ultimate  ratio 
p.  690), 

,.       ABB1B2     V.dUv^Uv        n  1    ,    1  .  /ox 

hm. =  =r=-r =-  S  —  +  —  (Sj) 

Appipj  Ydp^p  V  ^  V  ^    ' 

whence,  with  GaussTs  d^iium  of  the  measure  ofeurvaturey  as  the 
tdtimate  ratio  of  corresponding  areas  on  surface  and  sphere,  we  hare,  by 
the  formula  (Zi)  in  412,  (/),  hia  fundamental  theorem. 

Measure  of  Curvature  ^Si'^JRi "»,  (S»') 

B  Product  of  the  two  Frmeipal  Ourvaiuree  ofSeetions, 

(d).  If  the  rector  p  of  the  surfEu^e  be  conaidered  as  a  function  of 
two  scalar  variables,  t  and  u,  and  if  derivations  with  respect  to  these 
be  denoted  by  upper  and  lower  accents,  this  general  transformation 
results  (p.  691), 

Measure  of  Curvature  =  S— S^'-fs^^,  (Tj) 

in  which  v  =  Vf)>,;  (T3') 

with  a  verification  for  tiie  notation  i^«<  of  Monge. 

(e).  The  square  of  a  linear  element  ds,  of  the  given  but  arbitrary 
surface,  may  be  expressed  (p.  691)  as  follows : 

dJ»e(Tdp»=)id<»+Vd<d«+^di^;  (Ui) 

and  with  the  recent  use  (b)  of  accents,  the  measure  (Tt)  is  proved 
(same  page)  to  be  an  ezpUcit  fonotion  of  the  ten  scalarsi 

^yf,ff'f    •yf^^\    ^^h9.\    and    e,-^f:^f\        (UO 

the  form  of  this  ftinotion  (p,  692)  agreeing,  in  all  its  details,  with  the 
corresponding  expression  assigned  by  Gauss. « 

(<0.  Hence  follow  at  once  (p.  692)  two  of  the  most  important 
results  of  that  great  mathematician  on  this  subject;  namely,  that 
every  Deformation  of  a  Surface,  consistent  with  the  conception  of  it  as 
an  i^^finiUly  thin  and  flexible  but  inextensible  solid,  leaves  unaltered, 


*  Beferences  are  given,  in  Notes  to  pp.  690,  &c.  of  the  present  Sexies  413, 
to  the  pages  of  Gauss's  beautiful  Memoir,  **  Lisquisitiones  generales  circa  Superf- 
eies  Curvas,*'  as  reprinted  in  the  Additions  to  Liouville's  Monge. 
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I       v.  ^be  ¥iaMr«  •/  Curvut^tr*   at  any  Point,  aii4  ilnd,  tiio  Tote/ 
V       C  s'Tej^iTe  of  any  Area  r  ifcda  last  being  the  «rv0  of  the  ^orrM/muiMi^ 
>-  ik-n  '^a'^  of  tbe  ttnti-«pft«re. 
'/}.  By  ft.  soitalale  dLoioe  of  t  and  m,  as  certain  geodHk  co-ordinates, 
-ksx^TessAn.  (XTz)  may  be  rednoed  (p.  692)  to  the  foUowing, 

a8»  =  df«  +  n«dM«;  CUa") 

v^se  f  is  the  7«n^&  of  a  geodetic  arc  ap,  from  a  fixed  point  A  to  a 
nrlible  point  p  of  the  surface,  and  u  is  the  enffle  nip  which  thii 
T^ishle  arc  makes  with  a  fixed  geodetic  ab  :  bo  that  in  the  immediate       ^ 
Ki?kb>arhood  of  A,  we  have  n=t,  and  »'=  D|W  =  1. 

(/)-  The  general  expression  (c)  for  the  measure  of  curvature  UkoA 
lia  the  Tcry  simple  form  (p.  692), 

i?r»i?8-i  =  -  «- V = -  fr»D<»« ;  (Vi) 

a^d  we  haTe  (comp.  (JTj)  the  equation  (p.  693), 

Total  Curvature  of  Area  apq  =  A«  -  /  fi'dw ;  (Vj') 

this  orea  being  bounded  by  two  peodeties,  ap  and  aq,  which  make  with 
each  other  an  angle  =  Am,  and  by  an  are  to,  of  an  arbitrary  curve  on 
th-^  ^Tem  surface,  for  which  t,  and  therefore  n\  may  be  conceiyed  to 
be  a  given  function  of  «l 

(^).  If  this  arc  PQ  be  itself  a  yeodetie,  and  if  we  denote  bj  v  the 
▼^mble  angle  which  it  makes  at  p  with  ap  prolonged,  so  that  tan  v 
—  fAu :  d/,  it  is  found  that  dr  =  -«'dw;  and  thus  the  equation  (V/) 
conducts  (p.  693)  to  another  very  remarkable  and  general  theorem  of 
OanaB,  for  an  arbitrary  twrfaee,  which  may  be  thus  expressed, 

T^ial  Ourvature  of  a  Geodetic  Triangle  abc  =  A+B+c-ir,    (V »") 

=  what  may  be  called  the  Spheroiddl  Excess  of  that  triangle,  the  total 
«rM  (47)  of  the  unit-sphere  being  represented  by  eight  right  angles  : 
with  eztensions  to  Geodetic  Polygons,  and  modifications  for  the  case  of 
what  may  on  the  same  plan  be  called  the  Spheroidal  Defect,  when  the 
tk?9  ewrtatures  of  the  surface  are  oppositely  directed. 

Abttcle  414. — On  Curvatures  of  Sections  (Normal  and  Oblique) 
of  Snrfkces ;  and  on  Geodetic  Cunratures, 694-698 

(s).  The  curratures  considered  in  the  two  preceding  Series  hay- 
ing been  those  of  the  principal  normal  sectiofis  of  a  surface,  the  present 
Scries  414  treats  briefly  the  more  general  case,  where  the  section  is 
made  by  an  arbitrary  plane,  such  as  the  osculating  plane  at  p  to  an 
arbitrary  curve  upon  the  surface. 

(b).  The  vector  of  curvature  (389)  of  any  such  curye  or  section 
being  (p  —  c)-i  =  D,'p,  its  normal  and  tangential  cofnpofienis  are  found 
to  be  (p.  694), 

(n-  (r)-i  =  y-iS  -5^=  (p  -  oi)-^  cos'  t;+  (p  -  (TiY^  sin*  t',     (Wj) 
^       -^  dp 

and  (lt)-D-i=j/-»dp-iSvdp-MV;  (WaO 

the  &nner  component  being  the  Vector  of  Normal  Curvature  of  the 

g 
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Surfaeey  for  the  direction  of  the  tangmt  lo  the  curve :  and  the  latter 
being  the  Vector  of  Geodetic  Outvature  of  the  same  Otirve  (or  section). 

(0).  In  the  foregoing  expressions,  <r  and  i  are  the  yectors  of  the 
points  8  and  x,  in  which  the  axia  of  the  oteulaiing  oirele  to  the  curve 
intersects  respectiyely  the  normal  and  the  tangent  plane  to  the  9wr» 
face  (p.  694) ;  b  is  also  the  centre  of  the  tpherey  which  oscuUUee  to 
the  surface  in  the  direction  dp  of  the  tangent;  <ri,  ^2  are  the  vectors 
of  the  two  eentret  si,  89,  of  curvature  of  the  eurface^  considered  in  Se- 
ries ^,  which  are  at  the  same  time  the  centres  of  the  two  osculating 
epheree,  of  which  the  corvatures  are  (algebraically)  the-^r^o^^  and 
least :  and  «  is  the  angle  at  which  the  curve  here  considered  crosses 
Hiejlrst  line  of  curvature, 

{d).  The  equation  (W2)  contains  a  theorem  of  Euler,  under  the 
form  (p.  696), 

J^l  =  2^l-»co8•  r+  J22-»8in*r ;  (W^*^ 

it  contains  also  Meusnier's  theorem  (same  page),  under  the  form 
(comp.  412,  (A))  that  the  vector  of  normal  curvature  (JH)  of  a  surface, 
for  any  given  direction,  is  the  pn^tion  on  the  normal  v,  of  the  vector 
of  oblique  eurvaturcy  whatever  the  inclination  of  the  plane  of  the  sec- 
tion to  the  tangent  plane  may  be. 

(e).  The  expression  (W^i'),  for  the  vector  of  geodetic  curvature,  ad- 
mits (p.  697)  of  various  transformations,  with  corresponding  expres- 
sions for  the  radius  T(/i>  —  Q  of  geodetic  curvature,  which  is  also  the 
radius  of  plane  curvature  of  the  developed  curve,  when  the  developable 
circumscribed  to  the  given  siuface  along  the  given  curve  is  unfolded 
into  a  plane :  and  when  this  radius  is  constant,  so  that  the  developed 
curve  is  a  circle,  or  part  of  one,  it  is  proposed  (p.  698)  to  call  the  given 
curve  nDidonia  (as  in  the  Lectures),  from  its  possession  of  a  certain  iso- 
perimetricdl  property,  which  was  first  considered  by  M.  Delaunay, 
and  is  represented  in  quaternions  by  the  formula  (p.  697), 

il^QJvApZp)  +  cajTdp  =  0;  (X2) 

or  <r»df)=:V(Uv.dUdp),  (X\) 

by  the  rules  of  what  may  be  called  the  Calculus  of  Variations  in  Qua- 
ternions :  e  being  a  constant,  which  represents  generally  (p.  698) 
the  radius  of  the  developed  circle,  and  becomes  infinite  for  geodetic 
lines,  which  are  thus  included  as  a  case  of  Didonias, 

Abttole  41 5. — Supplementary  Remarks, 698-706 

(ay.  Simplified  proof  (referred  to  in  a  Note  to  p.  xii),  of  the  gene- 
ral existence  of  a  system  oi  three  real  and  rectangular  directions,  which 
satisfy  the  vector  equation  Yp^p  =  0,  (P),  when  ^  is  a  linear,  vector, 
and  self-eo^fugate  function  ;  and  of  a  system  of  three  real  roots  of  the 
cubic  equation  Jf=0  (p.  xii),  under  the  same  condition  (pp.  698* 
700). 

(&).  It  may  happen  (p.  701)  that  the  differential  equation, 

Svdf)  =  0,  (Y,) 
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a  mSafniie,  or  nepiOBcntB  a  a^stmn  ofmrfaeeij  wUhoui  the  exprutum 
hf^  beiag  an  9Z4aet  dijfererUiaL,  as  it  was  in  410,  (&).  In  this  case, 
tst  exists  some  whmUbx  factory  n^  such  that  Snvdp  t«  the  exact  diffe- 
'ss^  of  a  scalar  fonotioii  of  p,  without  the  assumption  that  this  yec- 
t3  p  iiittdf  ^function  of  a  aealar  variable^  t ;  and  then  if  we  write 
C^  701,  702,  ocmp.  p.  xzx), 

dv  =  ^d|>,    d.f»v=<M[f»,  (TO 

tail  mm  rt^ior  funetion  ^  ivill  be  telf-eot^fuffate,  although  the  function 
f  is  we  such  nowy  as  it  teat  in  the  equation  (IJi). 

(e).  In  thia  manner  it  is  found  (p.  702),  that  the  Omdition*  ofJn- 
tsfr^dSiUf  of  the  eqtiatioii  (Ys)  is  expressed  by  the  very  simple  for- 

Syr^O;  (TO 

ia  ^iatik  y  is  a  v«0<ar  yiirM^tim  of  p,  no^  generally  /t'liMir,  and  deduced 

fnm  f  <Hi  the  plan  of  the  Section  Ill.Jii.  6  (p.  442),  by  the  relation, 

^-^'df)  =  2Vydp;  (Ya") 

f  bang  the  eof^fUffoU  of  ^,  but  not  here  $quai  to  it. 

(O-  Connexions  (pp.  702,  703)  of  the  Mixed  Transformations  in 
tie  lart  cited  Section,  with  the  known  Modular  and  UmHUear  Oens- 
rsiiam  of  a  sarfaace  of  the  second  order. 
(*>  The  equation  (p.  704X 

T0>  -  V.iffVya)  =  T(«  -  V.  r  V)3p),  (Z,) 

ia  which  a,  JS,  y  are  any  Mr«f  v^^tor  constants,  represents  a  central 
T^fdrisj  and  appears  to  offer  a  new  mode  of  generationf  of  such  a  sur- 
fKe,  on  which  there  is  not  room  to  enter,  at  this  late  stage  of  the 
wnk. 

(/).  The  rector  of  the  centre  of  the  quadric,  represented  by  the 
equation  fp—  2Sc/>  =  const.,  with  fp  =  Bp^pf  is  generally  ie=^-U 
=  at'Hfrc  (p.  704) ;  case  of  paraboloids,  and  of  cylinders, 
(^).  The  equation  (p.  705), 

^P^pq'p  +  Sp^P  +  Syp  +  C = 0,  (Za') 

repreaents  the  general  smfaee  of  the  Mtnf  degree,  or  briefly  the  General 
Cuiie  Surface;  C  being  a  constant  scalar,  y  a  constant  vector,  and  q, 
9',  /'  three  constant  quaternions,  while  fp  is  here  again  a  linear, 
Tector,  and  self-conjugate  function  of  p. 

(A).  The  Cfeneral  Cubic  Cone,  with  its  vertex  at  the  origin,  is  thus 
represented  in  quaternions  by  the  monomial  equation  (same  page). 


*  It  is  shown,  in  a  Note  to  p.  702,  that  this  monomial  equation  (Y"))  be* 
oomes,  when  expanded,  the  knov^n  equation  of  six  terms,  which  expresses  the  con* 
dition  of  int^rahility  of  the  differential  equation  /7d;i;+  qiy  +  rds »  0. 

t  In  a  Note  to  p.  649  (already  mentioned  in  p.  xxviii),  the  reader  will  find 
leferenoes  to  ^e  Lectures,  for  several  different  generations  of  the  ellipsoid,  derived 
iron  qnatemion  forms  of  its  equation. 
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($■).  Screw  Surface,  Screw  Seeiions  (p.  706) ;  3^ew  Gmfre  of  S^ew 
Areh,  with  illustration  by  a  diagram  (Fig.  85,  p.  706). 

Section  8. — ^On  a  few  Specimens  of  Physical  AppKcations 

of  Quaternions,  with  some  Concluding  Kemarks,  707  to  the  end. 

Akticlb  416.— On  the  Statics  of  a  Rigid  Body,      .    .    •    .    .       707-709 
(a).  Equation  of  Equilibrium, 

each  o  is  a  uetor  of  application  ;  fi  the  correspondm^  vector  of  applied 
force;  y  an  arbitrary  vector ;  and  this  one  quaternion  formula  (A3) 
is  equiyalent  to  the  system  of  tho  six  usual    scalar    equations 

(x=o,  r=o,  2^=5  0,  x=o,  if  =o,i\r=o> 

(*.)When  S(S/3.SVtfi3)  =  0,  (B3),  but  «o^  S/3  =  0,  (C3) 
the  applied  forces  haye  an  unique  resultant  =  SjS,  which  acts  along 
the  line  whereof  (Aa)  is  then  the  equation,  with  y  for  its  yariable 
vector. 

(c).  Wheal  tho  condition  (Cj)  «  satisfied,  the  forces  compound 
themselves  generally  into  one  couplCy  of  which  the  axis  =  JVa/3,  what- 
ever may  be  the  position  of  the  assumed  origin  o  of  vectors. 

(d).  When  2  Va/3  =  Oy  (D»),  with  or  without  (C3), 
the  forces  hove  no  tendency  to  turn  the  body  round  that  point  o  ;  and 
when  the  equation  (A3)  holds  good,  as  in  (a),  for  an  arbitrary  vector 
y,  the  forces  do  not  tend  to  produce  a  rotation*  round  any  point  c, 
so  that  they  completely  balance  each  other,  as  before,  and  both  the 
conditions  (Ca)  and  (Da)  are  satisfied. 

(«).  In  the  general  case,  when  neither  (C3)  nor  (D3)  is  satisfied,  if  ^ 
be  an  auxiliary  quaternion,  such  that 

i?2i8  =  SVaft  (Ea) 

then  y^  is  the  vector  perpendicular  from  the  otigin,  on  the  central 
axis  of  the  system ;  and  if  <;  =  Sq,  then  r S/3  represents,  both  in  quan- 
tity and  in  direction,  the  axis  of  the  central  couple. 

(/),  If  Q  be  another  auxiliary  quaternion,  such  that 

Qj:p=:Za(3,  (Fa) 

with  TS/3  >  0,  then  BQ^c^  central  moment  divided  by  total  force  ; 


*  It  is  easy  to  prove  that  the  moment  of  the/or«f  /3,  acting  at  the  end  of  the 
vector  a  from  o,  and  estimated  with  respect  to  any  unit-lino  1  from  the  same  ori- 
gin, or  the  energy  with  which  the  force  so  acting  tends  to  cause  the  body  to  turn 
round  that  line  t,  regarded  as  a  fixed  axis,  is  represented  by  the  scalar,  -  Sta/3,  or 
Sr<a/3 ;  so  that  when  the  condition  (D3)  is  satisfied,  the  applied  forces  ha\'6  no 
tendency  to  produce  rotation  round  any  axis  through  the  origin  :  which  origin 
becomes  an  arbitrary  point  c,  when  the  cquatiofi  of  equilibnum  (Aa)  holds  good. 
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and  VQ  is  the  Tectur  7  of  a  pMut  c  upon  the  central  axis  which  does 
not  Ysry  with  the  OTigin  o,  and  which  there  are  reasons  for  considering 
u  the  Central  Ttint  of  the  system,  or  as  the  general  centre  of  applied 
ffircee :  in  faet,  for  the  eaee  efparalleliem,  this  point  c  coincides  with 
vhst  is  usually  called  the  centre  of  parallel  forces. 

{ff).  Conceptions  of  the  Total  Moment  Zo/),  regarded  as  hexng  ^ 
mraliy  a  quaiemum  ;  and  of  the  Total  Teneiony  -  Sa/3,  considered  at 
a  iMlar  to  which  that  quaternion  with  its  sign  changed  reduceajtself 
for  the  (»5e  of  equilibrium  (a)f  and  of  which  the  value  is  in  that 
caie  independent  af  tke  origin  oi  vectors. 

(A),  FrtneipU  of  Virtual  Velocities, 

28/3^0  =  0,  (Gs) 

Abticlb417. — On  the  Dynamics  of  a  Rigid  Body, 709-713 

(a).  General  Equation  of  Dynamics^ 

S«iS  (D««a  -  O  ^a  =  0 ;  (H,) 

the  vector  ^  representing  the  accelerating  force,  or  ira|  the  moving 
force,  acting  on  a  particle  m  of  which  the  vector  at  the  time  ^  is  a  ; 
tnd  la  heing  any  infinitesimal  variation  of  this  last  vector,  geometri- 
cally compatible  with  the  connexions  hetween  the  parts  of  the 
system,  which  need  not  here  he  a  rigid  one. 

(&).  For  the  case  of  ^ifree  egetem,  we  may  change  each  da  to'c  +  Yia, 
c  and  I  heing  ang  tico  infinitesimal  vectors,  which  do  not  change  in 
P&Esing  from  one  particle  m  to  another ;  and  thus  the  general  equa- 
tion (Hj)  furnishes  two  general  vector  equations,  namely, 

2m(D,2a-4)=.o,  (I3),  and  XwVa(D««tf-|)  =  0 ;  (J3) 
which  contain  respectively  the  law  of  the  motion  of  the  eetitre  of  • 

P^tg,  and  the  law  of  description  of  areas, 

(^).  If  a  hody  he  supposed  to  he  rigid,  and  to  have  ^  fixed  point 
0,  then  only  the  equation  (J3)  need  he  retained ;  and  we  may  write, 
J>ta=Yia,  (Ks) 

(heing  Ar^  ^finite  vector,  namely  the  Vector  Axis  of  Instantaneous 
Sotation :  its  versor  Vt  denoting  the  direction  of  that  axis,  and  its 
''"Mr  Ti  representing  the  angular  ulocitg  of  the  body  about  it,  at  the 
timer. 

{d).  When  the  forces  vanish,  or  balance  each  other,  or  compound 
themselves  into  a  single  force  acting  at  the  fixed  point,  as  for  the  case 
of  a  heavy  body  turning  freely  about  its  centre  of  gravity,  then 

2«Va|  =  0,  (Ls);  and  if  we  write,  0i=2maVai,  (M3) 
BO  that  ^  again  denotes  a  linear,  vector,  and  self-conjugate  function, 
ire  shall  have  the  equations, 

^Dn  +  Vi^t«0,  (Na);  0i+y  =  O,  (O3) ;  Si^i^A*;  (Ps) 
▼hence  817  +  ^2=0,     (Q,),        and        ^D<4  =  Viy;        (R3) 

the  rector  y  being  what  we  may  call  the  Constant  of  AreaSy  and  the 
walar  A«  being  the  Constant  of  Lwing  Force. 
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(0).  Ono  of  Poinflof  8  representations  of  the  motion  of  a  body,  under 
the  circumstances  last  supposed,  is  thus  reproduced  under  the  form^ 
that  the  EUipaoid  of  Living  Force  (P3),  with  its  centre  at  lAiQ  fixed 
point  o,  roUe  unthout  gliding  on  ihB  fixed  plane  (Q3),  which  is  parallel 
to  the  Plane  of  Areas  (Siy  =  0) ;  the  Tariable  semidiameter  of  contact, 
ly  being  the  veetor-axia  {e)  of  instantaneous  rotation  of  the  body. 

(/).  The  Moment  of  Inertia,  with  respect  to  any  axis  t  through  o, 
is  equal  to  the  living  force  (A*)  divided  by  the  square  (Ti*)  of  the 
semidiameter  of  the  ellipsoid  (Ps),  which  has  the  direction  of  that  axis ; 
and  hence  may  be  derived,  with  the  help  of  the  first  general  construe^ 
tion  of  an  ellipsoid,  suggested  by  quaternions,  a  simple  geometrical 
representation  (p.  711)  of  the  square-root  of  the  moment  of  inertia 
of  a  body,  with  respect  to  any  axis  ad  passing  through  a  given  point 
A,  as  a  certain  right  line  bdi  if  cd  =  ca^  with  the  help  of  two  other 
points  B  and  c,  which  are  likewise  fixed  in  the  body,  but  may  be 
chosen  in  more  ways  than  one. 

(g).  A  cone  of  Uie  second  degree, 

Sii/=0,    (Sj),    withv  =  7«^c-A^«t,  (T3) 

IB  fixed  in  the  body,  but  rolls  in  space  on  that  other  cone,  which  is  the 
locus  of  the  instantaneous  axis  i ;  and  thus  a  second  representation, 
proposed  by  Poinsot,  is  found  for  the  motion  of  the  body,  as  the  rolling 
of  one  cone  on  another. 

(A).  Some  of  Mac  Cullagh's  results,  respecting  the  motion  here 
considered,  are  obtained  with  equal  ease  by  the  same  quaternion 
analysis ;  for  example,  the  line  y,  although  fixed  in  space,  describes 
in  the  body  an  easily  assigned  cone  of  the  second  degree  (p.  712),  which 
cuts  the  reciprocal  ellipsoid, 

Sy0-»y  =  A»,  (U3) 

in  a  certain  sphero-conic :  and  the  cone  of  normals  to  the  last  men- 
tioned cone  (or  the  locus  of  the  line  1  +  ^7~0  ^^^  ^'^  ^^  plane  of  areas 
(S.y  =  0). 

(1).  The  Three  (Frincipat)  Axes  of  Inertia  of  the  body,  for  the 
given  point  o,  have  the  directions  (p.  712)  of  the  three  rectangular  and 
vector  roots  (comp.  (P),  p.  xii.,  and  the  paragraph  415,  (a),  p.  xlii.) 
of  the  equation 

Vt0i=O,    (Vj),    because,  for  each,  D«4  =  0;  (V3') 

and  if  ^,  B,  (7  denote  the  three  Principal  Moments  of  inertia  corre- 
sponding, then  the  Symbolical  Cubic  in  0  (comp.  the  formula  (N)  in 
page  xii.)  may  be  thus  written, 

(0+^)  (^  +  5)  (0  +  0  =  0.  (W3) 

(j).  Passage  (p.  713),  from  moments  referred  to  axes  passing 
through  a  given  point  o,  to  those  which  correspond  to  respectively 
l>arallel  axes,  through  any  other  point  O  of  the  body. 
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AsnoA  418. On  the  motionB  of  a  System  of  Bodies,  considered 

K&ttftxticlea  m,  m,  •  •  which  attract  each  other  aooording  to  the 

kvQCtheli£Texse8qaare 

{fy.  ^qoatloii  of  motion  of  the  systein, 
iMSBt^iaa -V  3P=  O,     (Xa),     if  P=  Xmm'T  (a  -  a  )» ;     (Y,) 
■  ii  the  Teetor,  at  the  time  iy  of  the  mass  or  particle  m ;  P  is  thei»o- 
iaOui  {ix  fvre^-Jumetion) ;  and  the  infinitesimal  Tariations  Za  are  ar- 
liitncry. 

if).  Estenflioii  of  the  notation  of  derwaiivu, 

aP=2S(DaP.^a).  (Z,) 

(c).  The  differential  equations  of  motion  of  the  separate  masses 
n, . .  become  thus,  • 

mD,«a+DaP=0,  ..;  (A4) 

and  the  laws  of  ihe  centre  of  grayity,  of  areas,  and  of  lining  force, 
are  ohtained  under  the  forms, 

2mD«a  =  ft    (B4);     2mVaD«a  =  r;  (C4) 

and  r=-i2Em(Dio)«=P+Jr;  (D*) 

A  7  being  two  Tcctor  constants,  and  S  a  scalar  constant 
id).  Writing, 

P=  r (P+  r)d/,     (E«),     and  r=  f  22U<« P+  /-ET,     (?<) 

P  may  be  caUed  the  Jhrmeipat*  Function,  and  V  the  Characteristic 
Fmrutign,  of  the  motion  of  the  system ;  eo^A  depending  on  ihejinal 
Mcton  of  ponhbn,  a,  a^, , .  and  on  the  mtVui/  vectors,  aoy  a'oy  *  • ;  but 
P  depending  aiso  (explicitly}  on  the  time,  t,  while  V  (a  the  Action) 
depends  instead  on  ihe  constant  S  of  living  force,  in  addition  to  those 
final  and  initial  yectors :  the  masses  m,  m',  .  .  being  supposed  to  be 
known,  or  constant. 

(0*  We  are  led  thus  to  equations  of  the  forms, 
•iD,a+DaP=0,  ..    (G4);    -mDoa  +  Da^P=0,..    (H4); 

(D,P)  =  -ir,  (TO 

whereof  the  system  (64)  contains  what  may  be  called  the  Interme- 
diate Integrate,  while  the  system  (H4)  contains  the  Final  Integrals, 
of  the  differential  JSquations  of  Motion  (A4). 

(/).  In  like  manner  we  find  equations  of  the  forms, 
D.F=-«D«a,  ..  (J4);    Da^F=mD(^,  ..  (K4);    DsV^t',    (L4) 
the  nUermediate  integrate  {e)  being  here  the  result  of  the  elimination 
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*  Beferences  are  given  to  two  Essays  by  the  present  writer,  *^Ona  General 
Method  in  Ihfnamiee,'*  in  the  Philosophical  Transactions  for  1884  and  1885,  in 
which  ihe Action  (Y),  and  a  certain  other  function  (S),  which  is  here  denoted  by  P, 
were  called,  as  above,  the  Characteristic  and  Principal  Functions,  But  the  ana» 
fysis  here  used,  as  being  founded  on  the  Calculus  of  Quaternions,  ia  altogether 
unlike  the  analysis  which  was  employed  in  those  former  Essays. 
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of  Hy  between  the  Bystem  ij^  and  the  equation  (Li) ;  and  the  Jtnal 
integralty  of  theaame  system  of  differential  equations  (A4),  being  now 
Ctheoretically)  obtained,  by  eliminating  the  same  constant  H  between 
(K4)  and  (L4). 

(jg).  The  functions  F  and  V  are  obUged  to  satiny  certain  Partial 
Differential  JSquatiana  in  Quaternions,  of  which  those  relative  to  the 
final  vectors  a,  a', . .  are  the  followingi 

(D«i?)-ii:m-i(D„20»=P,  (MO;  i^m-i(D^r)i  +  P+ E  =  0;  (N4) 

and  they  are  subject  to  certain  geometrical  conditions,  from  which 
can  be  deduced,  in  a  new  way,  and  as  new  verifications,  the  law  of  mo- 
tion of  the  centre  of  gravity,  and  the  law  of  description  of  areas. 

(A).  General  appro]|imate  expressions  (p.  717)  for  the  functions 
/"and  V,  and  for  their  derivatives  JET  and  t,  for  the  case  of  a  short  mo- 
tion of  the  system. 

Article  419. — On  the  Relative  Motion  of  a  Binary  System ;  and 
on  the  Law  of  the  Circular  Hodograph, 717-733 

(a).  The  vector  of  one  body  from  the  other  being  a,  and  the  dis- 
tance being  r  (=Ta),  while  the  sum  of  the  masses  is  if,  the  differen- 
tial equation  of  the  relative  motion  is,  with  the  law  of  the  inverse 
square, 

D«aeJfa-»#-i;  (O4) 

D  being  here  used  as  a  characteristic  of  derivation,  with  respect  to  the 
time  t. 

(&).  As  a  first  integral,  which  holds  good  also  for  any  other  law 
of  central  foree^  we  have 

VaDa  =  j8  =  a  constant  vector ;  (P4) 

which  includes  the  itoo  nsual  laws,  of  the  constant  plane  (-'^  jS),  and 

of  the  constant  areal  velocity  (  -  =  JT/3  ]. 

(c).  Writing  r  =  Do  =' vector  of  relative  velocity ,  and  conceiving  this 
new  vector  r  to  be  drawn  from  that  one  of  the  two  bodies  which  is 
here  selected  for  the  origin  0,  the  locus  of  the  extremities  of  the  vector 
r  is  (by  earlier  definitions)  the  Hodograph  of  the  Eelative  Motion  ; 
and  this  hodograph  is  proved  to  be,  for  the  Law  of  the  Inverse  Square, 
a  Circle, 

(rf).  In  fact,  it  isjshown  (p.  720),  that  for  any  law  of  central  force, 
the  radius  of  curvature  of  the  hodograph  is  equal  to  the  force,  multi- 
plied into  the  square  of  the  distance,  and  divided  by  the  doubled  areal 
velocity ;  or  by  the  constant  parallelogram  c,  under  the  vectors  (o 
and  r)  of  position  and  velocity y  or  of  the  orbit  and  the  hodograph. 

(e).  It  follows  then,  conversely,  that  the  law  of  the  inverse  square 
is  the  only  law  which  renders  the  hodograph  generally  a  circle ;  so 
that  the  law  of  nature  may  be  characterized,  as  the  Law  of  the  Circular 
Hodograph :  from  which  latter  law,  however,  it  is  easy  to  deduce 
the  form  of  the  Orbit,  as  a  conic  section  with  &  focus  at  o. 
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I  (J).  If  tke  tmdparmm9ier  of  this  or3ff  be  danoted,  as  usual,  hj 

\        ^isiii  kVe  the  rodms  of  the  Jkodo^opk^  then  (p.  719), 

h  =  Mc-i  =  <5r  > «  (i(p"0»-  (Qi) 

(5).  Tbe  odntal  saMsntrMtfy  «  is  also  tiie  hodographio  ezeentri- 
cjt  ii^tbe  seofie  th&t  #4  is  the  distance  of  the  centre  h  of  the  hodo- 
cBph,  from  the  point  o  whieh  is  here  treated  as  the  centre  of  ft>ree. 
[hy.  The  fSK^t  is  an  OUpse,  when  the  point  o  is  interior  to  the 
bd^gtaphic  eircile  C^<1) ;  it  is  Afiarabola,  when  oiaonthe  eiroitm-' 
^f^mee  of  thai  circle  {e=  1) ;  and  it  is  an  hyperbola,  when  o  Is  an  «r- 
turitfpoitU  («>  1).     And  in  all  these  cases,  if  we  write 

-=ji(l-i^>-i  =  M-Kl-#*)-',  (B4) 

^  ocKtant  «  will  hftTS  its  usoal  signification,  lelatiTcIy  to  the 
•tint, 

(t).  The  (pisntltj  Iff^i  being  here  called  the  Potential,  and  de- 
soted  bj  P,  geometrical  cmetnteticns  for  this  quantity  P  axe  assigned, 
wiib  the  help  of  the  hodograph  (p.  723) ;  and  for  the  harmonic  mean, 
iir(f  +  *0"S  hetween  the  two  poUntiaU,  P  and  P*,  which  answer  to 
the  ezlnanitieB  t,  t'  of  any  proposed  chord  of  that  circle :  all  which 
ooBstmctions  are  illustrated  by  a  new  diagram  (Fig.  86). 

(j\  If  u  he  the  jwfo  of  the  chord  tt'  ;  m,  k'  the  points  in  which 
the  line  oir  cuts  tiie  drde ;  l  the  middle  point,  and  n  the  pole,  of  the 
JMV  ekord  la^,  one  secant  from  which  last  polo  is  thus  the  line  ntt'  ; 
jf  the  intersection  of  thie  secant  with  the  chord  im',  or  the  harmonic 
cemjufote  of  the  point  v,  with  respect  to  the  same  chord ;  and  kt«t/ 
any  nemr  eeeent  Irom  n,  while  v,  (on  the  line  oir)  is  the  pole  of  the 
near  chord  T;t':  then  the  two  small  arcs,  rjr  and  t't/,  of  the  hodo- 
graph,  intercepted  between  these  two  secants,  are  proved  to  be  ulti- 
mately ^roporfiona/  to  the  two  potentials,  P  and  P';  or  to  the  two 
erdimaUe  TT,  YV,  namely  the  perpendiculars  let  fall  from  t  and  t*,  on 
what  may  here  be  called  the  hodographie  axis  ln.    Also,  the  harmonic 
mean  between  these  two  ordinates  is  obyioualy  (by  the  construction) 
the  line  it'l;  while  ur,  -ot^,  and  tjj^,  ir,T/  are/o»r  tangents  to  the 
hodograph,  so  that  thie  circle  is  cut  orthogonally,  in  the  two  pairs  of 
poieUs,  T,  t'  snd  t„  t/,  by  two  other  eirelee,  which  have  the  two  near 
points  u,  u,  for  their  centres  (pp.  724,  725). 

(k).  In  general,  for  any  motion  of  a  point  (absolute  or  relative,  in 
one  i^ane  or  in  space,  for  example,  in  the  motion  of  the  centre  of  the 
moen  about  that  of  the  earth,  under  the  pertorbations  produced  by  the 
attractions  of  the  sun  and  planets),  with  a  for  the  varic^le  vector  (418) 
of  position  o£  the  point,  the  time  dt  which  corresponds  to  any  vector- 
^bmeitldDa  of  the  hodograph,  or  what  may  be  called  the  time  of  ho- 
dsgrophicaUy  deeeribing  that  element,  is  the  quotient  obtained  by 
dieidifig  the  same  element  qf  the  hodograph,  by  the  vector  of  aecelera- 
lion  D*a  in  the  orbit;  because  we  may  write  generally  (p.  724), 

^'=Si'  -  •''-IS;'  ''  <''>"•         <«'> 
h 
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(Q.  For  the  law  of  tlie  wweru  square  (comp.  (0)  and  (0)i  the 
measure  of  the/or^  is, 

TD«a  =  Jfr-«  =  Jf-»P»;  (TO 

the  times  di,  df ,  of  hodographically  describing  the  small  circular 
ores  T,T  and  t't/  of  the  hodograph,  being  foimd  hj  multiplying  the 
lengths  (J  )  of  those  two  arcs  by  the  mass,  and  dividing  each  product 
by  the  square  of  the  potential  corresponding,  are  therefore  inveraely 
as  those  two  potentials,  P,  P',  or  direeUy  as  the  distanoes,  r,  r',  in  the 
orHt :  so  that  we  have  the  proportion, 

d<:  df:  d<  +  d<'=r :  r':r-\-r'.  (XT*) 

(m).  If  we  suppose  that  the  masSy  Jf,  and  the  Jhe  points  o,  l,  m, 
xj,  u^  upon  the  chord  mm'  are  given^  or  eonstantf  but  that  the  ra- 
dittSj  hy  of  the  hodograph^  or  the  position  of  the  centre  h  on  the  hodo- 
graphic  axis  ln,  is  alteredy  it  is  found  in  this  way  (p.  725)  that 
although  the  two  ei&nwnts  of  time,  dt,  d^',  separately  fwfy,  yet  their 
sum  remains  unchanged :  from  which  it  follows,  that  eyen  if  the  two 
eiroular  ares,  t,t,  iTt/,  be  not  small,  but  still  intercepted  (/)  between 
two  seeants  from  the  pole  n  of  ikejixed  chord  mm',  the  sum  (say,  A<  + 
AO  of  the  two  times  is  independent  of  the  radius,  h. 

(ft).  And  hence  may  be  deduced  (p.  726),  by  supposing  one  secant 
to  become  a  tangent,  this  Theorem  of  Sodographic  Isochronism,  which 
was  communicated  without  demonstration,  seyeral  years  ago,  to  the 
Boyal  Irish  Academy,*  and  has  since  been  treated  as  a  subject  of 
inyestigation  by  several  able  writers : 

If  two  circular  hodographs,  having  a  common  chord,  which  passee 
through,  or  tende  towards,  a  common  centre  offeree,  he  out  perpendieu" 
larly  by  a  third  circle,  the  times  of  hodographieally  describing  the  inter' 
eepted  ares  wiU  be  equal. 

(0).  TMs  common  time  can  easily  be  eipressed  (p.  726),  under  the 
form  of  the  definite  integral. 

Time  of  tut' ^  ?^f "  —-i!? — - ;  (VO 

^' Jo  (l-«'cosw)*  ^     ^ 

ig  being  the  length  of  Qiejixed  chord  mm*;  e'  the  quotient  lo  :  lm, 

which  reduces  itself  to  - 1  when  o  is  at  m',  that  is  for  the  case  of  a  pa- 

raiolie  orbit ;  e'  lying  between  f  1  for  an  ellipu,  and  outside  those  limits 

for  an  hyperbola,  but  being,  in  all  these  cases,  constant ;  while  «;  is  a 

certain  auxiliary  angle,  of  which  the  sine  =  ur :  ul  (p>  727),  or 

=  #  (r  +  r')"i,  if  s  denote  the  length  ]^'  of  the  chord  of  the  orbit,  cor- 

responding  to  the  chord  tt'  of  the  hodograph  ;  and  w  varies  frt>m  Otoir, 

when  the  whxAe  periodic  time  2irn~i  for  a  closed  orbit  is  to  be  computed : 

with  the  verification,  that  the  integral  (Yi)  gives,  in  this  last  case, 

M=aht*,  as  usual.  (WO 

*  See  the  Proceedings  of  the  16th  of  March,  1847.    It  is  understood  that  the 
commtm  centre  o  offeree  is  occupied  by  a  common  masSf  M. 
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ad  theEefioKe  amply  a  fimctioxi  of  the  chord  («,  or  fsO  o'  ^®  orbit, 
iadQCiheMfMo/(A«<iu/an«M(r  +  f'>  or  op+^O^^^^'^AndA  U6 
OTCB :  whkb  ia  a  form  of  the  l^corem  of  Lambert. 

(f >  Tbe  aamo  important  theorem  may  be  otherwiae  dednced, 
tluoo^  a  qriite  different  analysis,  by  an  employment  oi  partial  deru 
fstwBi,  and  oi  partial  difermtial  tgtiationt  in  guatomum,  which  is 
to  that  used  in  a  recent  inyestigation  (418),  respecting  the 
of  ttn  attracting  offBtem  of  any  namber  of  bodieSf  m,  m',  &c 

(r).  Writing  now  (oomp.  p.  xlyii)  the  following  expression  for  the 
niafwt  Iwmffforee^  or  for  the  mau  (Jf  =  m + m*),  multiplied  into  the 
wfoart  of  the  relatipe  vdoeUy  (TDa), 

2r=-in)a«=  2(P+J)  =  lf(2ri  -0-1)  ;  (Y4) 

iatrodacing  the  two  new  integraie  (p.  729), 

-F=r(P+T)d<,     (Z4),    and     V^V^mt^F^rtB,     (A«) 

which  hare  thus  (comp.  (E4)  and  (FO)  the  aameformi  as  before,  but 
with  diferent  (although  andUgout)  tignifieatHmt^  and  may  still  be 
edOed  the  Frineipal  and  Charaeterittie  lUnetiont  of  the  motion ;  and 
dsioting  by  a,  a'  (instead  of  ao,  a)  the  initial  andjinal  vectors  of po- 
titiomf  or  of  the  orbit,  while  r,  r*  are  the  two  diatancee,  and  r,  r*  the 
two  corresponding  vector t  of  veloeity,  or  of  the  hodograph :  it  is  found 
that  when  Jf  is  given,  F  may  be  treated  as  a  function  of  a,  a',  ^  or 
of  r,  r ,  t,  ^  and  F  as  a  function  of  a,  a',  a,  or  of  r,  r',  f,  and  ^;  and 
that  their  jMiitM/  derivatives^  in  the  first  view  of  these  two  factions, 
are  (p.  729), 

D«-F=Dar=r,    (B,);        Da'-F=Da'r=-r';  (Cs) 

(DO-F=-fl;    (Da);    and    D^F«^DaF=<;       (^) 

while,  in  the  second  view  of  the  same  functions,  they  satisfy  the  two 
partial  diferential  eguationt  (p.  730), 

DrF^Dr'F,    (Pa),    and    Drr=D/r;  (G5) 

sUmg  with  two  other  equations  of  the  same  kind,  but  of  the  second 
degree,  for  each  of  the  functions  here  considered,  which  are  analogous 
to  those  mentioned  in  p.  xlviiL 

(«).  The  equations  (Fa)  (Oa)  express,  that  the  two  dietanoesj  r 
and  /,  enter  into  each  of  the  two  fimetions  only  by  their  turn  ;  so  that, 
if  if  be  still  treated  as  giyen,  F  may  be  regarded  as  a  function  of  the 
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three  qnantitioB,  rW,  t,  and  f,  while  F,  and  therefore  also  t  by 
(E5),  is  found  in  like  manner  to  be  a  function  of  the  three  Bcalare, 
r  H-r*,  f,  and  a:  which  last  result  respecting  the  tifM  agrees  with 
(/>),  and  fiiraiahes  a  tmo  proof  of  Lamberf  9  Theorem. 

(t).  The  three  partial  differential  equations  (r)  in  F  conduct,  by 
merely  algebraical  combinations,  to  expressions  for  the  three  partial 
derivatives,  DrF,  D/  F(=DrF),  and  D.F;  and  thus,  with  the  help 
of  (E5),  to  two  new  definite  integraU^  (p.  731),  which  express  respec- 
tively the  Action  and  the  Time,  in  the  relative  motion  of  a  binary 
eyetem  here  considered,  namely,  the  two  following : 

J-A '•+»'+•    **/ 

whereof  the  latter  is  not  to  be  extended,  without  modification,  be- 
yond the  limits  within  which  the  radical  is  finite. 

Abtiolb  420.— On  the  determination  of  the  Distance  of  a  Comet, 
or  new  Planet,  from  the  Earth, 733,  73  i 

(a).  The  masses  of  earth  and  comet  being  neglected,  and  the  mass 
of  the  sun  being  denoted  by  if,  let  r  and  w  denote  the  distances  of 
earth  and  comet  from  sun,  and  «  their  distance  from  each  other,  while 
o  is  the  heliocentric  vector  of  the  earth  (Ta  =  r),  known  by  the  theory 
of  the  sun,  and  p  is  the  unit- vector,  determined  by  observation,  which 
is  directed  from  the  earth  to  the  comet  Then  it  is  easily  proved  by 
quaternions,  that  we  have  the  equation  (p.  734), 

SpDpDV_rfJ<;     M\ 
SpDpUa       z\f*'i0^r  ^    ^ 

with  «o«  sr  r«  +  ««  _  2zSap ;  (K5) 

eliminating  w  between  these  two  formulae,  clearing  of  fractions,  and 
dividing  by  «,  we  are  therefore  conducted  in  this  way  to  an  algebrai- 
cal equation  of  the  seventh  degree^  whereof  one  root  is  the  eonght  die- 
tanee,  «. 

(b).  The  final  equation,  thus  obtained,  differs  only  by  its  notation, 
and  by  the  facility  of  its  deduction,  from  that  assigned  for  the  same 
purpose  in  the  Micanique  Cileste ;  and  the  rule  of  Laplace  there  given, 
for  determining,  by  inspection  of  a  celestial  globe^  which  of  the  two 


•  Beferenoee  are  given  to  the  Firet  JBeaay,  &c.,  by  the  present  writer  (comp. 
the  Note  to  p.  zlvii.)|  in  which  were  assigned  integrals,  substantially  equivalent 
to  (Hs)  and  (I5),  but  deduced  by  a  quite  different  analysis.  It  has  recently  been 
remarked  to  him,  by  his  friend  Professor  Tait  of  Edinburgh,  that  while  the  area 
described,  with  Newton's  Law,  about  the  full  foeue  of  an  orbit,  has  long  been 
known  to  be  proportional  to  the  time  corresponding,  so  the  area  about  (he  empty 
focus  represents  (or  is  proportional  to)  the  action. 
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v^(ctfQi«Hi  omet)  i»  4ie  memrer  to  tAetmmyTesaXtitXtafjtkt  from 

iKxicLK  421. — Oa  liie  I>errelopinent  of  Hhe  Dutorbing  Fone  of 
t£  ^?s&  oa  the  Hqqh;  ot  of  ooe  Fbmet  on  another,  whick  la  nearer 

*:batts^tD«)eBiin, 784-786 

(<>  Let  a,  «  be  tbe  geoeeolanG  Tectors  of  moon  and  son ;  r(s  Ta), 
Bi  t(=T«^  tboT  geocentric  diataneea ;  Jf  the  sum  of  the  masaea  of 
C3:&  and  xaoon;  8  the  maaa  of  the  son ;  and  D  (aa  in  recent  Serica) 
tse  msA  of  dcxiTStiaii  ^vHh  respect  to  the  time :  then  the  diffrmtUU 
H'ttim  «/  U«  diUmrhed  flMtioA  of  tie  mwrn  mitmt  the  emrth  is, 

D«a=lff«+w,  CU),  if  fa  =  ^(a)=ir»Ta-\  (M,) 
Ei  1=  FtKtor  of  Disturbing  Force  =  5(^  -  ^(<^-  «)) "»  (N4) 
f  dsfeoting  here  a  sector  fimetuniy  hut  no/  a  ftiiMr  one. 

(^>  If  we  neglect  if,  the  equation  (L5)  reduces  itself  to  the  form 
IJ^  =  Jf<^ ;  which  contains  (comp.  (O4))  the  laws  of  undisturbed 
tP^tie  meiwu 

(/y.  If  we  derdope  the  disturbing  vector  tf^  according  to  ascend- 
i:ig  poven  of  the  quotient  r :  «,  of  the  distances  of  moon  and  sun  from 
-dke  caith,  we  obtain  an  infinite  aerie*  of  terms,  each  representing  a 
^Utegrw^  of  partial  disturbing  foreee,  which  may  be  thus  denoted, 

f  =  i|i+»U+98+&c.;  (O5) 

^  =  Jfl»l+Vl,»,      93='?2,l+lf2,»+«f2,3,  &C;  (Pft) 

these  paitial  forces  increasing  in  number^  but  diminishing  in  intensity^ 
in  the  pasaage  &om  any  one  group  to  the  following ;  and  being  con- 
nected with  each  other,  within  any  such  gxx>up,  by  simple  numerical 
ratios  and  angular  relations. 

(d).  For  example,  the  two  forces  171,1,  171,2  of  the  ^«/  group 
are,  rigorousiy,  proportional  to  the  numbers  3  and  3 ;  the  three  forces 
V>ib  Qs,S)  nht  of  the  mamm/ group  are  as  the  numbers  1,  2,  5 ;  and 
the/owr  foroea  of  the  Mir</ group  are  proportional  to  5,  9,  15,  85  : 
while  the  separate  intensities  of  the  first  forces^  in  these  three  first 
^'Mfp*,  haye  &e  expressions, 

_  Ur  _,  ZSr*  5Sr' 

T9i,i=2i3'        ^''«'^=-8?i      ^'"''""ie?"        ^^^ 

.  («).  All  these  partial  forces  are  conceiyed  to  aet  at  the  moon  ;  but 
didr  <ftre^ion«  may  be  represented  by  the  respectiyely /Miro/Ze/  unit- 
/fiMtUm.i,  ftc,  drawn /rofn  ^Ad  earthy  and  terminating  on  a  great 
eirde  of  the  celestial  sphere  (supposed  here  to  haye  its  radius  equal  to 
unity),  which  posaea  through  the  geocentric  (or  apparent)  places,  Q 
and  ]^,  of  the  son  and  moon  in  the  hea/vens, 

(/).  Denoting  then  the  geocentric  elongation  Q })  of  moon  from  sun 
(in  the  plane  of  the  three  bodies)  by  +  0 ;  and  by  0i,  ©a,  and  Di,  3)2, 
K  what  may  be  called  two  fictitious  suns,  and  three  fictitious  moons, 
of  which  the  corresponding  elongations  from  0,  in  the  same  great 
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eireU,  are  +  20,  -  20,  and  -0,  +  80,  -  80,  as  illuBtrated  by  Fig.  88 
(p.  785) ;  it  ifl  found  that  the  directiom  of  the  Uoofwee%  of  the/r«< 
gmvp  are  represented  by  the  two  radii  of  this  unit-cireU^  whioh  termi- 
nate in  D  and  Di ;  those  of  the  three  forces  of  the  eeeond  group,  by  the 
three  radii  to  Qi,  Q)  <^^  Os!  ^^  ^^^  of  the /our  forces  of  the 
third  group,  by  the  radii  to  ])2,  D,  Di,  and  Ds;  with  facilities  for  ex- 
tending  all  these  results  (with  the  requisite  modifications),  to  the 
fourth  and  subeequent  groups^  by  the  eame  guatemion  analyeie. 

(g).  And  it  is  important  to  observe,  that  no  etippoeition  is  here 
made  respecting  any  amaUneee  oiexe&ntricUiee  or  inelinations  (p.  786) ; 
so  that  all  theformuke  apply,  with  the  necessary  changes  oigeoeen- 
trio  to  heliooentric  vectors,  &c.,  to  itie  perturbations  of  the  motion  of  a 
comet  about  the  sun,  produced  by  the  attraction  of  a  planet,  which  is 
(at  the  time)  more  distant  than  the  comet  from  the  sun. 

Akticle422 On  Fresnel's  Wave, 786-756 

(a).  If  p  and  /a  be  two  corresponding  vectors,  of  ray'Vdocity  and 
ioave-eloumeee,  or  briefly  Jtaff  and  Index,  in  a  biaxal  crystal,  the  velo- 
city of  light  in  a  vacuum  being  unity ;  and  if  9p  and  d/i  be  any  infi- 
nitesimal variations  of  these  two  vectors,  consistent  with  the  equa- 
tions (supposed  to  be  as  yet  unknown),  of  the  Waife  (or  wave- surface), 
and  its  reciprocal,  the  Index-Surface  (or  surface  ofwave-sloumcss) :  wo 
have  then  first  the  fundamental  Equations  of  Reciprocity  (comp.  p. 
417), 

S/ip=-l,    (Ks);        S/*^p  =  0,    (Sc);        Spa/i  =  0,      (Tj) 

which  are  independent  of  any  hypothesis  respecting  the  vibrations  of 
the  ether, 

(by  If  Zp  be  next  regarded  as  a  displacement  (or  vibration),  tan- 
gential to  the  wave,  and  if  it  denote  the  elastic  force  resulting,  there 
exists  then,  on  Fresners  principles,  a  relation  between  these  two  small 
vectors ;  which  relation  may  (with  our  notations)  be  expressed  by 
either  of  the  two  following  equations, 

Zt  =  r^Sp,     (Us),    or    ^p=0^«;  (Vj) 

the  function  f  being  of  that  linear,  vector,  and  self-eot\jugate  kind, 
which  has  been  frequently  employed  in  these  Elements. 

{e).  The  fundamental  connexion,  between  the  functional  symbol 
0,  and  the  optical  constants  abe  of  the  crystal,  is  expressed  (p.  741, 
comp.  the  formula  (Ws)  in  p.  xlvi)  by  the  symbolic  and  cubic  equa- 
tion, 

(^  +  «-«)  (0  +  bri)  (0  +  r«)  =  0 ;  (WO 

of  which  an  extensive  use  is  made  in  the  present  Series. 

(<0*  The  normal  component,  pr^Sfidt,  of  the  elastic  force  Si,  is  in- 
effective in  Fresnel's  theory,  on  account  of  the  supposed  incompressi- 
biliiyofthe  ether;  and  the  tangential  component,  ^-^dp^fi-^S/t9t,  is 
(in  the  same  theory,  and  with  present  notations)  to  be  equated  to 
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f^^fal^  ynpn^ijtm  ixt  ti  reetiimear  viSrutian  (p.  787);  we  ob- 
^ftstkas,  lor  such  a  ribration  or  iamff€niial  ditpUmmmt,  ip,  the 


c^  tfec&te  by  XB»)  the  equation, 

^^Ba^fwJe^M/  l^^rm  ofthe  acaHBr  JSqmHon  of th$  Jndex-Sur- 
M  tad  my  be  thus  tnmaf onned, 

(*>  The  Wam^Surfaee,  tm  bemg  the  reeiproeal  (a)  ofthe  iiufar- 
•"^  (0»  *  eaaay  fomid  (p.  738)  to  be  represented  by  this  oikm- 

0=:8p-i(^-(r4)-V;  (A.) 

*  l  =  8p(p«-^-i)-ip.  (B.) 

Cfj.  In  sock  traoaitions,  from  one  of  these  reciprocal  sorfaces  to 
^***'»  ^  »  found  oonyenient  to  introdnce  tufo  auxiliary  vectors, 
y™  ••(=  fvy,  namely  the  lines  ox;  and  ow  of  Fig.  89 ;  both  drawn 
^^  ^  common  centre  o  ofthe  two  surfaces ;  but  v  terminating  (p. 
ilS)  on  tile  tangent  plane  to  the  tiwv,  and  being  parallel  to  the  direc- 
«*  o€  the  elastic  force  8f ;  whereas  ta  terminates  (p.  739)  on  the  tan- 
gat  plane  to  the  mdex-surfaee,  and  is  parallel  to  the  displaeemmt  ip. 
(si-  Besides  the  relation, 

«  =  ^w,     or    v  =  ^'kit,  (Ce) 

^^'^^c'ing  the  two  new  vectors  (/)  with  each  others  they  are  con- 
**«^  with  p  and  /I  by  the  equations  (pp.  738,  789), 

8^w  =  -l,    (De);        8pti  =  0;  (Ee) 

8p«  =  ~l,    (F«);        S/i«=:0;  (©«) 

•^generally  (p.  789),  the  following  i?«fo  o//A*  Interehanges  holds 
^■^ :  ijt  any  formula  involving  p,  /i,  v,  w,  and  0,  or  some  of  them, 
^^  permitted  to  exchange  p  with  /i,  v  with  or,  and  ^  with  ^'> ;  i?ro- 
**^  that  we  at  the  same  time  interchange  ^p  with  ^c,  but  no^  ^«9M- 
^^^^^  ^H  with  ^p,  when  these  variations,  or  any  of  them  occur. 
(hy  We  have  also  the  relations  (pp.  789,  740), 

-p-i=iriVi;/i  =  ;*  +  iri;  (H«) 

-  ^-1 = M~iy«i>p  =  p  +  «-i ;  (le) 


♦  This  apparent  exception  arises  (pp.  789,  740)  from  the  circumstance,  that 
h  «nd  h  have  their  directions  generally  flxed,  in  this  whole  investigation 
(ihhongh  subject  to  a  common  reversal  by  i),  when  p  and  fi  are  given ;  whereas 
^H  continues  to  be  used,  as  in  (a),  to  denote  any  injfnitesimal  vector,  tangential  to 
t^  tndex-sttrface  at  the  end  of  fi. 
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with  others  eaaily  deduoed,  whiohmay  all  be  iUuBtr&ted  by  the  above- 
cited  Fig.  89. 

(«).  Among  such  deductions,  the  following  equations  (p.  740) 
may  be  mentioned, 

(Vw^»)*  +  Sv0v  =  O,  (Je);  (V«0->w)*+S«0-»ai=O;  (Ke) 
which  Bhow  that  the  Loeut  of  ewh  of  the  iu>o  AuxUiary  PoinUy  v  and 
w,  wherein  the  two  vectors  v  and  a>  terminate  (/),  is  a  Surface  of 
the  Fourth  Degree,  or  briefly,  a  QuartieSurfaee;  of  which  tioo  loeithe 
eio>»^r««^u>n«may  be  connected  (as  stated  in  p.  741)  with  those  of  the 
tioo  reciprocal  eUipaoidc, 

Sp0p=l,    (I«),    and    Sp^-V  =  l;  (Me) 

p  denoting,  for  each,  an  arbitrary  eemidiamcier. 

(J),  It  is,  however,  a  much  more  interesting  use  of  these  two 
aiipBoide^  of  which  (by  (Ws),  &c.)  the  eealar  a&miaus  are  a,  6,  e  for 
the  firstf  and  ar^,  b-\  ri  for  the  second,  to  observe  that  they  may  be 
employed  (pp.  738,  739)  for  the  Conatructiont  of  the  Wave  and  the 
Index-Surface^  respectively,  by  a  very  simple  rule,  which  (at  least  for 
the^r«^  of  these  two  reciprocal  surfaces  (a))  was  assigned  by  Fres- 
nel  himself. 

(A).  In  fact,  on  comparing  the  symbolical  form  (A«)  of  the  equa- 
tion of  the  JTave,  with  the  form  (Ha)  in  p.  xxxvii,  or  with  the  equa- 
tion 412,  XLI.,  in  p.  683,  we  derive  at  once  FreancVs  Construction  : 
namely,  that  if  the  ellipsoid  (abe)  be  cut,  by  an  arbitrary  plans 
through  its  centre,  and  M  perpendiculars  to  that  plane  be  erected  at 
that  central  point,  which  shall  have  the  lengths  of  the  semiaxes  of 
the  section,  then  the  locus  of  the  extremities,  of  the  perpendiculars  so 
erected,  will  be  the  sought  Wave-Surface. 

(/).  A  precisely  similar  construction  applies,  to  the  derivation  of 
the  Index'Surfaee  from  the  ellipsoid  (a~>6~iri)  :  and  thus  the  tu?o 
auxiliary  surfaces,  (Lg)  and  (Me),  may  be  briefly  called  the  Generat- 
ing JSllipsoid,  and  the  Reciprocal  Ellipsoid. 

(m).  The  cubic  (Ws)  in  0  enables  us  easily  to  express  (p.  741)  the 
inverse  function  (0  +  0~^  where  e  is  any  scalar ;  and  thus,  by  chang- 
ing 0  to  —  p-3,  &o.,  new  forms  of  the  equation  (Ae)  of  the  wave  are 
obtained,  whereof  one  is, 

0  =  (0-ip)«  +  (pf  +  «!  +  i«  +  c«)  Sp^- V  -  tf»*8(J« ;  (Ne) 

with  an  analogous  equation  in  /i  (comp.  the  rule  in  (g)),  to  represent 
the  index-surface :  so  that  each  of  these  two  surfSuses  is  of  ike  fourth 
degree,  as  indeed  is  otherwise  known. 

(n).  If  either  8pf-^p  or  p'  be  treated  as  constant  in  (Ne),  the 
degree  of  that  equation  is  depressed  from  ihe  fourth  to  the  second; 
and  therefore  the  Wave  is  cut,  by  each  of  the  two  concentric  quadrics, 

Sp^-V  =  AS     (Oe),         p»  +  r«  =  0,  (Pe) 

in  a  (real  or  imaginary)  curve  of  the  fourth  degree :  of  which  two  quar^ 
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' '  fwei,  answexin^  to  aXL  acalax  values  of  £he  constants  A  and  r,  the 
iv«  TA  the  common  U>cus, 

(cy  The  Mew  eUip9oid  (OO  u  ftrntZsr  to  the  ellipsoid  (Me),  and 

iniltfi?  placed,  ^bile  ibe  *pA#rtf  (Pg)  has  r  for  ra^W;  and  tvery 

^f^  of  the  seeond  •y«teff»  C**)  ia  a  sphsro-conicy  because  it  is,  by  the 

ap^tign  (A4)  of  the  ware,  the  interuetim  of  that  tph^$  (Pe)  with 

&  mmeaAris  and  gttadrie  cons, 

(?, hj  (BO*  with  thiB  oiA^  eoneentric  quadne^* 

-l  =  Sp(^-i  +  r»)-ip,  (B«) 

vhenof  the  oof^uffote  (obtained  by  changing  - 1  to  + 1  in  the  last 

fl'-t*,4«-r«,cs-f«,  (8,) 

fsr  tibe  3q[aare8  of  its  scalar  semiazes,  and  is  therefore  confieal  unth 
tk§  getttratmff  ellipsoid  (Le). 

{^y  For  any  point  p  of  the  wave,  or  at  the  end  of  any  ray  p,  the 
tamgenU  to  the  ^vo  eurvea  (n)  have  the  directions  of  w  and  /ibi ;  so 
that  tJiem  two  qtuertici  erots  each  other  at  right  anglesj  and  each  is  a 
mmcBMm  ortkoyonal  in  all  the  curves  of  the  other  system, 

(3).  But  the  vi^aiion  Sp  is  easily  proved  to  be  parallel  to  a>  ; 
hnee  the  curves  of  the^r«<  system  (n)  are  Zines  of  Vibration  of  the 
Wae€ .'  and  the  curves  of  the  seeond  system  are  the  Orthogonal  Trfyee^ 
loriesf  to  thoee  Lines, 

(ry.  In  general,  the  vibration  Sp  has  (on  Fresnel's  principles)  the 
dseedoQ  of  the  projecUon  of  the  ray  p  on  the  tangent  plane  to  the 
wmca  ;  and  the  elastic  force  Si  has  in  Uke  manner  the  direction  of  the 
pr^fection  of  the  indeae-veetor  ft  on  the  tangent  plane  to  the  index* 
snrface  :  so  that  the  ray  is  thus  perpendicular  to  the  elastic  force 

Abticlb  423.— Mac  Cullagh's  Theorem  of  the  Polar  Plane,  .    .      757-762 


•  For  real  curves  of  the  seeond  system  (n),  this  new  quadric  (Be)  is  an  hy- 
perkioidf  with  one  sheet  or  with  two,  according  as  the  constant  r  lies  between  a 
and  bj  or  between  b  and  e ;  and,  of  course,  the  conjugate  hyperboloid  (0)  has  ttoo 
sheets  <jr  one,  in  the  same  two  cases  respectively. 

f  In  a  different  theory  of  light  (comp.  the  next  Series,  423),  these  sphero* 
eonics  on  the  wave  are  themselves  the  lines  of  vibration. 
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140 

123 

1  188 

167 

236 

263  , 

284 

11 

45 

84 

93 

77 

141 

ff 

'  189 

168  ' 

237 

256  ' 

285  810 

46 

85 

94 

80 

142 

124 

1  190 

169  , 

238 

267  1 

286   „ 

47 

86 

95 

83 

148 

H   < 

1  191 

170  ' 

239 

1 

287  1  811 

48 

37 

96 

86 

144 

'"l 

1  192 

171, 

240 

259 

288  1  312 

•  This  Table  was  mentioned  in  the  Note  to  p.  xiv.  of  the  Cbnients,  as  one 
likely  to  facilitate  reference.  In  fact,  the  references  in  the  text  of  the  FJemmts 
are  almost  entirely  to  Artielee  (with  their  sub-articles),  and  not  Xopagu. 
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631  li 
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fifyf^ ^It  appearB  by  these  Tables  that  the  Author  intended  to  have  com- 
pleted the  work  by  the  addition  of  Seyen  Articles,  and  Two  Figures.— Ed. 


ELEMENTS  0¥  QUATERNIONS. 


BOOK  I. 


ON  YECTOBS,  CONSIDERED  WITHOUT  REFEE^TCE  TO  ANOLSS, 
OS  TO  ROTATIONS. 


CHAPTEB  I. 

FUMDAMBNTAX  P&IKCIPI^  RE8PBCTINO  VECTORS. 


SsCTZOH  I.— On  the  Coneeptipn  of  a  Vector;  and  on  Equality 

of  Vectors. 

Art.  1 . — A  right  line  ab,  cona<}ered  as  having  not  onlj  lengthy 
but  ako  direction^  is  said  to  be  a  Ybctor.  Its  initial  point  a 
is  said  to  be  its  origm;  and  its  final  point  B  is  said  to  be  its 
term.  A  vector  ab  is  conceived  to  be  (or  to  construct)  the 
difference  of  its  two  extreme  points ;  or,  more  fully,  to  be  the 
result  of  the  9ubtr action  of  its  own  origin  from  its  own  term ; 
and,  in  conformity  with  this  conception,  it  is  also  denoted  by 
the  symbol  b  -  a  :  a  notation  which  will  be  found  to  be  exten- 
avely  useful,  on  account  of  the  analogies  which  it  serves 
to  express  between  geometrical  and  algebraical  operations. 
When  the  extreme  points  a  and  b  are  distinct,  the  vector  ab 
or  B  -  A  is  said  to  be  an  actual  (or  an  effective)  vector ;  but 
when  (as  a  limit)  those  two  points  are  conceived  to  coincide, 
the  vector  aa  or  a  -  a,  which  then  results,  is  said  to  be  null. 

Opposite  vectors,  such  as  ab  and  ba,      vector. 

or  B  -  A  and  a  -  b,  are  sometimes  »-^ 

caDed  vector  and  revector.     Succes-     a-b 

five  vectors,  such  as  ab  and  BC,  or  Revector. 

B  -  A  and  c  -  B,  are  occasionally  said  ^'«'  ^* 

to  be  vector  and  provector:  the  line  ac,  or  c  -  a,  which  is 
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drawn  from  the  origin  a  of  the  first  to  the  term  c  of  the  second, 

being  then  said  to  be  the  trans^ 

vector.    At  a  later  stage,  we  shall 

have  to  consider  vector-arcs  and 

vector-angles ;  but  at  present,  our 

only  vectors  are  (as  above)  right 

lines. 

2.  Two  vectors  are  said  to  be  equal  to  each  other,  or  the 
equation  ab  «=  cd,  or  b  -  a  -  d  -  c,  is  said  to  hold  good,  when 
(and  only  when)  the  origin  and  term  of  the  one  can  be  brought 
to  coincide  respectively  with  the  corresponding  points  of  the 
other,  by  transports  (or  by  translations)  without  rotation.  It 
follows  that  all  null  vectors  are  equal,  and  may  therefore  be 
denoted  by  a  common  symbol^  suob  as  that  used  for  zero  ;  so  that 
we  may  write,  ,      .     «     «     a^.      a  . 

^  A-A=B-B=  &C.  «=  0  ; 

but  that  two  actual  vectors,  ab  and  cd,  are  not  (in  the  present 
full  sense)  equal  to  each  other,  unless  they  have  not  merely 
equal  lengths,  but  also  similar  directions.  If  then  they  do  not 
happen  to  be  parts  of  one  common  line,  they  must  be  opposite 
sides  of  a  parallelogram, 
ABDC  ;  the  two  lines  ad,  bc 
becoming  thus  the  two  dia- 
gonals of  such  a  figure,  and 
consequently  bisecting  each 
other,  in  some  point  e. 
Conversely,  if  the  two  equa- 
tions, 

D  -  E  =  E  -  A,     and 

are  satisfied,  so  that  the  two  lines 
AD  and  BC  are  commedial,  or  have 
a  common  middle  point  e,  then  even 
if  they  be  parts  of  oTie  right  line, 
the  equation  D-c=B-Ais  satis- 
fied. Two  radii,  ab,  ac,  of  any  *■>»•  4. 
one  circle  (or  sphere),  can  never  be  equal  vectors  ;  because  their 
directions  differ. 


cajkf. 


^ 
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^.  An  equation  between  veciarsy  considered  as  an  eqmdif- 
/«T€»ce  of  potiUS)  admits  of  inoersion  and       ^  ^ 

sUtmaUoA ;  ot  in  symbols^  if 


ffid 


D  -  C  =  B  —  A, 


C  -  D  =  A  -  B, 


D  -  B  =  C  -  A. 


/-7 


Fig.  6. 


Two  yectora,  cd  and  sf,  which  are 
equal  to  the  same  third  yector,  ab, 
are  also  equal  to  each  other;  and 
these  three  equal  vectors  are,  in 
genenJy  the  three  parallel  edges  of 
aprum. 


Fig.  6. 


Section  2. —  On  Differences  and  Sums  of  Vectors  taken  two 

by  two, 

4.  In  order  to  be  able  to  write,  as  in  algebra, 

(c'-a')-(b-a)  =  c-b,  if  c'-a'  =  c-a. 

we  next  define,  that  when  a  first  vector  ab  is  subtracted  from 
a  second  vector  ac  which  is  co-initial  with  it,  or  firom  a  third 
vector  aV  which  is  equal  to  that  second  vector,  the  remainder 
is  that  fourth  vector  bc,  which  is  drawn  from  the  term  b  of  the 
first  to  the  term  c  of  the  second  vector :  so  that  if  a  vector  be 
subtracted  from  a  transvector  (Art.  1),  the  remainder  is  the 
pnmector  corresponding.  It  is  evident  that  this  geometrical 
subtraction  of  vectors  answers  to  a  decomposition  of  vections  (or 
Amotions)  ;  and  that«  by  such  a  decomposition  of  a  null  vec- 
tion  into  two  opposite  vectioDS,  we  have,  the  formula, 

0  -  (b  -  a)  =  (a  -  a)  -  (b  -  a)  «  A  -  b  ; 

80  that,  if  an  actual  vector  ab  be  subtracted  from  a  null  vector 
AA,  the  remainder  is  the  revector  ba.  If  then  we  agree  to 
abridge^  generally,  an  expression  of  the  form  0  -  a  to  the 
fihorter  form,  -  a,  we  may  write  briefly,  -  ab  =  ba  ;  a  and  -  a 
being  thus  symbols  oi  opposite  vectors,  while  a  and  -  (-  a)  are. 
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for  the  same  reason,  STmbols  of  one  common  vector :  so  that; 
we  may  write,  as  in  algebra,  the  identity, 

5.  Aiming  still  at  agreement  with  algebra,  and  adopting- 

on  that  account  the  formula  of  relation  between  the  two  signs^ 

+  and  -, 

(6  -  a)  +  a  =  ft, 

in  which  we  shall  say  as  usual  that  d  -  a  is  added  to  a,  and  that 
their  sum  is  ft,  while  relatively  to  it  they  may  be  jointly  called 
summands,  we  shall  have  the  two  following  consequences  : 

I.  If  a  vector,  ab  or  b  -  a,  be  added  to  its  own  orifftn  a, 
the  sum  is  its  term  b  (Art.  1) ;  and 

II.  li  9k  provector  bc  be  added  to  a  vector  ab,  the  sum  is 
the  transvector  AC ;  or  in  symbols, 

I. .  (b  -  a)  +  A  =  B ;  and  II. .  (c  -  b)  +  (b  -  a)  =  c  -  a. 

In  fact,  the  first  equation  is  an  immediate  consequence  of  the 
general  formula  which,  as  above,  connects  the  signs  +  and  -, 
when  combined  with  the  conception  (Art.  1 )  of  a  vector  as  a  dif- 
ference  of  two  points  ;  and  the  second  is  a  result  of  the  same 
formula,  combined  with  the  definition  of  the  geometrical  «2/ft- 
traction  of  ojie  such  vector  from  another,  which  was  assigned 
in  Art.  4,  and  according  to  which  we  have  (as  in  algebra)  for 
any  three  points^  a,  b,  c,  the  identity, 

(c  -  a)  -  (b  -  a)  e  c  -  b. 

It  is  clear  that  this  ffeometrical  addition  of  successive  vectors 
corresponds  (comp.  Art.  4)  to  a  composition  of  successive  vec^ 
turns,  or  motions  ;  and  that  the  sum  of 
two  opposite  vectors  (or  of  vector  and 
revector)  is  a  null  line  ;  so  that 

ba  +  ab  i=  0,  or  (a  -  b)  +  (b  -  a)  =  0. 

It  follows  also  that  the  sums  of  equal 

pairs  of  successive  vectors  are  equal;  ^^.    „ 

or  more  fully  that 

ifB'-A'=B-A,  and  c'-b'  =  c-b,  then  c'-a's 
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^tsotrian^Zes,  a»c  Mid  jlb'c',  being  in  general  tbe  two  ^pp»- 
siijaen  of  m  prism  (comp.  Art.  3). 

6.  Agaon,  in  oxder  to  hftve,  as  in  algebra, 

^^-»')  +  (^B-A)  =  C-A,ifc'-B'«C-B, 

^t  daH  define  that  if  there  be  two  suooeesiTe  Tecton,  ab,  bc, 
aaVf  a  ihird  sector  b  c'  be  eyiw/  to  the  second,  but  not  mc- 
ounce  to  the  first,  the  sum  obtained  by  adding  the  third  to  the 
fii^k  that  fourth  vector,  AC,  which  is  drawn  from  the  origin 
k  (f  ibe  first  to  the  term  c  of  the  se- 
cond.   It  foUowB  that  the  sum  of  any 
tK9a>-iniiialsid€8^  ab,  ac,  of  any  parah- 
khgram  abdc,  ia  the  intermediate  and 
eo-imtial  diagonal  ad  ;  or,  in  symbols, 
(c-a)+(b-a)  =  T)-a,  ifD-c  =  B-A;  Kg. 8. 

because  we  have  then  (by  3)  c- a  =  d  -  b. 

7.  The  sian  of  any  two  given  vectors  has  thus  a  value  which 

is  independent  of  their  orrfer ;  or,  in  symbols,  a  +  /3«/3  +  o. 

If  equal  vectors  be  added  to  equal  vectors,  the  sums  are  equal 

vectors,    even  if  the   summands  be  not  given  as  successive 

(comp.  5) ;  and  if  a  null  vector  be  added  to  an  actual  vector, 

the  sum  is  that  actual  vector ;  or,  in  symbols,  0  +  a  =  a.     If 

then  we  agree  to  abridge  generally  (comp.  4)  the  expression 

0  -|.  a  to  +  a,  and  if  a  still  denote  a  vector  j  then  +  a,  and  +  (+  a), 

&c^  are  other  symbols  for  the  same  vector;  and  we  have,  as 

in  algebra,  the  identities^ 

«(-a)«+a,     +(-a)--(+a)  =  -a,     (+ a)  +  (- a)  -  0,  &c. 

Section  3. — On  Sums  of  three  or  more  Vectors. 

8.  The  sum  of  three  given  vectors,  a,  /3,  y,  is  next  defined 
to  be  that  fourth  vector, 

S«7  +  (/3  +  a),    or  briefly,    8=7  +  /3  +  «, 

1  which  is  obtained  by  adding  the  third  to  the  sum  of  the  first 

aod  second ;  and  in  like  manner  the  sum  of  anj/  number  of 
rectoiB  ia  formed  by  adding  the  last  to  the  sum  of  all  that 
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precede  it:  also,  for  any  four  vectors,  a,  /3,  y,  S,  the  sum 
S  +  (y  +  /3  +  a)  is  denoted  simply  by  8  +  y  +  ^  +  a,  without  pa- 
rentheses, and  so  on  for  any  number  of  summands. 

9.  The  sum  of  any  number  of  successive  vectors,  ab,  bc, 
CD,  is  thus  the  line  ad,  which  is 
drawn  from  the  origin  a  of  the  first, 
to  the  term  d  of  the  last ;  and  be- 
cause, when  there  are  three  such  vec- 
tors, we  can  draw  (as  in  Fig.  9)  the 
two  diagonals  ac,  bd  of  the  (plane  ^  j.j    ^ 
or  gauche)  quadrilateral  abcd,  and 
may  then  at  pleasure  regard  ad,  either  as  the  sum  of  ab,  bo, 
or  as  the  sum  of  ac,  cd j  we  are  allowed  to  establish  the  follow- 
ing general  ybrmu/a  of  association^  for  the  case  of  any  three 
summand  linesy  a,  /3,  y : 

(y  +  /3)  +  a  =  y  +  (/3  +  a)=y+/3  +  a; 

by  combining  ^hich  with  the  Jormtda  of  commutation  (Art.  7), 
namely,  with  the  equation, 

which  had  been  previously  established  for  the  case  of  any  two 
such  summands,  it  is  easy  to  conclude  that  the  Addition  of 
Vectors  is  always  both  an  Associative  and  a  Commutative  Ope- 
ration. In  other  words,  the  sum  oUany  number  oi given  vectors 
has  a  value  which  is  independent  of  their  order ^  and  of  the 
mode  ot grouping  them ;  so  that  if  the  lengths  and  directions  of 
the  summands  be  preserved^  the  length  and  direction  of  the 
sum  will  also  remdn  unchanged  :  except  that  this  last  direction 
may  be  regarded  as  indeterminate,  when  the /en^M  of  the  sum- 
line  happens  to  vanish,  as  in  the  case 
which  we  are  about  to  consider. 

10.  When  any  n  summand-lines, 

AB,  BC,    CA,   or  AB,  BC,  CD,  DA,  &C., 

arranged  in  any  one  order,  are  the  n 
successive  sides  of  a  triangle  abc,  or  of 
a  quadrilateral  abcd,  or  of  any  other 
closed  polygon,  their  sum  is  a  null  line,  aa;  and  conversely, 
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vbsa  the  smii  of  any  gjiven  system  of  n  yecton  is  thus  equal 

to  3ero,  they  nwy  l>e  made  (ot  amf  crder^  bif  transports  without 

T'MtioTCj  the  m  sncceenve  #u£f«  of  a  dosed-  polygon  (plane  or 

^idieV    Hence,  if  there  be  ^ivem  any  such  polygon  (p),  sup- 

Y^st  a  paUagcm   abcds,  it  is  possible  to  construct  another 

c^ooei  polygon  (t^'),  such  as  a'b'c  dV,  with  an  arbitrary  initial 

pniC  k',  but  ^th  tlie  same  number  of  ^des,  a'b',  . .  b  a',  which 

«oc  sides  shall  \)e  equal  (as  yeetors)  to  the  o2e/ sides  ab,  .  •  ba, 

taken  m  any  arbitrary  order.     For  example,  if  we  ixKuJbur 

sooeeaaTe  Tectora,  as  follows, 


/ 


AB 


■■  CD, 


bV  =  AB,      c'd'  =  EA,       dV  =  BC, 


and  then  complete  the  new  pentagon  by  drawing  the  line  b  a', 
thk  dosmg  side  of  the  second  figure  (p')  will  be  equal  to  the 
remaijung  side  de  of  the^r^^  figure  (p). 

1 1.  iSnce  a  closed  figure  abc  . .  is  still  a  closed  one,  when 
all  its  points  me  projected  on  any  assumed /)/afi€,  by  any  system 
of  parallel  ordinates  (although  the 
area  of  the  projected  figure  a'bV.  . . 
may  happen  to  vanish)  ^  it  follows  that 
if  the  sum  of  any  number  of  given 
Tectors  o,  ^,  7, . .  be  zero,  and  if  we 
project  them  all  on  any  one  plane  by 
parallel  lines  drawn  firom  their  extre- 
mities, the  sum  of  the  projected  vec- 
tors a ,  ff,  7', .  •  will  likewise  be  null;  ^ 
so  that  these  latter  vectors,  like  the 
former^  can  be  eo  placed  as  to  become  the  successive  sides  of  a 
closed  polygon^  even  if  they  be  not  already  such.  (In  Fig.  11, 
a'^b V  is  considered  as  such  a  polygon,  namely,  as  a  triangle 
with  evanescent  area;  and  we  have  the  equation, 


as  well  as 


a^b^bV+cV^O, 


a'b'  +  b'c'  +  c'a'  =  0,  and  ab  +  bc  +  ca  =  0.) 
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S«cnoN  4« — On  CoefficienU  of  Vectors. 

12.  The  rimple  or  single  vector,  a,  is  also  denoted  by  la, 
or  by  1  •  a,  or  b7(+  l)a;  and  in  like  manner,  ihedotMe  vector, 
a  +  a,  is  denoted  by  2a,  or  2 .  a,  or  (4  2)  a,  &c. ;  the  ruie  beings, 
that  for  any  algebraical  integer,  m^  regarded  as  a  coefficient  hy 
which  the  vector  a  is  multiplied,  we  have  always, 

lo  +  mo  =  (l  +iw)o; 

the  symbol  1  4  m  being  here  interpreted  as  in  algebra.  Thus, 
Oa  =  0,  the  zero  on  the  one  side  denoting  a  null  coefficient,  and 
the  zero  on  the  other  side  denotbg  a  null  vector;  because  by 
the  rule, 

lo4  Oa  =  (l  40)o«lo  =  o,  and  .'.Oa-a-o^O. 

Again,  because  (1)  a  4  (-  1)  a  =  (1  -  1 )  a  =  Oo  «  0,  we  have 
(-  l)a  =  0  -  a  =  -  a  =  -  (la);  in  like  manner,  smce  (l)a  4  (-  2)a 
=  (1^2)a  =  (-  l)a  =  -a,  we  infer  that  (- 2)  a  «  -  a  -  a  «  -  (2a)  ; 
and  generally,  (;-m)a^-  (tna),  whatever  whole  number  m 
may  be  :  so  that  we  may,  without  danger  of  confusion,  omit 
the  parentheses  in  these  last  symbols,  and  write  simply,  -  la, 
-  2a,  -  wia. 

13.  It  follows  that  whatever  two  whole  numbers  (posidve  or 
negative,  or  null)  may  be  represented  by  m  and  n,  and  what" 


Fig.  12. 

ever  tioo  vectors  may  be  denoted  by  a  and  /3,  we  have  always, 
as  in  algebra,  the  formulae, 

na±ma  =  {n±  m)  a,  n  (ma)  =  (nm)  a  -  nwia, 

and  (compare  Fig.  12), 

»t  03  ±  a)  =  m/3  ±  ma  ; 


\ 
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•odHLt  the  nndtiplieatian  of  vectors  by  coefficients  id  a  doubly 
liiitriiRitbe  aperatian^  at  least  if  the  multipliers  be  whole 
mabers;  a  reatxiction  which ,  however,  will  soon  be  re- 
niOTed. 

14.  If  ma  »  P»  the  coeffident  m  being  still  whok^  the  vector 
0  is  said  to  be  a  multiple  of  a ;  and  conversely  (at  least  if  the 
integer  nt  be  different  from  zero)^  the  vector  a  is  said  to  be  a 
tnb^multiple  of  /3.  A  multiple  of  a  sub-multiple  of  a  vector  is 
said  to  be  ^fraction  of  that  vector ;  thus,  if  j3  -  ma^  and  y  «  na, 

then  Y  ifi  a  ftaction  of  jS,  which  is  denoted  as  follows,  y  «  —  /3 ; 

also  ^  is  said  to  be  multiplied  by  the  fi*actional  coefiBcient  — , 

and  7  is  said  to  be  the  product  of  this  nialtiplication.  It  foU 
lows  that  if  X  and  y  be  any  two  Jractions  (positive  or  negative 
or  null,  whole  numbers  being  included),  and  if  a  and  j3  be  any 
two  vectors  J  then 

jfa±xa»(^±a;)a,     y(xa)  =  (ya;)a=y«o,     x(/3  ±a)  «a:/3±a?a  ; 

results  which  include  those  of  Art.  13,  and  may  be  extended 
to  the  case  where  x  and  y  are  incommensurable  coefficients,  con- 
sidered as  limits  of  fractional  ones. 

15.  For  any  actual  vector  a,  and  for  any  coefficient  x,  of 
any  of  the  foregoing  kinds,  the  product  xa,  interpreted  as  above, 
represents  always  a  vector  /3,  which  has  the  same  direction  as 
tiie  multiplicand-line  a,  if  x  >  0,  but  has  the  opposite  direction 
if  «  <  0,  becoming  null  if  x  =  0.  Conversely,  if  a  and  /3  be  any 
two  actual  vectors,  with  directions  either  similar  or  opposite,  in 
each  of  which  two  cases  we  shall  say  that  they  are  parallel 
vectors^  and  shall  write  /3  ||  a  (because  both  are  then  parallel, 
in  the  usual  sense  of  the  word,  to  one  common  line),  we  can 
always  find,  or  conceive  as  found,  a  coefficient  x  ^  0,  which  shall 

satisfy  the  equation  /3  =  xa;  or,  as  we  shall  also  write  it, 
fi^ax;  and  the  positive  or  negative  number  x,  so  found,  will 
bear  to  ±  1  the  same  ratio,  as  that  which  the  length  of  the  line 
d  bears  to  the  length  of  a. 
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16.  Hence  it  is  natural  to  say  that  this  coefficient  as  is  the 
quotient  which  results,  from  the  division  of  the  vector  (3^  by  the 
parallel  vector  a ;  and  to  write,  accordingly, 

a?  =  /3-T-a,     ora;  =  /3:a,     ora:  =  ^; 

a 

80  that  we  shall  have,  identically,  as  in  algebra,  at  least  if  the 
divisor'line  a  be  an  actual  vector,  and  if  the  dividend^line  fi  be 
parallel  thereto,  the  equations, 

(/3:a).o  =  — a  =  /3,     and     xaia^-^^x; 
a  a 

which  will  afterwards  be  extended,  by  definition,  to  the  case  of 
non-parallel  vectors.     We  may  write  also,  under  the  same 

Q 
conditions,  d  «  — ,  and  may  say  that  the  vector  a  is  the  quotient 

X 

of  the  division  of  the  other  vector  /3  by  the  number  x  ;  so  that 
we  shall  have  these  other  identities, 

^.a;  =  (aa?«)/3,      and      —  =  a. 

X  ^  "^  X 

17.  The  positive  or  negative  quotient,  x  «  i-,  which  is  thus 

a 

obtained  by  the  division  of  one  of  two  parallel  vectors  by  ano- 
ther, including  zero  as  a  limit,  may  also  be  called  a  Scalar;         ' 
because  it  can  always  be  found,  and  in  a  certain  sense  con^ 
structed,  by  the  comparison  of  positions  upon  one  common  scale 
(or  axis)  ;  or  can  be  put  under  the  form, 

c  -  A      AC 

B  -  A  "  ab' 

where  the  three  points,  a,  b,  c,  are  collinear  (as  in  the  figure 
annexed).     Such  scalars  are,  there-   ^  ^ 

fore,  simply  the  Re  a  ls  (or  real  quan-    '  "I,    77  ' 

tities)  oi  Algebra;  but,  in  combina- 
tion with  the  not  less  real  Vectors  above  considered,  they 
form  one  of  the  main  elements  of  the  System ,  or  Calculusy  to 


^'t^l^  ^(Teaent  work  relates.     In  fact  it  will  be  shown,  at 
^^te  %tag^  ihat  there  ia  an  important  sense  in  which  we  can 

CGscme  &  Bcalar  to  be  added  to  a  vector ;  and  that  the  nm 

H»  (Astaoned,  or  the  combination, 

^^  Scalar  plus  Vector" 
ia  Quaternion. 


CHAPTER  II. 

APPLICATIONS  TO  POINTS  AND  LINKS  IN  A  GIVEN  PLANB. 


Section  I —  On  Linear  Equationa  eonnectinff  two  Co-initial 

Vectors. 

18.  When  several  vectors,  oa,  ob,  .  .  are  all  drawn  from 
one  common  point  o,  that  point  is  said  to  be  the  Oriffin  of  the 
Sifgtem  ;  and  each  particular  vector,  such  as  oa,  is  said  to  be 
tke  nectar  of  its  own  term,  a.  In  the  present  and  future  sec- 
tioos  we  shall  always  suppose,  if  the  contrary  be  not  expressed, 
that  all  the  vectors  a,  /3,  .  .  which  we  may  have  occasion  to 
consider,  are  thus  drawn  from  one  common  oriffin.  But  if  it 
be  desired  to  cfiange  that  origin  o,  without  changing  the  term- 
points  A, . .  we  shall  only  have  to  subtracty  from  each  of  their 
old  vectors  a, . .  one  common  vector  «,  namely,  the  old  vector 
oo'  of  the  new  origin  o' ;  since  the  remainders,  a  -  w,  /3  -  w, . . 
will  be  the  n«(7  vectors  a',  /3', . .  of  the  old  points  a,  b,  . . .  For 
example,  we  shall  have 

o'=OA  =  A-o'=(a-o)-(o'-o)  =  OA-  00'=a-  U). 

19.  If  twio  vectors  a,  j3,  or  oa,  ob,  be  thus  drawn  from  a 
given  origin  o,  and  if  their   ^ 

directions  be  either  similar  or    '  ^  ' 

opposite,  so  that  the  three 

pmtSy  o,  A,  B,  are  situated  on  one  right  line  (as  in  the  figure 
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annexed),  then  (by  16, 17)  their  quotient  ^  is  some  positive  or 

a 

negative  scalar^  such  as  x ;  and  conversely,  the  equation 
fi^XQi  interpreted  with  this  reference  to  an  oriffinj  expresses 
the  condition  ofcollinearity^  of  the  points  o,  a,  b  ;  the  particu- 
lar values^  a^^^O,  x=\^  coniesponding  to  the  particular /M>^r- 
tions^  o  and  a,  of  the  variable  point  b,  whereof  the  indefinite 
right  line  oa  is  the  locus, 

20.  The  linear  equation^  connecting  the  two  vectors  a  and 
j3,  acquires  a  more  symmetric ./&rm,  when  we  write  it  thus  : 

aa  +  ^»0; 

where  a  and  h  are  two  scalars,  of  which  however  only  the  ratio 
is  important.     The  condition  ofcoincidencej  of  the  two  points 

A  and  By  answering  above  to  a=l^  is  now  —  «  1 ;  or,  more 

symmetrically, 

a +  6  =  0.  •^ 

Accordingly,  when  a  »  -  6,  the  linear  equation  becomes 

b(fi-a)^0,     or  ^-a  =  0, 

since  we  do  not  suppose  that  both  the  coefficients  vanish ;  and 
the  equation  /3  »  a,  or  ob  «  oa,  requires  that  ihepoifU  b  should 
coincide  with  the  point  a  :  a  case  which  may  also  be  conve- 
niently expressed  by  the  formula, 

B  =  a; 

coincident  points  being  thus  treated  (in  notation  at  least)  as 
eqval.    In  general,  the  linear  equation  gives, 

a .  OA  +  &  .  oB  a  0,     and  therefore    a  :  6  «  bo  :  oa. 

Section  2. —  On  Linear  Equations  hetioeen  three  co-initial 
Vectors, 

21.'  If  two  (actual  and  co-initial)  vectors,  a,  j3,  be  no/ con- 
nected by  any  equation  of  the  form  aa  4  ft/3  =  0,  with  any  ttco 
scalar  coefficients  a  and  b  whatever,  their  directions  can  neither 
be  similar  nor  opposite  to  each  other ;  they  therefore  determine 
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aplane  aob,  in  whidi  the  (now  actual)  vector,  represented  by 

the  sum  aa  +  djS,  is  situated.  For  if,  for  the  sake  of  symmetry, 

we  denote  this  sum  by  the 

symbol  -  cy,  where  c  is  some 

third  scalar^  and  y«oc 

some  third  vector  j  so  that  the 

three  co-initial  vectors,  a,  /3, 

y.are  connected  by  the  linear 

equation^ 

aa  +  ft/3  +  Cy 

and  if  we  make 


then  the  two  auxiliary  points,  a'  and  b',  will  be  situated  (by 
19)  on  the  two  indefinite  right  lines,  oa,  ob,  respectively : 
and  we  shall  have  the  equation, 

DC  *  oa'  +  ob', 

80  that  the  figure  a'ob'c  is  (by  6)  a  parallelogram,  and  conse- 
quently plane. 

22.  Conversely,  if  c  be  any  point  in  the  plane  aob,  we  can 
draw  firom  it  the  ordinates^  ca'  and  cb',  to  the  lines  oa  and  ob, 
and  can  determine  the  ratios  of  the  tJiree  scalars,  a^  A,  c,  so  as 
to  satisfy  the  two  equations, 

b 


a 

€ 


OA 


OB 
OB 


after  which  we  shall  have  the  recent  expressions  for  oa',  ob', 
with  the  relation  oc  =  oa'  +  ob'  as  before ;  and  shall  thus  be 
brought  back  to  the  linear  equation  aa  +  ft/3+C7»0,  which 
equation  may  therefore  be  said  to  express  the  condition  of  com- 
planarity  o£ the  Jirnr  points,  o,  a,  b,  c.  And  if  we  write  it  under 
the  form, 

apa  +  y/3  +  2Jy  a  0, 

and  consider  the  vectors  a  and  /3  as  ffiven,  but  y  as  a  variable 
vector,  while  x,  y,  z  are  variable  scalars,  the  locus  of  the  t7a- 
r table  point  c  will  then  be  the  given  plane,  oab. 
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23.  It  may  happen  that  the  point  c  is  situated  on  the  riff  At 
line  AB)  which  is  here  considered  as  a  ffiven  one.     In  that 

AC 

case  (comp.  Art.  17,  Fig.  13),  the  quotient  ~  must  be  equal 


AB 


to  some  scalar,  suppose  t;  so  that  we  shall  have  an  equation  of 
the  form, 


7-a 


=  ^,     or  7  =  a+^(i3-a),     or  (1 -0«  + ^0- 7=  0  ; 


Fig.  16. 


(3-« 

bj  comparing  which  last  form 
with  the  linear  equation  of  Art. 
21,  we  see  that  the  condition 
of  collinearity  of  the  three 
pointo  A,  B,  c,  in  the  given 
plane  oab,  is  expressed  by  the 
formula, 

a  +  ft  +  c=  0. 

This  condition  may  also  be  thus  written, 

_     -tt    -6  oa'    6b'    , 

1  =  —  +  — ,     or  —  +  —  =  1 ; 

C  C  OA       OB 

and  under  this  last  form  it  expresses  a  geometrical  relation^ 
which  is  otherwise  known  to  exist. 

24.  When  we  have  thus  the  two  equations, 

ao  +  6/3  +  cy  =  0,     and     a  +  6  +  c  =  0, 

so  that  the  three  co-initial  vectors  a,  /3,  7  terminate  on  one 
right  line,  and  may  on  that  account  be  said  to  be  ternwio-col" 
linear^  if  we  eliminate,  successively  and  separately,  each  of 
the  three  scalars  a,  6,  0,  we  are  conducted  to  these  three  other 
equations,  expressing  certain  ratios  of  segments : 

ftO-a)  +  c(y-a)  =  0,  c(y-^)  +  a(a -^)  =  0, 

a(a-7)  +  6(/3-y)  =  0; 


or 


0  =  6.AB  4  C.AC  =  C.BC  +  a.BA  =  a.CA  +  6.CB. 


Hence  follows  this  proportion^  between  coefficients  and  seg- 
mentSy 

a:6:c  =  Bc:  ca:  ab. 


I        Cllkf.lir\       7011I1T8  AM1>   L.INB8  IN  A  GIVBN  PLANS.  15 

^e  utt^t  also  liave   obseryed  that  the  proposed  equations 

"°    6  +  c  '       ^'"^TT'      '^""^TT' 

irhence 

AC     -y  -  a        b  ho 

—  «=  js = T  «  -  -,  &C. 

AB     p-a     a+0        c 

25.  If  we  still  treat  a  and  /3  as  ffiven^  but  regard  y  and 

-  as  variable^  the  equation 

^       x  +  y 

win  express  that  the  variable  point  c  is  situated  somewhere 
on  the  indefinite  rigJU  line  ab,  or  that  it  has  this  line  for  its 
locus :  while  it  divides  ihe^finite  line  ab  into  segments^  of  which 
the  variable  quotient  is, 

AC^y 

CB     a' 

Let  c'  be  another  point  on  the  ^am«  line^  and  let  its  vector  be, 

,    aJa  +  j/S 

'V     S3  *        • 

then,  in  like  manner^  we  shall  have  this  other  ratio  ofseg^ 
mentsy 

c'b  ^  x'' 

If,  then,  we  agree  to  employ,  generally,  ^r  any  group  of  four 
cdllinear  points^  the  notation^ 

,  .       AB    CD       AB     AD 

(abcd)  e =  —  :  —  ; 

"^  '      BC    DA      BC     DC 

80  that  this  symbol^ 

(abcd), 

may  be  said  to  denote  the  anharmonic  function^  or  anharmonic 
quoHenty  or  simply  the  anharmonic  of  the  group^  a,  b,  c,  d  :  we 
shall  have,  in  the  present  case,  the  equation, 

,         ,v      AC    Ac'     yx 
(acbc')«  — :-r--^. 

^  ^       CB     CB      A*2/ 
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26.  When  the  anhafTnamc  quotient  becomes  equal  to  n^^z- 
tive  unityy  the  group  becomes  (as  is  well  known)  harmonic* 
If  then  we  have  the  two  equations, 

xa  +  pfi  ,    xa-yp 

the  two  points  c  and  c'  are  harmonically  conjugate  to  each  other, 
with  respect  to  the  two  given  points^  a  and  b  ;  and  when  thejr 
vary  together^  in  consequence  of  the  variation  of  the  value  o£ 

-,  they  form  (in  a  well-known  sense),  on  the  indefinite  right 

line  ABy  divisions  in  involution;  the  double  points  (or  Jbci)  of 

this  involution,  namefy,  the  points  of  which  each  is  its  otcn 

conjugate,  being  the  points  a  and  b  themselves.     As  a  verifi* 

cation,  if  we  denote  by  /u  the  vector  of  the  middle  point  m  of 

the  given  interval  ab,  so  that    ^  

K  ir"c       3  2' 

/3-/ii-/ii-a,or/ii  =  i(o+0),  Rg.  17. 

we  easily  find  that 

Y-^y-a;  J3-M        or— =  — • 
^-ju     y-^x'^y-fi  MB      MC'* 

80  that  the  rectangle  under  the  distances  mc,  mc',  of  the  two 
variable  but  conjugate  points^  c,  c',  from  the  centre  m  of  the 
involution,  is  equal  to  the  constant  square  of  Aa(f  the  interval 
between  the  two  double  points ^  a,  b.  More  generally,  if  we 
write 

xa+y(i  ,    Ixa  +  >wy/3 

'^  "   a-\-y   '  '^  ~    Ix  +  rhy  * 

I     yx'  . 
where  the  anharmonic  quotient  —  =  ^  is  any  constant  scalar, 

•f 
then  in  another  known  and  modern*  phraseology,  the  points 
c  and  c'  will  form,  on  the  indefinite  line  ab,  two  homographic 
divisions^  of  which  a  and  b  are  still  the  double  points.    More 
generally  still,  if  we  establish  the  two  equations, 

♦  See  the  Gkomitrie  SupMeure  of  M.  Chadless  p.  107.     (Paria,  1852.) 


7  =  =^I^,       and     y  - ^^, 

-\icbig  B^  constant,  but  -  variable,  while  a  «  oa',  /3' «  ob', 

aad  y  »  oc',  the  two  given  linesy  ab  and  a'b',  are  then  homo^ 
§nfkkaBy  divided^  by  the  two  variable  paints,  c  and  c',  not 
&(nr  soppoeed  to  move  along  one  common  line. 

S7.  Wben  the  linear  equation  aa  +  A/3  ^  «y  »  0  flubsiflts, 
mUietU  the  relation  a  +  ft  +  «  «  0  between  it«  coefficients,  then 
de  tbfee  oo-initial  vectors  a,  ^,  7  are  still  eomplamarf  but  they 
BO  longer  termiimte  an  ame  right  Nne ;  their  term-paints  a,  b,  c 
beiBg  BOW  the  comers  of  a  triangk. 

In  this  more  general  case,  we  may  propose  to  find  the  vec- 
tors o',  P*,  y  of  the  three  points, 

a'^oa'BC,     b'=ob-ca, 
c'=  ocab; 

that  is  to  say,  of  the  points  in 

vMch  the  lines  drawn  from  the 

origin  o  to  the  three  comers  of 

the  triangle  intersect  the  three 

respectively  opposite  sides.    The  three  coUineaiians  oaa',  &c., 

give  (by  19)  three  expressions  of  the  forms, 

a  =  «a,         /3'  =  y^,  y  =  Zy, 

where  x^  y,  z  are  three  scalars,  which  it  is  required  to  deter- 
mine by  means  of  the  three  other  coUineations,  a'bc,  &c.,  with 
the  help  of  relations  derived  from  the  principle  of  Art.  23. 
Substituting  therefore  for  a  its  value  x^  a\  in  the  given  linear 
equation,  and  equating  to  zero  the  sum  of  the  coefficients  of 
the  new  linear  equation  which  results,  namely, 

and  eliminating  similarly  /3,  7,  each  in  its  turn,  from  the  ori- 
ginal equation ;  we  find  the  values, 

-a  -b  -c 

b^c  ^     c^a  a^  b 
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whence  the  sought  vectors  are  expressed  m  either  of  the  t  v 
following  ways : 

l,..a^^ ,         p  =  — ^,  7= -'y 

i+c  ^     c+a  '     fl+6 

or 

^  ,    hfi^cy  ^,     cy-^aa  ,    aa  +  b(i 

In  fact  we  see,  by  one  of  these  expressions  for  a',  that  a'  is  or 
the  line  oa;  and  by  the  other  expression  for  the  same  Tcctoi 
a',  that  the  same  point  a'  is  on  the  line  bc.  As  another  veri- 
fication,, we  may  observe  that  the  last  expressions  for  o,  /3'»  y^ 
coincide  with  those  which  were  found  in  Art.  24,  for  a,  fiy  y 
themselves,  on  the  particular  supposition  that  the  three  points 
A,  B,  c  were  collinear. 

28.  We  may  next  propose  to  determine  the  ratios  of  the 
segments  of  the  sides  of  the  triangle  abc,  made  by  the  points 
a',  b',  c'.  For  this  purpose,  we  may  write  the  last  equations 
for  a',  /3',  7'  under  the  form, 

0-i(a'-^).c(7-a')  =  c(/3'-7)-a(a-)3>a(7'-a) 

-ft(j3-7'); 
and  we  see  that  they  then  give  the  required  ratios,  as  follows  : 

ba'^c  cb'    a  Ac'_6 

rc""i'         ?I"?         c^^fl' 

whence  w©  obtain  at  once  the  known  equation  of  six  segmentsy 

b£    CB'    AC 

ric  b'a  c'b"   ' 

as  the  condition  of  concurrence  of  the  three  right  lines  a  a',  bb', 
cc',  in  a  common  pointy  such  as  o.  It  is  easy  also  to  infer,  from 
the  same  ratios  of  segments,  the  following  prc>por^ton  o{  coeffi- 
cients and  areasy 

a:b:c=  one :  oca :  gab, 

in  which  we  must,  in  general,  attend  to  algebraic  signs ;  a  tri- 
angle being  conceived  to  pass  (through  zero)  from  positive  to 
negative^  or  vice  versdy  as  compared  with  any  given  triangle  in 
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its  own  plane,  when  (in  the  course  of  any  continuous  change) 
its  vertex  crosses  its  base.  It  may  be  observed  that  with  this 
convention  (w^hich  is,  in  fact,  a  necessary  one,  for  the  establish- 
ment of  general  formuhB)  we  have,  for  any  three  points^  the 
equation 

ABC  +  BAC  =  0, 

exactly  as  we  had  (in  Art.  5)  for  any  two  points,  the  equa- 
tion 

AB  +  BA  B  0. 

More  fully,  we  have,  on  this  plan,  the  formulte, 

ABC  =  -  BAG  =  BCA  =  -  CBA  -  CAB  =  -  ACB  ; 

and  any  two  complanar  triangles^  abg,  a'b'c',  bear  to  each  other 
2l  positive  or  a  negative  ratio^  according  as  the  two  rotations^ 
which  may  be  conceived  to  be  denoted  by  the  same  symbols 
ABC,  AB'c'9  Ai*^  similarly  or  oppositely  directed. 

29.  If  a'  and  b'  bisect  respectively  the  sides  bc  and  ca, 
then 

a  =  6  =  c, 

and  c'  bisects  ab  ;  whence  the  known  theorem  follows,  that 
the  three  bisectors  of  the  sides  of  a  triangle  concur^  in  a  point 
which  is  often  called  the  centre  of  gravity^  but  which  we  pre- 
fer to  call  the  mean  point  of  the  triangle,  and  which  is  here  the 
origin  o.  At  the  same  time,  the  first  expressions  in  Art.  27 
for  o',  /3',  7'  become, 


2'     '^""2*      ^"  2' 


«-^.        /3'=-^. 


whence  this  other  known  theorem  results,  that  the  three  bisec^ 
tors  trisect  each  other. 

30.  The  linear  equation  between  a,  j3,  7  reduces  itself,  in 
the  case  last  considered,  to  the  form, 

o  +  j3  -f  7  =  0,     or  OA  +  OB  +  oc  =  0 ; 

the  three  vectors  a,  j3,  7,  or  oa,  ob,  oc,  are  therefore,  in  this 
case,  adapted  (by  Art.  10)  to  become  the  successive  sides  of  a 
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trioHffk,  by  tramports  taithoni  rotatton ;  and  aooonlingly,  if 

vre  oomplete  (as  in  Fig.  19)  the 

parallelogram  aob  d,  the  triangle 

OAD  will  have  the  property  in 

question.  •  It  follows  (by  II) 

that  if  we  project  the  fittr  points 

o.  A,  B,  c,  by  any  system  of  |w- 

ralld  ordinateSf  into  four  other  A^C^^ ^  !^^ 

points,  o^,  A^,  B^5  c ,  on  any  m- 

Bjxmed  plane  J  the  ntm  of  the  three  j^ 

projected  vectors^  a^,  /3,i  %,  or  Fig.  19. 

o^A,  &c.»  will  be  null;  so  that  we  shall  have  the  new  linear 

equation^ 

or, 

and  in  fact  it  is  evident  (see 

Fig.  20)  that  the  projected 

mean  point  o^  will  be  the  mean 

point  of  the  projected  triangle,  ^'^*  ^^' 

A^  B^,  c^.     We  shall  have  also  the  equation, 

(«,-a)-h(ft-0)  +  (x-7)  =  O; 
where 

o^-a  =  o^A -OA  =  (o^A  +  aa^)-(oo,  +  o,a)«aa^-oo^; 

henoe 

oo^  =  |(aa^4bb^+cc), 

or  the  ordinate  of  the  mean  point  of  a  triangle  is  the  mesn  of 
the  ordinates  of  the  three  comers. 

Section  3. —  On  Plane  Geometrical  Nets. 

31.  Besoming  the  more  general  case  of  Art.  27,  in  which 
the  coefficients  a,  6,  c  are  supposed  to  be  unequal j  we  may  next 
inquire,  in  what  points  a",  b",  c"  do  the  lines  b'c',  c'a',  a'b' 
meet  respectively  the  sides  bc,  ca,  ab,  of  the  triangle;  or  may 
seek  to  assign  the  vectors  a\  /3^  j*  of  the  points  of  interseo- 
tion  (comp.  27), 


C1IA:P.  uJ^       POIKTB  AKI>  LIMBS  IN  A  GITBH  PLANE. 


21 


:b'c'*bc. 


B*'  *  c'a'»  c a,         c"  «  a'b' •  ab . 
The  first  expres^ons  in  Art.  27  for  /3',  7',  give  the  equa- 


Fig.  21. 

{c^a)fi'^  bfi^Oy         (a  +  6)y  +  cy  =  0; 
whence 

b-c  (a  +  J)  -  (c  +  a)     ' 

bat  (by  25)  one  member  is  the  vector  of  a  point  on  bc,  and 
the  other  of  a  point  on  b'c';  each  therefore  is  a  value  for  the 
vector  o"  of  a",  and  similarly  for  /3"  and  7".  We  may  there- 
fore write, 

//    bft-cy  ^„     cy-aa  „     aa-bf3 

•"-ftTT'  —' 


^"^ 


c-a 


a-^b 


and  by  comparing  these  expressions  with  the  second  set  of 
values  of  o',  0',  y  in  Art.  27,  we  see  (by  26)  that  the  points 
a",  b*,  c*  are,  respectively,  the  harmonic  conjugates  (as  they 
are  indeed  known  to  be)  of  the  points  a',  b',  c',  with  respect 
to  the  three  pairs  of  points,  b,  c ;  c,  a  ;  a,  b  ;  so  that,  in  the 
notation  of  Art.  25,  we  have  the  equations, 

(ba'c a")  =  (cb  ab")  «  (ac'bc")  =  -  1 . 

And  because  the  expressions  for  a",  j3",  7"  conduct  to  the  fol- 
lowing linear  equation  between  those  three  vectors, 
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with  the  relation 

(ft-c)+(c-a)  +  (fl-.i)  =  0 

between  its  coefficients,  we  arrive  (by  23)  at  this  other  known 
theorem,  that  the  three  points  a",  b",  c"  are  coUineary  as  indi- 
cated by  one  of  the  dotted  lines  in  the  recent  Fig.  21 . 

32.  The  line  a"b'c'  may  represent  any  rectilinear  transver- 
salj  cutting  the  sides  of  a  triangle  abc  ;  and  because  we  have 

bV'    a"-(i        c 

while -7-  =  -,  and  -r-  =  -,  as  before,  we  arrive  at  this  other 
ba     c  CB     a 

equation  of  six  segments,  for  any  triangle  cut  by  a  right  line 

(comp.  28), 

ba"  cb'  ac'_ 

a"c   b'a   c'b"" 

which  again  agrees  with  known  results. 

33.  Eliminating  j3  and  7  between  either  set  of  expressions 

(27)  for  j3'  and  y',  with  the  help  of  the  given  linear  equation, 

we  arrive  at  this  other  equation,  connecting  the  three  vectors 

a,/3',7': 

o  =  -  aa  +  (c  +  a)/3'  +  (a  +  i)  7'. 

Treating  this  on  the  same  plan  as  the  given  equation  between 
a,  j3,  7>  we  find  that  if  (as  in  Fig.  21)  we  make, 

a'"  =  OA  •  b'c',        b'"  =  OB  •  c  V,        d"  =  DC  •  a'b', 
the  vectors  of  these  three  new  points  of  intersection  may  be  ex- 
pressed in  either  of  the  two  following  ways,  whereof  the  first 
is  shorter,  but  the  second  is,  for  some  purposes  (comp.  34, 36) 
more  convenient : 

^•""^      2a  +  ft+c*         ^  "'26  +  c  +  a*         '^      2c  +  a  +  6' 

or 

„,     2aa  +  ft/3  +  cy  2^^+074^ 

2a  +  ft  +  c  ^  2b^^c-va 

„,     2cy  4  aa  +  ifl 

'  2c  +  a  +  6 
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And  the  three  equations,  of  which  the  following  is  one, 

(6-  c)a"-  (2J+  c  +  a)/3-'+  (2c+  a  +  6)7"'  =  0, 

with  the  relations  between  their  coefficients  w^hich  are  evident 
on  inspection,  show  (by  23)  that  we  have  the  three  additional 
collineations,  a"b"'c'%  b"c'^a'",  c''a"'b",  as  indicated  by  three  of 
the  dotted  lines  in  the  figure.  Also,  because  we  have  the  two 
expressions, 

.**  "      (a  +  6)  +  (c  +  a)    *  "         (a  +  &)-(c  +  a)    * 

we  see  (by  26)  that  the  two  points  a",  a'"  are  harmonically  con- 
juffate  with  respect  to  a'  and  c' ;  and  similarly  for  the  two 
other  pidrs  of  points,  b",  b'",  and  c",  c%  compared  with  c',  a', 
and  with  a',  b':  so  that,  in  a  notation  already  employed  (25, 
31),  we  may  write, 

(B  VcV)  =  (c'b'Vb")  «  (a'c'b'c")  =  -  1 . 

34.  If  we  be^in^  as  above,  with  any^wr  complanar points^ 
o.  A,  b,  c,  of  which  no  three  are  collinear,  we  can  (as  in  Fig. 
18),  by  what  may  be  called  a  First  Corutruclion^  derive  from 
them  six  lines,  connecting  them  two  by  two,  and  intersecting 
each  other  in  three  new  points,  a',  b',  c'  ;  and  then  by  a  Second 
Construction  (represented  in  Fig.  21),  we  may  connect  these 
by  three  new  lines,  which  will  give,  by  their  intersections  with 
the  former  lines,  six  new  points,  a",  .  .  c"\  We  might  pro- 
ceed to  connect  these  with  each  other,  and  with  the  given 
points,  by  sixteen  new  lines,  or  lines  of  a  Third  Construction^ 
namely,  the  four  dotted  lines  of  Fig.  21,  and  twelve  other 
lines,  whereof  three  should  be  drawn  from  each  of  the  four 
given  points :  and  these  would  be  found  to  determine  eighty- 
four  new  points  of  intersection,  of  which  some  may  be  seen, 
although  they  are  not  marked,  in  the  figure. 

But  however  far  these  processes  of  linear  construction  may 
be  continued,  so  as  to  form  what  has  been  called*  a  plane 

♦  By  Prof.  A.  F.  Mobius,  in  page  274  of  his  Bary centric  Calculus  (der  barj'ccii- 
trisehe  CaIcuI,  Leipsig,  1827). 
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geometrical  meiy  the  vectors  of  the  points  thus  determixied  have 
all  one  common  property:  namely,  that  each  can  be  represented 
by  an  expression  of  the  form, 

'^'^     xa-k-yb  +  zc    ' 

where  the  coefficients  Xy  y,  z  are  some  whole  numbers.  In  fact 
we  see  (by  27,  31,  33)  that  such  expressions  can  be  assigned 
for  the  nine  derived  vectors,  o',  .  .  .  y*",  which  alone  have  been 
hitherto  considered ;  and  it  is  not  'difficult  to  perceive,  from 
the  nature  of  the  calculations  employed,  that  a  similar  result 
must  hold  good,  for  every  vector  subsequently  deduced.  But 
this  and  other  connected  results  will  become  more  completely 
evident,  and  their  geometrical  signification  will  be  better  un- 
derstood, afler  a  somewhat  closer  consideration  ofanharmonic 
quotients,  and  the  introduction  of  a  certain  system  of  anhar- 
monic  coordinates^  for  points  and  lines  in  one  plane,  to  which 
we  shall  next  proceed  :  reserving,  for  a  subsequent  Chapter, 
any  applications  of  the  same  theory  to  space. 

Section  4. — On  Anharmonic  Co-ordinates  and  Equations  of 
Points  and  Lines  in  one  Plane. 
35.  If  we  compare  the  last  equations  of  Art.  33  with  the 
oorresponding  equations  of  Art.  31,  we  see  that  the  harmonic 
group  baca",  on  the  side  bc  of  the  triangle  abc  in  Fig.  21, 
has  been  simply  refiected  into  another  such  group,  bVc'a",  on 
the  line  b'c',  by  a  harmomc  pencil  of  four  rays,  all  passing 
through  the  x>oint  o;  and  similarly  for  the  other  groups.. 
More  generally,  let  oa,  ob,  oc,  od,  or  briefly  o .  abcd,  be 
any  pencil,  with  the  point  o  for  vertex  ;  and  let  the  new  ray 
OD  be  cut,  as  in  Fig.  22,  by  the  three  sides  of  the  triangle 
ABC,  in  the  three  points  At,  Bi,  Ci ;  let  also 

yb^  +  rcy 

OAi=ai  =  ^-^~ L 

yb^zc 

so  that  (by  25)  we  shall  have  the  anharmonic  quotients, 

(ba'ca,)  =  -,  (ca'bai)  =  -; 

z  y 
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»d  let  le  seek  to  expreos  the  two  other  vectors  of  intersec- 

tioo,  /3i  and  yi,  with  a  Tiew  to 

idenniniDg  the  anhannonie  n^ 

tioa  of  the  groups  on  the  two 

other  ndee.    The  given  equation 

(27), 

«a  +  Zj(3  +  Oy  =  0, 

£how8  US  at  once  that  these  two 
vectors  are» 

(y-z)gy4yflo  B 

iU-zye-^ya    '  Fig.  22. 


0Bi  =  /3i 


OCi=yi 


{z-y)b^-¥zaa 


(z-y)4  +  «i    ' 
whence  we  derive  (by  26)  these  two  other  anharmoaics, 


(CB  ABi)  = 


y 


(bc'aCi)  =  ^^; 


80  that  we  have  the  reUitiona, 

(cb'aBj)  +  (ca'bai)  =  (bc'aCi)  +  (ba'cAi)  =  1. 

nut  in  general,  for  anj  four  coUinear  pomts  a,  b,  c»  n,  it  is 
^t  difficult  to  prove  that 


AB  AC 

CD+  — bd»da; 

bc  cb 


whence  by  the  definition  (25)  of  the  signification  of  the  sym- 
hol  (abcd),  the  following  identity  is  derived, 

(ABCn)  +  (ACBD)=a  1. 

Comparing  this,  then,  with  the  recently  found  relations,  we 
'^^e,  for  Fig.  22,  the  following  anharmonic  equations : 

z 
(cab'Bi)  =  (ca'bai)  -  - ; 

y 

(bac'Ci)  =  (ba'cAi)  =  -; 
z 

^d  we  see  that  (as  was  to  be  expected  from  known  princi- 

E 
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plea)  the  anharmonio  of  the  group  does  not  change,  when  w^e 
pass  from  one  side  of  the  triangle,  considered  as  a  transversrzi 
of  the  pencil,  to  another  such  side,  or  transversal.     We  may 
therefore  speak  (as  usual)  of  such  an  anharmonio  of  a  grouj^^ 
as  being  at  the  same  time  the  Ankarmonic  of  a  Pencil ;  and, 
with  attention  to  the  order  of  the  rays^  and  to  the  definition 
(25),  may  denote  the  two  last  anharmonics  by  the  two  following^ 
reciprocal  expressions : 

(o .  cabd)  =  - ;  (o .  bacd) = ^ ; 

with  other  resulting  values,  when  the  order  of  the  rays  is 
changed ;  it  being  understood  that 

(o .  cabd)  «  (c'a^b'd'), 

if  the  rays  oc,  oa,  ob,  od  be  cut,  in  the  points  c\  a\  b\  d\ 
by  any  one  right  line. 

36.  The  expression  (34), 

^        xa-^yb  +  zc   * 

may  represent  the  vector  of  any  point  p  in  the  gioen  plane  ^  by  a 
suitable  choice  of  the  coefficients  x,  y,  x,  or  simply  of  their  r<z- 
tios*  For  since  (by  22)  the  three  complanar  vectors  pa,  pb, 
PC  must  be  connected  by  some  linear  equation,  of  the  form 

a' .  PA  +  ft'.  PB  +  c' .  PC  =  0, 
or 

a  {a  -/t>)  +  6'(/3  -f>)  +  c\y-p)  =  0, 
which  gives 

we  have  only  to  write 

a'    .        y  <f 

a 


_-«,  _-y,  -.;,, 


and  the  proposed  expression  for  p  will  be  obtained.  Hence 
it  is  easy  to  infer,  on  principles  already  explained,  that  if  we 
yniie  (compare  the  annexed  Fig.  23), 
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^^=YA.-»C,  I»a«PB-CA,  P,  =  PCAB, 

i^AallViave,  ^witk  the  same  coeflSdents  xyz,  the  foDowing 
opeaaona  for  the  sectors  OPi,  op,, 
0P»  ox  pi,  fH,  p,,  of  these  three  points 
ofmteraection,  ^\9*^%9  ^i' 


xaa  +  ybfi 


wfaidi  giTe  at  once  the  foUowing  anhannonics  of  penoils,  or  of 
grcmps, 

(a  .  BOCP)  =  (ba'cPi)  -  -  ; 

(B  .  COAP)  -?  (cb'aP,)  «  -  ; 

X 

(C  .  AOBP)  =  (ac'BP,)  =  - : 

y 

thereof  we  see  that  the  prodact  is  unity.  Any  two  of  these 
three  pencils  suffice  to  determine  the  position  of  the  point  p, 
when  the  triangle  abc,  and  the  origin  o  are  giyen  ;  and  there- 
fore it  appears  that  the  three  coefficients  x,  y,  z,  or  any  scalars 
proportional  to  thenij  of  which  the  ;t«o^/^^«  thus  represent  the 
ankarmomcs  of  those  pencils,  may  be  conyeniently  called  the 
Anhabiionic  Co-oedinatbb  of  that  pointy  p,  with  respect  to 
the  given  triangle  and  origin :  while  the  point  P  itself  may  be 
denoted  by  the  Symbol^ 

p«(a?,y,  z). 

With  this  notation,  the  thirteen  points  of  Fig.  21  come  to  be 
thus  symbolized : 

A  -(1,0,0),     B.(0,l,0),     €=(0,0,1),     o  =  (l,l,l); 
a' =(0,1,1),     B'«(l,0,l),     c'.  (1,1,0); 
A". (0,1,-1),  B"  =  (-1,0,1),  c"-(l,-l,0); 
A"=(2,l,l),     B'"=.(l,2,l),     c'"-(l,l,2). 
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37.  If  Pi  and  Pt  be  any  two  points  in  the  given  plane, 
Pi  =  («i»  yi»  Zi),         p,  -  (4?2,  yat,  2:,), 

and  if  t  and  ti  be  any  two  scalar  coefBcients,  then  the  following 
third  painty 

P  =  (toi  +  UX2y  tyi  + 1^2>  ^^1  +  ltf^a)i 

is  colUnear  with  the  two  former  points,  or  (in  other  words)  is 
situated  en  the  right  line  PiP^.    For,  if  we  make 


and 


these  vectors  of  the  three  points  PiPsP  are  connected  by  the 
linear  equation^ 

t  {xiu  +  .  .)^i  +  II  (aj,a  +  .  .>/»,  -  (ara  + . .) p  =  0 ; 

in  which  (comp.  23),  the  sum  of  the  coefficients  is  zero.  Con- 
versely, the  point  p  cannot  be  collinear  with  Pi,  Pj,  unless  its 
co-ordinates  admit  of  being,  thus  expressed  in  terms  of  theirs. 
It  follows  that  if  a  variable  point  p  be  obliged  to  move  along  a 
given  right  line  PiP,,  or  if  it  have  such  a  line  (in  the  given 
plane)  for  its  loctiSy  its  coordinates  xyz  must  satisfy  a  homo^ 
geneous  equation  qf  the  first  degree^  with  constant  coefficients  ; 
which,  in  the  known  notation  of  determinants,  may  be  thus 
written, 

*»     y>     « 

xu   yi,    «i 

«i>    y»    Zi 
or,  more  fully, 

0  «  or  (j/iZt  -  z^t)  +  y  {ziXt  ~  «  a)  +  z  {xijft  -  y,«,) ; 

or  briefly, 

where  /,  m,  n  are  ^ree  constant  scalars^  whereof  the  quotients 
determine  the  position  of  the  right  line  A,  which  is  thus  the 
locus  of  the  point  p.     It  is  natural  to  call  the  equationj  which 
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tbiRcoimects  tibe  ca^-ardinates  of  the  pomi  p,  the  Anharmofdc 
Efwlioii  of  the  Line  A ;  and  we  shall  find  it  convenient  also 
to  c^eak  of  the  eoeffieienU  4  ">>  "9  in  that  equation,  as  being 

ibe  inharmonic  Co'Crdmates  of  that  Line:  which  line  may 

tiao  be  denoted  by  the  Symbol^ 

A  »  [4  IR9  »]• 

38.  For  example,  the  three  sides  bc,  ca,  ab  of  the  given 
triangle  have  thns  tot  their  equatiansy 

«  »  0,        y  «  0,        z  «  0, 

and  for  their  symbolsy 

[1,0,0],         [0,1,0],         [0,0,1]. 

The  three  additional  lines  oa,  ob,  oc,  of  Fig.  18,  have,  in  like 


r,  for  their  equations  and  symbols, 

y-z^Of         z-a?«0,         x-y^Oy 
[0,1,-1],         [-1,0,1],         [1,-1,0]. 

The  fines  b'cV,  c'a'b",  ab'c",  of  Fig.  21,  are 

|f+z-jpa0,         2r  +  ar-yeO,         a  +  y-^aO, 

[-1,1,1],        [1,-1,1],        [1,1,-1]; 

the  lines  a''b'^c%  bV'a'",  c''a'^b"',  of  the  same  figure,  are  in  like 
manner  represented  by  the  equations  and  symbols, 

y  +  :2-3aj  =  0,        z  +  a5-3y«0,        x-^y^Sz^O, 
[-3,1,1],         [1,-3,1],         [1,1,-3]; 

and  the  fine  a"b''c"  is 

x  +  y +  :2«0,     or     [1,  1,  1]. 

FinaOy,  we  may  remark  that  on  the  same  plan,  the  equation 
and  the  symbol  of  what  is  often  called  the  line  at  infinity ^  or 
of  the  locus  of  all  the  infinitely  distant  points  in  the  given plane^ 
are  respectively, 

aa;  +  6y  +  cz  «  0,     and     [a,  6,  c] ; 
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becaase  the  linear  function^  aa;  +  6y  +  cz^  of  the  co-ordinates 
Zj  y,  z  of  a  point  p  in  the  plane,  is  the  denominator  of  the  ex- 
pression (34,  36)  for  the  vector  p  of  that  point :  so  that  the 
point  P  is  at  an  infinite  distance  from  the  origin  o,  when,  and 
only  when,  this  linear  function  vanishes, 

39.  These  anharmonic  coordinates  of  a  line^  although 
above  interpreted  (37)  with  reference  to  the  equation  of  that 
line,  considered  as  connecting  the  co-ordinates  of  a  variable 
point  thereof,  are  capable  of  receiving  an  independent  geome- 
trical interpretation.  For  the  three  points  l,  m,  k,  in  which 
the  line  A,  or  [/,  m,  n],  or  fo  +  m^  +  nz  »  0,  intersects  the  three 
sides  BC,  CA,  ab  of  the  given  triangle  abc,  or  the  three  given 
lines  ^  =  0,  y«=0,  z  =  0  (38),  may  evidently  (on  the  plan  of 
36)  be  thus  denoted : 

L  =  (0,  n,  -  m)  ;         M  =  (-  n,  0,  ^  ;         n  «  (m,  -  /,  0). 

But  we  had  also  (by  36), 

A"- (0,1,-1);        B"-(- 1,0,1);         c"  =  (1,-1,0); 

whence  it  is  easy  to  infer,  on  the  principles  of  recent  articles, 
that 

—  =  (ba"cl)  ;         -  «  (cb"am)  ;         y  =  (ac^bn)  ; 

with  the  resulting  relation, 

(ba"cl)  .  (cb'am)  •  (ac'bn)  -  1. 

40.  Conversely,  this  last  equation  is  easily  proved,  with 
the  help  of  the  known  and  general  relation  between  segments 
(32),  applied  to  any  two  transversals^  jl'b^c"  and  lmn,  of  any 
triangle  abc.    In  fact,  we  have  thus  the  two  equations, 

ba""  cb^'  ac^  bl  cm  an 

a"c  '  b"a    C^B  "*  ~     '  LC    MA    NB  "  ~      ' 

on  dividing  the  former  of  which  by  the  latter,  the  last  formula 
of  the  last  article  results.  We  might  therefore  in  this  way 
have  been  led,  without  any  consideration  of  a  variable  point  Vy 
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&>iBtrodiioe  three  aiuxiHartf  scalar  My  4  m»  ^  defined  as  having 

It     I     m. 

^qwodents  — ,  — ,  —   eqiial  reepectiyely,  as  in  39,  to  tbe 

t^  inliarinomcs  of  groupa, 

(ba"cl),  (^cb"am),        (ac"bn)  ; 

cd  then  it  would  Iia^e  l>een  evident  that  these  three  scalars, 
I  s,  n  (or  any  others  proportional  thereto),  are  sufficient  to 
^^termiae  the  position  of  the  right  line  A,  or  lmn,  considered 
a^  a  transversal  of  the  given  triangle  abc  :  so  that  they  might 
zatoTBlly  have  been  called,  on  this  account,  as  above,  ihe  ann 
^vmonic  eo-^ordinates  of  that  line.  But  although  the  anhar- 
^^^Gnic  oo-ordmates  of  a  point  and  of  a  line  may  thus  be  inde^ 
P^entfy  defined^  yet  the  geometrical  utility  of  such  definitions 
^  be  found  to  depend  mainly  on  their  combination :  or  on  the 
fomnila  Ix  +  my  -v  nz  =  0  of  37,  which  may  at  pleasure  be  con- 
sidered as  expressing,  either  that  the  variable  point  {x^  y,  z)  is 
^^sated  tonaieuyhere  upon  the  given  right  line  [/,  m,  n]  ;  or  else 
^W  the  variable  Une  [/,  m,  n]  passes^  in  some  direction^  through 
'*e  gteen  point  (x,  y,  z). 

41.  If  Ai  and  As  be  any  two  right  lines  in  the  given  plane, 

Ai  =  [/i,  l»i,  nj,  Aa  =  [/a,  IWa,  lla], 

&eii  any  third  right  line  A  in  the  same  plane,  which  passes 
through  the  intersection  ArAj,  or  (in  other  words)  which  con". 
c«rs  with  them  (at  a  finite  or  infinite  distance),  may  be  repre- 
sented (comp.  37)  by  a  symbol  of  the  form, 

'A  »  \tli  +ll4,   tmi  +  KWla,   ^1  +  Wla]? 

where  t  and  u  are  scalar  coefficients.  Or,  what  comes  to  the 
Bame  thing,  if  Z,  m,  «i  be  the  anharmonic  co-ordinates  of  the 
&ne  A,  then  (comp.  again  37),  the  equation 


0  =  /  (»li«a  -  ItiWla)  +  &c.  = 


must  be  satisfied ;  because,  if  (X,  F,  Z)  be  the  supposed  point 
common  to  the  three  lines,  the  three  equations 


/, 
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n 
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must  oo-exist.  Gonveraelyy  this  coexistence  will  be  poseible, 
and  the  three  lines  will  have  a  common  point  (which  may  be 
infinitely  distant),  if  the  recent  condition  of  concurrence  be  sa- 
tisfied. For  example,  because  [a,  &,  c]  has  been  seen  (in  38) 
to  be  the  symbol  of  the  line  at  infinity  (at  least  if  we  still  re- 
tain the  same  significations  of  the  scalars  a,  6,  c  as  in  articles 
27»  &C.),  it  follows  that 

A  =  [Z,«»,»],    and    A'-[/+«a,  ifi  +  ttft,  it  +  nc], 

are  symbols  of  two  parallel  lines  ;  because  they  concur  at  infi- 
nity. In  general,  all  problems  respecting  intersections  of  right 
lines,  collineations  of  points,  <Ssc.,  in  the  ^ven  plane,  when 
treated  by  this  anharmonic  method,  conduct  to  easy  elimina- 
tions between  linear  equations  (of  the  scalar  kind),  on  which 
we  need  not  here  delay :  the  mechanism  of  such  calculations 
being  for  the  most  part  the  same  as  in  the  known  method  of 
trilinear  co-ordinates:  although  (as  we  have  seen)  the  ffeome- 
trical  interpretations  are  altogether  different. 

Sbctiom  5. —  On  Plane  Geometrical  Nets,  resumed. 

42.  If  we  now  resume^  for  a  moment,  the  consideration  of 
those  plane  geometrical  nets^  which  were  mentioned  in  Art.  34 ; 
and  agree  to  call  those  points  and  lines,  in  the  given  plane,  ra* 
tional  points  and  rational  lines^  respectively,  which  have  their 
anharmonic  co-ordinates  equal  (or  proportional)  to  whole  num- 
bers ;  because  then  the  anharmonic  quotients^  which  were  dis- 
cussed in  the  last  Section,  are  rational ;  but  to  say  that  a  point 
or  line  is  irrational,  or  that  it  is  irrationally  related  to  the 
given  system  of  four  initial  points  o,  a,  b,  c,  when  its  anhar- 
monic co-ordinates  are  not  thus  all  equal  (or  proportional)  to 
integers  ;  it  is  clear  that  whatever  four  points  we  may  assume 
as  initial,  and  however  Jar  the  construction  of  the  net  may  be 
carried,  the  net-points  and  net-lines  which  result  will  all  he  ra- 
tionaly  in  the  sense  just  now  defined.     In  fact,  we  begin  with 
such;  and  the  subsequent  e/imina^i^on^  (41)  oan  never  after- 
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^condiiet  to  any,  €b&t  are  of  the  contrary  kind:  theright 

i^irtidi  eoMitfcCs  two  rational  points  being  always  a  rational 

'^;  lod  the  point  of  vntersection  of  two  rational  lines  being 

^oeesHuily  a  TsdonskL  point.      The  assertion  made  in  Art.  34 

^.  ConTereely,  every  rational  potni  of  the  given  plane, 
^lesfieet  to  tl^  four  aasamed  initial  points  oabc,  is  a  point 
^tke  net  whic\i  tkoae  four  points  determine.  To  prove  this, 
k  is  evidently  sufBcient  to  show  -  that  every  rational  point 

^~  (^)  99  2),  on  any  one  ^de  bc  of  the  given  triangle  abc,  can 

W  to  conBtrocted-     Maiking,  as  in  Fig.  22, 

Bi »  o Ai  *  CA,    and     Ci »  oai  *  ab, 
ve  have  (by  35,  36)  the  expressions, 

Bi«(y,  0,y-;r),         c,  =  (z,z-y,0) ; 
from  which  it  is  easy  to  infer  (by  36,  37),  that 

c'BiBC«(0,y,z-y),        B'ciBC  =  (0,y-«,2:); 

aasd  thus  we  can  reduce  the  linear  constraction  of  the  ratiolial 
point  (0,  If,  z),  in  which  the  two  whole  numbers  y  and  z  may 
be  supposed  to  be  prime  to  each  other,  to  depend  on  that  of 
the  point  (0,  1,1),  which  has  already  been  Constructed  as  a'. 
It  follows  that  although  no  irrational  point  Q  of  the  plane  can 
be  a  net-point,  yet  every  sitch  point  can  be  indefinitely  approached 
to,  by  contanuing  the  linear  construction; 
90  that  it  can  be  imthded  within  a  qttadrila* 
teral  interstice  P1P2P8P4,  or  even  within  a  Yn- 
anffular  interstice  PiP2P»,  which  interstice  of 
the  net  can  be  made  as  smaU  as  we  may  de- 
sire. Analogous  remarks  apply  to  irrational 
Knes  in  the  plane,  which  can  never  coincide 
with  net-lines,  but  may  always  be  indefinitely  approximated  to 
by  such. 

44.  If  P,  Pi,  Pa  be  any  three  coUinear  points  of  the  net,  so 
that  the  formulae  of  37  apply,  and  if  p'  be  9Xiy  Jburth  net-point 
(^'9  y^9  ^')  upon  the  same  line,  then  writing 

Xia  +  pib  +  ZiC  •  r„         x^cl -\- yJb -k-  ZjC  =  Vj, 

F 
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we  shall  have  two  expressions  of  the  forms, 

^ ""     tvi-¥iWt   ^  ^  "     tvi  +  tt'r,   * 

in  which  the  coefficients  tutu  are  rational^  becaase  the  co-or- 
dinates xyz^  &c.,  are  such,  whatever  the  constants  o&r  may  be. 
We  have  therefore  (by  26)  the  following  rational  expression 
for  the  anharmonic  of  this  net-group : 

(r  rr  r^^  ^""^ ^  ^^^^ "  ^^'^  ^^""^ "  '''^'^  - 

and  similarly  for  every  other  group  of  the  same  kind.     Hence 
every  group  of  four  collinear  net-points,  and  consequently  also 
every  pencil  of  four  concurrent  net-lines,  has  a  rational  value  iov 
its  anharmonic  Junction  ;  which  value  depends  only  on  the  pro- 
cesses of  linear  construction  employed,  in  arriving  at  that  group 
or  pencil,  and  is  quite  independent  of  \h^  configuration  or  ar- 
rangement of  they&Mr  initial  points :  because  the  three  initial 
constants^  a,  by  c,  disappear  from  the  expression  which  results. 
It  was  thus  that,  in  Fig.  21,  the  nine  pencils^  which  bad  the 
nine  derived  points  a'  . .  d"  for  their  vertices,  were  all  harmo* 
nic  pencils,  in  whatever  manner  the  four  points  o,  a,  b,  c 
might  be  arranged.    In  general,  it  may  be  said  that  plane 
geometrical  nets  are  all  homographic  figures  ;*  and  conversely, 
in  any  two  such  plane^^ttres,  corresponding  points  may  be  con- 
sidered as  either  coinciding^  or  at  least  (by  43)  as  indefinitely 
approaching  to  coincidence,  with  similarly  constructed  points 
of  two  plane  nets :  that  is,  with  points  of  which  (in  their  re- 
spective systems)  the  anharmonic  coordinates  (36)  are  equal 
integers. 

45.  Without  entering  heref  on  any  general  theory  of  trans- 
fi)rmation  of  anharmonic  co-ordinates,  we  may  already  see  that 
if  we  select  any  fi)ur  net-points  o^  Ai,  Bi,  Cj,  of  which  no  three 
are  collinear,  every  other  point  p  of  the  same  net  is  rationally 
related  (42)  to  these  ;  because  (by  44)  the  three  new  anhar- 

*  Compare  the  G^om^irie  SupMeure  of  M.  Chaales,  p.  862.. 
t  See  Note  A,  on  Anharmonie  Co-ordinatet, 
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^i<m  qC  pesicala,  QAi  •  SiOiCiP)  »  — ,  &c^  are  rational :  and 

I     kttfoie  ^Gomp.  ^6)  tlie  new  co-^ordmateg  Xu  yi,  Zi  of  the  point 
\    ^ttir^  its  old  co-OTdinates  xyZy  are  equal  or  proportional  to 
I    s^  imiiber*.     It  follows  (by  43)  that  evert/  point  p  of  the 
^    %t  can  be  ZinearZj^  coiutrvc^eif,  if  any  four  such  points  be 
1    mm  (bo  three  being  collinear,  as  above) ;  or,  in  other  words, 
I    tblthe  whole  ivet  can  be  reconstructed^*  Many  one  of  its  jPtia- 
[     ^nlaierdls  (such  as  the  interstice  in  Fig.  24)  be  knoum.     As 
I     81  example,  we  may  suppose  that  the  four  points  oa'b'c'  in 
1%.  21  are  given,  and  that  it  is  required  to  recover  from  them 
tbe  three  points  abc,  which  had  previously  been  among  the 
^ia  of  the  construction.     For  this  purpose,  it  is  only  neces- 
sary to  determine  first  the  three  auxiliary  points  a'",  b%  c^,  as 
the  intersections  da'  -  b'c',  &c.  ;  and  next  the  three  other  auxi- 
liary points  a",  b%  c%  as  b'c'*  b'"'c^,  &c.  :  after  which  the  for- 
raobe,  A  «  b'b''  -  c'c",  &c.,  will  enable  us  to  return,  as  required, 
to  the  points  a,  b,  c,  as  intersections  of  knovm  right  lines. 

Sectioh  6- —  On  Anharmonic  Equations^  and  Vector  Expree- 
donsy  for  Curves  in  a  given  Plane. 

46.  When,  in  the  expressions  34  or  36  for  a  variable  vec- 
tor p^  0P9  the  three  variable  scalars  (or  anharmonic  co-ordi- 
nates) ^,  y,  z  are  connected  by  any  given  algebraic  equation^ 
Hidi  as 

fp{x,y,z)-*0, 

supposed  to  be  rational  and  integral,  and  homogeneous  of  the 
p^  degree,  then  the  locus  of  the  term  v  (Art.  1)  of  that  vector 
is  2L  plane  curve  of  the  ^  order;  because  (comp.  37)  it  is  cut 

*  This  tbeorein  (45)  of  the  possible  reconttruetiom  of  a  plane  net^  from  any  one 
of  ila  qwadrilaterah,  and  the  theorem  (43)  respecting  tbe  possibility  of  indefi- 
Qitdjr  t^proachimg  by  net-lhies  to  the  points  above  called  trra/tonaZ  (42),  without 
ever  reaehinp  such  points  by  any  processes  of  linear  eonetruetion  of  the  kind  here 
ooDsidered,  have  been  taken,  as  regards  their  substance  (although  investigated  by  a 
totally  different  analysis),  from  that  highly  original  treatise  of  Mobius,  which  was 
referred  to  in  a  former  note  (p.  23).  Compare  Note  B,  upon  the  Baryeentric  Calai- 
hu;  and  the  remarks  in  the  following  Chapter,  upon  ntit  in  tpace. 
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in  p  points  (distinct  or  coincident,  and  real  or  imaginary),   I: 
any  given  right  liney  2a;  -f  my  +  n^  «=  0,  in  the  given  plane. 
For  example,  if  we  write 

t^aa  +  t<'6/3  +  v^Cy 

where  t^  u^  v  are  thr^e  new  variable  acalars,  of  which  we  ahal 
suppose  that  the  sum  ia  zero»  then,  by  eliminating  these  be* 
tween  the  four  equations, 

a^t\    y^u\    zr=c*,    <  +  tt+t?  =  0, 

we  are  conducted  to  the  following  equation  of  the  second 

degree,  o=^  =  x»  +  y»  +  «»-2yz-22a-2ay; 

so  that  here  p  ^  2,  and  the  locus  of  p  is  a  conic  section.  In  fact, 
it  is  the  conic  which  touches  the  sides  di  the  given  triangle  abc, 
at  the  ppintfii  above  called  A'9  b',  c'  ;  for  if  we  seek  its  inter  sec- 
tions with  the  §ide  b^,  by  making  x »  0  (38),  we  obtain  a 
quadratic  with  equal  roots,  namely,  (y-2:)' »  0;  which  shows 
that  there  is  contact  with  this  side  at  the  point  (0,  1,1),  or  a' 
(36) :  and  similarly  for  the  two  other  sides. 

47.  If  the  point  o,  in  which  the  three  right  lines  aa',  bb', 
cc'  concur^  be  (as  in  Fig.  18,  &c,)  interior  to  the  triangle  abc, 
the  sides  of  that  triangle  are  then  all  cut  internally^  by  the 
points  a',  b',  c'  of  contact  with  the  conic;  so  that  in  this  case 
(by  2&)  the  ratios  of  the  constants  a,  ft,  c  are  all  positive,  and 
the  denominator  of  the  recent  expression  (46)  for  p  cannot  va- 
nishj  for  any  real  values  of  the  va- 
riable scalars  t,  u,  v;  and  conse- 
quently no  such  values  can  render 
infinite  that  vector  p.  The  conic  is 
therefore  generally  in  this  case,  as  in 
Fig*  25,  an  inscribed  ell^se  ;  which 
becomes  however  the  inscribed  cir- 
clcy  when 

a-M  &■* :  c"^  =  s  -a :  s - b :  s -  c ; 

a,  b,  c  denoting  here  the  lengths  of  ^'^*  ^^' 

the  sides  of  the  triangle,  and  s  being  their  semi-sum. 
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48.  But  if  the  point  of  concoune  o  be  exterior  to  the  M" 
angle  of  tangents  abc,  so  that  two  of  its  sides  are  cut  externaUy^ 
then  two  of  the  three  ratios  oidegments  (28)  are  negative;  and 
therefore  one  of  the  three  constants  a»  69  c  may  be  treated  aa 
<  0,  but  each  of  the  two  others  as  >  0.  Thus  if  we  suppose 
that 

J>0,        €>0f        a<0,        a  +  6>0,        a+oO, 

a'  will  be  a  point  on  the  side  B  itseff,  but  the  points  b',  c',  o 

will  be.  on  the  lines  ac,  ab^  aa!  prolonged^  as  in  Fig.  26 ;  and 

then  the  conic  a'bV  will  be  an 

ellipse  (including  the  case  of  a 

circle)^  or  a  parabola,  or  an  Ay-  / 

perboloy  according  as  the  roots  of  ^ 

the  quadriUiCf 

(a  +  c)  <»  +  2cft«  +  (6+ c)ti» «  0, 

obtidned  by  equating  the  deno-     "b^ 

minator  (46)  of  the  vector  p  to 

zero,  are  either,  1st,  imaginary  ;  or  Ilnd,  real  and  equal]  or 

IILrd,  real  and  vnequal:  that  is,  according  as  we  have 

6c  +  ca+a6>0,     or  «0,    or  <0; 

or  (because  the  product  abc  is  here  negative),  according  as 

fl-i  +  ft-i  +  <r^  <  0,     or  «  0,     or  >  0. 

For  example,  if  the  conic  be  what  is  often  called  the  exscribed 
circle^  the  known  ratios  of  segments  give  the  proportion. 


Rg.  26. 


and 


a** :  ft-^ :  r* «  -  s :  s  -  c :  s  -  b ; 

-8  +  S-C  +  8-b<0. 


49.  More  generally,  if  c,  be  (as  in  Fig.  26)  a  point  upon 
the  side  ab,  or  on  that  side  prolonged,  such  that  cc,  is  parallel 
to  the  chord  b'c',  then 

c^c':  ac'  =  cb':  AB'«-a:c,    and     ab:  Ac'-a  +  ft:6; 

writing  then  the  condition  (48)  of  ellipticity  (or  circularity) 
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under  the  form,  —  <  — =— ,  we  eee  that  the  conic  is  an  ellipse* 
c         o 

parabola,  or  hyperbola,  according  as  c^c'  <  or  «  or  >  ab  ;'  the 
arrangement  being  stilly  in  other  respects,  that  which  is  repre- 
sented in  Fig.  26.  Or,  to  express  the  same  thing  more  sym- 
metrically, if  we  complete  the  parallelogram  cabd,  then  ac- 
cording as  the  point  d  falls,  Ist,  beyond  the  chord  b'c\  with 
respect  to  the  point  a;  or  Ilnd,  on  that  chord;  or  Illrd, 
toithin  the  triangle  ab'c',  the  general  arrangement  of  the  same 
Figure  being  retained,  the  curve  is  elliptic^  or  parabolic^  or 
hyperbolic.  In  that  other  arrangement  or  configuration,  which 
answers  to  the  system  of  inequalities,  6>0,  oO,  a  +  J+c<0, 
the  point  a'  19  still  upon  the  side  bc  itself^  but  o  is  on  the  line 
A  A  prolonged  through  a  ;  and  then  the  inequality, 

a  (ft  +  c)  +  Jc  <  -  ( J»  +  Ac  +  c»)  <  0, 

shows  that  the  conic  is  necessarily  an  hyperbola;  whereof  it  is 
easily  seen  that  one  branch  is  touched  by  the  side  bc  at  a', 
while  the  other  branch  is  touched  in  b'  and  c',  by  the  sides 
CA  and  BA  prolonged  through  a.  The  curve  is  also  hyperbo- 
lic, if  either  a  +  ft  or  a  4  c  be  negative,  while  ft  and  c  are  posi- 
tive as  before. 

50.  When  the  quadratic  (48)  has  its  roots  real  and  un- 
equal, so  that  the  conic  is  an  hyperbola^  then  the  directions  of 
the  asymptotes  may  be  found,  by  substituting  those  roots, 
or  the  values  of  ^,  ti,  v  which  correspond  to  them  (or  any 
scalars  proportional  thereto),  in  the  numerator  of  the  expres- 
sion (46)  for  p ;  and  similarly  we  can  find  the  direction  of  the 
axis  of  the  parabola^  for  the  case  when  the  roots  are  real  but 
equal :  for  we  shall  thus  obtain  the  directions,  or  direction,  in 
which  a  right  line  op  must  be  drawn  from  o,  so  as  to  meet  the 
conic  at  iiifinity.  And  the  same  conditions  as  before,  for  dis- 
tinguishing the  species  of  the  conic,  maybe  otherwise  obtained 
by  combining  the  anharmonic  equation,  /=  0  (46),  of  that 
conic,  with  the  corresponding  equation  ax-¥by  +  cz=0  (38)  of 
the  line  at  infinity;  so  as  to  inquire  (on  known  principles  of 
modem  geometry)  whether  that  line  meets  that  curve  in  two 
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magmary  points^  or  touches  it,  or  cuts  it,  in  points  which  (al« 
thoi^  infinitely  distant)  are  here  to  be  considered  as  real* 

51.  In  general,  if/(ae,  y,  z)  »  0  be  the  anharmonic  equa* 
tion  (46)  of  any  plane  curve^  considered  as  the  locus  of  a  varia* 
ble  point  p ;  and  if  the  differential*  of  this  equation  be  thus 
denoted, 

0=d^a:,y,  z)  =  Xdx+  Ydy  +  Zir; 

then  because,  by  the  supposed  homogeneity  (46)  of  the  func- 
tion/, we  haye  the  relation 

;fa?+7y  +  Zz  =  0, 

^  shall  have  also  this  other  but  analogous  relation, 

if 

»'  -  a? :  y-y :  z'  -  z  »=  do? :  dy :  dz; 

that  IS  (by  the  principles  of  Art.  37),  if  ?'  =  («',  y',  sf)  be  any 
point  upon  the  tangent  to  the  curve^  drawn  at  the  point 
p=  (x,  y,  z)y  and  regarded  as  the  limit  of  a  secant.  The  sym- 
W  (37)  of  this  tangent  at  p  may  therefore  be  thus  written, 

[X,y,  ZJ,     or     [D,/  Dy/,  D,/]; 

where  n,,  n^,  d,  are  known  characteristics  qf partial  deriva- 
tion. 

^2.  For  example,  when/has  the  form  assigned  in  46,  as  an- 
swering to  the  conic  lately  considered,  we  have  Dj/=  2  (x-y-z), 
&<5. ;  whence  the  tangent  at  any  point  (z,  y,  z)  of  this  curve 
"^y  be  denoted  by  the  symbol, 

[x-y-z,        y-z-x,        z-x-y"}; 

m  which,  as  usual,  the  co-ordinates  of  the  line  may  be  replaced 
^7  any  others  proportional  to  them.  Thus  at  the  point  a',  or 
(by  36)  at  (0,  1,  1),  which  is  evidently  (by  the  form  of/)  a 
point  upon  the  curve,  the  tangent  is  the  line  [-  2,  0,  0],  or 
[1>  0,  0]  ;  that  is  (by  38),  the  side  bc  of  the  given  triangle,  as 

*  In  the  tbeorj  of  qnaierniont,  as  distinguished  from  (although  inclnding)  that 
^  vecfort,  it  will  be  found  necessary  to  introduce  a  new  definition  ofdiffiarenUais,  on 
*^QOt  of  the  non-eommntative  property  of  quatemion-mulHplietiiion  :  but,  for  the 
P'^M&t,  the  utual  significations  of  the  signs  d  and  d  are  sufficient. 
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was  otherwifle  found  before  (46).  And  in  general  it  is  easy  to 
see  that  the  recent  symbol  denotes  the  right  line,  which  is  (in 
n  well  known  sense)  the  polar  of  the  i)oint  («,  y,  2f),  with  re- 
spect to  the  same  given  conic;  or  that  the  line  {_X\  F",  ^'2  is 
the  polar  of  the  pmnt  (x'f  t/^  if) :  because  the  equation 

Xaf+Y^  +  Zz'^O, 

which  for  a  conic  may  be  written  as  X'x  +  Y'y  +  Z'z  «  0, 
expresses  (by  51)  the  condition  requisite,  in  order  that  a  point 
(xj  Pi  z)  of  the  curve*  should  belong  to  a  tangent  which  passes 
through  the  point  {x\  y\  s!).  Conversely,  ihe  point  (ar,  y,  z) 
i8(in  the  same  well-known  sen8e)the  pole  of  the  line  [X,  F,  Z^ ; 
so  that  the  centre  of  the  conic,  which  is  (by  known  principles) 
\hepole  of  the  line  at  infinity  (38),  is  the  point  which  satisfies 
the  conditions  a'^X^b'^Y^c^Zi  it  is  therefore,  for  the  pre- 
sent conic,  the  point  k  a  (ft  +  e,  c  +  a,  a  +  £),  of  which  the 
vector  OK  is  easily  reduced,  by  the  help  of  the  linear  equation, 
aa  +  A/3  +  ^y  "  0  (27),  to  the  form, 

aVf*'/3  +  c'y 
*""2(6c+ca  +  a6)' 

with  the  verification  that  the  denominator  vanishes^  by  48, 
when  the  conic  is  a  parabola.  In  the  more  general  case,  when 
this  denominator  is  different  from  zero,  it  can  be  shown  that 
every  chord  of  the  curve,  which  is  drawn  through  the  extremity 
K  of  the  vector  k,  is  bisected  at  that  point  k  :  which  point 
would  therefore  in  this  way  be  seen  agiun  to  be  the  centre. 

53.  Instead  of  the  inscribed  conic  (46),  which  has  been  the 
subject  of  recent  articles,  we  may,  as  another  example,  consi- 
der that  exscribed  (or  circumscribed)  conic,  which  passes 
through  the  three  corners  a,  b,  c  of  the  given  triangle,  and 
touches  there  the  lines  a  a",  bb",  cc"  of  Fig.  21.  The  anhar- 
monic  equation  q(  this  new  conic  is  easily  seen  to  be, 

yz  +  zx-\^xy^O; 

•  If  the  curve /=  0  were  of  a  degree  higher  than  the  tecond^  then  the  two  equa- 
tions above  written  wonld  represent  what  are  called  thejirst  polar^  and  the  last  or 
the  line-polarj  of  the  pohit  (*',  y',  x*),  with  respect  to  the  given  curve. 


) 
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the  vector  of  a  variable  point  p  of  the  curve  may  therefore  be 
ezpreeBed  as  follows, 

with  the  condition  <  +  ii4t?«0,  as  before.  The  vector  of  its 
centre  k'  is  found  to  be, 

,^         2(a»a-f6'P+c»7) ^ 

*  ~ <!»+ i»4 c»- 2*c- 2ca - 2a* ' 

and  it  is  an  ellipse,  a  parabola,  or  an  hyperbola,  according  as 
the  denominator  of  this  last  expression  is  negative,  or  null,  or 
positive.  And  because  these  two  recent  vedorSi  k,  k  ,  bear  a 
scalar  ratio  to  each  other,  it  foUows  (by  19)  that  the  three 
poinie  o,  k,  k'  are  coUwear;  or  in  other  words,  that  the  line 
o/centr€S  kk!,  of  the  two  conies  here  considered,  passes  throMgh 
the  point  of  concourse  o  of  the  three  lutes  a  a',  bb',  cc'.  More 
generally,  if  l  be  the  pole  of  any  given  right  line  A  »  [/,  m,  n] 
(37),  with  respect  to  the  inscribed  conic  (46),  and  if  t!  be  the 
pole  of  die  same  line  A  with  respect  to  the  exscribed  conic  of 
the  present  article,  it  can  be  shown  that  the  vectors  ol,  ol  ,  or 
A,  Xf  of  these  two  poles  are  of  the  forms, 

X  ^  k{laa-\-  mtp  ■¥  ncy)f         X' =  A' (faa  +  iwij3  +  ncy), 

where  k  and  k'  are  sealars ;  the  three  points  o,  l,  l'  are  there- 
fore ranged  on  one  right  line. 

54.  As  an  example  of  a  vector-expression  for  a  curve  of  an 
order  higher  than  the  second^  the  following  may  be  taken : 

i^aa+f^bB  +  v^cy 

with  *+  II  +r  =  0,  as  before.  Making  x  =  /*,  y  =  «•,  z^v^,  we 
find  here  by  elimination  of  ^  it,  v  the  anharmonic  equation, 

(«  +  y+^)^-27ry«-=0; 

the  locus  of  the  point  p  is  therefore,  in  this  example,  a  citrr*  of 
ike  third  order^  or  briefly  a  cubic  curve.     The  mechanism  (4 1 ) 
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of  calculations  with  anharmanic  co-ordinates  is  so  much  the 
same  as  that  of  the  known  trilinear  method,  that  it  may  sufifice 
to  remark  briefly  here  that  the  sides  of  the  given  triangle  abc 
are  the  three  (real)  tangents  of  inflexion;  the  points  ofinflexiorM, 
being  those  which  are  marked  as  a%  b",  c"  in  Fig.  21 ;  and  the 
origin  of  vectors  o  being  a  conjugate  point.*  If  a=6 =c,  in  which, 
case  (by  29)  this  origin  o  becomes  (as  in  Fig.  19)  the  mean, 
point  of  the  trian- 
gle, the  chord  of 
inflexion  a'^bVIs 
then  the  line  at 
infinity^  and  the 
curve  takes  the 
form  represented 

inFig.  27;hav.  ^„ 

ing  three  infinite 
branches^  inscribed  within  the  angles  vertically  opposite  to 
those  of  the  given  triangle  abc,  of  which  the  sides  are  the 
three  asymptotes. 

65.  It  would  be  improper  to  enter  here  into  any  details  of 
discussion  of  such  cubic  curves,  for  which  the  reader  will  na- 
turally turn  to  other  works.f  But  it  may  be  remarked,  in 
passing,  that  because  the  general  cubic  may  be  represented,  on 
the  present  plan,  by  combining  the  general  expression  of  Art. 
34  or  36  for  the  vector  p,  with  the  scalar  equation 

«'  =  27Axyr,    where    S'^a  +  y-^z; 

k  denoting  an  arbitrary  constant,  which  becomes  equal  to 
unity,  when  the  origin  is  (as  in  54)  a  conjugate  point;  it  fol- 
lows that  if  p  «  (a?,  y,  z)  and  p'  =  (af^  y',  z*)  be  any  two  points 
of  the  curve,  and  if  we  make  /«  3/4-^  +  2^,  we  shall  have  the 
relation, 

,,      ,  ,  ,  .  x^  ys'  zs*     . 

ayzs^^xyzs^j     or    — ;.^.— -;=i: 
•^  ^       '  sx    sy    sz 

*  Answering  to  the  values  <=1,  «  =  0,  9=03,  where  B  is  one  of  the  imaginary 
cabe-roots  of  nnity ;  which  valnes  of  t,  v,  v  give  x  =  y  =  z,  and  p  =  0. 

t  Especially  the  excellent  Treatise  on  Higher  JPtaM  OurveB,  by  the  Rev.  George 
Salmon,  F.T.G.D.,  &c     Dnblin,  1852. 
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m  wlucli  it  is  not  difficult  to  prove  that 

^.-K.PBT.'B");       ^=(B^FCP'C");      g-(c".PAP'A"); 

the  notation  (.35)  of  anharmanics  of  penciU  being  retained. 
We  obtain  therefore  thus  the  following  Hiearem : — "  If  the 
ndts  of  any  given  planed  triangle  abc  be  cut  (as  in  Fig.  21)  6y 
amy  given  rectilinear  transversal  JlVc'^  and  if  any  two  points 
p  and  p'  in  its  plane  be  such  as  to  satisfy  the  anharmonic  rela- 
tian 

(a". pbp'b")  .  (b".  pcp'c")  .  (c".  paf'a'^  =  I, 

then  these  two  points  P,  p'  are  an  one  common  cubic  curve,  which 
has  the  three  collinear  points  a",  b%  c"  for  its  three  real  points 
of  inflexion^  and  has  the  sides  bc,  ca,  ab  of  the  triangle  for  its 
three  tangents  at  those  points  ;"  a  result  which  seems  to  offer 
a  new  geometrical  generation  for  curves  of  the  third  order  ^ 

66.  Whatever  the  order  ot  2k  plane  curve  may  be,  or  what- 
ever may  be  the  degree  p  of  the  Junction  fin  46,  we  saw  in  51 
that  the  tangent  to  the  curve  at  any  point  p  «  (jt,  y,  z)  is  the 
right  line 

A  «  [/,  m,  n],     if    /=»  d,/,     m  =  Dyf    n=  d^; 

expressions  which,  by  the  supposed  homogeneity  of/,  give  the 
relation,  &  +  iTiy  +  ll^  «  0,  and  therefore  enable  us  to  establish 
the  system  of  the  two  following  differential  equations, 

Idx  +  mdy  +  ndz  »  0,        xAl  +  yim  +  zdn  »  0. 

If  then,  by  elimination  of  the  ratios  of  a?,  y,  z,  we  arrive  at  a  new 
homogeneous  equation  of  the  form, 

0-F(D;r/   I>yf,    D|r/), 

as  one  that  is  true  for  all  values  of  x,  y ,  z  which  render  the 
function  /»  0  (although  it  may  require  to  be  cleared  cX factors^ 
introduced  by  this  elimination),  we  shall  have  the  equation 

f(Z,ot,ii)-0, 

*  This  Theorem  may  be  eztendedi  with  scarcely  any  modification,  from  plane  to 
spkerieai  ewrvety  of  Uie  third  orders 
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as  a  condition  that  must  be  satisfied  by  the  tangent  A  to  the 
curve,  in  all  the  positions  which  can  be  assumed  by  that  right  line. 
And,  by  comparing  the  two  differential  equations, 

dF(/,  w,  n)  =  0,         irdZ+ydin  +  zdn  =  0, 

we  see  that  we  may  write  the  proportion, 

xiyiz^Div:  DmF :  d„f,    and  the  symbol    p » (o^f,  d^f,  DuF), 

if  {^9  y>  0  be,  as  above,  the  point  of  contact  v  of  the  variable 
line  [/,  m,  »],  in  any  one  of  its  positions,  with  the  curve  which 
is  its  envelope.  Hence  we  can  pass  (or  return)  ^re^m  the  tan- 
gential equation  f  =  0,  of  a  curve  considered  as  the  envelope  of 
a  right  line  A.^  to  the  local  equation  f^  0,  of  the  same  curve 
considered  (as  in  46)  as  the  locus  of  a  point  p :  since,  if  we  ob- 
tain, by  elimination  i>f  the  ratios  of  /,  m,  m,  an  equation  of  the 
form 

0-/(DiF,   D«F,  d,f), 

(cleared,  if  it  be  necessary,  of  foreign  factors)  as  a  conse- 
quence of  the  homogeneous  equation  f  =  0,  we  have  only  to 
substitute  for  these  partial  derivatives^  D/F,  &c.,  the  anhar-* 
monic  co-ordinates  Xj  y,  z,  to  which  they  are  proportional. 
And  when  the  functionsyand  f  are  not  only  homogeneous  (as 
we  shall  always  suppose  them  to  be),  but  also  rational  and 
integral  (which  it  b  sometimes  convenient  not  to  assume  them 
as  being),  then,  while  the  degree  of  the  function^  or  of  the 
local  equation^  marks  (as  before)  the  order  of  the  curve,  the 
degree  of  the  other  homogeneous  function  f,  or  o{  the  tangential 
equation  f  «  0,  is  easily  seen  to  denote,  in  this  anharmonie 
method  (as,  from  the  analogy  of  other  and  older  methods,  it 
might  have  been  expected  to  do),  the  class  of  the  curve  to 
which  that  equation  belongs :  or  the  number  of  tangents  (dis* 
tinct  or  coincident,  and  real  or  imaginary),  which  can  be  drawn 
to  that  curve^from  an  arbitrary  point  in  its  jJane. 

57.  As  an  example  (comp.  52),  if  we  eliminate  »,  y,  z  be- 
tween the  equations, 

l^x-y-z^     m^y~z-Xj     n^z-x-y^     lx-¥my-¥  nz^O^ 
where  /,  m,  n  are  the  co-ordinates  of  the  tangent  to  the  inscribed 
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wue  of  Art.  46,  we  are  conducted  to  the  follov^ing  tangen- 
tial equation  of  that  conic,  or  ewrve.ofihe  second  plass^ 

with  the  verification  that  the  sides  [I,  0,  0],  &c.  (38),  of  the 
triangle  abg  are  among  the  lines  which  satisfy  this  equation. 
Conversely,  if  this  tangential  equation  were  given^  we  might 
(by  66)  derive  from  it  expressions  for  the  ca^'ordinates  of  con- 
tact Xy  y,  Zj  as  follows: 

with  the  verification  that  the  side  [1,  0,  0]  touches  the  conic, 
considered  now  as  an  envelope^  in  the  point  (0,  1,  1),  or  a',  as 
before :  and  then,  by  eliminating  7,  m,  n,  we  should  be  brought 
back  to  the  local  equation,  f'^  0,  of  46.  In  like  manner,  from 
the  local  equation  /«  yz  +  z jr  +  xy  »  0  of  the  exscribed  conic  (53), 
we  can  derive  by  diflferentiation  the  tangential  co-ordinates^* 

i=Dj/=y  +  z,         m=2;  +  a?,         n  =  ar  +  y, 

and  so  obtain  by  elimination  the  tangential  equation,  namely, 

r(/,m,a)»?  +  wi»  + n»~  2mn- 2n/- 2/in  =  0; 

from  which  we  could  in  turn  deduce  the  local  equation.  And 
(comp.  40),  the  very  simple  formula 

£c  +  i7iy+nz»0, 

which  we  have  so  often  had  occasion  to  employ,  as  connecting 
ttoo  sets  of  anharmonic  co-ordinates,  may  not  only  be  consi- 
dered (as  in  37)  as  the  local  equation  of  a  given  right  line  A, 
along  which  b,  point  p  moves j  but  also  as  the  tangential  equa- 
tion of  a  given  point,  round  which  a  right  line  turns :  according 
as  we  suppose  the  set  /,  m,  n,  or  the  set  x,  y,  z,  to  be  given* 
Thus,  while  the  right  line  a"b"c",  or  [1, 1,  1],  of  Fig.  21,  was 

*  ThiB  lume  of  '*  tmtgentidl  co-crdmatei^  appears  to  have  been  fint  iotroducecl 
^  Dr.  Booth  in  a  Tnct  published  in  1840,  to  which  the  anther  of  the  present  Ele- 
ments eaimot  now  more  particnlarly  refer :  bnt  the  syttem  of  Dr.  Booth  was  entirely 
^i^terent  from  his  own.  See  the  reference  in  Salmon's  Higher  Plane  Ckavta^  note  tO" 
page  16. 
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represented  in  38  by  the  equatum  as  +  y  +  ar «  0,  the  paint  o  of 
the  same  figure,  or  the  point  (1, 1, 1),  may  be  represented  by 
the  analogous  equation^ 

/+iw  +  ii  =  0; 

because  the  coordinates  /,  m,  n  of  every  line^  which  passes 
through  this  point  o,  must  satisfy  this  equation  of  the  first  de- 
gree, as  may  be  seen  exemplified,  in  the  same  Art.  38,  by  the 
lines  OA,  ob,  oc. 

58.  To  give  an  instance  or  two  of  the  use  of  forms,  which, 
although  homogeneous^  are  yet  not  rational  and  integral  (56), 
we  may  write  the  local  equation  of  the  inscribed  conic  (46)  as 
follows : 

;ci  +  yi  +  2;^  =  0 ; 

and  then  (suppresdng  the  common  numerical  factor  ^),  the 
partial  derivatives  are 

l=x'^y        mt=^y^y        n^z^\ 
so  that  a  form  of  the  tangential  equation  for  this  conic  is, 

which  evidently,  when  cleared  effractions,  agrees  with  the  first 
form  of  the  last  Article :  with  the  verification  (48),  that 
fl-i  +  j-i  +  C-* «  0  when  the  curve  is  a  parabola  ;  that  is,  when 
it  is  touched  (60)  by  the  line  at  infinity  (38).  For  the  ex- 
scribed  conic  (53),  we  may  write  the  local  equation  thus, 

^-i  +  y-i  +  2ri  =  0 ; 

whence  it  is  allowed  to  write  also, 

Z=ar"*,         m^y-\         n^sr^ 
and 

fl  +  m4  +  ni=0; 

a  form  of  the  tangential  equation  which,  when  cleared  of  radi- 
cals, agrees  agiun  with  57.  And  it  is  evident  that  we  could 
return,  with  equal  ease,  from  these  tangential  to  these  local 
equations. 

59.  For  the  cubic  curve  with  a  conjugate  point  (54),  the 
local  equation  may  be  thus  written,* 

*  Compare  Saimon^s  Higher  Plane  Curvet,  |>age  172. 
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we  may  thereioTe  assume  for  its  tangential  co-ordinates  the 
ezpresdoiiB^ 

and  a  form  of  its  tangential  equation  is  thus  found  to  be, 

/i  +  iii-4+ir*«0. 

Conyersely,  if  this  tangential  form  were  ffwen,  we  might  re- 
tain to  the  local  equation,  by  making 

x^l'ii        y=w"*,        Zen-*, 

which  would  give  a^  +  y*  +  z*  =  0,  as  before.  The  tangential 
equation  just  now  foimd  becomes,  when  it  is  cleared  of  radi- 
cals^ 

0  =  /-»  +  iw-»  -HI-*  -  2m-^n'^  -  2n'^l'^  -  2/"  m"* ; 

^T,  when  it  is  also  cleared  oi fractions^ 

0  =  F  «  mW  +  n*P+  ?m»  -  2«Pm  -  2/ot*«  -  2inn>/; 

of  which  the  biquadratic  form  shows  (by  56)  that  this  cubic 
^  a  curve  of  the  fourth  class,  as  indeed  it  is  known  to  be. 
The  inflexional  character  (54)  of  the  points  a",  b",  c"  upon 
this  curve  is  here  recognised  by  the  circumstance,  that  when 
we  make  m  -  n  »  0,  in  order  to  find  the  four  tangents  from 
a"  «(0,  1,-  1)  (36),  the  resulting  biquadratic,  0  =  fw*  -  4Zm»,  has 
three  equal  roots;  so  that  the  line  [1,  0,  0],  or  the  side  bc, 
^^ounts  as  three  j  and  is  therefore  a  tangerU  of  inflexion :  the  fourth 
tangent  from  a^  being  the  line  [1,  4,  4],  which  touches  the 
cubic  at  the  point  (-  8,  If  I). 

60.  In  general,  the  two  equations  (56), 

fIDx/-  /d,/=  0,  «Djr/-  »lDi/«  0, 

^  be  considered  as  expressing  that  the  homogeneous  equa- 
tion, 

f{nXf  ny,  -  fo  -  my)  =  0, 

^fUch  is  obtained  by  eliminating  z  with  the  help  of  the  rela- 
tion Jr  +  iny  -f  n«  =  0,  from  /(a:,  y,  z)  =  0,  and  which  we  may 
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denote  by  0  (x,  y)  »  0,  has  two  equal  roots  a; :  y ,  if  /,  m,  n  be 
still  the  co-ordinates  of  a  tangent  to  the  curve/;  an  equality 
which  obviously  corresponds  to  the  coincidence  of  two  intersec- 
tions of  that  line  with  that  curve.  Conversely,  if  we  seek  hy 
the  usual  methods  the  condition  of  equality  of  two  roots  x:y  o£ 
the  homogeneous  equation  of  the  p^  degree, 

0  «  0  («,  y)  =f(nx,  nyy-lx-  my), 

by  eliminating  the  ratio  x :  y  between  the  two  derived  homo- 
geneouB  equations,  0  »  Dj^,  0  «  d^^,  we  shall  in  general  be 
conducted  to  a  result  of  the  dimension  2p(^-  1)  in  /,  m,  n, 
and  of  the^iw, 

0  =  nP(P-»)F(Z,  m,n); 

and  so,  by  the  rejection  of  the  foreign  factor  nP^P'^\  introduced 
by  this  elimination,*  we  shall  obtain  the  tangential  equation 
F=0,  which  will  be  in  general  of  the  degree  p(p- 1) ;  such  being 
generally  the  known  class  (66)  of  the  curve  of  which  the 
order  (46)  is  denoted  by  p :  with  (of  course)  a  similar  mode  of 
passing,  reciprocally,  from  a  tangential  to  a  local  equation. 

61.  As  an  example,  when  the  function /has  the  cubic  form 
assigned  in  64,  we  are  thus  led  to  investigate  the  condition  for 
the  existence  of  two  equal  roots  in  the  cubic  equation, 

o=«(^,y)={(»-0«+(»»-0.y)'  +  *^7w'*y(i»+"»y)» 

by  eliminating  x  :  y  between  two  derived  and  quadratic  equa-- 
tions  ;  and  the  result  presents  itself,  in  the  first  instance,  as  of 
the  twelfth  dimension  in  the  tangential  co-ordinates  Z,  m,  n  ; 
but  it  is  found  to  be  divisible  by  n\  and  when  this  division  is 
effected,  it  is  reduced  to  the  sixth  degree,  thus  appearing  to 
imply  that  the  curve  is  of  the  sixth  class,  as  in  fact  the  general 
cubic  is  well  known  to  be.  A  further  reduction  is  however 
possible  in  the  present  case,  on  account,  of  the  conjugate  point 
o  (64),  which  introduces  (comp.  67)  the  quadratic  factor, 

*  Compare  the  method  employed  in  Salmon's  Higher  Plane  Curves,  page  98,  to 
find  the  equation  of  the  reeiproeal  of  a  given  carve,  with  respect  to  Uie  imaginaiy 
conic,  «>  +  y'+ 1^  =  0.  In  general,  if  the  function  p  be  deduced  from /as  above, 
then  r  (xye)  =  0,  and  f(«jfz)  =  0  are  eqaations  of  two  reciprocal  curves. 
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(/+m  +  »)*«0; 

and  when  this  factor  also  is  set  aside^  the  taDgential  equation 
is  foimd  to  be  reduced  to  the  biquadratic  form'^  already  assigned 
in  59;  the  algebraic  division^  last  performed,  corresponding 
to  the  known  geometric  depression  of  a  cubic  curve  with  a 
^adie  pointy  from  the  sixth  to  ikt  fourth  class.  But  it  is  time 
to  dose  this  Section  on  Plane  Curves  ;  and  to  proceed,  as  in 
tie  next  Chapter  we  propose  to  do,  to  the  consideration  and 
compariaon  of  vectors  of  points  in  space., 


CHAPTER  III. 

APPLICATIONS  OF  VECTORS  TO  SPACB. 


Sbction  1, —  On  Linear  Equations  between  Vectors  not  Com^ 

planar. 

62.  When  three  given  and  actual  vectors  oa,  ob,  oc,  or 
^  ^  7»  are  not  contained  in  any  common  plane,  and  when 
*«  three  scalars  a,  A,  c  do  not  a// vanish,  then  (by  21,  22) 
tne  expression  fla  +  ft)3+cy  cannot  become  equal  to  zero;  it 
^Xttt  therefore  represent  some  actual  vector  (I ),  which  we  may, 
for  the  sake  of  symmetry,  denote  by  the  symbol  -  dS :  where 
we  new  (actual)  vector  8,  or  on,  is  not  contained  in  any  one 

*  K  we  mnltiplj  that  fonn  »  =  0  (69)  by  «•,  and  then  change  ««  to  - 1*  -  my, 
*e  obcain  a  biquadratic  equation  in  / :  m,  namely, 

0=+(i,«)=:(/-m)«(&  +  «y)«  +  2/»n(/+m)(te+my)«  +  /*w>:!2j 

*^  if  we  then  eliminate  / :  m  between  the  two  derived  cubica,  0  «  d/^,  0  =  J>mi^y 
^  •»  conducted  to  the  following  equation  of  the  twelfth  degree,  0  =  3fly^z^f(Xy  y, «), 
^^/ha^  the  same  cubic  form  ae  in  54.  We  are  therefore  thus  brong^t  back 
(oomp.  59)  frogn  the  tangential  to  the  local  equation  of  the  cnbic  curve  (64) ;  com- 
Pucited,  howerer,  as  we  aee,  with  ihe^bc^or  «V***  which  corresponds  to  the  sys- 
^  of  the  three  real  tangents  of  inflexion  to  that  cnnre,  each  tangent  being  taken 
^^  times.  The  reason  why  we  have  not  here  been  obliged  to  reject  also  the  foreign 
***!  «*',  as  by  the  general  theory  (60)  we  might  hare  expected  to  be,  is  that  we 
■laltiplied  the  biquadratic  function  f  only  by  x^,  and  not  by  r*. 

H 


50  ELEMENTS  OF  QUATERNIONS.  [bOOK  I. 

of  the  three  given  and  distinct  plane^^  boc,  coa,  aob,  unless 
some  one,  at  least,  of  the  three  given  coeffieients  a,  6,  c,  va- 
nishes ;  and  where  the  new  scalar  ^  rf,  is  either  greater  or  leaa 
than  zero.  We  shall  thus  have  a  linear  equation  between  four- 
vectors, 

ao  +  ftj3  +  cy  +  rf8  =  0 ; 
which  will  give 

-ft/3      "Cy 


add 
where    oa',    ob',    oc',    or 

~~T'  ^'  -?•  "^  *^« 

vectors  of  the  three  points 
a',  b',  c',  into  which  the 
point  D  is  projected^  on  the 
three  given  lines  oa,  ob,  oc, 
by  planes  drawn  parallel  to 
the  three  given  planes, boc, 
&c.;  so  that  they  are  the 
three  co-initial  edges  of  a 


,     or    OD  »  OA  +  ob'  +  oc' ; 


Fig.  28. 


parallelepiped,  whereof  the  sum,  OD  or  8,  is  the  intemctl 
and  co-initial  diagonal  (comp.  6).  Or  we  may  project  d  on 
the  three  planes,  by  lines  da",  db",  do"  parallel  to  the  three 

given  lines,  and  then  shall  have  qa" « ob'  +  oc'=  ■       -^,  &c., 

-  a 

and 

8  a  OD  »  oa'  +  oa"  =  ob'  +  ob"  «  oc'  +  oc". 

And  it  is  evident  that  this  construction  will  apply  to  any  fifth 
point  D  of  space,  if  the^zir  points  oabc  be  still  supposed  to  be 
given,  and  not  complanar :  but  that  some  at  least  of  the  three 
ratios  of  the  four  scalars  a,  b,  c,  d  (which  last  letter  is  not 
here  used  as  a  mark  of  differentiation)  will  vary  with  the  p&» 
sition  of  the  point  d,  or  vdth  the  value  of  its  vector  8.  For 
example,  we  shall  have  a  =  0,  if  d  be  situated  in  the  plane  boc  ; 
and  similarly  for  the  two  other  given  planes  through  o. 

63.  We  may  inquire  (comp.  23),  what  relation  between 
these  scalar  coefficients  muBt  exist,  in  order  that  the  point  d 
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3qr  be  situated  in  thejmarth  given  plane  abc  ;  or  what  is  the 
mditian  of  compianariiy  of  ihe  four  pointSy  a,  b,  c,  d.  Since 
tbe  three  vectors  i>  a,  db,  dc  are  now  supposed  to  be  complanar, 
they  must  (by  22)  be  connected  by  a  linear  equation^  of  the 

Sffm 

comparing  which  -with  the  recent  and  more  general  form  (62), 
we  see  that  the  required  condition  is, 

a+  6  +  c  +  rf=0. 

This  equation  may  be  written  (comp.  again  23)  as 

-  a     —  6    -  c    ,  oa'    ob'     oc'    , 

add  OA     OB     00 

and,  under  this  last  form,  it  expresses  a  known  geometrical 
property  of  a  plane  abcd,  referred  to  three  co-ordinate  axes 
OA,  OB,  DC,  -which  are  drawn  from  any  common  origin  o,  and 
t^fttii,tate  Tipon  the  plane.  We  have  also,  in  this  case  of  com- 
planarify  (comp.  28),  the  following  proportion  of  coefficients 
3nd  areas  .• 

aibici"  cL^  dbc  :  dca  :  dab  :  abc  ; 

or,  more  synmietrically,  with  attention  to  signs  of  areas, 

aibicid^  BCD :  -  cda  :  dab  :  -  abc  ; 

^V\ere  Fig.  18  may  serve  for  iUustration,  if  we  conceive  o  in 
that  Figure  to  be  replaced  by  d. 

W.  When  we  have  thus  at  once  the  two  equations, 

aa  +  6/3 +  oy  +  <iS«0,    and    a-fA  +  e  +  rf»0, 

80  that  the  four  co-initial  vectors  a,  )3,  7,  8  terminate  (as  above) 
^  one  common  plane^  and  may  therefore  be  said  (comp.  24)  to 
he  termtno-complanarf  it  b  evident  that  the  two  right  lines^ 
DA  and  BC,  which  connect  two  pairs  of  the  four  complanar 
points,  must  intersect  each  other  in  some  point  a' of  the  plane, 
At  a  finite  or  infinite  distance.  And  there  i  no  difficulty  in 
perceiving,  on  the  plan  of  31,  that  the  vectors  of  the  three 
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points  a',  bVc'  of  intersection,  which  thus  result,  are  the  fol- 
lowing: ^  ,^ 
for  A'  =  BC-DA,       a^^jj^^-^;:^; 

forB'-CA-DB,      ^=-i— -«-^-^; 

,     ila+6/3     Cy+dd 
forc^AB-DC,      ^=--^»_-^; 

expressions  which  are  independent  of  the  position  of  the  arbi- 
trary origin  o,  and  which  accordingly  coincide  with  the  cor- 
responding expressions  in  27,  when  we  place  that  origin  in  the 
point  D,  or  make  8  =  0.  Indeed,  these  kst  results  hold  good 
(comp.  31),  even  when  thenar  vectors  a,  ^,  7,  8,  or  the^ve 
points  o.  A,  B,  c,  D,  are  all  complanar.  For,  although  there 
then  exist  two  linear  equations  between  those  four  vectors, 
which  may  in  general  be  written  thus, 

ao  +  5'^  +  c'y  +  d'8=0,         a"a+6")3  +  c"7  +  d"8  =  0, 

without  the  relations,  a'+&c.  =  0,  a"  +  &c.«0,  between  the 
ooeflScients,  yet  if  we  form  from  these  anoMer  linear  equation^ 
of  the  form, 

{a"  +  ta)a  +  (6"  +  ai)fi  +  (c"  +  t€'}y  +  (d'  +  td)S  «  0, 
and  determine  t  by  the  condition, 

we  shall  only  have  to  make  w^a'-i-  ta\  Ac.,  and  the  two  equa- 
tions written  at  the  commencement  of  the  present  article  will 
then  both  be  satisfied;  and  will  conduct  to  the  expressions 
assigned  above,  for  the  three  vectors  of  intersection :  which 
vectors  may  thus  be  found,  without  its  being  necessary  to  em- 
ploy those  processes  of  scalar  elimination^  which  were  treated 
of  in  the  foregoing  Chapter. 

A«  an  Example^  let  the  two  given  equations  be  (comp.  27,  88), 
oa  +  6/3  +  cy  =  0,         (2a  +  H-  c)o'"  -  aa  =  0 ; 
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ud  let  it  be  reqnirad  to  detennine  the  Tecton  of  the  intenections  of  the  thne  pain 
ti  liaee  bc,  aa*  ;  CA,  ba**  ;  and  ab,  oa"*.    Forming  the  combination, 

(2a  +  6  +  0«*  -aa-^-  i(aa  +  6/3  +  cy)=  0, 
and  determining  I  by  the  oonditi<m, 

(2a  +  6  +  e)  -  a  +  <  (tt  +  6  +  c)  =  0, 
whidi  g^vea  # =- 1,  we  haye  flor  the  tluree  aonght  TectoiB  the  expreaaioDa, 

bP  +  cy  ey  +  2aa  2oa  4-  hfi 

b-\-e  ^  c+2o  '  2o  +  6    * 

wbcfeof  the  iint  =  a',  by  27.  Acoordingly,  in  Fig.  21,  the  line  aa"  interaecta  bo  in 
the  pdnt  a'  ;  and  although  the  two  other  pointa  of  interaection  here  oonaidered, 
wbieh  belong  to  what  lias  been  called  (in  84)  a  Third  Coiuiruetumy  axe  not  marked 
in  thai  Figure,  yet  their  oaAarmoate  tymboU  (86),  namely,  (2,  0,  1}  and  (2,  1,  0), 
mig^  have  been  otherwise  foond  by  combining  the  eqoationa  y  s=  0  and  x=2z  for  the 
two  liiiea  ca,  ba'^;  and  by  combining  z  =  0,  x  =  2y  for  the  remaining  pair  of  linea. 

65.  In  the  more  general  case,  wben  the  four  given  points 
A,  By  c,  D»  are  not  in  any  common  plane,  let  b  be  anyffih  given 
point  of  space,  not  situated  on  any  one  of  the  ^ur^ces  of  the 
given  pyramid  abcd,  nor  on  any  such  face  prolonged ;  and  let 
its  Tector  ob  »  €•  Then  the^ur  co^nitialvectorsy  ea,  bb,  bc, 
BBy  whereof  (by  supposition)  no  three  are  complanar,  and  which 
do  not  terminate  upon  one  plane,  must  be  (by  62)  connected 
by  some  equation  of  the  form, 

a.BA  +  5.BB4  C.EC-^d.ED^O; 

where  the^ur  scalar s,  a,  by  c,  d,  and  their  sum,  which  we  shall 
denote  by  -e,  are  all  different  from  zero.  Hence,  because 
BAs  a  -€,  &c.,  we  may  establish  the  following  linear  equation 
between  five  co-initial  vectors,  a,  /3,  7,  8,  c,  whereof  no  ^iir  are 
termzno-complanar  (64), 

aa  +  ftj3  +  cy  +  rfS  +  6c «  0  ; 

with  the  relaticnj  a+ft  +  c  +  rf+tf«0,  between  the^t?^  scalars 
a,  by  c,  d,  e,  whereof  no  one  now  separately  vanishes.   Hence 
also,  €  =  (aa  +  ftj3  +  oy  +  rfS) :  (a +  ft  +  c+d),  &c. 
66.  Under  these  conditions,  if  we  write 

PisDE'ABC,    and    ODieSi, 

that  is,  if  we  denote  by  Si  the  vector  of  the  point  Di  in  which 
the  right  line  db  intersects  the  plane  abc,  we  shall  have 
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^      aa  +  bfi  +  cy     dS+e^ 

In  &ct,  these  two  expressions  are  equivalent^  or  represent  one 
common  vector,  in  virtue  of  the  ^ven  equations;  but  the  first 
shows  (by  63)  that  this  vector  Si  terminates  on  the  joZaTi^  abc» 
and  the  second  shows  (bj  25)  that  it  terminates  on  the  line 
DB  ;  its  extremity  Di  must  therefore  be,  as  required,  the  inter- 
section  of  this  line  with  that  plane.  We  have  therefore  the  two 
equations, 

I.  .  .a(a-Si)  +  ft()3-8i)  +  c(7-S0  =  0; 
II..  .d(S-8i)  +  tf(6-8i)«0; 

whence  (by  28  and  24)  follow  the  two  proportions, 

r.  .  .  a : 6 :  c«  DiBC  :  DiCA  :  DjAB  ; 
ir. .  .  i/:6sbDi:DiD  ; 

the  arrangement  of  the  points,  in  the 

annexed  Fig.  29,  answering  to  the  case 

where  all  the  four  coefficients  a,  A,  e,  d 

are  positive  (or  have  one  common  sign), 

and  when  therefore  the  remaining  co-  ^'  ^• 

efficient  e  is  negative  (or  has  the  opposite  sign). 

67.  For  the  three  complanar  trianglesy  in  the  first  propor- 
tion, we  may  substitute  any  three  pyramidal  voltmiesj  which 
rest  upon  those  triangles  as  their  bases^  and  which  have  one 
common  vertex^  such  as  d  or  b;'  and  because  the  coUineation 
DBDi  gives  DDiBC  -  BDiBC  •  DBBC,  &c.,  wc  may  write  this  other 
proportion, 

F.  .  ,  a:b:c-  obbc  : deca  :  dbab. 

Again,  the  same  coUineation  gives 

EDi :  DDi «  babc  :  dabc  ; 

we  have  therefore,  by  IP.,  the  proportion, 

11".  .  .  rf:  -e  =  BABC:DABC. 

But 

DBBC  +  DECA  +  DEAB  +  BABC  »  DABC, 

and 


c 
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a+ft+c+rf«-tf ; 

we  may  therefore  establish  the  followmg  fuller  formuU  of 
proportion,  between  coefficients  and  volumes : 

in.  ,  .  aib:c:d:-e:^  dbbc  :  dbca  :  dbab  :  babc  :  dabc  ; 

the  reOtos  of  all  these  five  pyramids  to  each  other  being  consi- 
dered as  positive^  for  the  particular  arranffemeni  of  the  points 
which  is  represented  in  the  recent  figure. 

68.  The  formula  III.  may  however  be  regarded  as  per- 
fecdy  ^mtfra/»if  we  agreeto  say  that  sk  pyramidal  volvmechanges 
^yn^  or  rather  that  it  changes  its  alffdnraical  character^  as  pa- 
titive  or  negative^  m  comparison  with  a  given  pyramid,  and 
with  a  given  arrangement  of  points,  in  passing  through  zero 
(comp.  28) ;  namely  when^  in  the  course  of  any  continuous 
change,  any  one  of  its  vertices  crosses  the  corresponding  base. 
VTiih  this  convention*  we  shall  have,  generally, 

DABC  B  -  ADBC  »  ABDC  »  -  ABCD,  DBBC  »  BCDB,  DBCA  «  CDBA  ; 

the  proportion  III.  may  therefore  be  expressed  in  the  follow- 
ing more  symmetric^  but  equally  general  form : 

III'.  .  .  a:b:c:d:/s ^BCBE  :  cdba : dbab :  babc  :  abcd; 

the  sum  of  these  five  pyramids  being  always  equal  to  zero^ 
when  signs  (as  above)  are  attended  to. 

69.  We  saw  (in  24)  that  the  two  equations, 

aa  +  6j3  +  C7  =  0,         a  +  ft  +  c  =  0, 
gave  the  proportion  of  segments^ 

a:b:c=Bc:cAi  ab, 

whatever  might  be  the  position  of  the  origin  o.  In  like  man- 
ner we  saw  (in  63)  that  the  two  other  equations, 

*  Among  the  coiiMqiiences  of  this  coDrention  respecting  giffnt  of  volumea,  which 
lu4  slreadj  been  adopted  by  some  modem  geometers,  and  which  indeed  is  neeeuary 
(oomp.  28)  for  the  establishment  of  general  formula^  one  is  that  any  twopyramde, 
ABCD,  a'bVd',  bear  to  each  other  a  poeiHve  or  a  negative  ratio,  according  as  the  two 
t^tationt,  BCD  and  b'c V,  snppoeed  to  be  teen  respectively  from  the  points  a  and  a', 
^▼e  ttanUar  or  oppotite  directiont,  as  right-handed  or  left-handed. 
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aa  +  ft/3  +  C7+rf8=0,         «  +  &  +  <:+ d«0, 

gave  the  proportion  of  areaSf 

a:b:c:d-  bcd : -  cda  :  dab  :  -  abc  ; 

where  again  the  origin  is  arbitrary.  And  we  have  just  deduced 
(in  68)  a  corresponding  proportion  of  volumeSf  from  the  two 
analogous  equations  (65), 

aa  +  ftj3  +  Cy  +  rf8  +  C6=0,         a  +  6  +  c+rf+ceO, 

with  an  equally  arbitrary  origin.  If  then  we  conceive  these 
segments^  areata  and  volumes  to  be  replaced  by  the  scalars  to 
which  they  are  thus  proportional  we  may  establish  the  three 
general  formul(B : 

L  OA.BC  +  OB.CA-I- oc.absO  ; 
11.   OA.BCD-OB.CDA  +  OC.DAB  ~OD.ABC«0  ; 
III.   OA. BODE  +  OB. ODEA +OC.DBAB  +  OD.EABC-hOE.ABCDeO  ; 

where  in  I.,     a,  b,  c  are  any  three  collinear  points  ; 
in  !!•,  A,  By  c,  D  are  any  four  complanar  points  ; 

and  in  III.,     a,  b,  c,  d,  e  are  any  Jive  points  of  space  ; 

while  o  is,  in  each  of  the  three  formulae,,  an  entirely  arbitrary 
points  It  must,  however,  be  remembered,  that  the  additions 
and  subtractions  are  supposed  to  be  performed  according  to  the 
rules  of  vector Sy  as  stated  in  the  First  Chapter  of  the  present 
Book ;  the  segments,  or  areas,  or  volumes,  which  the  equations 
indicate,  being  treated  as  coefficients  of  those  vectors.  We 
might  still  further  abridge  the  notations^  while  retaining  the 
meaning  of  these  formulae,  by  omitting  the  symbol  of  the  arbi^ 
trary  origin  o ;  and  by  thus  writing,* 

r.  A.BC  +  B.CA  +  C.ABeO, 

for  any  three  collinear  points ;  with  corresponding  formulae  II'. 
and  Iir.,  for  any  four  complanar  points,  and  for  any  five  points 
of  space. 

•  We  should  thus  haTe  aome  of  the  notaHonM  of  the  Barycentrie  Caleulut  (see 
Note  B)y  but  employed  here  with  different  interpretationt. 
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Srctioh  2.—  On  Quinary  StfmboUJbr  Poini§  and  PUmei  im 

Space, 

70.  The  equations  of  Art.  66  being  still  supposed  to  hold  good, 
the  vector  p  of  any  point  p  of  space  may,  in  indefinitely  many  ways, 
he  expressed  (comp.  36)  under  the  form: 

-  xaa'¥ybB+zefi  +  tDdB-{-ve€ 

L . . op=g^«..  ■■■■^r   ■  — J — ^—i 

xa-k-yb-¥zc-¥wd-\-ve 
in  which  the  raiiM  of  the  diffarences  of  the,;Sve  coeffieietds^  »ytwp^  de- 
ttrmine  the  poMon  of  the  point.     In  fact,  because  the  four  points 
ABCD  are  sot  in  any  common  plane,  there  necessarily  eacists  {eomp. 
65)  a  determined  liMear  rdaHon  between  the /bur  tfsoCsr#  djnwn  to 
them  frem  the  point  p,  which  mi^  be  written  thus, 
fl/a.PA  +  y6.PB4-s^s.ro<fi/<f.PDsO, 
giring  the  expression, 

II         _  a/go  -f  y'bfi-¥zfe*i  ■»•  v/dB 

in  which  therattbs  of  the^^vr  §ealar»  a/p^z'tff^^  depend  upon,  and 
coBTersdy  detom^e,  the  posiUon  of  p;  writing,  thai, 

ivhere  t  and  v  are  two  new  and  arbitrary  scalars,  and  remembering 
that  aa  +  ..  +  e«  =  0,  and  a  +  ..+e  =  0  (65),  we  are  conducted  to  the 
form  for  />,  assigned  aboye. 

71.  When  the  vector  p  is  thus  orpressed,  the  point  p  may  be 
denoted  by  the  Quinary  Symbol  Qe,  y^  jt,  ta,  v)\  and  we  may  write 
the  equation^ 

^^Oc,y,z,w,v). 

But  we  see  that  the  aamepoint  p  may  aleo  be  denoted  by  this  other 
<ymW,of  the  suae  kind,  («',  ^,  z',  le',  r'),  provided  that  the  frflow- 
ing proportion  between  differencet  ofcoegicimts  (70)  holds  good: 

x'-i/iy^-f/iz^-t/iu/  -t/^ic-v:y-v:z-viw-v. 
Under  thk  condition^  we  shall  therefore  write  the  following /ormuAx 
ofeongruenoef 

i^/,  y',  y,  u/,  v')EQcy  y,  a  w,  »), 

to  express  that  these  two  quinary  symbols^  although  not  identical  in 

eonypoeition^  have  yet  the  same  geometrical  signification^  or  denote  one 

common  point.     And  we  shall  reserve  the  symbolic  equation^ 

{a/,  y,  z\  w',  v')  =  (rr,  y,  ^,  w,  v), 

I 
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to  express  that  the/t;«  coefficients,  a/  . . .  i;',  of  the  one  symbol,  are 
separately  equal  to  the  corresponding  coefficients  of  the  other» 
og'-x^ .  .  v'  =  v. 

72.  Writing  also,  generally, 

(te,  ty,  U,  tw^  tv)-t{x,  y,  z,  w,  v), 

(x'  +  o?, ..  v'  +  tr)  =  (a;',  ..t;')  +  (a:, .  .1?),  &c., 

and  abridging  the  particular  symbol*  (1,  1,1,  l,l)to  (CT),  while 

(Q),   (Q')» .  .  may  briefly  denote  the  quinary  symbols   (x,  . .  v), 

(«',  . .  v'), . .  we  may  thus  establish  the  congruence  (71), 

(qf)=(a).  if(Q)=t(Q0+«(CO; 

in  which  t  and  u  are  arbitrary  coefficients.  For  example, 
(0,0,0,0,  1)  =  (1.1,  I,  1,0),  and  (0,  0,0,  1, 1)  =  (1, 1, 1.0,0); 
each  symbol  of  the  first  pair  denoting  (65)  the  given  point  e;  and 
each  symbol  of  the  second  pair  denoting  (66)  the  derived  point  d^ 
When  the  coefficients  are  so  simple  as  in  these  last  expressions,  we 
may  occasionally  omit  the  commas^  and  thus  write,  still  more  briefly* 
(00001)  =  (11110);        (00011)  =  (11 100). 

73.  If  three  vectors,  p,  />',  /',  expressed  each  under  the  first 
form  (70),  be  termino-coUinear  (24)  and  if  we  denote  their  denomi- 

tors,  ara  + . . ,  a?'a  + . . ,  x"a  + . . ,  by  m,  m\  fn",  they  must  then  (23)  be 
connected  by  a  linear  equation^  with  a  null  sum  of  coefficients,  which 
may  be  written  thus : 

imp  +  «'my  +  rm'V"  =  0 ;         tm^  Vm'  +  t'*m!'  +  0. 
We  have,  therefore,  the  two  equcUions  ofconditiony 

t(xaa  +  .,  +  vee)-\-t'  (x^aa  + . .  +  iyee)'\-f^  (a/'aa-k-. .  +t/'«e)  =  0; 

£  (a?a  + .  .  +  w)  + 1'  (a/ a  + . .  +  i/c)  + «''  {x^'a  + . .  + 1/'«)  =  0 ; 

where  t,  t\  H'  are  three  new  scalars,  while  the  five  vectors  a . .  €,  and 

the  five  scalars  a..e,  are  subject  only  to  the  two  equations  (66): 

but  these  equations  of  condition  are  satisfied  by  supposing  that 

where  u  is  some  new  scalar,  and  they  cannot  be  satisfied  otherwise. 
Hence  the  condition  of  coUinearity  of  the  three  points  p,  p',  p'^  in 
which  the  three  vectors  p,  p',  pf'  terminate,  and  of  which  the  qui- 
nary symbols  are  (Q),  (QO1  (Q'0»  °^*y  briefly  be  expressed  by  the 
equation, 

*  Thit  quinary  tymbol  ( C7)  denotes  no  determined  point,  siaoe  it  corrospondii 
(by  70,  71)  to  tbo  indeterminate  vector  p  =  t  ;  but  it  admits  of  useful  combination* 
witli  other  quinar}^  symbols,  as  above. 
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<CQ)+^(ao+<''(a")=-«(^; 

SO  that  if  any  four  scalars^  t^  t^  f*,  w,  can  he  founds  which  satisfy  this 
laMsfmboUe  equation,  theD,  bnt  not  in  anj  other  case,  those  three 
pnOa  FP^p"  are  ranged  on  one  right  line.  For  example,  the  three 
points  o,  X,  D^,  which  are  denoted  (72)  by  the  quinary  symbols, 
(OOOIO),  (00001),  (11100),  ArecoUinear;  because  the  «*i»  of  these 
tiree  siftnhols  is  (  ZT).    And  if  we  have  the  equation, 

(Q'0=<(Q)+<'(Q0  +  «(CO, 

where  t,  f,  «  are  any  three  scalarsj  then  (Q")  is  a  symbol  for  a  point 
P",  on  the  right  line  pp'.  For  example,  the  symbol  (0,  0,  0,  t,  i)  may 
denote  any  point  on  the  line  db. 

74.  By  reasonings  precisely  similar  it  may  be  proved,  that  if 
(Q)  (QO  (Q'O  (Q''0  be  quinary  symbols  for  wiy  four  points  ppVp'" 
^  any  common  plane,  so  that  the  four  vectors  pf^'f/'pff  are  termino- 
^^'•"P'flnar  (64),  then  an  equation,  of  the  form 

<(Q)+<'(QO  +  «''(Q'0+«'"(Q"0=-«(^. 

must  bold  good;  and  conversely,  that  if  the  fourth  symbol  can  be 
expressed  as  follows, 

(Q'")  =  KQ)  U'  (QO  t  r  (Q'O  +  tt(  IT), 
irtth  any  scalar  values  of  <,  t',  <",  «,  then  the/ottrt^pom/  p'"  is  situ- 
ated in  the  plane  pp'p"  of  the  other  three.     For  example,  the  four 
points, 

(lOOOO),         (01000),        (00100),         (11100), 

^'  A,  B,  c,  Di  {66)y  are  complanar;  and  the  symbol  («,  t',  <",  0,  0) 
®ay  represent  any  point  in  the  plane  abc. 

75.  When  a  point  P  is  thus  complanar  with  three  given  points, 
^ot  Pi,  p^  we  have  therefore  expressions  of  the  following  forms,  for 
the  Jftw  coefficients  a?, . .  v  of  its  quinary  symbol,  in  terms  of  the^- 
t?en  given  coefficients  oi  their  symbols,  and  of^ur  new  and  arbitrary 
ecalars: 

aj  =  (oa?o  +  <ia;i  +  <8iC8  +  «;..«         r  =^Vo  +  ^i«^i  +  <8t;8  +  tt. 

And  hence,  by  elimination  of  these  four  scalars,  to  •  •  ^t  we  fti'e  ooQ- 
ducted  to  a  linear  equation  of  the  form 

Z  (a?  -  v)  +  wi  (y  -  v)  +  w  (;5  -  v)  +  r  (w;  -  v)  =  0, 
^tich  may  be  called  the  Quinary  Equation  of  the  Plane  PoP|Pg,  or  of 
tfe  supposed  lociu  of  the  point  p:  because  it  expresses  a  common 
Property  of  all  the  points  of  that  locus;  and  because  the  three  ratios 
of  the  four  new  coefficients  /,  w,  n,  r,  determine  the  position  of  the  plane 


60  BLBMRNTM  OF  QUATURNIONS.  [bOOK   X. 

in  space.     It  is,  hdw«Y«r,  more  ttfmmetrkal,  to  write  the  quinarj 
oquftiioQ  of  •  plane  11  as  follows, 

wliere  Aejtflk  coiJMmay  ^  » (tonnected  tritb  the  others  by  the  rela- 
tion, 

and  then  we  may  say  that  [/,  frt,  n,  f,  $]  is  (oomp.  37)  the  Quinctry 
Symhd  of  the  Plane  n,  add  may  write  the  equation, 

Fof  ej^aoipley  the  coeffieients  of  the  symbol  for  a  point  p  in  the  plane 
ABC  may  be  thus  expressed  (comp.  74) : 

between  which  the  only  relation,  indtpendeiU  o/the/our  arbitrary 
ecalars  to,,u,  18  w-v^O;  this  therefore  is  the  equcUion  of  the  plane 
ABC,  and  the  eyfnM  of  that  plane  is  [0,  0,  0|  1,  - 1];  which  maj 
(comp.  72)  be  sometimes  written  more  briefly,  without  commas,  as 
[0001 1].  It  is  evident  that,  in  any  such  symbol,  the  eoeffkienta  m^j 
all  be  multiplied  by  any  common  factor, 

76.  The  symbol  of  the  plane  FoPiP2  having  been  thus  determined, 
we  may  next  propose  to  find  a  symbol  for  th^  point,  p,  in  which  that 
plane  is  intereected  by  a  giveti  line  f^iz  or  to  determine  the  coffficienU 
rr . .  V,  or  at  least  the  roHoe  of  their  difference  (70),  in  the  quinary 
symbol  of  that  point, 

(a:,  y,  z,  Wy  t7)=P=:PePiP,-P,P4- 
Combining,  for  this  purpose,  the  expressions, 

a?  =  <,a?,  +  <^4  +  tt',,.         i?  =  fa»s  +  <4V4  +  tt', 
(which  are  included  in  the  symbolical  equation  (73), 

(«)=*fe(a)+<*(Q4)+«'(27), 

and  express  the  coUinearity  pf^i,)  with  the  equations  (75), 

fe+  ..•f«;*0,         i-»-..-f  #a0, 
(which  express  the  complanaritjf  pPoPiF,,)  we  are  conducted  to  the 
formula, 

«,  (to,  + . .  +  «Va)  4-«4(^4  +  • .  +  *»4)  =  0; 

which  determines  the  ratio  (s :  t^,  and  contains  the  solution  of  the 

problem.     For  example,  if  p  be  a  point  on  the  line  de,  then  (comp. 

73), 

X^y  =  Z^U%  »  =  <3+t4',  w  =  <4+tt'; 
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bol  if  it  be  a2«o  ft  point  m  the  plane  abg,  then  w-p^O  (75),  and 
thMRfoittts-U-O^  hence 

(Q)-t,(0OOn)  +  «'(nHl),     or    (Q)  =  (00011); 
vbkib  last  symbol  had  accordingly  been  found  (72)  to  represent  the 
irOeneHkm  (^66),  i>i  -  ABC  •  bb. 

77.  When  the  five  coefficients,  seytwv^  of  any  given  quinary 
9^wM  (Q)  for  a  point  P,  or  those  of  any  cangmerU  symbol  (71),  are 
•nj  whole  numbers  (positive  or  negative,   or  zero),  we  shall  say 
(eomp.  42)  that  the  p&ttU  P  is  raHmally  related  to  the  Jhe  given pchUe, 
A..B;  or  briefly,  that  it  it  a  Matumal  Point  of  the  Systemy  which 
tlMwe  five  pointa  determine.     And  in  like  manner,  when  the  five 
coefficients,  Imnrs,  of  the  quinary  symbol  (75)  of  a  plane  Ti  are  either 
eqiiud  or  proportional  to  integers,  we  shall  say  that  the  plane  is  a  Ra- 
tional Plane  of  the  same  System;  or  that  it  is  rationally  related  to  the 
tame  five  points.    On  the  contrary,  when  the  quinary  symbol  of  a 
pointy  or  of  a  plane,  has  not  thus  already  whole  coefficients^  and  can- 
not be  transformed  (comp.  72)  so  as  to  have  them,  we  shall  say  that 
the  point  or  plane  is  irrationally  related  to  the  given  points;  or 
briefly,  that  it  is  irrational  A  right  line  which  connects  two  rational 
points,  or  is  the  intersection  of  two  rational  planes,  may  be  called,  on 
the  same  plan,  a  Rational  Line ;  and  lines  which  cannot  in  either 
of  these  two  ways  be  constructed,  may  be  said  by  contrast  to  be 
Irrational  Lines,     It  is  evident  from  the  nature  of  the  eliminations 
employed  (comp.  again  42),  that  a  plane,  which  is  determined  as  con^ 
taining  three  rational  points,  is  necessarily  a  rational  plane;  and  in 
like  manner,  that  a  point,  which  is  determined  as  the  common  inter- 
section  of  three  rational  planes,  is  always  a  rational  poitU:  as  is  also 
every  point  which  is  obtained  by  the  intersection  of  a  rational  line 
with  a  rational  plane;  or  of  two  rational  lines  with  each  other  (when 
they  happen  to  be  complanar). 

78.  Finally,  when  two  points,  or  two  planes,  differ  only  by  the  ar- 
rangement (or  order)  of  the  coefficients  in  their  quinary  symbols,  those 
points  or  planes  may  be  said  to  have  one  common  type;  or  briefly 
to  be  syntypical.  For  example,  the  Jive  given  points,  a,  . .  e,  are  thus 
syntypical,  as  being  represented  by  the  quinary  symbols  (10000), . . 
(00001);  and  the  ten  planes,  obtained  by  taking  all  the  ternary 
combinations  of  those  five  points,  have  in  like  manner  one  common 
type.  Thus*  the  quinary  symbol  of  the  plane  abc  has  been  seen 
(76)  to  be  [OOOll];  and  the  analogous  symbol  [iToOO]  represents 
the  plane  cde,  &c.     Other  examples  will  present  themselves^  in  a 
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shortly  subsequent  Section,  on  the  subject  of  Nets  in  Space.  Bat 
it  seems  proper  to  say  here  a  few  words,  respecting  those  Anhar- 
inonic  Co-ordinates^  Equations^  Stfmhols,  and  Types,  for  Space,  which 
are  obtained  from  the  theory  and  expressions  of  the  present  Section, 
by  reducing  (as  we  are  allowed  to  do)  the  number  of  the  coefficients^ 
in  each  symbol  or  equation,  from^i;e  to  four. 

Section  3. — On  Anharmonic  Co-ordinates  in  Space. 

79.  When  we  adopt  the  second  form  (70)  for  p,  or  suppose  (as 
we  may)  that  Xhe  fifth  coefficient  in  the  ^r5<  form  vanishes,  we  get  this 
other  general  expression  (comp.  34,  36),  for  the  vector  of  a  point  in 
space: 

xaa  +  yhp  +  zc^  +  wdS 

xa  +  yb-\-zc-{'Wd 
and  may  then  write  the  symbolic  equation  (comp.  36,  71), 

p=(a?,  y,  «,  u;), 
and  call  this  last  the  Quaternary  Symbol  of  the  Point  p:  although 
we  shall  soon  see  cause  for  calling  it  also  the  Anharmonic  Symbol  of 
that  point.  Meanwhile  we  may  remark,  that  the  only  congruent 
symbols  (71),  of  this  last  form,  are  those  which  difier  merely  by  the 
introduction  o(  &  common  factor :  the  three  ratios  o(  the  four  coeffi- 
cients^ X  ..w,  being  oU  required,  in  order  to  determine  the  position  of 
the  point;  whereof  those  four  coefficients  may  accordingly  be  said 
(comp.  36)  to  be  the  Anharmonic  Coordinates  in  Space. 

80.  When  we  thus  suppose  that  v  =  0,  in  the  quinary  symbol  of 
thepotn^  p,  we  may  suppress  the  fifth  term  sv,  in  the  quinary  equation 
of  &  plane  IT,  fo  +  . .  +  w  =  0  (75) ;  and  therefore  may  suppress  also  (as 
here  unnecessary)  the  fifth  coefficient,  s,  in  the  quinary  symbol  of  that 
plane,  which  is  thus  reduced  to  the  quaternary  form, 

n  =  [/,  m,n,r^. 
This  last  may  also  be  said  (37,  79)»  to  be  the  Anharmonic  Symbol  of 
the  Plane,  of  which  the  Anharmonic  Equation  is 

Ix-vmy  ^-nz^-rw-O', 
the^bwr  coefficients,  Imnr,  which  we  shall  call  also  (comp.  again  37) 
the  Anharmonic  Co-ordinates  of  that  Plane  n,  being  not  connected 
among  themselves  by  any  general  relation  (such  as  /+..  +  «=  0):  since 
their  three  ratios  (comp.  79)  are  all  in  general  necessary,  in  order  to 
determine  the  position  of  the  plane  in  space. 

81.  If  we  suppose  that  the  fourth  coefficient,  w,  also  vanishes,  in 
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tbe  recent  symbol  of  a  point,  thtkipoirU  p  is  in  tkepUme  abc  ;  and  may 
tbeD  be  sufficientlj  represented  (as  in  86)  bj  the  Ternary  Symbol 
'',  jf,  z).  And  if  we  attend  only  to  the  points  in  which  an  arbitrary 
/^  n  intersects  the  given  plane  abc,  W6  maj  tupprtaa  its  fourth  co- 
^aaa,  r,  as  being  for  such  points  unnecessary.  In  this  manner, 
tfaen,  we  are  reconducted  to  the  equation^  Ix+my  +  m-O,  and  to  the 
ijmbol,  A=  [Z,  971,  fft]],  for  a  right  line  (37)  in  the  plane  abc,  considered 
lia«  as  the  trticej  on  that  plane,  of  an  arbitrary  plane  H  in  space.  If 
this  plane  11  be  given  by  its  quinary  symbol  (75),  we  thus  obtain 
tiie  ternary  symbol  for  its  trace  A,  by  simply  suppressing  the  two  last 
coefidents^  r  and  s. 

82.  In  tbe  more  general  case,  when  the  point  p  is  not  confined 
to  the  plane  abc,  if  we  denote  (comp.  72)  its  quaternary  symbol  by 
(Q),  the  lately  established  formula  of  coUineation  and  complanarity 
1.73,  74)  will  Btill  hold  good :  provided  that  we  now  suppress  the 
symbol  (  CQ,  or  suppose  its  coefficient  to  be  zero.  Thus,  the  formula, 

(Q)  =  <'(aO  +  <"(Q'0  +  ^"(Q''0» 

expresses  that  the  point  p  is  in  the  plane  p'p^'p'^';  and  if  the  coeffi- 
cient ^'^  vanish^  the  equation  which  then  remains,  namely, 

(Q)=«^(Q')+<''(Q'0> 

signifi^  that  p  is  thus  compUmar  with  the  two  given  points  p',  p", 
and  with  an  arbitrary  third  point;  or,  in  other  words,  that  it  is  on 
we  right  line  p'p'';  whence  (comp.  76)  problems  of  intersections  of 
^es  with  planes  can  easily  be  resolved.  In  like  manner,  if  we  de- 
note briefly  by  [i?]  the  quaternary  symbol  [^  m,  n,  r]  for  a  plane 
"» the  formula 

[i?]  =  t'  [jR']  + 1''  [i?"]  + 1'''  [^'"] 

^ptesses  that  the  plane  11  passes  through  the  intersection  of  the  three 
planes,  n%  n'\  D'";  and  if  we  suppose  r'  =  0,  so  that 

^e  formula  thus  found  denotes  that  the  plane  n  passes  through 
*^e  point  of  intersection  of  the  two  planes,  11',  11",  with  any  third 
plane;  or  (comp.  41),  that  this  plane  11  contains  the  line  ofintersec- 
tion  of  11',  n'';  in  which  case  the  three  planes,  n,  11',  11'',  may  be 
^d  to  be  coUtnear,    Hence  it  appears  that  either  of  the  two  escpres- 

I.  .  .  f  CQ')  + 1" (Q'0»         II-  •  •  '^  [^']  +  <"  [^"]. 
toay  be  used  as  a  Symbol  of  a  Right  Line  in  Space  :  according  as  we 
consider  that  line  A  either,  Ist,  as  connecting  two  given  pomtSy  or 
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Ilnd,  as  being  the  trUerMdian  ofttM  given  plama.  The  remerks  (77) 
on  raiiaual  and  irrational  paintSy  planes^  and  lines  require  no  raodifi- 
eation  here;  and  those  on  types  (78)  adapt  diemselves  as  easily  to 
quaternary  as  to  quinary  symbolf . 

83.  From  the  foregoing  general  formnlss  of  eollineatfon  and  eom- 
planarity,  it  follows  that  the  point  p^,  in  which  the  line  ab  inter- 
sects the  plane  cdp  throvgli  CD  and  any  proposed  poh)t  v^{xyzw) 
of  spHee,  may  be  denoted  thus: 

p'  =  AB  •  CDP  =  (aryOO) ; 
for  example,  e  =  (1 1 1 1),  and  c'  =  ab  -  gde  =  (1 100).  In  general,  if 
ABCDEF  be  any  six  points  ofspace^  the  four  coUinear  planes  (82),  abc, 
ABD,  ABE,  ABF,  are  said  to  form  9^ pencil  through  ab;  and  if  this  be 
cut  by  any  rectilinear  transversal^  mfour  points^  c,  D,  e\  f,  then 
(comp.  35)  the  anharmonic  function  of  this  group  of  points  (25)  is 
called  also  the  Anharmonic  of  the  Pencil  of  Planes:  which  may  be 
thus  denoted, 

(ab  .  cdef)  =  (c*dVf'). 

Hence  (comp.  again  25,  35),  by  what  has  just  been  shown  respect- 
ing c'  and  p',  we  may  establish  the  important  formula: 

(cD  .  aebp)  =  (ac'bp')  -  - ; 

9 

SO  that  this  ratio  of  coefficients,  in  the  symbol  (xyiw)  for  a  variable 
point  p  (79),  represents  the  anharmonic  of  a  pencil  of  planes,  of  which 
the  variable  plane  gdf  is  one;  the  three  other  planes  of  this  pencil 
being  given.    In  like  manner, 

(ap.becp)  =  -,    and    (bd.ceap)=-; 

80  that  (comp.  36)  the  product  of  these  three  last  anharmonics  is 
unity.     On  the  same  plan  we  have  also, 

(bC  .  AEDP)  =  — ,  (OA  .  BEDP)  =  — ,  (aB  .  CEDP)  =  —  ; 

^  w  w  w 

so  that  the  three  ratios^  of  the  three  first  coefficients  xyz  to  the 
fourth  coefficient  w^  suffice  to  determine  the  three  planes^  bop,  cap, 
ABP,  whereof  ^e  point  p  is  the  common  intersection^  by  means  of  the 
anharmonics  of  three  pencils  of  planes^  to  which  the  three  planes  re- 
spectively belong.  And  thus  we  see  a  motive  (besides  that  of  analogy 
to  expressions  already  used  for  points  in  a  given  plane\  for  calling 
the  four  coefficients^  xyzw^  in  the  quaternary  symbol  (79)  for  tk  point  in 
spactt  the  Anharmonic  Co-ordinates  of  that  Point. 

84.  In  general,  if  there  be  any  four  eoUinear  points,  Pq,  .  .Pj,  so 


(non,n,n,)  =  ^^, 
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tiiat  (oomp.  82)  their  mfniboU  are  connected  by  two  linear  equations^ 
racfa  as  the  following, 

then  the  anharmonic  of  their  ffroup  may  be  expressed  (com p.  25,  44) 
as  follows : 

•  id' 

(p«PiP,p,)  =  -,; 

as  appears  bj  considering  the  pencil  (cd  .  PoPiP^Ps),  and  the  transversal 
AB  (83).  And  in  like  manner,  if  we  have  (comp.  again  82)  the  two 
other  symbolic  equations,  connecting /otir  coUinear  planes  U^ . .  IIj, 

the  anharmonic  of  their  pencil  (83)  is  expressed  by  the  precisely 
similar  formula, 

tti' 

as  may  be  proved  by  supposing  the  pencil  to  be  cut  by  the  same 
transversal  line  ab. 

85.  It  follows  that  \i  f{xyzw)  And/i(!ryzw)  be  any  two  homo- 
geneous and  linear  functions  of  a;,  y,  z,  u^;  and  if  we  determine  four 
collinear  planes  IIq  . .  1X3  (82),  by  the  four  equations, 

V-0,        /»=/,        /i  =  0,        /.  =  ^/, 
where  k  is  any  scalar;  we  shall  have  the  following  value  of  the  an- 
harmonic function,  of  the  pencil  of  planes  thus  determined : 

(nonin,n,)=^=4 

Hence  we  derive  this  Uieorenit  which  is  important  in  the  application 
of  the  present  system  of  co-ordinates  to  space: — 

"  The  Quotient  of  any  two  given  homogeneous  and  linear  Functions^ 
of  the  anharmonic  Co-ordinates  (79)  of  a  variable  Point  p  in  space^  may 
be  expressed  as  the  Anharmonic  (noXIjIIanj)  of  a  Pencil  of  Planes; 
whereof  three  are  given,  while  the  fourth  passes  through  the  variable 
point  p,  and  through  a  given  right  line  A  which  is  common  to  the  three 
former  planesP   ' 

86.  And  in  like  manner  may  be  proved  this  other  but  analogous 
Theorem: —    ' 

**  The  Quotient  of  any  two  given  homogeneous  and  linear  Functions, 
<f  the  anharmonic  Co-ordinates  (80)  of  a  variable  Plane  11,  may  be  esc- 
pretsed  as  the  Anharmonic  (P0P1P3P3)  of  a  Group  of  Points;  whereof 
three  are  given  and  collinear,  and  the  fourth  is  the  interse<^ion,  A '  D, 
of  their  common  and  given  right  line  A,  with  the  variable  plane  n," 

K 
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More  fully,  if  the  two  given  functions  of  Imnr  be  f  and  f„  and 
if  we  determine  three  points  PoPiPa  by  the  equations  (comp.  57) 
F  =  0,  Fi  =  F,  Fi  =  0,  and  denote  by  p,  the  intersection  of  their  com- 
mon line  A  with  n,  we  shall  have  the  quotient, 

^  =  (P0P|P2P3). 

For  example,  if  we  suppose  that 

Aa  =  (1001),  B2=(010l),  C2=(0011), 

A',  =  (1001),        b'2  =  (010T),        c',  =  (001T), 
so  that 

A2  =  DA  •  BCE,  Ac.,    and    (d a, A a's)  =  -  1 ,  &c.  , 
we  find  that  the  three  ratios  of  /,  m,  n  to  r,  in  the  symbol  n  =  [/mnr], 
may  be  expressed  (comp.  39)  under  the  form  of  anharmonics  of 
groups,  as  follows: 

-  =  (da',aq)  ;       ^  =  (db'jBr)  ;     "  =  (dCjCs)  ; 

where  a,  b,  s  denote  the  intersections  of  the  plane  n  with  the  three 
given  right  lines,  da,  db,  dc.  And  thus  we  have  a  motive  (comp. 
83)  besides  that  of  analogy  to  liries  in  a  given  plane  (37),  for  calling 
(as  above)  the/bur  coefficients  ^  m,  »,  r,  in  the  qualematy  symbol  (80) 
for  9k  plane  n,  the  Anharmonic  Co-ordinates  of  that  Plane  in  Space* 

87.  It  may  be  added,  that  if  we  denote  by  h,  h,  n  the  points  in 
which  the  same  plane  IX  is  cut  by  the  three  given  lines  bg,  ca,  ab, 
and  retain  the  notations  a^^,  b^^  &'  for  those  other  points  on  the  same 
three  lines  which  were  so  marked  before  (in  31,  &c),  so  that  we  may 
now  write  (comp.  36) 

A''=(0110),         B"  =  (T010),  (/'=(lT00), 

we  shall  have  (comp.  39)  83)  these  three  other  anharmonics  of  groups, 
with  their  product  equal  to  unity: 

—  =(ca''bl);       -j  =  (ab''cm);       —  =(bo''an); 

and  the^u;  givenpoints,  a",  b",  &\  a'„  b'„  (/j,  are  all  inone  given  plane 
[e],  of  which  the  equation  and  symbol  are: 

aJ  +  y  +  ^+w  =  0;         [e]  =  [11111]. 

The  six  groups  of  points,  of  which  the  anharmonic  functions  thus 
represent  the  six  ratios  of  the  four  anharmonic  co-ordinates,  Imnr^ 
of  tL  variable  plane  n,  are  therefore  situated  on  the  six  edges  of  the 
given  pyramid^  abcd  ;  two  points  in  each  group  being  corners  of  that 
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PTTtmid,  and  the  two  others  being  the  intenecUons  of  the  edge  with 
the  two  pUmeSy  [s]  and  n.  Finally,  thep^n^  [b]  is  (In  a  known 
modem  sense)  the  ploM  ofhomologyy^  and  the  point  b  is  the  centre 
of  homology^  of  the  given  pyramid  abcd,  and  of  an  ineeribed  pyramid 
A|BiC,Di,  where  Ai=3EA*bcd,  &c;  so  that  Di  retains  its  recent  signi- 
fication (66,  76);  and  we  may  write  the  anharmonic  symbols, 

A,  =  (0111),  Bi  =  (1011),  Ci=(1101),  Di  =  (lllO). 

And  if  we  denote  by  a'iB'iG^d^  the  harmonic  conjugates  to  these 
last  points,  with  respect  to  the  lines  ea,  eb,  ec,  ed,  so  that 

(EAiAA'i)  = . .  =  (EDiDf/j)  =  -  1 , 

we  have  the  corresponding  symbols, 

A'i=(2111),        B',  =  (1211),        c'x  =  (ll21)        D'i  =  (ni2), 

Many  other  relations  of  position  exist,  between  these  yarious  points, 
lines,  and  planes,  of  which  some  will  come  naturally  to  be  noticed, 
in  that  theory  of  nets  in  space  to  which  in  the  following  Section  we 
shall  proceed. 

Section  4. — On  Geometrical  Nets  in  Space. 

88.  When  we  have  (as  in  65)  five  given  points  a  . .  e,  whereof  no 
four  are  complanar,  we  can  connect  any  two  of  them  by  a  right  line^ 
and  the  three  others  by  a  plane^  and  determine  the  point  in  which 
these  last  intersect  one  another :  deriving  thus  a  system  of  tm  lines  Ai, 
Unplanis  IIi,  and  ten  points  Fi,  from  the  given  system  of  five  points 
Po,  by  what  may  be  called  (comp.  34)  a  First  Construction,  We  may 
next  propose  to  determine  all  the  new  and  distinct  linesy  A,,  and 
V^amSi  lis,  which  connect  the  ten  derived  points  Pi  with  the  five 
given  points  Pq,  and  with  each  other;  and  may  then  inquire  what 
WW  and  distinct  points  Ps  arise  (at  this  stage)  as  intersections  of  lines 
viieft  planesy  or  of  lines  in  one  plane  with  each  other :  all  such  new  lines, 
planes,  and  points  being  said  (comp.  again  34)  to  belong  to  a  Second 
Construction.  And  then  we  might  proceed  to  a  ITiird  Construction 
of  the  same  kind,  and  so  on  for  ever  :  building  up  thus  what  has 
heen  calledf  a  GeometriccU  Net  in  Space.  To  express  this  geome- 
trical process  by  quinary  symbols  (71,  75,  82)  of  points^  planes^  and 
lines,  and  by  quinary  types  (78),  so  far  at  least  as  to  the  end  of  the 
second  construction^  will  be  found  to  be  an  useful  exercise  in  the 

*  See  Ponc«let*8  IVaite  du  PropriiUt  Projeetives  (Paris,  1822). 
t  By  Mobiua,  in  p.  291  of  hU  already  cited  Barycenirie  Caieulus. 
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application  of  principles  lately  established:  and  therefore  ulti- 
mately in  that  Method  of  Vectors,  which  is  the  subject  of  the 
present  Book.  And  the  quinary  form  will  here  be  more  convenient 
than  the  quaternary ^  because  it  will  exhibit  more  clearly  the  geome- 
trical dependence  of  the  derived  points  and  planes  on  the^t^e  given 
points,  and  will  thereby  enable  us,  through  a  principle  of  eymmetry^ 
to  reduce  the  number  of  distinct  types. 

89.  Of  the  five  given  pointSy  Pq^  the  quinary  type  has  been  seen 
(78)  to  be  (10000);  while  of  the  ten  derived  points  P|,  of  first  con- 
struction, the  corresponding  type  may  be  taken  as  (00011);  in  fact, 
considered  as  symbols^  these  two  represent  the  points  a  and  Dj.  The 
nine  other  points  Pi  are  aVc'AiB|CiA2B2C2;  and  we  have  now  (comp. 
83,  87,  86)  the  symbols, 

A'=  EC  •ADE  =  (01100),  Ai  =  EA- BCD  =  (10001), 

A2  =  DA'BCE  =  (10010); 

also,  in  any  symbol  or  equation  of  the  present  form,  it  ia  permitted 
to  change  a,  b,  c  to  b,  g,  a,  provided  that  we  at  the  same  time  write 
the  third,  first,  and  second  co-efficients,  in  the  places  of  the  first, 
second,  and  third:  thus,  b^  =  ca*  bde=:(10100),  &c.  The  symbol 
(xyOOO)  represents  an  arbitrary  point  on  the  line  ab;  and  the  sym- 
bol [OOnr^],  with  n  +  r +  «  =  0,  represents  an  arbitrary  plane  through 
that  line :  each  therefore  may  be  regarded  (comp.  82)  as  a  symbol  b\so 
of  the  line  ab  itself y  and  at  the  same  time  as  a  type  of  the  ten  lines 
A,;  while  the  symbol  [000  ll],  of  the  plane  abc  (75),  may  be  taken 
(78)  as  a  type  of  the  ten  planes  III.     Finally,  the  five  pyramidsy 

BCDE,  cade,  AEDE,  ABCE,  ABCD, 

and  the  ten  triangles^  such  as  abc,  whereof  each  is  a  common  face  of 
two  such  pyramids,  may  be  called  pyramids  R^y  and  triangles  jTi,  of 
the  First  Construction, 

90.  Proceeding  to  a  Second  Construction  (88),  we  soon  find  that 
the  lines  Aa  may  be  arranged  in  two  distinct  groups;  one  group  con- 
sisting of  fifteen  lines  A,,!,  such  as  the  line*  aa'd,,  whereof  each  con- 
nect two  points  Pi,  and  passes  also  through  one  point  Pq,  being  the  inter- 
section of  two  planes  IIi  through  that  pointy  as  here  of  abc,  adb; 
while  the  other  group  consists  of  thirty  lines  A,,  „  such  as  b^c',  each 
connecting  two  points  Pi,  but  not  passing  through  any  point  Pq,  and 
being  one  of  the  thirty  edges  of  five  new  pyramids  R^,  namely, 

C'B'AaAi,  A'c'B^B,,  B'a'CjC,,  AgB^CjDi,  AjBiCiDi: 

*  ABiCa,  AB3C1,  DA  Ai,  ea'A},  are  other  lines  of  this  group. 
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vhich  pyramids  B^  may  be  said  (comp.  87)  to  be  inscribed  homo- 
k^UB  of  the  five  former  pyramids  R^  the  centres  ofkofnalogy  for  these 
fxepaxn  of  pyramids  being  the  five  given  points  a  • .  e  ;  and  i^Q  planes 
^komology  being  five  planes  [a]  • .  [e],  whereof  the  last  has  been 
tlraidy  mentioned  (87)y  bnt  which  belong  properly  to  a  third  con- 
stroction  (88).  The  planes  Ti^  of  second  construction,  form  in  like 
iDtnner  two  groups;  one  consisting  of  Jtfteen  planes  n,,  i,  such  as  the 
plane  of  tbe  Jive  points^  AB^a^c^y  whereof  each  passes  through  one 
point  Po»  and  through /our />om(«  Pi»  and  contains  two  lines  A^j,  as 
Here  the  linea  aBiCH,  aCiB,,  besides  containing /our  lines  Aa,,,  as  here 
B,B„  &c. ;  while  the  other  group  is  composed  of  twenty  planes  IT,,  „ 
roch  aa  AiBiCi,  namely,  the  twenty  faces  of  the  five  recent  pyramids  i?,, 
whereof  each  contains  three  points  P|,  and  three  lines  A,,  „  but  does 
aot  pass  through  any  point  p©.  It  is  now  required  to  express  these 
9^ometrical  conceptions'^  of  ^^  forty-Jive  lines  A, ;  the  thirty-Jive  planes 
11»;  and  ^ejhe  planes  of  homology  of  pyramids,  [a]  . . .  [e],  by  qui- 
^^  symbols  and  types,  before  proceeding  to  determine  the  points  p, 
of  second  construction. 

91.  An  arbitrary  jEK7tn<  on  the  right  line  aa'Di  (90)  may  be  re- 
presented by  the  symbol  (<ttttOO) ;  and  an  arbitrary  plane  through 
that  line  by  this  other  symbol,  [Omwrr],  where  m  and  r  are  written 
(to  save  commas)  instead  of -»n  and  -r;  hence  these  two  symbols 
^^J  also  (comp.  82)  denote  the  line  aa^Di  itself,  and  may  be  used  as 
types  (78)  to  represent  the  group  of  lines  Aj,  j.  The  particular  sym- 
^1  [01  111],  of  the  last  form,  represents  that  particular  plane 
tWugh  the  last- mentioned  line,  which  contains  also  the  line  aBiC, 
of  the  same  group;  and  may  serve  as  a  type  for  the  group  of  planes 
Haji-  The  line  b'c',  and  the  group  A2,2,  may  be  represented  by 
(^ttOO)  and  [iittiw],  if  we  agreef  to  write  *  =  <  +  «,  and  5  =  - 5;  while 
t^€  plane  b'(/A2,  and  the  group  IIj,,,  may  be  denoted  by  [1 1 1 12]. 
finally,  the  plane  [eJ  has  for  its  symbol  [11114];  and  the  four 
other  planes  [a],  &c.,  of  homology  of  pyramids  (90),  have  this  last 
for  their  common  type. 

92.  The|>omt9P„  of  second  construction  (88),  are  more  nume- 

*  Mobius  (in  his  Bary centric  Calcultu,  p.  284,  &c.)  has  very  clearly  pointed 
^t  the  existence  and  chief  properties  of  the  foregdog  lincM  and  planet ;  but  bedidea 
that  hb  analyns  is  altogether  different  from  ours,  he  does  not  appear  to  have  aimed 
*^  '»tmeratiagf  or  even  at  claMnfying^  all  \h^pcints  of  what  has  been  above  called 
(88)  the  second  conrirucHon^  as  we  propose  shortly  to  do. 

t  With  this  convention,  the  Ime  ab,  and  the  group  Ai,  may  be  denoted  by 
^^t  plane- cymbol  [00^u«]    their  potfff-«ym&o/  being  (^uOOO). 
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rous  than  the  lines  A^  B,nd  planes  Ila  of  that  constmction:  yet  with 
the  help  of  types^  as  above,  it  is  not  difELcolt  to  classify  and  to 
enumerate  them.  It  will  be  sufficient  here  to  write  down  these 
types,  which  are  found  to  be  eighty  and  to  offer  some  remarks  re- 
specting them ;  in  doing  which  we  shall  avail  ourselves  of  the  eight 
foWovfing  typical  pointSy  whereof  the  two  first  have  already  occurred, 
and  which  are  all  situated  in  the  plane  of  abc  : 

A"  =  (0lT00);     A'"  =  (21 100);     a"^   =(21100);     a'  =(02100); 
A^  =  (02100);    A^  =  (12T00);     A^"  =  (32100);     A«=(23100); 

the  second  and  third  of  these  having  (10011)  and  (30011)  for  eon^ 
gruent  symbols  (71).  It  is  easy  to  see  that  these  eight  types  repre- 
sent, respectively,  ten,  thirty,  thirty,  twenty,  twenty,  sixty,  sixty, 
and  sixty  distinct  points,  belonging  to  eight  groups^  which  we  shall 
mark  as  Pj,  i, . .  Fi»  s ;  so  that  the  total  number  of  the  points  p^  is  290 . 
If  then  we  consent  (88)  to  close  the  present  inquiry,  at  the  end  of 
what  we  have  above  defined  to  be  the  Second  Construction^  the  total 
number  of  the  net  points^  p^,  p,,  which  are  thus  derived  by  lines 
and  planes  from  the  five  given  points  Pq,  is  found  to  be  exactly  three 
hundred:  while  the  joint  number  of  the  net-lines^  Ai,  A^,  and  of  the 
net-planesy  IIj,  K,,  has  been  seen  to  be  one  hundred^  so  far. 

(1.)  To  the  type  Pg,  i  belong  the  ten  pointtj 

a'bV,  A2B'20  J,  A'iB'iO'iD'i, 

with  the  qnioaiy  symbols, 

A*=(0ir00),..    A'»=(100T0),..    a'i  =  (10000,..    d'i  =  (00011), 
-which  are  the  harmonic  eomjugatet  of  the  ten  points  Pi,  namely,  of 

A'b'c',  A2B2O2,  AiBiCiDi, 

with  respect  to  the  ten  lines  Ai,on  which  thoee  points  are  situated ;  so  that  we  have 
ten  harmonic  equations,  (ba'ca")  =  -  1,  &c,  as  already  seen  (Sl,  86, 87).  Each  point 
P2, 1  is  the  common  interaection  of  a  line  Ai  with  three  linee  Aa^a  t  thus  we  may  esta- 
blish the  four  folLowmg  formula  of  concurrence  (equiyalent,  by  89,  to  ten  sudi  for- 
mulsB) : 

a"  =B0"B'0''BiCi*Bj0a  J     A'j  =  DA'DiAi"B'Cs'C'b,; 
A'i  =  BA  •  Di  Aa  •  B'Ci  •  C'Bi  ;    d'i  =  DB  •  A1A3  •  B1B3  •  OiOf, 

Each  point  P2, 1  ia  also  situated  in  three  planet  TL\ ;  in  three  other  planes,  of  the 
group  1X2,1;  and  in  eix  planes  1X3,3;  for  example,  a"  is  a  point  common  to  the 
twelve  planes, 

ABO,BCD,  BCB;    ABiOaCiB],    db'bic'C],    bb'bjo'Os; 
b'c'Ai,     BiGiAi,     B3C2A2,      b'c'A2,      BiCiDi,     BsQzDi. 

Each  line,  Ai  or  h^t^-,  contains* one  point  P2,i  ;  but  no  line  As,!  contains  any.  Each 
plane,  IIi  or  IIj,?,  contains  three  such  points;  and  each  plane  1X2,1  contains  firo, 
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vkiefa  an  tbe  isUenSeiiom*  of  cpponte  'tidea  of  a  qmadrHattral  Q%  is  that  plane, 
^btnai  the  dtaf^omaU  ioteneet  in  a  point  Pq  :  for  example,  the  diagonals  B1O2,  bsCi 
€f  tbe  qoadxilateral  BjBsOsCi,  which  is  (by  90)  in  one  of  the  planes  IIi,  i,  intenect* 
etdi  other  in  the  point  a  ;  while  the  oppoate  aides  CiBi,  bjOs  interBect  in  a"  ;  and 
tke  two  other  oppoaite  aidea,  BiBs,  0^  hare  the  point  d'i  for  their  intersection. 
The  im  poimtM  j%  1  are  also  ranged,  three  by  three,  on  ten  Itmee  of  third  eonetrttetian 
hh  namelj,  on  the  axee  ofhamologff^ 

aVic'i,  . .  AVjc^a, . .  a'ia'2D'i,  ; .  aVo", 
«f  fea  paiTM  of  triangUe  Ti,  T%,  which  are  dtnated  in  the  ten  planes  ITi,  and  of 
wliidi  tbe  centree  of  homology  are  the  ten  points  Pi :  for  example,  the  dotted  line 
A Vc',  in  Fig.  21,  is  tbe  axis  of  homology  of  the  two  triangles,  abo,  a'bV,  whereof 
the  latter  is  hueribed  in  the  former,  with  the  point  o  in  that  flgore  (replaced  by  di 
ta  ?ig.  29),  to  represent  their  centre  of  homology.  The  same  ten  poinie  p^,  1  are 
■lio  ranged  nx  hjf  six,  and  the  ten  last  Knee  As  are  ranged  finr  by  four,  in  Jive 
plnee  Hj,  namely  in  the  planes  of  homology  of  Jive  pairs  ofpyramidt,  i?i,  ijj, 
<lnsdy  mentioned  (90) :  for  example,  the  plane  [e]  contains  (87)  the  six  points 
*"b Va'jb  ac'zi  and  the  four  ri^t  lines, 

a'bWs,        bV»a'2,        d'A'iB'ij        a''b''c*'; 
vhich  latter  are  the  intersections  of  thajburfaeesy 

DCB,  DAC,  DBA,  ABC, 

of  the  pyramid  abcd,  with  the  corresponding  faces, 

DiCiBi,     DiAiCi,     DiBiAi,     AiBiCi, 

<tf  its  inscribed  homologue  AiBiCiDi ;  and  are  contained,  besides,  in  the  four  other 
tUoea, 

AiBV,  BjC/a',  OjA'b',  AsBsOs: 

the  three  trianglea,  abc,  AiBiCi,  AaBsO^  for  histance,  being  all  homologous^  although 
^  ^^lerent  planesj  and  having  tbe  line  a''b''o"  for  their  common  axis  of  homology. 
Ve  maiy  also  say,  that  this  line  a^'b^cT  is  the  eommoa  trace  (81)  of  twoplanes  1X2, 2, 
^"^7  of  AiBiCi  and  asBjOb,  on  the  plane  abc  ;  and  in  like  manner,  that  the  point 
A*  18  the  common  trace,  on  that  plane  IIi,  of  Aivo  lines  A3, 2,  namely  of  BiCi  and  B3O3 : 
^og  also  the  common  trace  of  the  two  lines  b'ic'i  and  b'jc'j,  which  belong  to  the 
<iairf  eoastmction. 

(2.)  On  the  whole,  these  ten  points,  of  second  construction,  a"  . .  .,  may  be 
^^niaidaed  to  be  already  well  known  to  geometers,  in  connexion  with  the  theory 
^  ^oacveraa/f  lines  and  planes  in  space :  but  it  is  important  here  to  observe, 
vith  what  simplicity  and  clearness  their  geometrical  relations  are  expreued  (88), 
^  the  fuinary  symbols  and  quinary  types  employed.  For  example,  the  col- 
'^"«0if)r  (82)  of  the /oKrp2aae«,  abc,  AiBiCi,  A3B2C2,  and  [a],  becomes  evident 
^nm  mere  inspection  of  their  ySwr  symbols, 

*  Compare  the  Kote  to  page  68. 

t  The  collinear,  complanar,  and  harmonic  relations  between  the  ten  points, 
^^  we  have  above  marked  as  Ps,  1,  and  which  have  been  considered  by  Mobiua 
*^  m  connexion  with  his  theory  of  nets  in  space,  appear  to  have  been  first  noticed 
^  Camot,  in  a  Memoir  upon  lransver»als. 
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[OOOlTj,         [III2I],         [IIII2],         [11114], 
which  represent  (75)  the^bw  quhuuy  equationgf 

10—0=0,  «+y  +  *-2»  — »  =  0,  as  +  y +  «  — w  — 2r=0,  *  +  y  +  «  +  w  — 4»  =  0  ; 
with  this  additional  consequence,  that  the  ternary  tymhol  (81)  of  the  common  traee^ 
of  the  three  latter  on  the  former,  is  [111]:  so  that  this  trace  is  (by  88)  the  line 
a"b"o''  of  Fig.  21,  as  above.  And  if  we  briefly  denote  the  quinary  symbols  of  the 
four  planes,  taken  in  the  same  form  and  order  as  above,  by  \_Ro\  \_Ri\  \Ri\  [i^],  we 
see  that  they  are  connected  by  the  two  relations, 

[fii]  =  -  [i2o]  +  [fi2]  ;         [Rz'\  =  2[«o]  +  [fla]  ; 
whence  if  we  denote  the  planes  tiiemselvee  by  IIi,  lis,  II's,  lis,  we  have  (oomp.  84) 
the  following  value  for  the  ankarmonic  of  their  pencil^ 

(nin2n'2n3)  =  -2; 

a  result  which  can  be  veiy  simply  verified,  for  the  case  when  abcd  is  a  regular  py^ 
ramid,  and  e  (comp.  29)  is  its  mean  point :  the  plane  Tlz,  or  [b],  becoming  in  this 
case  (comp.  88)  the  plane  at  infinity^  while  the  three  other  planes,  abo,  AiBiCi, 
'AzBjQa,  ue  parallel ;  the  eeeond  being  intermediatehe^yieen.  the  other  two,  but  twie^ 
ae  near  to  the  third  as  to  theySrt^ 

(8.)  We  must  be  a  little  more  concise  in  our  remarks  on  the  eeven  other  typet  of 
points  Pa,  which  indeed,  if  not  so  well  known,*  are  perhaps  also,  on  the  ^hole,  not 
quite  so  interesting :  although  it  seems  that  some  circumstances  of  their  arrangement 
in  space  may  deserve  to  be  noted  here,  especially  as  affording  an  additional  exercise 
(88),  in  the  present  system  of  9ymbols  and  types.  The  type  Pa,  a  represents,  then,  B,grotq> 
of  thirty  pointSy  of  which  A*^,  in  Fig.  21,  is  an  example;  each  being  the  intersection 
of  a  line  Aa,  1  with  a  line  A2,3,  as  a"'  is  the  point  in  which  aa'  intersects  b'g*  :  but 
each  belonging  to  no  other  line,  among  those  which  have  been  hitherto  considered. 
But  without  aiming  to  describe  here  all  the  lines,  planes,  and  points,  of  what  we  have 
called  the  third  construction,  we  may  already  see  that  they  must  be  expected  to  be 
numerous :  and  that  the  planes  IT3,  and  the  lines  A3,  of  that  construction,  as  well  as 
the  pyramids  R^  and  the  triangles  Ta,  of  the  second  construction,  above  noticed,  can 
only  be  regarded  as  epecimene,  which  in  a  closer  study  of  the  subject,  it  becomes  ne- 
cessary to  mark  more  fully,  on  the  present  plan,  as  Ila,  1, . .  T%,\.  Accordingly  it  is 
found  that  not  only  is  each  point  Pa,  a  one  of  the  comers  of  a  triangle  Tg,  1  of  third 
construction  (as  a'"  is  of  a'"b'"c'"  in  Fig.  21),  the  eidee  of  which  new  triangle  are 
lines  A3, a,  pasinng  each  through  one  point  P3,i  and  through  two  points  Pa,  3  (like 
the  dotted  line  a"b'"c'"  of  Fig.  21) ;  but  also  each  such  point  Pa,  a  is  the  intersection 
ottwo  new  lines  of  third  construction,  A 3, 3,  whereof  each  connects  a  point  pq  with  a 

*  It  does  not  appear  that  any  of  these  other  typesy  or  gronpsy  of  points  Pa,  have 
hitherto  been  noticed,  in  connexion  with  the  net  in  epaccy  except  the  one  which  we 
have  ranked  as  the/i/thy  Pa,  5,  and  which  represents  two  points  on  each  line  Ai,  as 
the  type  Pa,  1  has  been  seen  to  represent  one  point  on  each  of  those  ten  lines  of  first  con- 
struction !  but  that^A  ff^oupy  which  may  be  exemplified  by  the  intersections  of  the 
line  DE  with  the  two  planes  AiBiCi  and  AaBaOa,  has  been  indicated  by  MoMus  (In 
page  290  of  his  already  cited  work),  although  with  a  dijfferent  notation^  and  as  the  re- 
sult of  a  different  analysis. 
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pent  r^i.  For  example,  the  point  a'  is  the  eoamom  trace  (on  the  plane  abc)  of  the 
two  asm  laam,  da'i,  ka's  :  becanse,  if  we  adopt  for  this  point  a"'  the  second  of  iu  two 
o^gnentflymboLs,  we  hare  (oomp.  73,  82)  the  expressions, 

A-'=  (TOOII)  =  (d)  - (a'i)  =  (e)  -  (As). 
Wemtj  therefore  establbh  the  formula  of  eomeurrenee  (comp.  the  first  sub-article)  : 

a'"  =  aa'  •  b'o*  •  D  a'i  •  E  a'j  ; 
*^ieb  xcpresents  a  system  of  thirty  such  fonnnlfB. 

(4.)  It  has  been  remarked  that  the  point  a'"  may  be  represented,  not  only  by  the 
qaasry  symbol  (21100),  but  slso  by  the  congruent  symbol,  (1001 1)  ;  if  then  we 

Ao=(11100),  Bo  =  (iriOO),  Co  =  (11100), 
tbese  three  new  points  AoBoCo,  in  the  plane  of  abc,  must  be  considered  to  be  fyntyptco/, 
M the ^tdnary  sense  (78),  with  the  three  pointo  ^"jTii"^  or  to  belong  to  the  Mme 
T^  P2,a,  although  they  have  (comp.  88)  a  different  ternary  type.  It  is  easy  to 
«  thtt,  while  the  triangle  a^'b'V"  is  (comp.  sgain  Fig.  21)  an  inscribed  homo- 
hv  7*3.1  of  the  triangle  a'bV,  which  is  iieelf  (comp.  sub-article  1)  an  inscribed 
i»Bologae  7^,  1  of  a  triangle  7i,  namely  of  abc,  with  a"b"c"  for  their  eommon  a ;  is 
^homology,  the  new  triangle  AoBqCq  is  on  the  contrary  an  exscrUted  homologne 
^h%  with  the  some  oans  A3, 1,  of  the  same  given  triangle  7*i.  But  from  the  tynty- 
f^  rtlafum,  existing  as  above  for  epace  between  the  points  a'"  and  Ao,  we  may 
expect  to  find  that  these  two  points  P2, 2  admit  of  being  similarly  constructed^  when 
*^Jfee  points  p©  are  tteated  as  entering  eyntmetrically  (or  similarly),  as  geometri- 
^  demenU^  into  the  constructions.  The  point  Aq  must  therefore  be  situated,  not 
^J  00  a  line  Aa,  1,  namely,  on  aa',  but  also  on  a  lino  A2,2,  which  is  easily  found  to 
be  AiAa,  and  on  two  lines  As, 3,  each  connecting  a  point  Po  with  a  point  V2>,  1 ;  which 
ItUff  fines  are  eooo  seen  to  be  bb"  and  co".  We  may  therefore  esublish  the  formula 
^  «"«WTe«ee  (oomp.  the  last  sub-article) : 

Ao  =  aa'  "  A1A2  •  bb'  •  oc" ; 
^  m^  eenaider  the  three  points  Ao,  Bo,  Cq  as  the  frae«s  of  the  three  lines  A1A3, 
BiBj,  ci<^ :  while  the  three  new  lines  aa",  bb",  go",  which  coincide  in  position 
*ilh  the  sides  of  the  exscribed  triangle  AoBqGo,  are  the  traces  A3, 3  of  three  planes 
^t;i>  such  as  AB1C2BSO1,  whidi  pass  through  the  three  given  points  A,  b,  o,  but  do 
Qot  cootam  the  lines  A2,i  whereon  the  six  points  P2,2  in  their  plane  11 1  are  situated. 
^"^  €ther  plane  IIi  contahis,  in  like  manner,  six  points  Ps  of  the  present  group ; 
ereiy  plane  Us,  1  contains  eight  of  them ;  and  every  plane  112,2  contains  three;  each 
****  Azfi  passing  through  two  such  points,  but  each  line  A2,2  only  through  one. 
Bat  beudes  being  (as  above)  the  intersection  of  two  lines  A%,  each  point  of  this  group 
'^s  is  common  to  two  planes  IIij  four  planes  1X3,1,  and  two  planes  112,3;  while 
^^  of  these  thirty  points  is  also  a  eommon  comer  of  two  different  triangles  of 
^^construction,  of  the  Utely  mentioned  kinds  Ts,  1  and  23,2,  situated  respectively 
in  the  two  planes  ol first  construction  which  contain  the  point  itself.  It  may  be 
*<^  that  each  of  the  two  points  P3,2,  on  a  line  A2,  i,  is  the  hcarmonie  conjugate  of 
^"^  of  the  two  points  pi,  with  respect  to  the  point  Po,  and  to  the  other  point  Pi  on 
^Une;  thus  we  have  here  the  two  harmonic  equations, 

(aa'dia'")  =  (adia'ao)  =  —  1, 
^  ^Ucfa  the  positions  of  the  two  points  a'"  and  Aq  might  be  determined. 

L 
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(5.)  A  third  ffrovp,  Ps,),  otBeeondeonttrHction,  consiats  (like  the  preceding  group^ 
of  thirty  poinUy  ranged  two  by  two  on  the  fifteen  lines  A%,\j  and  iix  by  gix  on  the 
ten  planes  II i,  but  so  that  each  is  common  to  two  such  planes ;  each  is  also  situated 
in  ^100  plane*  IIa,i,  in  two  planes  112,2,  and  on  one  line  A  3,1  in  which  (by  sub  art  1) 
these  two  last  planes  intersect  each  other,  and  two  of  the  five  planes  lis,  1 ;  eacb 
plane  lis,!  contains ybwr  such  points,  and  each  plane  112,2  contains  three  of  them  ; 
but  no  point  of  this  group  is  on  any  line  Ai,  or  A2,a.  The  9ix  points  P2,3i  whicK 
are  tM  lAe  plane  abc,  are  represented  (like  the  corresponding  points  of  the  last 
group)  by  two  ternary  types^  namely  by  (211)  and  (811) ;  and  may  be  exemplified 
by  the  two  following  points,  of  which  these  last  are  the  ternary  symbols : 

A*^  =  AA'*  a"b''c"  =  AA''AiBiCi  *A2B202  ; 
Ai"^  =  AA'  •d'iA'2A  1  =  AA'  •b'Ci02  'C'BiBa. 

The  three  points  of  the  first  sub-group  a*^  . .  are  collinear ;  but  the  three  points  ai*^  .  . 
of  the  second  sub-group  are  the  comers  of  a  new  triangle,  73,3,  which  is  homologous 
to  the  triangle  abc,  and  to  all  the  other  triangles  in  its  plane  which  have  been  hitherto 
considered,  as  well  as  to  the  two  triangles  AiBiOi  and  A2B2O2 ;  the  line  of  the  three 
former  points  being  their  common  axie  of  homology ;  and  the  sides  of  the  new  trian- 
gle, Ai'^Bi'^Ci'^,  being  the  traces  of  the  three  planes  (comp.  90)  of  homology  of  pyra- 
mids, [a],  [b],  [c]  ;  as  (comp.  sub-art  2)  the  line  a*'b"c"  or  a^b'V  is  the  com- 
mon trace  of  the  two  other  planes  of  the  same  group  lis,  1,  namely  of  [d]  and  [b].  We 
may  also  say  that  the  point  Ai*^  is  the  trace  of  the  line  a'ia'j  ;  and  because  the  lines 
b'gq,  o'bo  are  the  traces  of  the  two  planes  112,2  in  which  that  point  is  contained,  we 
may  write  the  formula  of  concurrence, 

Ai*'  =  AA'  •  A'iA'2  *  B'Cft  •  c'bo. 

(6.)  It  may  be  also  remarked,  that  each  of  the  two  points  pb,  3,  on  any  line  A2, 1,  is 
the  harmonic  conjugate  of  a  point  P2,2,  with  respect  to  the  point  Po,  and  to  one  of 
the  two  points  Pi  on  that  line ;  being  also  the  harmonic  conjugate  of  this  last  point, 
with  respect  to  the  same  point  Po,  and  the  other  point  P2is  :  thus,  on  the  line  aa'D], 
we  have  the  four  harmonic  eqnationSt  which  are  not  however  all  independent ,  unce 
two  of  them  can  be  deduced  from  the  two  others,  with  the  help  of  the  two  analogous 
equations  of  the  fourth  sub-article : 

(aa'"a'a'')  =  (aa'aoA'')  =  (aaoDiAi'^)  =  (adia'^"') = - 1. 
And  the  three  pairs  of  derived  points  Pi,  P2,2,  P2,3»  on  any  such  line  Aj,i,  will 
be  found  (comp.  26)  to  compose  an  involution,  with  the  yiven  point  Pq  on  the  line  for 
one  of  its  two  double  points  (or  foci) :  the  other  double  point  of  this  involution  being 
a  point  P3  of  third  construction ;  namely,  the  point  in  which  the  line  As,  1  meets  that 
one  of  the  five  planes  of  homology  lis,  1,  which  corresponds  (comp.  90)  to  the  par- 
ticular point  Pq  as  centre.  Thus,  in  the  present  example,  if  we  denote  by  a>  the 
point  in  which  the  line  aa'  meets  the  plane  [a],  of  which  (by  81,  91)  the  trace  on 
ABC  is  the  line  [411],  and  therefore  is  (as  has  been  stated)  the  side  Bi'^ci*^  of  the 
lately  mentioned  triangle  73,3,  so  that 

A«  =  (1 22)  =  aa'  •  Bc'"  •  cb'"  •  Bi^^Ci*^, 
we  shall  have  the  three  harmonic  equations, 

(AA'a«Di)  =  (Aa"'a«Ao)  =  (AA'^A'Ai"')  =  -  1  ; 

which  express  that  this  new  point  a*  is  the  common  harmonic  conjuyate  of  the  given 
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rifflti,  with  respect  to  the  three  pairs  ofpoinie,  a'di,  a'"ao,  a'^Ai'';  and  therefore 
tiat  eftew  three  pairt  form  (as  has  been  said)  an  invoUtHtm^  with  a  and  A«  for  its  two 

(7.)  It  will  be  found  that  we  have  now  ezhaosted  all  the  types  of  points  of 
*^^^  eoutmction,  -whicli  are  sitoated  upon  lines  Aa,  i ;  then  being  only  four 
«cli^emi«  on  each  aiich  Uwte.  Bnt  there  are  still  to  be  coDsidered  two  new  groups 
^  poiuti  p^  OQ  lines  Ai,  and  three  others  on  lines  As,  a.  Attending  first  to  the  former 
Mt  of  Uses,  we  may  observe  that  eaeh  of  the  two  new  types,  Pa,^,  pj^s,  represents 
f^^ent^f  pamis,  situated  two  by  two  on  the  ten  lines  ofjirat  construction,  but  not  on 
tty  Eae  Aa ;  and  tberefore  six  by  six  in  the  ten  planes  IIi,  each  point  however  being 
p.'sson  to  three  such  planes :  also  each  point  Ps,4  is  common  to  three  planes  1X2,3, 
^  each  point  p^,  5  ia  ntuated  in  one  such  plane ;  whUe  each  of  these  last  planes 
:^tains  three  points  Pa,  4,  but  only  one  point  p^t  5.  If  we  attend  only  to  points  in  the 
',^^^  ABC,  we  can  represent  these  two  new  groups  by  the  two  ternary  types y  (021) 
^i  C^l),  which  as  msfmbols  denote  the  two  typical  points, 

A'=  BC-c'AiA«'DiAiBi  •  DlAzBs  ;         A^  =  BC ' c'siBa  =  Bc '  c'bo  ; 
^  have  also  the  concurrence, 

A'  =  BC  'c'ao  •  Dic"  •  ab'". 

U  Tuay  be  noted  that  a^  is  the  harmonic  conjugate  of  c',  with  respect  to  Aq  and 

^i",  which  last  point  is  on  the  same  trace  c'ao,  of  the  plane  c'aiA2  ;  and  that  a*^*  is 

^^^^^B^iDicany  conjugate  to  Bi*,  with  respect  to  c'  and  bq,  on  the  trace  of  the  plane 

CBiB],  where  Br  denotes  (by  an  analogy  which  will  soon  become  more  evident)  the 

■Dteneetkm  of  that  trace  with  the  line  ga  :  so  that  we  have  the  two  equations, 

(aoc'bi'^a')  =  (boBi'c'a")  =  - 1. 

(8.)  Each  Une  A|,  contains  thus  two  points  v^  of  each  of  the  two  last  new 

S^npa,  \)cnde8  the  point  Fa,  i,  the  pdnt  Pi,  and  the  two  points  Pq,  which  had  been 

i^^^^^onaly  considered :  it  contains  therefore  eight  points  in  all,  if  we  still  abstain  (88) 

^TQ  proceeding  beyond  the  Second  Construction.     And  it  is  easy  to  prove  that  these 

^tpoinls  can*  ta  two  distinct  modes,  be  so  arranged  as  to  form  (comp.  sub-art.  6) 

^  ^liobiiianj  with  two  of  them  for  the  two  double  points  thereot    Thus,  if  we  attend 

^y  to  pmnts  on  the  line  bc,  and  represent  them  by  ternary  s3rmbols,  we  may  write, 

B  =  (010),        o=(001),        A'=(011),        a"=(0i1); 
A'  =  C021),         A^'  =  (02r),         Ai'  =  (012),         Ai^«  =  (012); 
*»>!  the  resniting  harmonic  equations 

I.  . .  (ba'ca'O  =  (ba'oa^O=(bai'cai'^)  =  -  1, 
U. .  .  (a  ba"o)  =  (aVa"ai')  =  (a'a^Va^O  =  -  1, 

*^iQ  then  saflbs  to  show :  Ist,  that  the  two  points  Pq,  on  any  line  Ai,  are  the  double 
P^*^  of  an  involution,  in  which  the  points  Fi,  T9,ifonn  one  pair  of  conjugates, 
^bile  the  itpo  other  pairs  are  of  the  common  firm,  P3,4,  P2,5 ;  and  Ilnd.,  that  the 
^'^  points  Fi  and  ^2,1^  on  any  such  line  Ai,  are  the  double  points  of  a  second  taoo- 
'««oii,  obtained  by  pairing  the  two  points  of  each  of  the  three  other  groups.  Also 
^b  of  the  two  points  Pq,  on  a  line  A 1,  is  the  harmonic  conjugate  of  one  of  the 
two  poioU  P2,5  on  that  line,  with  respect  to  the  other  point  of  the  same  group,  and 
^  the  point  Pi  on  the  same  line ;  thus. 
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(BA'Ai»»A'0  »  (CAA^Ai")  =  -  1. 

(9.)  It  nmaSiiS  to  consider  briefly  three  other  gr<nq)e  of  points  i^  eaehgrottp 
coQtsining  tixty  points,  which  are  sitaated,  two  by  two,  on  the  thirty  lines  As,  a,  and 
six  by  ^  in  the  ten  planes  Hi.  ConfiniDg  oar  attention  to  those  which  are  in  the 
plane  abo,  and  denoting  them  by  their  ternary  symbols,  we  have  thus,  on  the  line 
bV,  the  three  new  typical  points,  of  the  three  remaining  groups,  Pi^.e,  P2,7t  ^s  ' 

A^=(12l);        a""  =  (821);        a«  =  (mT); 
with  which  may  be  combined  these  three  others,  of  the  same  three  types,  and  on  the 
same  line  b'c'  : 

Ai^'  =  C112);         Ai''"  =  (812);        Ai«  =  (2l8). 
Considered  as  intsnections  of  a  line  Aa,s  with  lines  A)  in  the  same  plane  Hi,  or  with 
planes  lis  (in  which  latter  character  alone  they  bebng  to  the  seeoiuf  constxuctiofi), 
the  three  points  a^,  &c.,  may  be  thus  denoted : 

A^  =  B'o'  •  Bb"  •  OB'"  •  AAT*=  bV  •  BOiAsAiOs ; 

j^rm  _  3'^j' .  Pjb"  .  ^' V  _  bV  *  DiCiAi '  DiOsAs  J 

A**  =  bV*  A'CoBi'^Ci^B"  •  BA^'Bl'^Bi^  =  b'c*  '  A'CiOi  i 

with  the  harmonic  equation, 

(OdA'Ci»A«)  =  -1, 

and  with  analogous  expressions  for  the  three  other  points,  Ai^,  &&  The  line  b'c'  thus 
intersects  one  plane  lis,!  (or  its  trace  bb"  on  the  plane  abo),  in  the  point  a^ ;  it 
intersects  tioo  planes  n2,s  (or  their  common  trace  Dib")  in  a^™  ;  and  one  other  plane 
113,2  (or  its  trace  a'cq)  in  A*^ :  and  amilarly  fbr  the  other  points,  Ai^,  &c,  of  the  same 
three  groups.  Each  plane  lis,  i  contains  twehe  points  r^^  eight  pointi  Pj,?,  and  eight 
points  F!3,b;  whfle  every  plane  ITa,2  contains  six  points  Tt,^  twelve  points  PsiTi 
and  nuts  points  f>i,8.  Each  point  Pa,6  is  contained  in  one  plane  II  i;  in  three 
planes  Ds,! ;  and  in  Am  planes  n2,a>  Each  point  Pa,?  is  in  ons  plane  IIi,  in  fwo 
planes  II3, 1,  and  in  four  planes  Th,  2*  And  each  point  F),  e  is  situated  in  one  plane  IIi, 
'  in  two  planes  112,  h  end  in  three  planes  112,2* 

(10.)  The  points  of  the  three  last  groups  are  situated  on/ycm  lines  As,* ;  but,  on 
each  such  line,  two  points  of  each  of  those  three  groups  are  situated ;  which,  along 
with  one  pdnt  of  each  of  the  two  former  groups,  P2,i  and  P2,ai  s^d  with  the  two 
points  Pi,  whereby  the  line  itself  is  determined,  make  up  a  system  of  tenpointe  upon 
that  line.  For  example,  the  line  bV  contains,  besides  the  six  points  mentioned  in 
the  last  sub -article,  the  ybur  others : 

b'=(101);        if^CnO);        a"  =  (011);        a'"=(211). 
Of  these  ten  points,  the  two  last  mentioned,  namely  the  points  P2,i  and  F2,2npon  the 
line  As,  3,  are  the  double  points  (comp.  sub-art.  8)  of  an«t0  involution,  in  which  the  faro 
points  of  each  of  the /otfrorAer  groups  compose  a  conjugate  pair,  as  is  expreesed  by 
the  harmonic  equations, 

(a"b  W)  =  (a' Va'^ai^")  =  (a'a^a^'ai'")  =  (a''a«a'"ai«)  =  - 1. 
And  the  analogous  equations, 

(b'aVa'")  =  (b'a^Va'"')  =  (b'ai^^c'ai^")  =- 1, 
show  that  the  two  points  Pi  on  any  line  A  a,  s  are  the  double  points  of  of  another  invo- 
lution (comp.  sgain  sub-art  8),  whereof  the  two  points  Ps,i,  psis  on  that  line  form 
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ana  ooDJogaie  pair,  while  etch  of  the  two  points  1*3,6  it  paired  with  one  of  (he  points 
F^  T  u  its  coDjogate.  In  fketf  the  eigkt-rayed  pencil  (▲ .  cVa'^a''a^™a*"Ai^^Ai^") 
eoinddes  in  position  with  the  pencil  (A.BCA'A''A*A'"ArAi^),  and  maj  be  said  to  l)e 
a  pencS'in  double  tmiwltrfioa  ;  the  third  and  fourth,  the  fifth  and  sixth,  and  the  se- 
Tenth  and  eighth  rays  forming  otu  involution,  whereof  the  ilrst  and  second  are  the 
two  dombU^  n^s  ;  wfaQe  the  first  and  second,  the  fifth  and  seventh,  and  the  sixth 
and  eighth  rays  compose  amothtr  involation,  whereof  the  doable  rays  an  the  third 
and  fourth  of  the  pendL 

(11.)  If  we  proceeded  to  connect  systematically  the  points  y%  among  themselves, 
and  with  the  points  Pi  and  Pq,  we  should  find  many  remarkable  lines  and  planes  of 
third  construction  (88),  besides  those  which  have  been  inddentally  noticed  above ;  for 
example,  we  should  have  a  group  Uz^t  of  twenty  new  planee^  exemplified  by  the 
two  following, 

[■0]  =  [11108],  [dJ  =  [11180], 
which  have  the  same  common  trsoe  As,  1,  namely  the  line  a"b  V,  on  the  plane  abc, 
as  the  two  planes  AiBiC],  AsBsOs,  and  the  two  planes  [d],  [b],  of  the  groups  113,3  ^ad 
lla,  1,  which  have  been  considered  in  former  sub-articles ;  and  each  of  these  new  planes 
Ha,  3  would  be  found  to  contain  one  point  Pq,  three  points  P3, 1,  tix  points  P3,3,  and 
three  pointa  F%,t,  It  might  be  proved  also  that  these  twenty  new  planes  are  the 
twenty  faces  otjhfc  new  pyramids  Bg,  which  are  the  execribed  komologmee  of  the  fiY% 
old  pyxamids  Bi  (89),  with  the  five  given  points  Pq  for  the  corresponding  centres  tji 
homology.  But  it  would  lead  us  beyond  the  proposed  limits,  to  pursue  this  dis- 
euasion  farther :  althou^  a  few  additional  remarics  may  be  usefol,  as  serving  to 
establiah  the  completeness  of  the  etuaneratiom  above  given,  of  the  lines,  planes,  and 
points  of  seeoiad  construction. 

93.  In  general,  if  there  be  any  n  given  points^  whereof  no  four 
are  situated  in  any  common  plane,  the  nun^er  N  of  the  derived 
points,  which  are  immediately  obtained  from  them,  a^  intersections 
A*n  of  line  with  plans  (each  line  being  drawn  through  two  of  the 
given  points,  and  each  plane  through  three  otfiers),  or  the  number  of 
points  of  the  form  ab*cdb,  is  easily  seen  to  be, 

^,^(,),''(>'-')(n-2)(n-3)(n-4) 
•'^  ^  2.2.3 

BO  that  i\r  =  10,  as  before,  when  n  =  5.  But  if  we  were  to  apply  this 
formula  to  the  case  n=:  15,  we  should  find,  for  that  case,  the  value, 

JV'=/(15)=  15. 14 .  13. 11  =  30030; 
and  thus  Jifteen  given  and  independent  points  0/ space  would  conduct, 
by  what  might  (relatively  to  them)  be  called  a  First  Consti-uction 
(corop.  88),  to  a  system  of  more  than  thiiiy  thousand  points.  Yet  it 
has  been  lately  stated  (92),  that  from  the  fifteen  points  above  called 
Vot  Pi,  there  can  be  derived,  in  this  way,  o/i/y  two  hundred  and  ninety 

•  Compare  page  x72  of  the  G  c.r..  t  \i'riture  Oi  M.  Cluioics. 
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points  P2,  as  intersections  of  the  form*  A 'IT;  and  therefore  ^wcr 
than  three  hundred.  That  this  reduction  of  the  number  of  derived 
poiniSj  at  the  end  of  what  has  been  called  (88)  the  Second  Construc- 
tion for  the  net  in  spacer  arising  from  the  dependence  of  the  ten  points 
Pi  on  the^w  points  Pq,  would  be  found  to  be  so  considerable^  might 
not  perhaps  have  been  anticipated ;  and  although  the  foregoing  ex- 
amination proves  that  cUl  the  eight  types  (92)  do  really  represent 
points  Pa,  it  may  appear  j>o«^i6/e,  at  this  stage,  that  some  other  type 
of  such  points  has  been  omiUed.  A  study  of  the  manner  in  which 
the  types  of  points  result,  from  those  of  the  lines  t^nd  planes  oi  which 
they  are  the  intersections,  would  indeed  decide  this  question;  and 
it  was,  in  fact,  in  that  way  that  the  eight  types,  or  groups,  P2, 1, .  .Px,8, 
of  points  of  second  construction  for  space,  were  investigated,  and 
found  to  be  sufficient:  yet  it  may  be  useful  (compare  the  last  sub- 
art)  to  verify ^  as  below,  the  completeness  of  the  foregoing  enumeration. 

(1.)  The ^fteen points f  Tq,  Pi,  admit  of  105  binary^  and  of  456  ternary  combina- 
tions; but  these  are  far  from  determining  so  many  distinct  Knes  and  planes.  In  fiict, 
those  15  points  are  connected  by  25  eoUineations^  represented  by  the  25  lines  A|, 
Asfi;  which  7tfie«  therefore  count  as  75,  among  the  105  6«fiary  combinations  of 
points :  and  there  remain  only  30  combinations  of  this  sort,  which  are  constracted 
by  the  80  other  lines,  As,  2.  Again,  there  are  25  ternary  combinations  of  points, 
which  are  represented  (as  above)  by  linesy  and  therefore  do  not  determine  any  plcme. 
Also,  in  each  of  the  ten  planes  IIi,  there  are  29  (=  35  —  6)  triangles  Ti,  Ta,  because 
each  of  those  planes  contains  7  points  Pq,  Pi,  connected  by  6  relations  of  collinearity. 
In  like  manner,  each  of  thejifteen  planes  II^,  1  contains  8  (=  10  —  2)  other  triangles 
72,  because  it  contains  5  points  Po,  pi,  connected  by  two  collineations.  There  re- 
main therefore  only  20  (=  455  —  25  —  290  -  120)  ternary  combinations  of  points  to 
be  accounted  for ;  and  these  are  represented  by  the  20  planes  112,2.  The  complete- 
ness of  the  enumeration  of  the  lines  and  planes  of  the  second  construction  is  therefore 
verified;'  and  it  only  remains  to  verify  that  the  305  points,  Pq,  Pi,  P2,  above  consi- 
dered, represent  all  the  intersections  A  *  11,  of  the  55  lines  Ai,  A2,  with  the  45  planes 
III,  n,. 

(2.)  Each  plane  II 1  contains  three  lines  of  each  of  the  three  groups,  Ai,  A2,i, 
A  2, 2;  each  plane  112,1  contains  two  lines  Asf  ii  and  four  lines  A2,2;  and  each  plane 
112,2  contains  three  lines  A2,2i  Hence  (or  because  each  line  Ai  is  contained  in  three 
planes  IIi;  each  line  A2,i  in  two  planes  IIi,  and  in  two  planes  112,1 ;  And  each 
]me  A2,2  in  one  plane  IIi,  in  two  planes  IT2,i,  and  in  two  planes  1X3,2),  it  follows  that, 
without  going  beyond  the  second  construction,  there  are  240  (=  30  i-  30  +  30  +  30 


*  The  definition  (88)  of  the  points  P2  admits,  indeed,  intersections  A' A  ofcom- 
planar  lines,  when  they  are  not  already  points  Pq  or  Pi ;  but  all  such  intersections 
are  also  points  of  the  form  A*  n  ;  so  that  no  generality  is  lost,  by  confining  ourselves 
to  this  last  form,  as  in  the  present  discussion  we  propose  to  do. 
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+$0-r60)  cose*  ofeomcideuet  of  line  and  plane;  80  that  the  number  of  cate$  of 
uinedum  U  reduced,  hereby,  from  56 .  45  =  2475,  to  2235  (=  2475  -  240). 

(S.)  Each  point  Fo  represents  twelve  intersections  of  the  form  Ar  ITi ;  because  it 
B  common  to  four  imew  Au  and  to  «tx  planes  II  i,  each  plane  eontaiHtng  two  of  those 
ibor  liDcs,  but  being  intersected  by  the  two  others  in  that  point  Pq  ;  as  tlie  plane 
ABC,  ix  example,  is  intersected  in  a  by  the  tiro  lines,  ad  and  ab.  Again,  each 
point  ro  is  common  to  three  planes  112,  i)  no  one  of  which  contains  any  of  the  foor 
Eb«9  Ai  throngh  that  point ;  it  represents  therefore  a  system  of  twelve  other  itUer- 
ttttknu,  of  the  form  Ai '  Hz,  i.  Again,  each  point  Po  is  common  to  three  lines  As,  i, 
each  of  which  is  contained  in  two  of  the  six  planes  IIi,  but  intersects  thefbw  others 
is  that  point  Fq  ;  which  therefore  counts  as  twelve  intersections,  of  the  form  At,  i  ■  IIi. 
Finally,  each  of  the  points  Pq  represents  three  intersections,  Ajti'IIt,!;  and  it  re- 
pnseats  no  otJUr  intersection,  of  the  form  A*  11,  within  the  limits  of  the  present 
inqoixy.  Thus,  each  of  thisfve  given  points  b  to  be  considered  as  representing,  or 
aastTBcting,  thirty-nine  (=12-1-12+12+8)  intersections  of  line  with  plane ;  and 
tboe  remain  only  2040  (=  2285  - 195)  other  cases  of  such  intersection  A  *  11,  to  be 
awnmtedfor  Qn  the  present  Yerification)  by  the  800  derived  points^  Pi,  n. 

C4.)  For  this  purpose,  the  nine  colmmnsj  headed  as  I.  to  IX.  in  the  following 
Table^  contain  the  numbers  of  such  intersections  which  belong  respectively  to  the 
^neforme, 

ArUi,     i^i'IIsii,     Ai*IT2,a;         A2,i*IIi,     A2,i*n2,i,     Atti'IIa,]; 

A2i2*ni,  Ajii'IIsii,  A3,a*n2,2, 
for  each  of  the  latiitf  typical  derived  points^  a'  . . .  A*^,  of  the  nine  groups  Pi,  Piz,  i, .  . 
1^8-  Column  X  contains,  for  each  point,  the  sum  of  the  nine  numbers^  thus  tabu- 
^aluA  in  the  preceding  columns ;  and  expresses  therefore  the  entire  number  of  inter- 
sections, which  any  owe  such  point  represents.  Column  XI.  states  the  numher  of  the 
pcints  for  each  type  ;  and  column  XI  I.  contains  the  product  of  the  two  last  numbers,  or 
the  number  of  intersections  A  .  II  which  are  represented  (or  constructed)  by  the  group. 
Finally,  the  sum  of  the  numbers  in  each  of  the  two  last  columns  is  written  at  its  foot ; 
uid  because  the  800  derived  points^  of  first  and  second  constructions,  are  thus  found 
to  represent  the  2040  intersections  which  were  to  be  accounted  for,  the  verification  is 
seen  to  he  complete :  and  no  new  type^  of  points  Pa,  remains  to  be  diecovered. 


(5.) 

Table 

of  IiUersectums  A-n. 

lype. 

L 

n. 

III.  '  IV. 

1 

V. 

vr. 

VIL 

VIII. 

IX. 

X. 

XL 

XII. 

A' 

1 

6 

6 

6 

12 

18 

18 

24 

24 

115 

10 

1160 

a" 

0 

8 

6 

0 

0 

0 

6 

3 

12 

80 

10 

800 

a"' 

0 

0 

0 

0 

2 

2 

1 

2 

0 

7 

80 

210 

A" 

0 

0 

0 

0 

0 

2 

0 

0 

0 

2 

80 

60 

A' 

0 

0 

3 

0 

0 

0 

0 

0 

0 

8 

20 

60 

A" 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

20 

20 

A'« 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

60 

60 

A'" 

0 

0 

0 

0 

0 

0 

0 

0 

2 

2 

60 

120 

A« 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

60 

60 

800 

2040 
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(6.)  It  ia  to  be  remembered  that  we  bare  wot  admitted^  by  our  deftmtUm  (68), 
any  poinU  which  can  only  be  determined  by  UUentetunu  of  ^ee  planet  IIi,  Da, 
as  belonging  to  the  aeeond  conttrueHon :'  nor  have  we  ooanted,  as  line§  As  of  that 
conatrnction,  any  lines  which  can  only  be  found  as  intersections  of  tw>  such  places. 
For  example,  we  do  not  regard  the  traces  aa",  &c.,  of  certain  p2anef  A^,!  considered 
in  recent  sub-articles,  as  among  the  lines  of  second  confltruction,  although  they  would 
present  themselves  early  in  an  enumeration  of  the  lines  A3  of  the  third.  And  any 
point  in  the  plane  abo,  which  can  only  be  determined  (at  the  present  stage)  as  the 
intersection  of  two  such  <race«,  ia  not  regarded  as  a  point  P2>  A  student  might  find 
it  however  to  be  not  useless,  as  an  exercise,  to  investigate  the  expressions  for  such 
interaectiona ;  and  for  that  reason  it  may  be  noted  here,  that  the  ternary  types  (comp. 
81)  of  tiie  forty-four  traces  o(  planes  IIi,  ITs,  on  the  plane  abc,  which  are  found  to 
compose  a  system  of  only  twenty-two  distinct  lines  in  that  plane,  whereof  nine  are 
lines  Ai,  Aa,  aie  the  seven  following  (oomp.  88) : 

[100],     [Oil],     [lllj,     [111],     [Oil],     [211],     [211]  i 

which,  aa  ternary  symbols^  represent  the  seven  /uiet, 

BO,        aa',        b'o',        aVo",        aa",        dia",        a'co. 

(7.)  Again,  on  the  same  principle,  and  with  reference  to  the  same  definition,  that 

new  point,  say  p,  which  may  be  denoted  by  either  of  the  two  congruent  quinary 

symbols  (7 1\ 

F  =  (43210)  =  (01284), 

and  which,  as  a  quinary  type  (78),  represents  a  new  yrotqf  of  sixty  points  of  space 
(and  of  no  more,  on  account  of  this  laat  congruence^  whereaa  a  quinary  type,  with  all 
its  Jive  ooefficienta  unequal^  repreaenta  generally  a  group  of  120  diatinct  pointa),  ia 
not  regarded  by  ua  aa  a  point  Pa ;  although  thia  new  point  f  ia  eaaily  aeen  to  be  the 
inUrsedtion  of  three  planes  of  second  construction,  namely,  of  the  three  following, 
which  all  belong  to  the  group  lis,  1 : 

[OllTl],        [11011],        [liTio], 

or  aa'diCiBs,  oc'diBiAs,  bb'bso'cs.  It  may,  however,  be  remarked  in  paaaing,  that 
each  plane  lla,  1  contains  twelve  points  P3  of  thia  new  group :  eveiy  auch  point  being 
common  (aa  ia  evident  from  what  haa  been  shown)  to  three  such  planea. 

94.  From  the  foregoing  discussion  it  appears  that  the^t;e  given 
points  Poy  and  the  three  hundred  derived  pointa  Pi,  Pa,  are  arranged  in 
space,  upon  the  fifty-five  lines  A^,  A^  and  in  the  forty-five  planes  lli, 
rij,  as  follows.  £ach  line  A^  contains  eight  of  the  306  points,  forming 
on  it  what  may  be  called  (see  the  sub-article  (8.)  to  92)  a  double  in- 
volution.  Each  line  A3, ,  contains  seven  points,  whereof  one^  nameljr 
the  given  point,  Po,  has  been  seen  (in  the  earlier  sub-art.  (6.))  to  be 
a  double  point  of  another  involution,  to  which  the  three  derived  pairs 
of  points,  Pi,  P„  on  the  same  line  belong.  And  each  line  A^,!  con- 
tains ten  points,  forming  on  it  a  new  involution;  while  eight  of  these 
ten  points,  with  a  different  order  of  succession,  compose  still  another 
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inrolation*  (92,  (10.))-  AgaSDt  etioh  plane  Hi  coutAius  ^fiftjf'two 
poiuUy  nwmidy  three  given  points,  fuur  points  ofjirsi^  and  45  pointa 
of iecoiM^  GonstraetioD.  Each  plane  Ht^x  contains ybfty-«€twn points, 
whereof  o»«  is  a  given  point,  fuur  are  points  Pi,  and  42  are  points 

*  These  theorems  respecting  the  rtlationa  of  involution,  of  given  and  derived 
points  on  tines  dtfint  and  teond  constroctiona,  for  a  net  in  tpace,  are  perhaps  new  ; 
aithongfa  some  of  the  harmome  rglationt,  above  mentioned,  have  been  noticed  under 
oHher  fbrms  hj  Mobitis :  to  whom,  indeed,  as  has  been  stated,  the  contepHtm  of  such 
s  Mf  it  doe.  Thus,  if  we  ooiuider  (compare  the  Note  to  page  72)  the  two  interseo 
tioos, 

Bi  =r  DB  -  AiBiGi ,  Ea  =  DB  '  A2B3C3, 

we  easOjr  find  that  they  maj  be  denoted  by  the  quiaaiy  symbols, 

Bi  =  (00012),  ■!=  (00021) ; 
tbej  are,  therefore,  by  Art  92,  the  two  points  P3,«  on  the  line  db  :  and  oonseqaently, 
by  the  theorem  stated  at  the  end  of  sub-art  8,  the  harmonic  conjugate  of  eacA,  taken 
vith  respect  to  the  other  and  to  the  point  Di,  must  be  one  of  the  two  points  d,  b  on 
that  line.  Accordingly,  we  soon  derive,  by  comparison  of  the  symbols  of  these ^9« 
fSMli,  DBD1B1B3,  the  two  following  harmonic  equations,  wlueh  belong  to  the  §ame 
tgpe  as  the  two  last  of  that  sub-art.  8  : 

(DiDB»Ki)  =  -  1  ;  (DiBBiB^)  =  -  1 ; 

bat  thete  two  eqoations  have  been  assigned  (yrifh  notations  slightly  different)  in  the 
fonneriy  cited  page  290  of  the  Baryoentric  Calculos.  (Comp.  again  the  recent  Note 
to  page  72.)  The  geometrieal  meaning  of  the  last  equation  may  be  illustrated,  by 
cooosiTing  that  abod  is  a  regtilar  pframid^  and  that  b  is  its  mean  point;  for  then 
(oomp.  92,  sub-art  (2.)  ),  Di  is  the  mean  point  of  the  base  abo  ;  DiD  is  the  altitudt 
of  the  pyramid ;  and  the  three  eegments  DiB,  DiBi,  DiBi  are,  respectively,  the  qu<ir^ 
ter,  the  third  part,  and  the  halfoi  that  altitude :  they  compose  therefore  (as  the  for- 
iajx\Ktxg(te$aBB)m.harmonieprogrt9sion:  or  di  and  Bi  are  conjugate  point*,  with 
respect  to  B  and  b»  But  in  order  to  exemplify  the  douhle  involution  of  the  same 
nb-art  (8.)*  >t  would  be  necessary  to  consider  three  other  points  Pa,  on  the  same  tins 
DB;  whereof  «iic,  above  called  d'i,  belongs  to  a  known  group  pj,!  (92,  (2.));  but 
the  two  others  are  of  the  group  p^  4,  and  do  not  seem  to  have  been  previously  noticed. 
As  an  ygfiiifipU  of  an  involution  on  a  line  of  third  construction,  it  may  be  remarked 
that  on  each  line  of  the  group  A3,  s,  or  on  each  of  the  sides  of  any  one  of  the  ten  tri- 
angles T^%,  in  addition  to  one  given  point  Po,  and  one  derived  point  P!t,i,  there  are 
two  points  p^a,  and  two  points  P3,6;  and  that  the  two  first  points  are  the  double 
points  of  an  involution,  to  which  the  two  last  pairs  belong :  thus,  on  the  side 
Aqbco  of  the  exscribed  triangle  aob^Go,  or  on  the  trace  of  the  plane  bciAsAiC),  we 
have  the  two  harmonic  equations, 

(baob"co)  =  (ba'°b  "cr")  =  -  1. 

Again,  on  the  trace  a'gs  of  the  plane  a'oiCs,  (which  Utter  trace  is  a  line  not  passing 
tfaroqgh  any  one  of  the  given  points,)  Co  and  -Bi'^  are  the  double  points  of  an  invo- 
lution, wherein  a'  is  conjugate  to  cr  ud  a"  to  b^'.  But  it  would  be  tedious  to 
naltiply  such  instaocea 
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p,:  of  which  last,  38  are  situated  on  the  six  lines  A,  in  the  plane,  but 
four  are  iniersectiofis  of  that  plane  n,,  i  with/our  o<A«r  lines  of  second 
construction.  Finally,  each  plane  n^,,  passes  through  no  given 
pointy  but  contains /(^^-(ArM  derived  points^  whereof  40  are  points 
of  second  construction.  And  because  the  planes  oi  first  construc- 
tion alone  contain  specimens  oi  aU  the  ten  groups  of  points^  Po,  Pi, 
't.  i>  •  •  ^j»8»  given  or  derived,  and  of  aU  the  three  groups  oflineSj  Ai, 
Ami,  Aj,„  at  the  close  of  that  ^econcf  construction  (since  the  types 
^ttif  ^99  69  Ai  are  not  represented  by  any  points  or  lines  in  any  plane 
n,,!,  nor  are  the  types  Pq,  Ai,  A,,!  represented  in  a  plane  n,,,),  it 
has  .been  thought  convenient  to  prepare  the  annexed  diagram  (Fig. 
30),  which  may  serve  to  illustrate,  by  some  selected  instances,  the 
arrangement  of  the  Ji/iy-two  points  p©.  Pi,  Pj  in  a  plane  111,  namely,  in 
the  plane  abo;  as  well  as  the  arrangement  of  the  nine  lines  Ai,  A, 
in  that  plane,  and  the  traces  A3  of  other  planes  upon  it. 

View  of  the  Arrangement  of  the  Principal  Points  and  Lines  in  a  Plane 
of  First  Construction, 


In  this  Fi^re,  the  triangle  abo  is  snppposed,  for  fflmpUdty,  to  be  the  equOaUral 
has*  of  a  regular  pyramid  abod  (comp.  sub-art  (2^)  to  92) ;  and  m,  agdn  replaoed 
by  o,  is  supposed  to  be  its  mean  point  (29).  The  firet  huenbed  triangU^  a'b  c', 
therefore,  hi^eeU  the  three  sides ;  and  the  axi»  of  homology  a''bV  is  the  Kneat  in- 
finity (88):  the  number  1,  on  the  line  c'b'  prolonged,  being  designed  to  suggest  that 
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tlie  pirimi  a",  to  which  that  /»«  tendt,  is  of  the  type  P2,i,  or  bdongs  to  the/r«« 
gnmp  of  points  of  Beeond  eonstrudum,  A  second  inscribed  triongU^  a"'b"'g'"  for 
which  Fig.  21  may  be  consulted,  is  only  indicated  by  the  number  2  placed  at  the 
middle  of  the  side  b'c',  to  suggest  that  thU  bisecting  point  a*  belongs  to  the  ceeond 
grottp  of  points  P|.  The  taame  member  2,  bat  with  an  accenty  2^,  is  placed  near  the 
comer  Ao  of  the  exeaibed  triangle  AqBoOo,  to  remind  us  that  this  comer  ai!fo  belongs 
(by  a  syntypical  relation  in  ^ace)  to  the  group  ra,s.  The  point  a**,  which  is  now 
infinitdjy  distant,  is  indicated  by  the  number  8,  on  the  dotted  line  at  the  top ;  while 
tlie  same  number  with  an  accent,  lower  down,  mariks  the  position  of  the  point  Ai**. 
Fmally,  the  tea  other  numbers,  unaccented  or  accented,  4,  4',  6,  6',  6,  6',  7,  y, 
8,  8',  denote  the  places  of  the  ton  points,  a%  Ai»,  a",  Ai^,  a*",  Ai"»,  a*™,  Ai^™ 
A**,  Ai*^.  And  the  principal  harmonic  relaiione,  and  relations  of  t«9o/«/tb«,  above 
OMnUoned,  may  be  yerified  by  inspection  of  this  Diagram. 

95.  HoT^eyer  far  the  series  of  constmction  of  the  net  in  space 
may  be  continued,  we  may  now  regard  it  as  evident,  at  least  on  com- 
parison with  the  analogous  property  (42)  of  the  piane  net^  that  every 
pointy  linSj  or  planej  to  which  such  constructions  can  conduct,  must 
necessarily  be  ratitmal  (77) ;  or  that  it  must  be  raHonaUy  rdated  to 
the  system  of  the  Jive  given  points:  because  the  anharmonic  co-ordi- 
nates (79«  80)  of  every  net-pointy  and  of  every  net-plane^  are  equal  or 
proportional  to  wh<^  numbers.  Conversely  (comp.  43)  every  pointy 
Une,'OT  planej  in  space,  which  is  thus  rationally  related  to  the  system  of 
points  ABCDE,  is  a  point,  line,  or  plane  of  the  nety  which  those  five  points 
determine.  Hence  (comp.  again  43),  every  irrational  point,  line,  or 
plane  (77),  is  indeed  incapable  of  being  riyorously  constructed^  by  any 
processes  of  the  kind  above  described;  but  it  admits  of  being  inde- 
finitely  approximated  tOj  by  points,  lines,  or  planes  of  the  net  Every 
anharmonic  ratio,  whether  of  a  group  of  net-points,  or  of  2i  pencil  of 
net-lines,  or  of  net-planes,  has  a  rational  value  (comp.  44),  which  de- 
pends only  on  the  processes  oNinear  construction  employed,  in  the 
generation  of  that  group  or  pencil,  and  is  entirely  independent  of  the 
arrangement,  or  configuration,  of  the  five  given  points  in  space.  Also^ 
all  rdations  of  coUinsation,  and  of  complanarity,  are  preserved,  in  the 
passage  from  one  net  to  another,  by  a  change  of  the  given  system  of 
points:  so  that  it  may  be  briefly  said  (comp.  again  44)  that  all  geo- 
metrical nets  in  space  are  homographic  figures.  Finally,  any  five  points* 
of  such  a  net,  of  which  no  four  are  in  one  plane,  are  sufficient  (comp. 

^  Tbeae  general  propertiee  (95)  of  the  epaee-net  are  in  substance  taken  from 
M obiua,  although  (as  has  been  remarked  before)  the  anafyeie  here  employed  appears 
to  be  new :  as  do  also  most  of  the  theorems  above  given,  respecting  the  points  ot  second 
eonstnetion  (92),  at  least  after  we  pass  beyond  the^frsf  group  p2,  i  of  ten  such  points, 
which  (as  already  stated)  have  been  known  comparatively  long. 
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45)  for  the  determination  of  the  whole  net:  or  for  the  linear  constrvc^ 
tion  of  all  its  points,  including  the  five  ffiven  ones. 

(1.)  As  an  Example,  let  the  five  points  AiBiCiDi  and  b  be  now  supposed  to  be 
phen  :  and  let  it  be  required  to  dnive  the  four  points  abod,  by  iiaear  oonstnictiona, 
from  these  new  data.  In  other  words,  we  are  now  required  to  €X9enbt  a  j^ramid 
ABCD  to  a  given  pyramid  AiBjOiDi,  so  that  it  may  be  homohpaut  thereto,  with  the 
point  s  for  their  given  centre  of  homology.  An  obvious  process  is  (comp.  45)  to  m. 
9cribe  another  homologous  pyramid,  AsBsC^Ds,,  so  as  to  have  A8  =  sai  'BfCiin,  &c.  ; 
and  then  to  determine  the  intereectione  at  eorreeponding  facets  such  as  AiBiOi  and 
A3BSC3 ;  for  these^bur  hnee  of  intersection  will  be  in  the  common  plane  [b],  of  homology- 
of  the  three  pyramidtj  and  will  be  the  traeet  on  that  plane  of  the^r  sought  planeM^ 
ABC,  &C.,  drawn  through  the  foor  given  points  Di,  &c.  If  it  were  only  required  to 
construct  one  comer  A  of  the  exscribed  pyramid,  we  might  find  the  point  above 
called  A*^  as  the  common  intersection  of  three  plctnet,  as  follows, 

A*'  =  AiBiCi  •  AiDiB  •  ASB3C3  ; 

and  then  should  have  this  other  formula  of  intersection, 

A  =  BArDiA". 

Or  the  point  A  might  be  determined  by  the  anharmonic  equstion, 

(BAAiA8)  =  8, 

which  for  a  regular  pyramid  is  easily  verified. 

(2.)  As  regards  the  general  postage  from  one  net  in  space  to  another ^  let  the 
symbols  Pi  -  («i . .  ri), . .  P5=  («6 . .  ^5)  denote  any  five  given  points^  whereof  no  four 
are  complanar;  and  let  a'h'ccte'  and  «'  be  rix  coefficients,  of  which  the  five  ratios  ara 
such  as  to  satisfy  the  symbolical  equation  (comp.  71,  72), 

a'(Pi)  +  H^2)  +  c'(Ps)  +  rf'(Pi)  +  e'C^s)  «  -  «'(  U) : 
or  the  five  ordinary  equations  which  it  includes,  namely, 

a'xi  + . .  +  e'xft  = , .  =  a'vi  +  . .  +  ^r^  =  -  u. 

Let  p'  be  any  sixth  point  of  space,  of  which  the  quinary  symbol  satisfies  the  equa- 
tion, 

(p')  =  a?a'(Pi)+y6'(P2)+  tc  (Ps)  +  wd'(Pi)  +  w(P5)  +  «(  V); 

then  it  will  be  found  that  this  last  point  p'  can  be  derived  from  the  five  points  Pi . .  Ps 
by  precisely  the  same  constructions^  as  those  by  which  the  point  p  =  {ryxwv)  is  de- 
rived fhym  the  five  points  ABCDB.  As  an  example,  ift/  =  «^-|f +  (+10-80,  then 
the  point  (xytwd)  is  derived  from.  AiBiOiDib,  l^^  the  same  constructions  as  («ystD«) 
from  abcdb  i  thus  a  itself  may  be  constructed  from  A|  . .  b,  as  the  point  p  =  (30001) 
is  from  A . .  X ;  which  would  conduct  anew  to  the  anharmonic  equation  of  the  last 
iub-artide. 

(3.)  It  may  be  briefly  added  here,  that  instead  of  anharmonic  ratios,  as  con- 
nected with  a  net  in  space,  or  indeed  generally  in  relation  to  spatial  problems^  we 
are  permitted  (comp.  68)  to  substitute  products  (or  quotients)  of  quotients  of  volumes 
of  pyramids;  as  a  specimen  of  which  subjstitution,  it  may  be  remarked,  that  the  an> 
harmonic  relation,  just  referred  to,  admits  of  being  replaced  by  the  following  equa- 
tion, involying  one  such  quotient  of  pyramids,  but  introducing  no  auxiliary  point : 
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BA  :  AiA  =  8SBiC|Di :  ▲iBiCiPi. 
h  eoienl,  if  xyxw  be  (um  in  79,  83}  Um  amharmumie  eo-ordiuateM  of  a  point  p  ia 
fftoty  we  ma  J  write, 

X  _  PBGD    BBCD^ 
|r '^PCDA'bCDa' 

with  other  eqiuttiofia  of  the  aame  tjpe,  on  which  we  cannot  here  delay. 

Section  5. —  On  Bart/centres  of  Systems  of  Points  ;  and  on 
Simple  and  Complex  Means  of  Vectors. 

96.  In  general,  when  the  sium  2a  of  any  number  of  co-initial 
vectors, 

is  dhnded  (16)  by  their  number ^  m,  the  resulting  vector, 

a  =  CM  =  —  Sa  a  -  2oA, 

'^  mm 

is  nid  to  be  the  Simple  Mean  of  those  m  vectors ;  and  the  point  h, 
in  which  this  mean  vector  terminates,  and  of  which  the  position 
(comp.  IB)  is  easily  seen  to  be  independent  of  the  position  of  the 
common  origin  o,  is  said  to  be  the  Mean  Point  (comp.  29),  of  the 
^y^tem  of  the  m  points^  Ai,  . .  Am*  It  is  evident  that  we  have  the  equa- 
tion, 

0  =  («,-/»)  +  ..  t(a.- ;i)  =  S(a-/»)  =  2ma; 

or  that  the  sum  of  the  m  vectors,  drawn^V-om  the  mean  point  m,  to  the 
points  A  of  the  system,  is  equal  to  zero.  And  hence  (comp.  10, 1 1,  30), 
it  follows,  Ist.»  that  these  m  vectors  are  equal  to  the  m  successive 
9id4B  of  a  dosed  polygon ;  Ilnd.,  that  if  the  system  and  its  mean 
point  be  projected,  by  any  parallel  ordinaies^  on  any  assumed  plane 
(or  line),  the  projection  u',  of  the  mean  point  m,  is  the  mean  point  of 
the  projected  system  :  and  Illrd.,  that  the  ordinate  mm',  of  the  nwan 
point,  is  the  mean  of  all  the  other  ordinates,  AiJl\,  . .  a.^'^.  It  ful- 
lows,  also,  that  if  n  be  the  mean  point  of  another  system,  %,  •  •  b^; 
^ud  if  a  be  the  mean  point  of  the  total  system,  Ai  .  •  b^,  of  the  m  +  n 
-  s  points  obtained  by  combining  the  tivo  former,  considered  as  par^ 
tiat  systems;  while  v  and  o  may  denote  the  vectors,  om  and  os,  of 
these  two  last  mean  points :  then  we  shall  have  the  equations, 

mf/i^'Sa,        ni'-SiS,         w  =  2a+X)3=m/*  +  ni', 
m(<T-/»)=n(j'-ir),         m.M8=n.8ic; 

80  that  the  general  mean  point,  s,  is  situated  on  the  right  line  mn, 
which  connects  the  two  partial  mean  points,  m  and  M ;  and  divides 
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that  line  (internally),  into  two  segments  MS  and  bn,  which  are  inversely 
proportional  to  the  two  whole  numberSf  m  and  n. 

(1.)  As  an  Example,  let  abod  be  a  gaueke  quadrUaieral^  and  let  b  be  its  mean, 
point :  or  more  tulljj  let 

•OB  ="  j^(OA  +  OB  -h  00  +  od), 
or 

e  =  i(a  +  /3  +  y  +  ^); 

that  is  to  say,  let  a  =  5  =  c  =  <f,  in  the  equations  of  Art.  65.  Then,  with  notations 
lately  used,  for  certain  derived  pointg  di,  &c.,  if  we  write  the  vector  formukd, 

OAi  =  ai  =  J(^  +  y  +  ^),  ..         ^l=J(a  +  ^+7), 

oA2=a2=}(a+^), ..  r«=Kr+^)» 

OA'  =  a'=i(/3  +  7),..  /=4(a  +  /3), 

we  shall  have  seven  different  expressions  for  the  mean  vector^  t ;  namely,  the  follow- 
ing: 

=  i(a'+as)=..  =  i(y'  +  r»). 
And  these  condact  to  the  seven  equations  between  gegmenttf 

AB  =  8bai,  .  .         DB  B  8bdi  ; 

a'bseas,..  g'bsecs; 

which  prove  (what  is  otherwise  known)  that  the  four  right  lines,  hero  denoted  by 
AAi, . .  DDi,  whereof  each  connects  a  comer  of  the  pyramid  abcd  with  the  mean 
point  of  the  opposite  faee^  intersect  and  qnadriseet  each  other,  in  one  common 
point,  B ;  and  that  the  three  common  bisectors  a'az,  b'bj,  o'osi  o^  pairs  of  opposite 
edges,  such  as  bo  and  da,  intersect  and  bisect  each  other,  in  the  same  mean  point : 
so  that  the^r  middle  points,  c',  a',  03,  As,  of  the  four  successive  sides  AB,  &c,  of 
the  gauche  quadrilateral  abcd,  are  situated  in  one  common  plane,  which  bisects  also 
the  common  bisector,  B'Ba,  of  the  f  too  diagonals,  AC  and  bd. 

(2.)  In  this  example,  the  number  s  of  the  points  a  . .  d  being ybwr,  the  number 
of  the  derived  lines,  which  thus  cross  each  other  in  their  general  mean  point  b  is  seen 
to  be  seven  ;  and  the  number  of  the  derived  planes  through  that  point  is  nine  : 
namely,  ui  the  notation  lately  used  for  the  net  in  space,  four  lines  Ai,  three  lines  A3, 1, 
six  planes  IIi,  and  three  planes  Ila,  1.  Of  these  nine  planes,  the  six  former  may  (in 
the  present  connexion)  be  called  triple  planes,  because  each  contains  three  lines  (as 
the  plane  abb,  for  instance,  contains  the  lines  aai,  bbi,  o'ca),  all  passhig  through  the 
mean  point  e;  and  the  three  latter  may  be  said,  by  contrast,  to  htnon-tripUplanee, 
because  each  cont^ns  only  two  lines  through  that  point,  determined  on  the  foregoing 
principles. 

(8.)  In  general,  let  ^  (9)  denote  the  number  of  the  lines,  through  M\^  general  mean 
point  8  of  a  total  system  at  s  given  points,  which  is  thus,  in  all  possible  ways,  decom- 
posed into  partial  systems  ;  let/(«)  denote  the  number  of  the  triple  planes,  obtained 
by  grouping  the  given  points  into  three  snch  partial  systems;  let  if^(«)  denote  the 
number  of  non-triple  planes,  each  determined  by  grouping  those  s  points  in  two  dif- 
ferent ways  into  two  partial  systems ;  and  let  f(«)  =/(»)  +  +  (»)  represent  the  entire 
number  of  distinct  planes  through  the  point  h  :  so  that 

f(4)  =  7,        /(4)  =  6,         iK4)  =  8,         F(4)  =  ». 
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Theo  H  is  easy  to  perceive  ibat  if  we  introduce  a  new  point  c,  each  old  line  mn  fur- 
nisiiea  two  new  HMe»y  according  as  we  group  the  new  point  with  one  or  other  of  tlie 
two  old  partial  systenu,  (M)  aud  (A*) ;  and  that  there  is,  besides,  one  ofAer  new  line^ 
oanufy  C8 :  we  have,  therefore,  the  equation  infinite  dAffereneee^ 

whidi,  with  the  particular  value  above  assigned  for  ^(4),  or  even  with  the  simpler 
and  mora  obvions  value,  f  (2)  s  1,  conducts  to  the  general  expreeeion, 

(4.)  Again,  if  (M)  (J^Q  (Z^  be  any  three  partial  aytteme,  which  jointly  make 
up  the  old  or  i^ven  total  system  (S)  ;  and  if^  by  grouping  a  new  point  o  with  each 
of  these  in  turn,  we  fbrm  three  new  partial  eyttemt,  {M')  {N')  (F*) ;  then  each 
old  triple  plane  audi  as  mxp,  will  fumiah  three  new  tr^le  planet, 

m'hp,        mh'p,        mkp'; 
while  each  old  fine,  Ki^  win  give  one  new  triple  plane,  okl  :  nor  can  any  new  triple 
plane  be  obtained  in  any  other  way.    We  have,  therefore,  this  new  equation  in  dif- 

^      ^*  /(•+l)  =  8/(s)  +  ^(s). 

But  we  haTe  seen  that 

^(s  +  l)  =  2^W  +  l; 

if  flien  we  write,  for  a  moment, 

we  have  this  other  equation  in  finite  difi^nces, 

X(»+I)  =  8x(0  +  1- 


/(»)-!.        ♦(8)  =  8.        X(8)  =  4: 
tbevefote, 

2x«  =  8'-i-l, 

*"  2/(0  =  8'"*-2»+l. 

(6.)  Finally,  it  is  clear  thai  we  have  the  relation, 

because  the  triple  planes,  each  treated  as  three^  and  the  non-triple  planes,  each  treated 
as  one,  must  jointly  represent  all  the  Unary  eomUnaiione  of  the  /tner,  drawn  through 
die  mean  point  s  of  the  whole  lystom.    Hence, 

2^(#)e2»-«+  S.2*-i-  8*- 1 ; 

and 

F(,)=2«'-«  +  2rt-8«-i; 

so  that 

F(e+l)-4F(0  =  8^»-2«^i, 

i^(e  +  l)-4*(e)«8/(e); 
whidi  last  equation  in  finite  difibrences  admits  of  an  independent  geometrical  inter- 


(6.)  For  instance,  these  general  ezpresaions  give, 

^(6)  =  16;       /(6)  =  25;        ♦(6)  =  80;        f(6)  =  66; 
so  that  if  we  assume  a  gauche  pentagon,  or  a  system  of  >f  re  pointt  in  space,  a  . .  b. 
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and  determine  the  mean  paint  p  of  this  systenii  there  will  In  general  be  a  set  otjif- 
teen  /met,  of  the  kind  above  considered,  all  passing  through  this  sixth  point  f  :  and 
these  will  be  arranged  generally  in  fifty  Jive  dittinet  pfcnee^  whereof  fventy-ySiw  will 
be  what  we  have  called  tripie,  the  tkirip  dkere  being  of  the  nom-tnple  kind. 

97.  More  generally,  if  aj . .  o,„  be,  as  before,  a  system  of  m  given 

and  co-inAial  vectors^  and  if  a,, . .  a,„  be  any  system  of  m  given  sea- 

lars  (17),  then  that  new  co-initial  vector  /5,  or  OB,  which  is  deduced 

from  these  by  the  formula, 

^    aia4-..  +  a^a^      2aa  2aoA 

B  =  -i ^2_ or  OB  = > 

a,  + . .  4-  a«         2a  2a 

or  by  the  equation 

2a(a-)8)  =  0,  or  2aBA  =  0, 
may  be  said  to  be  the  Complex  Mean  of  those  tn  giYen  veotore  a,  or 
OA,  confddered  as  affected  (or  combined)  with  that  system  of  giren 
ecakurs^  a,  as  coefficients^  or  as  muUipliere  (12, 14).  It  may  also  be  said 
that  the  derived  point  B,  of  which  (comp.  96)  the  position  ia  inde- 
pendent of  that  of  the  origin  o,  is  the  ^ar^c«n/re  (or  centre  of  gravity) 
of  the  given  system  of  points  a^  . . .,  considered  as  loaded  with  the 
given  weigJUa  a^ . . . ;  and  theorems  of  intersections  of  lines  and  planes 
arise,  from  the  comparison  of  these  complex  means,  or  hargcentres,  of 
partial  and  total  systemSy  which  are  entirely  analogous  to  those  lately 
considered  (96)*  for  simple  means  of  vectors  and  of  points, 

(1.)  As  an  Example,  in  the  case  of  Art.  24,  the  point  c  ig  the  barjoentre  of  the 
system  of  the  two  points,  a  and  b,  with  the  weights  a  and  h ;  while,  under  the  oon- 
dltions  of  27,  the  origin  o  is  the  baryoentre  of  the  three  points  a,  b,  c,  with  the  three 
weights  a^b,  c;  and  if  we  use  the  formula  for  p,  assigned  in  34  or  36,  the  same  three 
given  points  a,  b,  c,  when  loaded  with  xa,  y&,  zc  as  weights,  have  the  point  p  in 
thdr  plane  for  their  barycentie.  Again,  with  the  equations  of  65,  c  is  the  baiycen- 
tre  of  the  system  of  they^Mir  given  points,  a,  b,  o,  d,  with  the  weights  a,  6,  e,  <!; 
and  if  the  expression  of  79  for  the  vector  op  be  adopted,  then  xa,  yb^  zc,  wd  are 
equal  (or  proportional)  to  the  weights  with  which  the  same  four  points  a  . .  d  must 
be  loaded,  in  order  that  the  point  p  of  space  may  be  their  barycentre.  In  all  these 
cases,  the  weighte  are  thus  proportional  (by  69)  to  certain  teymenti^  or  areae,  or 
vo/MMtff ,  of  kinds  which  have  been  already  considered ;  and  what  we  have  called  the 
anharmonie  co-ordinatee  of  a  variable  point  p,  in  a  plane  (36),  or  in  epace  (79),^ 
may  be  said,  on  the  same  plan,  to  be  qnotiente  ofguotietUe  of  weighte, 

(2.)  The  circumstance  that  the  poeition  of  a  barycentre  (97),  like  that  of  a  sim  - 
pie  mean  point  (96),  is  independent  of  the  position  of  the  assumed  origin  of  vectors, 
might  induce  us  (comp.  69)  to  enppreu  the  symbol  o  of  that  arbitrary  and  foreign 
point;  and  therefore  to  write*  simply,  under  the  lately  supposed  conditions, 

*  We  should  thus  have  some  of  the  principal  notations  of  the  Barycentric  Caleu- 
hu :  but  used  mainly  with  a  reference  to  veetort.     Compare  the  Note  to  page  56. 
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It  M  esffy  to  prove  (eomp.  96),  by  prinolplM  alreadf  estabUihed,  that  the  ordi- 
nmU  of  the  haryemtre  of  any  given  eystein  of  points  ie  the  eompitm  meam  (in 
the  Knee  above  defined,  and  with  the  same  syttem  of  tpeipktM),  of  the  ordinatea  of 
tke  peimla  of  that  system,  with  reference  to  mijr  ghen  plane :  and  that  the  projeetiom 
oftke  harycemtn,  on  anj  sncfa  plane,  is  the  harytemtre  of  the  profetted  9y9tenL 
{Z. )  Without  any  lefeie&oe  to  o^dimate$^  or  to  any  foraign  origim^  the  btuyeenirio 

matrntiom  B^c  •— .  may  be  imierpreUd,  by  means  of  onr  fimdamenf^f  tfeaeenrtoa 

(Alt.  1)  Kspecting  the  geometrical  signification  of  the  wjfmbol  b-a,  considered  as 
doiotiii^  die  coetor  from  ▲  to  B :  together  with  the  rales  for  mmU^ying  sndi  vec- 
tofB  fay  Mtaimn  (14,  17),  and  for  taking  the  smu  (6,  7,  8,  9)  of  those  (generally 
new)  vectors,  which  are  (16)  tlie  produds  of  snch  mnltiplications.  For  we  have  only 
to  write  the  formula  as  follows, 

Sa(A-B)  =  0, 

in  order  to  perceive  that  it  may  be  considered  as  signifying,  that  the  system  of  the 
vedormfrom  the  barycentre  B,  to  the  system  of  the  given  poinU  Ai,  A«, . .  when  mul- 
tiplied respectivdly  by  the  tcahre  (or  coefficients)  of  the  given  system  ai,  tf^i  •  •  be- 
cooMS  (generally)  a  new  qrstem  of  vectors  with  a  nuB  mtm :  in  sndi  a  manner  that 
thase  bat  vecton,  ai .  bai,  o^.  bas,  . .  can  be  made  (10)  the  Mueceerioe  ndu  of  a  do$ed 
poipftNn^  by  transports  without  roUtion. 
(4.)  Thus  if  we  meet  the  formula, 

B  =  J(Ai  +  Aa), 

we  may  indeed  interpret  it  as  an  abridged  form  of  the  equation, 

OB  =  J(OAi4  0A2); 

which  implies  that  if  o  be  any  arbitrary  point,  and  if  o' be  the  point  wliicb  completes 
(eomp.  6)  the  pareiUelogram  A1OA20',  then  b  is  the  point  which  hUeete  the  diagonal 
00',  and  tlieiefore  also  the  given  Hne  K\A%  which  is  here  the  other  diagonal.  But  we 
may  also  regard  the  formula  as  a  mere  eytnbolieal  tranefinrmaiion  of  the  equation, 

(aa-B)  +  (Ai-B)=0; 
irhicb  (by  the  earliest  principles  of  the  present  Book)  expresses  tliat  the  two  vectore, 
from  B  to  the  two  given  points  Ai  and  Aa,  have  a  null  turn;  or  that  they  are  equal  in 
length,  but  oppoeite  in  direction  :  which  can  only  be,  by  b  bisecting  A1A2,  as  before. 
(5.)  Again,  the  formula,  Bi=^(ai  +  aj  -I-  A3),  may  be  interpreted  as  an  abridge 
mmti  of  the  equation, 

OBi  =  J(OAi  +  OA3  +  OAs), 

which  expreaaeB  that  the  point  b  trisects  the  diagonal  00'  of  the  parallelepiped 
(eomp.  62),  which  has  OAi,  OAf,  OA3  for  three  eo-tnitial  edges.  But  the  same  for- 
mula may  also  be  considered  to  express,  in  full  consutency  with  the  foregoing  inter- 
pretatiuii,  tliatthe  snm  of  the  three  vectors,  from  b  to  the  three  points  Ai,  Ag,  As,  va- 
nishes :  which  is  the  eharacteristic  property  (80)  of  the  mean  point  of  the  triangle 
AiAfA^  And  similarly  in  more  complex  cases :  the  legitimacy  of  such  transforma- 
tions bdng  here  regarded  as  a  consequence  of  the  origiual  interpretation  (1)  of  the 
sywabol  B  -  A,  and  of  the  rules  for  operations  on  vectors,  so  far  as  as  they  have  bei:n 
hitberto  estabUahed. 

N 
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Section  6 — On  Anharmonic  Equations^  and  Vector-Expres- 
sianSf  of  Surfaces  and  Curves  in  Space, 

98.  When,  in  the  expression  79  for  the  vector  ^  of  a  variable 
point  P  of  space,  the  four  variable  scalars,  or  anharmonic  co-ordi- 
nates, xyzw^  are  connected  (com p.  46)  by  a  given  algebraic  equation, 

/p(«,  y,  ^y  w)  =  0,  or  briefly  /=  0, 
supposed  to  be  rational  and  integral,  and  homogeneous  of  thep^ 
dimension,  then  the  point  F  has  for  its  locus  a  surface  of  the  p*^  ordevy 
whereof /=  0  may  be  said  (comp.  56)  to  be  the  local  equation.  For 
if  we  substitute  instead  of  the  co-ordinates  x  ..w^  expressions  of  the 
forms, 

to  indicate  (82)  that  P  is  collinear  with  two  given  points,  P^,  Pi,  the 
resulting  algebraic  equation  in  < :  t*  is  of  the  p**  degree ;  so  that  (ac- 
cording to  a  received  modern  mode  of  speaking),  the  surface  may  be 
said  to  be  cu^  in  p  points  (distinct  or  coincident,  and  real  or  imagi- 
nary*), by  any  arbitrary  riglU  line,  PoPi.  And  in  like  manner,  when 
the  four  anharmonic  co-ordinates  Imnr  of  a  variable  plane  n  (80)  are 
connectedvby  an  algebraical  equation,  of  the  form, 
F,(/,  TO,  n,  r)  =0,  or  briefly  F  =  0, 
where  p  denotes  a  rational  and  integral  function,  supposed  to  be  ho- 
mogeneous of  the  ^  dimension,  then  this  plane  11  has  for  its  enve- 
lope (comp.  56)  a  surface  of  the  g**  class,  with  f=  0  for  its  tangential 
equation :  because  if  we  make 

Z  =  </o  +  ulx^  • . .         r  =  /ro  +  w\y 
to  express  (comp.  82)  that  the  variable  plane  11  passes  through  a  given 
right  line  IIo'IIx,  we  are  conducted  to  an  algebraical  equation  of  the 
^  degree,  which  gives  q  (real  or  imaginary)  values  for  the  ratio  t:ti, 
and  thereby  assigns  q  (real  or  imaginary!)  tangent  planes  to  the  sur- 

*  It  is  to  be  observed,  that  no  interpretation  ii  here  propoied,  for  imaginary  tn- 
terteeHone  of  this  kind,  such  as  those  of  &aphere  ^ith  a  ritfht  line^  which  is  wholly 
external  thereto.  The  language  of  modem  geometry  require:!  that  eueh  imaginary 
ifUereeetionM  should  be  tpoAen  of,  aud  even  thutthej  should  be  enumerated:  exactly 
as  the  language  of  algebra  requires  that  we  should  count  what  are  called  the  imagi' 
nary  rooie  of  an  equation.  But  it  would  be  an  error  to  confound  geometrical  imagi" 
nariee,  of  thie  sort,  with  those  iquare  rooti  o/negatioei,  fur  which  it  will  soon  be  seen 
that  the  Calculns  of  Quatemiont  supplies,  from  the  outset,  a  dtfinite  and  real  in- 
terpretation. 

t  As  regards  the  uninterpreted  character  of  such  imaginary  eontacte  in  geometry, 
the  preceding  Note  to  the  present  Article,  mpocting  imaginary  intereeetionu,  may  be 
consulted. 
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factt  drawn  throngh  any  such  giren  but  arbitrary  right  line.  We 
may  add  (comp.  51,  56),  that  if  the  functions /and  F  be  only  ho- 
mogeneoua  (without  neceasarUy  being  rational  and  integral)^  then 

[d*/,  Dr/»  »./.   D^f] 
18  the  anharmonic  symbol  (80)  of  the  tangent  plane  to  the  surface 
/=  0,  at  the  point  (xyzw) ;  and  that 

(d,f,  d^f,  d„f,  d^) 
b  in  like  manner,  a  symbol  for  the  point  of  contact  of  the  plane 
[lmxr\,  with  its  enveloped  surface^  f«  0;  d,,  . .  Dj,  . .  being  charac- 
teristics of  partial  derivation. 

(1.)  As  an  Example,  the  naface  ofikt  teeond  order ^  which  paaaes  through  the 
nhupamtt  called  lately 

A,     C*,     B,     a',     O,     Ci,     D,     Aj,     a, 
has  for  its  local  equatitrnj 

vfaidi  gives,  hy  diflfereotiatioii, 

/  =  »*/=«;  m  =  »y/=-»; 

ii=D^=af;  reD«/=-y: 
to  that 

[«,-»,  «,-y] 

is  a  qrmbol  for  the  tempent  plane,  at  the  point  (a;,  jr,  z,  v). 

(2.)  In  fact,  the  aurface  here  considered  is  the  ruled  (or  kyperhoKe)  hyperholoidy 
on  wluch  the  paueke  quadrilateral  abcd  is  eupereeribed,  and  which  passes  also 
throng  the  point  a.    And  if  we  write 

T:=(xyzw\  Q  =  (ayOO),  R  =  (0yzO), 
then  00  and  bt  (aee  the  annexed  Figure  81), 
namely,  the  lines  drawn  tlurongh  p  to  intersect  the 
two  pairs,  ab,  cd,  and  bc,  da,  of  opposite  sides 
of  that  quadrilateral  abcd,  are  the  two  generating 
lines,  or  gemeratrieee^  through  that  point ;  so  that 
their  plane,  QBST,  is  the  tangent  plane  to  the  sur- 
face, at  the  point  p.  If,  then,  we  denote  that  tan- 
gent plane  by  the  symbol  \lmnr\  we  have  the 
equations  of  condition, 

0  =  2«  +  mjr  =  iRy  +  »2aiis-|>  rw=rw  +  te; 

whence  follows  the  proportion, 

/:m:  Ji:r  =  ar*  :  —  y"' :  «->  :  —  w  *; 

or,  because  an=yv, 

/:m:»:r  =  a;:  -i 


8  =  (00*w),        T  =  («00»X 


as  before: 

(3.)  At  the  same  time  we  see  that 


(Ac'BQ)  =  -  =  -=(DOace); 
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80  that  tlie  oariabh  generatrix  gs  tUoidm  (as  is  known)  the  two  fxed  gentratrieem 
AB  and  DO  homographieaUp*  ;  ad,  bo,  and  o'oa  being  three  of  its  positions.  Con* 
Yeraeify  if  it  were  proposed  to  find  the  loau  of  the  right  /me  qs,  which  thus  dividcm 
liomographically  (comp.  26)  two  given  right  linee  in  epaee^  we  might  take  ab  and  dc 
for  those  two  giren  lines,  and  ad,  bo,  o'os  (with  the  recent  meanings  of  the  letters) 
fur  three  given  positions  of  the  Tariablft  line ;  and  then  should  have,  fot  the  two  vm- 
riuble  but  corresponding  (or  komolognui)  points  Q^  s  themselves,  andforany  arbitnurjr 
point  p  eoUimear  with  them,  anharmonic  symbols  of  the  forms, 

Q  =  («,«SO,0),        8=(0,0,«,«)i        P  =  («*,*«,w,w); 
because,  by  82,  we  should  have,  between  these  three  sjrmbols,  a  relation  of  the  form, 

(p)  =  *(q)  +  p(8)j 
if  then  we  write  p  s  (x,  jf,  2,  v),  we  have  the  anharmonic  equation  xz=ywj  as  before  ; 
so  that  the  locus,  whether  of  the  Hne  gs,  or  of  the  point  p,  is  (as  is  known)  a  ruled 
surface  of  the  second  order, 

(4.)  Ab  regards  the  known  double  generation  of  that  surface,  it  may  suffice  to 
observe  that  if  we  write,  in  like  manner, 

R=  (OfrO),        T  =  (/00»),        (p)  =  «(r)  +  «(t), 
we  shall  liave  txgain  the  expression, 

p=(#<,fti,w,©#),    giving    X2=yv, 
as  before :  so  that  the  same  hyperboloid  is  also  the  locus  ot  that  other  line  bt,  which 
divides  the  other  pair  of  opposite  sides  bo,  ad  of  the  same  gauche  quadrilateral  abcd 
homographicaUy ;  ba,  cd,  and  a'a2  being  three  of  its  portions ;  and  the  lines  a'as, 
g'02  being  still  supposed  to  mteraect  each  other  in  the  given  pomt  b. 

(6.)  The  symbol  of  an  arbitrary  point  on  tlie  variable  line  rt  is  (by  sub-art  2) 
of  the  form,  <(0,  y,  2, 0)  +  u(x,  0, 0,  w),  or  (ux,  ty,  tz,  uw) ;  while  the  symbol  of  an 
arbitrary  point  on  the  given  line  c'oj  is  (f,  f,  « ,  u').  And  these  two  symbols  repre- 
sent one  common  point  (comp.  Fig.  81), 

p'  =  RTo'o2=0f,y,«,z), 
when  we  suppose 

f'  =  y,  «'  =  z,  «=1,  «  =  ?=*. 
0      tp 

Hence  the  known  theorem  results,  that  a  variable  generatrix^  rt,  of  one  system,  in- 
tersects three  fixed  lines,  bo,  ad,  0*02,  which  are  gener€Urices  of  the  other  sgstem. 
Conversely,  by  the  same  comparison  of  symbols,  for  points  on  the  two  lines  bt  and 
c'oa,  we  should  be  conducted  to  the  equation  xz  =gw,  as  the  condition  for  their  inter- 
section ;  and  thus  should  obtain  this  other  known  theorem,  that  the  locus  of  a  right 
line,  which  intersects  three  given  right  Unes  in  space,  is  generally  an  hyperboloid 
with  those  three  lines  for  generatrices,  A  similar  analysis  shows  that  gs  intenecta 
a'a2,  in  a  point  (cump.  again  Fig.  81)  which  may  be  thus  denoted : 

p"  =  g8-A'Aj  =  (xyyar). 

(6.)  As  another  example  of  the  treatment  of  surfaces  by  theur  anharmonic  and 
local  equations,  we  may  remark  that  the  recent  symbols  for  v'  and  v**,  combined  with 


*  Compare  p.  298  of  the  Gtomeirie  Supirieure, 
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tkoK  ofsab-arC.  2  Ibf  p,  a>  b,s» t;  with  the  igrfflbob  of  83,  86  for  o',  a',  cii  As,  b; 
ad  with  the  eqaatkm  jw»yw,  give  the  ezpnsmnu : 

(«)-(O  +  (0,)=(a0+(a0;        (F'0-y(A')+*(Aa)-(Q)+?(e); 

whoiee  U  foIlowB  (84)  that  the  two  points  r',  p',  and  the  ndea  of  the  qoadrilateral 
ABCD^  divide  the  four  generating  lines  through  p  and  b  in  the  following  anharmonie 
ratios: 

(c'bOjP')  =  (Qp"sp)  =  -  cs  (ba'OB)  =  (AAtDT)  ; 

(A'BAap")  =  (ep'tp)  =  -  =  (bo'aq)  =  (ocaDs) ; 

X 

so  that  (as  again  is  known)  the  variable  generatrices,  as  well  as  ih^  fixed  ones,  of  the 
hjperboloid,  are  aU  divided  homographiealUf, 

(7.)  The  tangemtial  eqnatUm  of  the  present  snrfaos  is  easily  fonnd,  by  the  ezpies- 
siona  in  sub-art  1  for  the  co-ordinates  Imnr  ci  the  tangent  plane,  to  be  the  follow- 

fag: 

0=r  =  /n-inr; 

whidi  may  be  interpreted  as  expressing,  that  this  hyperboloid  is  the  eurfaee  of  the 
eetomd  elaet^  which  touches  the  mine  planes^ 

[1000],  [0100],  [0010],  [0001],  [1100],  [0110],  [0011],  [1001],  [1111] ; 
or  with  the  literal  symbols  lately  employed  (comp.  86,  87), 

BCD,      CDA,      DAB,      ABC,      CDO",      DAA",      ABC'j,      BOA'2,      and      [e].* 

Or  we  may  interpret  the  same  tangential  equation  f=  0  as  expressing  (comp.  again 
86, 87,  where  q,  i«,  N  are  now  repUced  by  t,  b,  q),  that  the  snr&oe  is  the  envelope  of 
a  plane  qrst,  which  satisfies  either  of  the  two  connected  condiiione  of  homography : 

(BCAQ)«--  =  -^e(008D8); 

(ca'bb)  = =  —  =  (DAaAT)  ; 

a  doeMe  ffeueration  of  the  hyperboloid  thus  showing  itself  in  a  new  way.  And  as  re- 
gards the  panage  (or  return)^  from  the  tangenHal  to  the  local  equation  (comp.  56), 
we  have  in  the  present  example  the  formuliB  : 

x  =  DiF  =  ii;         y  =  DmF  =  — r;         «  =  d,»p  =  Z;         t0  =  DrF  =  — m; 
whence 

»«— yw  =  0, 
as  before. 

(8.)  More  generally,  when  the  sorfkce  is  of  the  eecond  order,  and  therefore  also 
of  the  second  clam,  so  that  the  two  fiinctions/and  p,  when  presented  nnder  rational 
and  integral  forms,  are  both  homogeneous  of  the  second  dimension^  then  whether  we 
derive  / . .  r  from  a; . .  w  by  the  fonnuls, 


*  In  the  enharmonic  symbol  of  Art.  87,  for  the  plane  of  homology  [e],  the  eo- 
ejffieient  1  occm-red,  through  inadvertence,  five  times. 


94  BLEMBNTS  OF  QUATERNIONS.  [bOOK  U 

or  x,.w  from  / . .  r  by  the  converse  fonnals, 

the  pirint  p  =  (xyzw)  is,  reUtivdy  to  that  surface,  what  is  usually  called  (oomp.  62) 
the  pole  of  the  plane  11  =  [2mnr] ;  and  conversely,  the  plane  II  is  the  poiar  of  the 
point  p ;  wherever  m  epace  the  point  P  and  plane  11,  thus  related  to  each  other ^ 
may  be  situated.  And  because  the  centre  of  a  surface  of  the  second  order  is  known 
to  be  (comp.  again  52}  the  pole  of  (what  is  called)  the  plasM  at  infbiiiy;  while  (comp. 
88)  the  expiation  and  the  eymbol  of  this  Isat  plane  are,  respectively, 

ax-\-by  +  cz-{-dw=iOf    and    [a,  &,  c,  <2], 
if  the  four  constants  abed  have  still  the  same  significations  as  in  G5,  70,  79,  &c., 
mih  reference  to  the  system  of  the  five  given  points  abcdb:  it  ibilows  that  we  may 
denote  this  centre  by  the  symbol, 

K.=  (pJFo,   D»Fo,   DeFo,  DJTo) ; 

where  fo  denotes,  for  abridgment,  the  fdnction  v(abcd)f  and  d  is  still  a  scalar  con- 
stant. 

(9.)  In  the  recent  example,  we  have  ¥o  =  ae-hd;  and  the  anharmonic  symbol 
for  the  centre  of  the  hyperboloid  becomes  thus, 

K=(c, -4,0,-6). 
Accordingly  if  we  assume  (comp.  sub- arts.  8,  4), 

p=  (rf,  ^  uv,  w),        P'=  (»y,  -<'«',  i«V,  =  rV), 
where  «,  <,  u,  e  are  any  four  scalars,  and  p'  is  a  new  point,  while 

h—bt-^-cVf         t'=^cu-\-dSf         u=dv-^atf         v=as-i-lm; 
if  also  we  write,  for  abridgment, 

e'  =  ae-  hd^         w' ^att-{-htu-\-  euo  +  doe ; 
we  sliall  then  have  the  sj'mbolic  relations, 

«'('■)+ (0=»'«,  «'(l-)-(F')  =  (P"), 

if  p"=  {x'l^'x'w")  be  that  new  point,  of  which  the  co-ordinates  are, 

x"  =  2e8t  -  cw\        y"  =  2eiu  +  dw\         »"  =  2euv  -  ow',       »  w"  =  2e've  +  hw% 
and  therefore, 

a«"+6y"+c«"+<fw"=0. 

That  is  to  say,  if  pp'  be  any  chord  of  the  hyperboloid^  which  passes  thrwgh  the  fixed 

point  K,  and  if  p"  be  the  harmonic  conjugate  oi  that  fixed  point,  with  respect  to  that 

variable  chord,  so  that  (pkp'p")  =  - 1,  then  this  conjugate  point  p"  is  on  the  infinitely 

dietant  plane  [abed]  :  or  in  other  words,  the  fixed  point  K  bieecte  all  the  chords  pp' 

which  pass  through  it,  and  is  therefore  (as  above  asserted)  the  centre  of  the  surface. 

(10.)  With  tliesame  meanings  (65,  79)  of  the  constants  tf,  fr,  c,  d,  the  mean 

point  (96)  of  the  quadrilateral  abcd,  or  of  the  system  of  its  comers,  may  be  denoted 

by  the  S3nnbol, 

M  =(«-!,  6-1,  c-i,<^i); 

if  then  this  mean  point  be  on  the  surface^  so  that 

ac- 5(2=0, 

the  centre  k  is  on  the  plane  [a,  6,  c,  d"]  ;  or  in  other  words,  it  is  infinitely  distant:  so 
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ftat  fte  mthtm  beeonwa,  in  Uds  amt,  a  ralerf  (<r  AjfpgrMiie)  panhohid.  In  gene- 
nl  (pomp,  anb-nt.  S\  if  Fo  =  0,  the  mrftce  «d  the  seoood  order  is  a  pmruMtdd  of 
«^M  khidy  hecaaae  ifcs  etmire  m  thea  «f  imjmitgy  in  virtue  of  the  eqoatioa 

or  bwiiiw  (eompL  50,  58)  the  pimme  [«A«f]  at  tmjbdty'n  then  one  of  its  toi^fiil 
pUaea^  as  satisfring  its  iampeniuJ  ejaoltoa,  r  =  0. 

(11.)  it  is  endent  that  a  ewse  m  <|Mee  may  be  represented  by  a  srstem  of  l«o 
anhanBfOnic  and  ioeai  e^moHoma  ;  becanae  it  may  be  regarded  as  tlie  talcrt«c<ion  nf 
tw9  wmjacf.  And  then  its  mrder^  or  the  Miai5er  afpomU  (real  or  imaginary*),  in 
vtodb  it  is  emt  hy  as  arbitrary  jvlone,  is  obrioosly  the  prodmet  of  the  ardert  of  those 
two  sarfaces ;  or  the  prodmet  of  the  degree*  of  their  two  local  equatii.ns,  supposed  to 
be  ratiimal  and  integral. 

(12.)  A  emrve  ofdombU  cmrvatmre  may  also  be  considered  as  the  ed^e  efregre*- 
MM  (or  arete  de  rebromseememt)  ot  ^  developable  swrjaee,  namely  of  the  loeme  of  the 
tampemte  to  tie  eurve  ;  and  this  sor&ce  may  be  supposed  to  be  eircumseribed  at  onoe 
to  teo  ^vem.  emrfaeee,  which  are  euvdopea  of  variable  plamee  (98),  and  are  repre- 
sented, as  sorb,  by  thdr  tan^eutial  eqmatunu.  In  thu  view,  a  cvros  of  double  cur- 
ratnre  may  ttfd/be  represented  by  a  system  of  two  snharmonic  and  tangential  equa- 
tions ;  and  if  the  e/oM  of  such  a  curve  be  defined  to  be  the  aaoafter  of  its  oeemtating 
plamee^  wliich  pass  tkrovph  ah  arbilrary  point  ofepace^  then  this  class  is  the  product 
of  the  daatee  of  the  two  curved  eurfuces  just  now  mentioned :  or  (what  comes  to  the 
same  thing)  it  is  the  product  of  the  diauntious  ot  the  two  tangent^  e^uationCy  }fy 
which  the  curre  is  (on  this  plan)  symbolized.  But  we  cannot  enter  further  into  these 
details ;  the  meektodsm  of  calculation  respecting  which  would  indeed  be  found  to  be 
the  aame,  as  that  employed  in  the  known  method  (comp.  41)  of  quadriplanar  co-ot" 


99-  Instead  of  anharmonic  co-ordinates,  we  may  consider  any 
other  system  of  n  variable  scalars^  x^, . .  x^,  which  enter  into  the  ex- 
pression of  a  variable  vector,  p\  for  example,  into  an  expression  of 
the  form  (comp.  96,  97), 

P  =  a5.«i  +  aj.aj  + . .  =  Ixa, 
And  then,  if  those  n  sctdars  x  be  a\\  functions  of  one  independent  and 
variable  scalar,  t,  we  may  regard  this  vector  p  as  being  itself  %  funC" 
tion  of  that  single  scalar;  and  may  write, 

L.. />=(?(/). 
But  if  the  n  scalars  a; . .  be  functions  of  two  independent  and  scalar 
Tariables,  t  and  u,  then  p  becomes  a  function  of  those  two  scalarSj 
and  we  may  write  accordingly, 

lh..p=^(t,u). 
Id  the  1st  case,  the  term  p  (comp.  1)  of  the  variable  vector  p  has 

*  Compare  the  Notes  to  page  90. 
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generally  for  its  looua  a  curve  in  epace^  which  may  be  plane  or  o€ 
doable  curvature,  or  may  even  become  a  right  line^  aooording  to  the 
form  of  the  vector-function  p ;  and  p  may  be  said  to  be  f ^  vector  of 
this  line,  or  curve.  In  the  Ilnd  case,  p  is  the  vector  of  a  surface,  plane 
or  curved,  according  to  the  form  of  ^  (f,  u) ;  or  to  the  manner  in  which 
this  vector  p  depends  on  the  two  independent  acdlara  that  enter  into 
its  expression. 

(1.)  As  Examples  (conip.  25,  63),  the  expressions, 

I    ^-."+'^.     II    ^.^Li£ln 

signify,  1st,  that  p  is  the  vector  of  a  variable  point  p  on  Me  right  line  ab  ;  or  that 
it  is  the  vector  of  that  line  itself  ^  considered  as  the  locut  of  a  point;  and  Ilnd,  that 
p  is  the  vector  of  the  plane  abg.  cooaiderod  in  like  manner  as  the  locus  of  an  arbitrary 
point  p  thereon. 

(2.)  The  equations, 

I...  psB«fl  +  jfft         II.  ..f>  =  sa+y/3-fx/, 
^vith 

a;S  +  y3  =  1  for  the  Ist,  and  x*  +  y«  +  z«  =  1  for  tiie  Ilnd, 

signify  Irt,  that  p  is  the  vector  of  an  eliipee,  and  Ilud,  that  it  is  the  vector  of  am 
eOipooidy  with  .the  ort^  o  for  thdr  common  centre^  and  with  OA,  on,  or  OA,  on, 
DC,  for  conjugate  eemi'diamutere, 
(3.)  The  equation  (oomp.  46), 

p  =  l«a  +  i.»/3  +  (<  +  ii)«7, 

expresses  that  p  is  the  vector  of  a  cone  of  the  second  order ^  iirith  o  for  its  vertex  (or 

centre)^  wliich  is  touched  hy  the  three  planes  dbg,  oca,  gab  ;  the  section  of  this  eoae, 

(y    made  by  the  plane  abc,  being  an  e//i>«e  (oomp.  Fig.  26),  which  is  inscribed  in  the 

4^  '         triangle  ABC  ;  and  the  middle  points  a',  b',  o',  of  the  sides  of  that  txiangle,  being  the 

points  of  contact  of  those  sides  with  that  conic. 

(4.)  The  equation  (comp.  53), 

p  =  r>a  +  «"*i3  +  »-iy,  with  «  +  K  +  t;  =  0, 
expresses  that  p  is  the  vector  of  another  cone  of  the  second  order,  witii  o  stiU  for 
vertex  J  but  with  OA,  ob,  oo  for  three  of  its  sides  (or  rags).     The  section  by  the 
plane  abo  is  a  new  ellipse,  circumscribed  to  the  triangle  ABC,  and  liaving  its  tangents 
at  the  comer*  of  that  triangle  respectively  parallel  to  the  opposite  sides  thereof. 

(5.)  The  equation  (comp.  54), 

p=<aa4-«*A3  +  »»y,  with  t  4-M  +  e- 0, 
iSgnifies  that  p  is  the  vector  of  a  cone  of  the  third  order,  of  wliich  the  vertex  b  still 
the  origin ;  its  section  (comp.  Fig.  27)  by  the  plane  abc  being  a  cubic  curve,  whereof 
the  sides  of  the  triangle  abg  are  at  once  the  asymptotes,  and  the  three  (real)  tangents 
of  inflexion;  while  the  mean  point  (say  o')  of  that  triangle  is  a  conjugate  point  of 
the  curve;  and  therefore  the  right  Une  oo',  firom  the  vertex  o  to  that  mean  point, 
may  be  said  to  be  a  conjugate  rag  of  the  cone, 

(6.)  The  equation  (comp.  9a,  sub-art.  (8.)  ), 
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Mtaa-^tmbp-\-uvey  +  vtdj 

IB  wUch  -  and  -  are  two  variable  acalara,  while  a,  6,  e,  d  are  still  four  constant 


f  and  a,  ^,  y,  ^  are  four  eonstant  yectots,  bat  p  is  still  a  variable  vector,  ex- 
I  that  p  is  the  vector  of  a  ruled  (or  Mmgie-eheeted)  hyperboioid,  on  which  the 
gncfae  quadrilateral  abcd  is  saperscribed,  and  which  passes  tbroagh  the  given  point 
^  wliieRof  the  vector  i  is  assigned  in  65. 
(7.)  Ifwemake(oomp.  98,  sab-art  (9.))» 

,  _  «Yaa  -  fubfi  +  u'v'ey  —  vedS 

a'ta  —  t'u'b  +  u'v'c  —  v'e'd 
where 

then  p'  =  op'  Is  the  vector  of  another  point  p'  on  the  tame  hifperholoid ;  and  because 
it  b  found  that  the  taut  of  these  two  last  vectors  is  eoastonf, 

p  +  p=2«,.fK=-^J— ^5^ , 

it  fbOowB  that  c  is  the  vector  ot  a.  fixed  point  k,  which  bitecte  etery  chord  pp'  that 
paaes  through  it :  or  in  other  words  (comp.  52),  that  this  point  k  is  the  centre  of 
theettrfaee, 

(8.)  The  throe  vectors, 

a  +  y         i3+^ 
'»        T"'         "2~' 

are  tenuno-eoUinear  (24) ;  if  then  a  ganche  qnadrilateral  abcd  be  superscribed  on 
a  mled  hyperboloid,  the  common  bieeotor  of  the  two  diagonab,  AG,  bd,  pastee  through 
the  centre  x. 

(9.)  When  ac  =  bd,  or  when  we  have  the  equation, 

_  eta  +  <iiff  4-  myy  +  veS 
*^~      tt  +  tu  +  uv  ^{^     * 
or  aimply, 

p^$ta  +  tuP-\'Uoy-\-vS,  with  e+u=t  +  v  =  lf 

p  m  then  the  rector  of  a  nded  paraboloid,  of  which  the  centre  (comp.  52,  and  98,  sub- 
art  (10.)  ),  is  inftnUJg  cKttant,  but  upon  which  the  quadriUteral  abcd  is  still  tuper^ 
stribed.  And  this  sorfiace  passes  through  the  mean  point  u  of  that  quadrilateral,  or 
of  the  system  of  the  four  given  pouits  a  . .  d  ;  because,  when  s  =  /  =  a  =  p  =  ^,  the 
variable  vector  p  Ukcs  the  value  (romp.  96,  sub-art.  (1.)), 
M  =  i(a  +  /3  +  y  +  ^). 
(10.)  In  general,  it  is  easy  to  prove,  from  the  last  veetor-expreuion  for  p,  that 
this  paraboloid  is  the  locut  of  a  right  line,  which  dividee  eimilarly  the  two  opposite 
eidee  ab  and  DC  of  the  same  gauche  quadrilateral  abcd  ;  or  the  other  pair  of  oppo- 
site sides,  BC  and  ad. 
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Section  7. —  On  Differentials  of  Vectors. 
100.  The  equation  (99, 1.)* 

in  which  ^  =  op  is  generoMy  the  vector  of  a  point  p  of  acuro«  in  spctce^ 
PQ . . .,  gives  evidently,  for  the  vector  oq  of  another  point  q  of  the 
same  curve,  an  expression  of  the  form 

so  that  the  chord  fq^  regarded  as  being 
itself  a  vector,  comes  thus  to  be  repre- 
sented (4)  by  the  finite  difference^ 

Suppose  now  that  the  other  finite  dif- 

ference,  A<,  is  the  n*^  part  of  a  new 

scalar,  u ;  and  that  the  chord  A/>,  or  pq,  is  in  like  manner  (comp. 

Fig.  32),  the  n*^  part  of  a  new  vector,  a^  or  pr  ;  so  that  we  may 

write, 

nM-u,  and  nA/>  =  n . pq  =  cr^  =  pr. 

Then,  if  we  treat  the  two  scalarSj  t  and  u,  as  constant,  but  the  num- 
ber n  as  variable  (the  form  of  the  vector  f unction  4>,  and  the  origin  o, 
being  given),  the  vector  />  and  thepotn^  p  will  he  fixed:  but  the  two 
points  Q  and  R,  the  two  differences  A<  and  A/>,  and  the  multiple  vector 
n^P,  or  Cnt  will  (in  general)  varg  together.  And  if  this  number  n 
be  indefinitely  increased,  or  made  to  tend  to  infinity,  then  each  of  the 
two  differences  At,  A/>  will  in  general  tend  to  zero ;  such  being  the 
common  limits  ofn'%  and  of  <j>(<-f-n~' u) -<(>(<):  so  that  the  variable 
point  Q  of  the  curve  will  tend  to  coincide  with  the  fixed  point  p.  But 
although  the  chord  pq  will  thus  be  indefinitely  shortened,  its  n^  mul- 
tiple, PR  or  <y„,  will  tend  (generally)  to  a  finite  limit,*  depending  on 
the  supposed  continuity  of  the  function  ^(t)\  namely,  to  a  certain 
definite  vector,  pt,  or  ff.,  or  (say)  t,  which  vector  pt  will  evidently 
be  (in  general)  tangential  to  the  curve:  or,  in  other  words,  the  variable 
point  R  will  tend  to  a  fixed  position  t,  on  the  tangent  to  that  curve  at  p. 
"We  shall  thus  have  a  limiting  equation,  of  the  form 

T  =  pt  =  lira.  PR = a-.  =  lim.  n A0 {t),  if  nj\t = u ; 

KBOD 

t  and  u  being,  as  above,  two  given  and  (generally)  finite  scalars.   And 

•  Compare  Newton's  Principia. 
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if  ire  then  agree  to  caU  the  second  of  these  two  given  scalara  the  dif- 
ferential of  the  first,  and  to  denote  it  by  the  symbol  dty  we  shall  de- 
fine  that  the  vector-limit ^  r  or  am,  is  the  (corresponding)  differential  of 
the  vector  />,  and  shall  denote  it  bj  the  corresponding  symbol^  d/>;  so 
as  to  have^  under  the  supposed  conditions, 
u  =  dty  and  7  =  dp. 
Or,  eliminating  the  two  symbols  u  and  t,  and  not  necessarily  suppos- 
ing that  p  is  &  point  of  a  curve,  we  may  express  our  Definition*  of  the 
Differential  of  a  Vector  />,  considered  as  a  Function  <t>ofa  Scalar  t^ 
by  the  following  General  Formula : 

d/i  =  d<|i(O  =  lini.ni0(^f -V<}>(rtj, 

in  which  t  and  dt  are  two  arbitrary  and  independent  scalars,  both  ge- 
nerally finite;  and  dp  is,  in  general^  a  new  and  finite  vector^  depending 
on  those  two  scalars,  according  to  a  law  expressed  by  the  formula^ 
and  derived  from  that  given  law,  whereby  the  old  or  former  vector,  /> 
or  ^(f),  depends  upon  the  single  scalar,  t, 

(1.)  A*  AD  example,  let  the  given  veetor-fitnethn  have  the  form, 

p  =  0(t)  =  i<'a,  where  a  is  a  gitfen  vector, 

u 
Then,  roaldng  Af  =  -,  where  «  is  any  given  Bcatar^  and  n  is  a  variable  whole  numhery 

we  bare 

and  finally,  writing  d/  and  dp  for  »  and  (r*, 

dp  =  d^(0  =  d^^j  =  a<df. 

(2.)  In  general,  let  ^(f)  ^af(jt),  where  a  is  still  a  given  or  conttant  vector,  and 
/(I)  denotes  a  9calar /unction  of  the  tealar  variable^  t  Then  because  a  is  a  common 
/odor  within  the  brackets  {  }  of  the  recent  general  formula  (100)  for  dp,  we  may 

write, 

dp=d^(0  =  d.a/(0  =  ad/(0; 

provided  that  we  now  define  that  the  differential  of  a  ecalar  fimetion,  /(f),  is  a  new 
Mcalar  Junctum  of  two  independent  ecalare,  t  and  d/,  determined  by  the  precisely 
■tmiUr  fonnnla : 

d/(0  =  Bm. »  {/(f  +  ^  ]  -/(«)}  i 


♦  Compare  the  Note  to  page  39. 
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which  can  easily  be  prayed  to  agret^  io  all  its  e<mtequene€$^  with  the  utmai  mlet  for 
d^ferendatimff  funcHoHM  of  one  variable, 

(3.)  For  example,  if  we  write  dt  =  nh,  where  A  ia  a  new  variable  scalar^  namely, 
the  n*^  part  of  the  given  and  (generally)  Jimie  differential^  d<,  we  shall  thus  have 
the  equation, 

-T— -  =  Jim. 7 ; 

dt        jk-o  * 

in  which  the  first  member  is  here  considered  as  the  actual  quotient  of  two  finite  sea- 
lar§^  df(t)  I  d/,  and  not  merely  as  a  differential  coefficient.  We  may,  however,  as 
usual,  consider  this  quotient^  from  the  expression  of  which  the  differential  dt  dieap- 
peart  J  as  a  derived  Jknetion  of  the  former  variable,  t ;  and  may  denote  it,  as  such,  by 
either  of  the  two  uwal  tymboU, 

/'(O  and  iV(r). 

(4.)  In  like  manner  we  may  write,  for  the  derivative  of  a  veetor-fitmctio%j*  ^  (f), 
the  formula : 

these  two  last  forms  denoting  that  actual  and  finite  vector,  p  or  ^'(f),  which  ia 
obtained,  or  deri^^ed,  by  dividing  (comp.  16)  the  not  leu  actual  (or  finite)  vector, 
dp  or  d^  (f),  by  the  finite  tcalar,  dt.  And  if  again  we  denote  the  n'*  part  of  this 
last  scalar  by  A,  we  shall  thus  have  the  equally  general  formula  : 

Dtp  =  vt^  CO  =  "™' z > 

with  the  equations, 

dp^DiP'dt^p'dt',        d^(t)-i>tp(t) .  dt :s jp\t) , dt, 
exactly  as  if  the  vector-Junction,  p  or  0,  were  a  ecalar  function,  f 

(6.)  The  particular  value,  dt  =  1,  gives  thus  dp  =  p';  so  that  the  derived  vector 
p*  is  (with  oar  definitions)  a  particular  but  important  can  of  the  differential  of  a 
vector.  In  applications  to  mechanic*,  if  t  denote  the  time,  and  if  the  term  p  of 
the  variable  vector  p  be  considered  as  a  moving  point,  this  derived  vector  p'  may  be 
called  the  Fector  of  Velocity :  because  its  length  represents  the  amount,  and  its  di- 
rection is  the  direction  of  the  velocity.  And  if,  by  setting  offvectore  ov  =  p'  (comp. 
again  Fig.  d2)fi'om  one  origin,  to  represent  thus  the  velocitiee  of  a  point  moving  in 
space  according  to  any  supposed  law,  expressed  by  the  equation  p  =  ^(Oi  ^o  cou* 
•tmct  a  new  curve  vw . .  of  which  the  corresponding  equation  may  be  written  as 
p'  =  0'(O»  ^^^  t**l*  ****'  carve  has  been  defined  to  be  the  HoiK>OBApH,t  as  the  old 
curve  FQ. .  may  be  called  the  orbit  of  the  motion,  or  of  the  moving  point 

*  In  the  theory  of  Differentialt  of  Funetiont  of  Quatemiont,  a  definition  of  the 
differential  d^((q')  will  be  proposed,  which  is  expressed  by  an  equation  of  precisely 
the  same  form  as  those  above  assigned,  for  df(t),  and  for  d^  (t)  ;  but  it  will  be  found 
that,  for  qvaterniont,  the  quotient  d0  (9) :  dq  is  not  generally  independent  ofdq  ; 
and  consequently  that  it  cannot  properly  be  called  a  derived  function,  such  as^'(f), 
of  the  quaternion  q  alone.     (Compare  again  the  Note  to  page  89.)  •  I 

t  The  subject  of  the  Hodograph  will  be  resumed,  at  a  subsequent  stage  of  this  j 

work.     In  fact,  it  almost  requires  the  assistance  of  Quatemiontt  to  connect  it,  in 
what  appears  to  be  the  best  mode,  with  Newton's  Law  of  Gravitation. 
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(&)  We  maj  diffmnHait  a  peetor-Jvnetwn  twice  (or  oftener),  and  no  obtain  it3 
tmeeegnot  dLffirenHait.  For  example,  if  we  differentiate  the  derived  vector  p\  we 
obUun  a  resalt  of  the  form, 

^p'=:p"dty  wbere  p"=Dip'  =  D««p» 
by  an  obvioiia  eztenaioa  of  notation ;  and  if  we  etqtp^te  that  the  §eeond  differ etUial, 
ddt  or  d^t,  of  the  scalar  t  it  zero,  then  the  §eeoud  differenHal  of  the  vector  p  ia, 

d«p  =  ddp  =  d. p'd<  =  dp'.  df  =  p'.df" ; 
•where  d^,  as  usnai,  denotes  (df )* ;  and  where  it  is  important  to  observe  that,  with 
the  definitions  adopted,  d*p  is  as  finite  a  vector  as  dp,  or  as  p  itself.   In  applications 
to  motion^  if  <  denote  the  <tme,  p"  may  be  said  to  be  the  Vector  of  Acceleration. 

(7.)  We  may  also  say  that,  in  mechanics,  the  ^ni^c  differential  dp,  of  the  Vector 
ofBoeiHon  p,  represents,  in  length  and  in  direction,  the  right  line  (snppose  ft  in 
Fig.  32)  which  would  have  been  detcribed^  hy  a  freely  moving  point  p,  in  the  finite 
interval  of  time  df,  immediately /o2/oin'n^  the  time  t,  if  at  the  end  of  this  time  t  all 
foreign  forces  had  ceased  to  act.* 

(8.)  In  geometry^  if  p  =  ^(/)  be  the  equation  of  a  ctirve  of  double  cwvaturct  re- 
garded as  the  edge  of  regression  (comp.  98,  (12.)  )  of  a  developable  surface,  then  the 
eqoadon  of  that  surface  itself  considered  as  the  locus  of  the  tangentt  to  the  cunre, 
may  be  thus  written  (comp.  99,  II.)  : 

P  =  ^(0  +  «^'(Oi  or  simply,  p  =  ^(O+<i0(O, 
if  it  be  remembered  that  u,  or  dt,  may  be  any  arbitrary  eealar, 

(9.)  If  any  other  curved  surface  (comp.  again  99,  II.)  be  represented  by  an  eqoa- 
tioo  of  the  form,  p  =  ^  (»,  y),  where  0  now  denotes  a  vector-fknction  of  two  indepen- 
dent and  scalar  variables,  x  and  y,  we  may  then  differentiate  this  equation,  or  this 
expression  for  p,  with  respect  to  either  vtxriable  separatefy,  and  so  obtain  what  may 
be  called  two  partial  (but  Jiniie^  differentials,  d^p,  dyp,  and  two  partial  derivatives^ 
D^p,  Dyp,  whereof  the  former  are  connected  with  the  latter,  and  with  the  two  arbitrary 
(\mt  finite^  scalar »,  dx,  dy,  by  the  relations, 

dcp  =  Djp.dd;;         dyp=i>yp.dy. 
And  these  two  diiferentials  (or  derivatires)  of  the  vector  p  of  the  surface  denote  two 
tangential  vectors,  or  at  least  two  vectors  parallel  to  two  tangents  to  that  surface  at 
the  point  r :  so  that  their  plane  is  (or  is  parallel  to)  the  tangent  plane  at  that  point. 

(10.)  The  mechanism  of  all  such  differentiations  of  vector-functions  is,  at  the 
present  stage,  precisely  the  same  as  in  the  usual  processes  of  the  Differential  Calcu- 
lus; because  the  most  general  form  of  siKh  a  vector-function,  which  has  been  consi- 
dered in  the  present  Book,  is  that  of  a  sum  of  products  (comp.  99)  of  the  form  xa, 
where  a  is  a  constant  vector,  and  a;  is  a  variable  scalar:  so  that  we  have  only  to 
operate  on  these  scalar  coefficients  x,  .,hj  the  usual  rules  of  the  calculus,  the  vec- 
forf  a. .  being  treated  as  constant  factors  (comp.  sub- art  2).  But  when  we  shall 
come  to  consider  quotients  or  products  of  vectors,  or  generally  those  new  functions  of 
vectors  which  can  only  be  expressed  (in  our  system)  by  Quaternions,  then  some  few 
new  rules  of  differentiation  become  necessary,  although  deduced  from  the  same  (or 
nearly  the  same)  definitions,  as  those  which  have  been  established  in  the  present 
Section. 


As  is  well  illustrated  by  At  wood's  machine. 
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(11.)  As  an  example  of  partial  diffireniiaHon  (comp.  sub-art.  9),  of  a  vector 
Jvnetion  (the  word  **  vector"  being  here  afled  as  an  at^ective)  of  two  ecalar  vtariablee, 
let  OS  take  the  equation, 

p  =  ^(«,y)=l{aJia  +  jf«/3  +  (x  +  y)«rlj 
in  which  p  (comp.  99,  (8.)  )  is  the  vector  of  a  certain  com  of  the  eecomd  order;  or 
more  precisdyi  the  vector  of  one  theet  of  such  a  cone,  if  x  and  y  be  supposed  to  be 
reetl  scalars.     Here,  the  two  partial  deiivatiyes  of  p  are  the  following : 

D^  =  aja  +  (*  +  y)7;        iV>=y/3  +  («  +  y)y; 
and  therefore, 

2p  =  xDjiP+yD^; 

BO  that  the  three  vectors,  p,  D^rPi  Dyp,  if  drawn  (18)  from  one  common  or^'ii,  are  con- 
tained (22)  in  one  common  plane;  which  implies  that  the  tangent  plane  to  the  snr- 
face,  at  any  point  p,  passes  througA  the  origin  o  :  and  thereby  verifies  the  conical 
character  of  the  locue  of  Hiui  point  p,  in  which  the  variable  vector  p,  or  op,  lermt- 
natee. 

(12.)  If,  in  the  same  example,  we  make  «  =  1,  y =- 1,  we  have  the  values, 

p  =  J(«  +  /3),  D^  =  a,  D^  =  -/3; 
whence  it  follows  that  the  middle  point,  say  c',  of  the  right  line  ab,  is  one  of  the 
points  of  the  conical  locus ;  and  that  (comp.  again  the  sub-art  8  to  Art  99,  and  the 
recent  sub-art  9)  the  right  lines  oa  and  ob  are  parallel  to  two  of  the  tangents  to  the 
surface  at  that  point ;  so  that  the  cone  in  question  is  touched  bg  the  plane  aob,  along 
the  tide  (or  rag)  oo'.  And  in  like  manner  it  may  be  proved,  that  the  eame  cone  is 
touched  by  the  two  other  planes,  bog  and  ooa,  at  the  middle  points  a'  and  b'  of  the 
two  other  linee  bc  and  ga  ;  and  therefore  along  the  two  other  eidee  (or  rays),  oa' 
and  ob'  :  which  agun  agrees  with  former  results. 

(18.)  It  will  be  found  that  a  vector /unction  of  the  turn  of  two  ecalar  variablet, 
t  and  dl,  may  generally  be  developed,  by  an  extension  of  Ihglof's  Series,  under  the 
form, 

^(«  +  di)  =  ^(0  +  d^(0  +  idV(0+  2^d»^(0  +  - . 

it  being  supposed  that  dn  =  0,  d^^  =  0,  &c.  (comp.  sub-art.  6).  Thus,  if  ^t=  ^at*, 
(as  in  sub-art  1),  where  a  is  a  constant  vector,  we  have  dpt  =  atdt,  d'^t^adi', 
d^^t  =  0,  &c.;  and 

^{t  +  d/)  =  Ja  (*  +  dty  =  la<«  +  atdt  +  Jadf», 
rigorouslg,  without  any  supposition  that  6t  is  smaJL 

(14.)  When  we  thus  suppose  A<  =  dt,  and  develope  the  finite  dijfference,  A0(O 
s=  ^(/  +  d<)  —  ^(<),  the/r«t  term  of  the  development  so  obtained,  or  the  term  of  first 
dimension  relatively  to  dt,  isiience  (by  a  theorem,  which  holds  good  for  vector  •func- 
tions, as  well  as  for  scalar  functions)  the  first  differential  d^t  of  the  Junction  ;  but 
we  do  not  choose  to  define  that  this  Differential  is  (or  means)  thai  first  term :  be- 
cause the  Formula  (100),  which  we  prefer,  does  not  postulate  ibA  possibilitg,  nor  even 
suppose  the  conception,  of  any  such  devdopment.  Many  recent  remarks  will  perhaps 
appear  more  clear,  when  we  shall  come  to  connect  them,  at  a  later  stage,  with  that 
theory  of  Quaternions,  to  which  we  next  proceed. 


BOOK  II. 

ON  QUATERNIONS,  CONSIDERED  AS  QUOTIENTS  OF  VECTORS, 
AND  AS  INYOLVINQ  ANGULAR  RELATIONS. 


CHAPTER  I. 

FUNDAMBNTAL  PRINCIPLES  RESPECTING  QUOTIENTS  OF  VECTORS. 


Section  1. — Introductory  Remarks  ;  First  Principles  adopted 
from  Algebra. 

Art.  101.  The  only  angular  relations^  considered  in  thefore^ 
going  Book,  have  been  those  of  parallelism  between  vectors 
(Art.  2,  &c.) ;  and  the  only  quotierUs^YiitherUi  employed,  have 
been  of  the  three  following  kinds : 

I.  Scalar  quotients  ofscalars^  such  as  the  arithmetical  frac- 
tion —  in  Art.  14 ; 

m 

II.  Vector  quotients,  of  vectors  divided  by  scalars,  as  -  ^  a 

in  Art.  16 ; 

III.  Scalar  quotients  of  vectors,  with  directions  either  Wnit- 

lar  or  opposite,  as  —  «  a;  in  the  last  cited  Article.   But  we  now 
a 

propose  to  treat  of  other  geometric  Quotients  (or  geometric 

Fractions,  as  we  shall  also  call  them),  such  as 

—  «-  =  y,  with  /3no^||a(comp.  16); 
OA     a 

for  each  of  which  the  Divisor  (or  denominator),  a  or  oa,  and 
the  Dividend  (or  numerator),  /3  or  on,  shall  not  only  both  be 
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Vectors^  but  shall  also  be  inclined  to  each  other  at  an  Angle, 
distinct  (in  general)  from  zeroy  and  from  two^  right  angles. 

102.  In  introducing  this  new  conception^  of  a  General  Quo^ 
tient  of  Vectors^  with  Angular  Relations  in  a  given  plane,  or 
in  space,  it  will  obviously  be  necessary  to  employ  some  proper- 
ties of  circles  and  spheres^  which  were  not  wanted  for  the  pur- 
pose of  the  former  Book.  But,  on  the  other  hand,  it  will  be 
possible  and  useful  to  suppose  a  much  less  degree  of  acquaint- 
ance with  many  important  theoriesf  of  modem  geometry^  than 
that  of  which  the  possession  was  assumed,  in  several  of  the 
foregoing  Sections.  Indeed  it  is  hoped  that  a  very  moderate 
amount  of  geometrical,  algebraical,  and  trigonometrical  prepa- 
ration will  be  found  sufficient  to  render  the  present  Book,  as 
well  as  the  early  parts  of  the  prec^ng  one,  fully  and  easily 
intelligible  to  any  attentive  reader. 

103.  It  may  be  proper  to  premise  a  few  general  principles 
respecting  quotients  of  vectors,  which  are  indeed  suggested  hj 
algebray  but  are  here  adopted  by  definition.  And  1st,  it  is 
evident  that  the  supposed  operation  of  division  (whatever  its 

fuU  geometrical  import  may  afterwards  be  found  to  be),  by 
which  we  here  conceive  ourselves  to  pass  from  a  given  divisor- 
line  a,  and  from  a  given  dividend-line  /3,  to  what  we  have  called 
(provisionally)  their  geometric  quotient^  y,  may  (or  rather 
must)  be  conceived  to  correspond  to  some  converse  act  (as  yet 
not  fully  known)  q{  geometrical  multiplication  i  in  which  new 
act  the  former  quotient^  q,  becomes  a  Factor,  and  operates  on 
the  line  a,  so  as  to  produce  (or  generate)  the  line  (i.  We  shall 
therefore  write,  as  in  algebra, 

/3  =  y.a,  or  simply, /3  =  ya,  when  /3:a  =  j; 

*  More  generally  speaking,  from  every  even  multiple  of  a  ripht  angle. 

t  Such  as  homologify  homography^  involutionj  and  generally  whatever  depends 
on  anharmonic  ratio :  although  all  tliat  is  needful  to  be  known  respecting  such 
ratio,  for  the  applications  subsequently  made,  may  be  learned,  without  reference  to 
any  other  treatise,  from  the  definitions  incidentally  given,  in  Art  25,  &c.  It  was, 
perhaps,  not  strictly  necessary  to  introduce  any  of  these  modern  geometrical  theories, 
in  any  psrt  of  the  present  work ;  but  it  was  thought  that  it  might  interest  one  class, 
at  least,  of  students,  to  see  how  they  could  be  combined  with  that  fundamental  con- 
eeption  of  the  Vectob,  which  the  First  Book  was  designed  to  develope. 
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even  if  the  two  lines  a  and  /3,  or  oa  and  on,  be  supposed  to 
be  inclined  to  each  other,  as  in  Fig.  33.  And  this  very  sim- 
ple and  natural  notation  (conip.  16)  will  then  allow  us  to  treat 
aa  identitieM  the  two  following  formul» : 


(S...)e.. 


P;  ff., 


a 


although  we  shall,  fir  the  present^  abstain  from  writing  aho 
soch  formuls*  as  the  following : 

a  o        •* 

where  a,  /3  still  denote  ttoo  vectors^  and  q  denotes  their  geo- 
metrical quotient:  because  we  have  not  yet  eyen  begun  to  con- 
sider the  multiplication  of  one  vector  by  another  ^  or  the  division 
of  a  quotient  by  a  line, 

104.  As  a  Ilnd  general  principle,  suggested  by  algebra, 
we  shall  next  lay  it  down,  that  if 

S=-,     and    a='a,     then    0'«fl; 
a       a  I-     f- 

or  in  words,  and  under  a  slightly  varied  form,  that  unequal 
vectors^  divided  by  equal  vectorsj  give  unequal  quotients.  The 
importance  of  this  very  natural  and  obvious  assumption  will 
soon  be  seen  in  its  applications. 

105.  As  a  Ilird  principle,  which  indeed  may  be  consi- 
dered to  pervade  the  whole  of  mathematical  language^  and 
without  adopting  which  we  could  not  usefully  speaks  in  any 
case,  of  BQVALiTT  as  existing  between  any  two  geometrical 
quotients,  we  shall  next  assume  that  two  such  quotients  can 
never  be  equal  to  the  same  third^  quotient^  without  being  at  the 
same  time  equal  to  each  other:  or  in  symbols,  that 

if  q' »  y,     and     q"  =  y,     then     q"  =  q\ 

*  It  win  be  seen,  however,  at  a  later  stage,  that  these  two  formaUs  are  permitted, 
and  eren  required,  in  the  development  of  the  Quaternion  System* 

t  It  is  scarcely  necessary  to  add,  what  is  indeed  included  in  this  Ilird  principle, 
in  virtne  of  the  idemlity  9  =  9,  that  if  q'  =  q,  then  9  =  9';  or  in  wordt«,  that  we  shall 
never  admit  that  any  two  geometrical  quotients,  q  and  q\  are  equtd  to  each  other  t« 
&He  order,  without  at  the  same  time  admitting  that  they  are  equal,  in  the  opposite 
crder  td$o. 

P 
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106.  In  the  IVth  place,  as  a  preparation  for  operations 
on  geometrical  quotients^  we  shall  say  that  any  two  such  quo- 
tients, OT  fractions  (101),  which  have  a  common  divisor-Iine^  or 
(in  more  familiar  words)  a  common  denominator,  are  added^ 
subtracted,  or  divided,  among  themselves,  by  adding,  subtract- 
ing, or  dividing  their  numerators:  the  common  denominator 
being  retained,  in  each  of  the  two  former  of  these  three  cases. 
In  symbols,  we  thus  define  (comp.  14)  th^X^  for  any  three  (ac- 
tual) vectors,  a,  /3,  y, 

a      a         a  a      a         a      ' 

and 

aiming  still  at  agreement  with  algebra. 

107.  Finally,  as  a  Vth  principle,  designed  (like  the  fore- 
going) to  assimilate,  so  far  as  can  be  done,  the  present  Calculus 
to  Algebra,  in  its  operations  on  geometrical  quotients, we  shall 
define  that  the  following  formula  holds  good  : 


1. 

i 

a 


or  that  if  two  geometrical  fractions,  q  and  q\  be  so  related,  that 
the  denominator,  j3,  of  the  multiplier  q  (here  written  towards 
the  left-hand)  is  equal  to  the  numerator  of  the  multiplicand  q, 
then  the  product,  q'-q  or  qq,  is  that  third  fraction,  whereof 
the  numerator  is  the  numerator  y  of  the  multiplier,  and  the 
denominator  is  the  denominator  a  of  the  multiplicand :  all  such 
denominators,  or  divisor-lines,  being  still  supposed  (16)  to  be 
actual  (and  not  mdl)  vectors. 

Section  2. — First  Motive  for  naming  the  Quotient  of  two  Vec- 
tors a  Quaternion. 

108.  Already  we  may  see  grounds  for  the  application  of 
the  name.  Quaternion,  to  such  a  Quotient  oftioo  Vectors  as 
has  been  spoken  of  in  recent  articles.  In  the  first  place,  such 
a  quotient  cannot  generally  be  what  we  have  called  ( 1 7)  a  Sca- 
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lar:  or  in  other  -vrords,  it  cannot  generally  be  equal  to  any 
of  the  (so-called)  reals  of  algebra^  whether  of  the  positive  or  of 
the  negative  kind.  For  let  x  denote  any  such  (actual*)  scalar^ 
and  let  a  denote  any  (actual)  vector;  then  we  have  seen  (15) 
that  the  product  xa  denotes  another  (actual)  vector^  say  /S'^ 
which  is  either  similar  or  opposite  in  direction  to  a,  according 
as  the  scalar  coefficient,  ov  factor ^  x,  is  positive  or  negative ; 
in  neither  case^  then,  can  it  represent  any  vector,  such  as  /3, 
which  is  inclined  to  a,  at  any  actual  angle^  whether  acute,  or 
r^ht,  or  obtuse  :  or  in  other  words  (comp.  2),  the  equation 
0=  /3,  or  Xa  =  /39  is  impossible,  under  the  conditions  here  sup* 
posed.     But  we  have  agreed  (16,  103)  to  write,  as  in  algebra, 

—  =  a: ;  we  must,  therefore  (by  the  Ilnd  principle'  of  the  fore- 
going Section,  stated  in  Art.  104),  abstain  from  writing  also 

-  -x^  under  the  same  conditions :   x  still  denoting  a  scalar. 

Whatever  else  a  quotient  of  two  inclined  vectors  may  be  found 

to  be,  it  is  thus,  at  least,  a  Non-Scalar. 

109-    Now,  in  forming  the  conception  of  the  scalar  itself 

as  the  quotient  of  two  parallel^  vectors  (17),  we  took  into  ac- 
count not  only  relative  lengthy  or  ratio  of  the  usual  kind,  but 
also  relative  direction^  under  the  form  o{ similarity  or  opposition. 
In  {>aasing  from  a  to  a;a,  we  aft«rerf  generally  (15)  the  length  of 
the  line  a,  in  the  ratio  of  i  aj  to  1 ;  and  we  preserved  or  reversed 
the  direction  of  that  line,  according  as  the  scalar  coefficient  x 
was  positive  or  negative.  And  in  like  manner,  in  proceeding  to 
form,  more  definitely  than  we  have  yet  done,  the  conception  of 
the  fumrscalar  quotient  (108),  y  =  /3 :  a  «  OB  :  oa,  ottwo  inclined 
vectors  J  which  for  simplicity  may  be  supposed  (18)  to  be  co- 

*  By  an  aetual  teedaTf  as  by  an  actual  vector  (comp.  1),  we  mean  here  one  that 
is  Afferent  from  zero.  An  actual  vector^  multiplied  by  a  rudl  scalar,  has  for  product 
(15)  a  ««//  vector  ;  it  is  therefore  unnecessary  to  prove  that  the  quotient  of  two  actual 
vecton  cannot  be  a  null  scalar^  or  zero. 

t  It  is  to  be  remembered  that  we  have  proposed  (Id)  to  extend  the  use  of  this 
term  parallel,  to  the  case  of  two  vectors  which  are  (in  the  usual  sense  of  the  word) 
parallel  to  one  common  line^  even  when  they  happen  to  be  parts  of  one  and  the  same 
right  line. 
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initial,  we  have  4/i7/ to  take  account  both  of  the  relative  length, 
and  of  the  relative  direction,  of  the  two  lines  compared.  But 
while  the  former  element  of  the  complex  relation  here  consi^ 
dered,  between  these  two  lines  or  vectors,  is  Hill  represented 
bj  a  simple  Ratio  (of  the  kind  commonly  considered  in  geo- 
metry), or  by  a  number*  expressing  that  ratio ;  the  latter  ele^ 
ment  of  the  same  complex  relation  is  now  represented  by  an 
Anolb,  aob  :  and  not  simply  (as  it  was  before)  by  an  alge^ 
braical  sign,  +  or  -. 

110.  Again  in  estimating  this  angle,  for  the  purpose  of 
distinguishing  one  quotient  of  vectors  from  another,  we  must 
coiysider  not  only  its  magnitude  (or  quantity),  but  also  its 
Planb  :  since  otherwise,  in  violation  of  the  principle  stated 
in  Art.  104,  we  should  have  ob':  oa  «=  ob  :  oa,  if  ob  and  ob' 
were  two  distinct  rays  or  sides  of  a  cone  of  revolution,  with  oa 
for  its  axis;  in  which  case  (by  2)  they  would  necessarily  be 
unequal  vectors.  For  a  similar  reason,  we  must  attend  also  to 
the  contrast  between  two  opposite  angles,  of  equal  magnitudes, 
and  in  one  common  plane.  In  short,  for  the  purpose  of  know- 
ing ^Mffy  the  relative  direction  of  two  co-initial  lines  oa,  ob  in 
space,  we  ought  to  know  not  only  how  many  degrees,  or  other 
parts  of  some  angular  unit,  the  angle 
AOB  contains;  but  also  (comp.  Fig.  33) 
the  direction  of  the  rotation  from  oa  to  ^^-•''^^ 
OB :  incl  uding  a  knowledge  of  the  plane,  o- 
in  which  the  rotation  is  performed  ;  and  ^«*  **• 

of  the  hand  (as  right  or  left,  when  viewed  from  a  known  sidt  of 
the  plane),  towards  which  the  rotation  is  directed, 

111.  Or,  if  we  agree  to  select  some  one  fixed  hand  (suppose 
the  rights  hand),  and  to  caU  all  rotations  positive  when  they 

*  This  nnmher,  which  we  shall  presently  call  the  teiuor  of  the  qnotUnt,  may  be 
whole  or  fractionalj  or  even  ineammentwabk  with  unity ;  bat  it  may  always  be 
equated^  in  calculation,  to  a  positive  scalar  :  although  it  might  perhaps  more  pro- 
perfy  be  said  to  be  a  tignkst  number ^  as  being  derived  solely  from  compaiison  of 
lengths^  without  any  reference  to  direction: 

t  If  right-handed  rotation  be  thus  considered  as  potiiive,  then  the  potUive  axis 
of  the  roUtlon  aob,  in  Fig.  33,  must  be  conceived  to  be  directed  domnwardj  or  below 
the  plane  of  the  paper. 
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are  directed  towards  this  selected  band,  but  all  rotations  nega- 
the  when  they  are  directed  towards  the  other  hand^  then,  for 
at^  given  angle  aob,  supposed  for  simplicity  to  be  less  than  two 
right  angles,  and  considered  as  representing  a  rotation  in  a  given 
plane  from  oa  to  OB,  we  may  speak  of  one  perpendicular  oc  to 
that  plane  aob  as  being  the  positive  axis  of  that  rotation ;  and 
of  the  apposite  perpendicular  od  to  the  same  plane  as  being  the 
negative  axis  thereof:  the  rotation  round  the  positive  axis  being 
itself -poAtk^e^  and  vice  versd.  And  then  the  rotation  aob  may 
be  considered  to  be  entirely  hnown^  if  we  know,  Ist,  its  quantity^ 
or  the  ratio  which  it  bears  to  a  right  rotation ;  and  Ilnd,  the 
direction  of  its  positive  axisy  oc :  but  not  without  a  knowledge 
of  these  tioo  things,  or  of  some  data  equivalent  to  them.  But 
whether  we  consider  the  direction  of  an  Axis,  or  the  aspect  of 
a  PjLANB,  we  find  (as  indeed  is  well  known)  that  the  determi- 
nation  of  such  a  directiony  or  of  such  an  aspect^  depends  on  two 
polar  co-ordinates*,  or  other  angular  elements. 

112.  It  appears,  then,  from  the  foregoing  discussion,  that 
y&r  the  complete  determination^  of  what  we  have  called  the  geo- 
metrical  Quotient  of  two  co-initial  Vectors,  a  System  of  Four 
Elements,  admitting  each  separately  of  numerical  expression, 
is  generally  required.  Of  these  four  elements,  one  serves  (109) 
to  determine  the  relative  length  of  the  two  lines  compared  ; 
and  the  other  three  are  in  general  necessary,  in  order  to  deter- 
Tsane  fully  their  relative  direction.  Again,  of  these  three  latter 
elements,  one  represents  the  mutual  inclination,  or  elongation, 
of  the  two  lines ;  or  the  magnitude  (or  quantity)  of  the  angle 
between  them ;  while  the  two  others  serve  to  determine  the 
direction  of  the  axis,  perpendicular  to  their  common  plajie, 
round  which  a  rotation  through  that  angle  is  to  be  performed, 
in  a  sense  previously  selected  as  the  positive  one  (or  towards 
a  fixed  and  previously  selected  hand),  for  the  purpose  o{  pass- 
ing (in  the  simplest  way,  and  therefore  in  the  plane  of  the  two 
lines)  ^ont  the  direction  of  the  divisor-line,  to  the  direction  of 

*  The  actual  (or  at  least  the  frequent)  tt$e  otweh  co  -ordinates  is  foreign  to  the  spirit 
of  Uie  present  System  :  bat  the  mention  of  them  here  seems  liliely  to  assist  a  student, 
by  soggestmg  an  appeal  to  results,  with  which  his  prenous  reading  can  scarcely  fail 
to  have  rendered  him  familiar. 
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the  dividend-line »  And  no  more  than  four  numerical  elements 
are  necessary,  for  our  present  purpose:  because  the  relative 
length  of  two  lines  is  not  changed,  when  their  two  lengths  are 
altered  proportionally^  nor  is  their  relative  direction  changed, 
when  the  angle  which  they  form  is  merely  turned  about,  in  its 
own  plane.  On  account,  then,  of  this  essential  connexion  of 
that  complex  relation  (109)  between  two  lines,  which  is  coiw- 
pounded  of  a  relation  of  lengths^  and  of  a  relation  of  directions  ^ 
and  to  which  we  have  given  (by  an  extension  from  the  theory 
of  scalars)  the  name  of  a  geometrical  quotient,  with  a  System 
of  FovR  numerical  Elements,  we  have  already  a  motive*  for 
saying,  that  •'  the  Quotient  of  two  Vectors  is  generally  a  Qua- 
temion'* 

Section  3. — Additional  Illustrations. 

113.  Some  additional  light  may  be  thrown,  on  this  first  concep- 
tion of  a  Quaternion^  by  the  annexed  Figure  34.  In  that  Figure, 
the  letters  cdefo  are 
designed  to  indicate 
corners  of  a  prisma- 
tic desk^  resting  upon 
a  horizontal  table. 
The  angle  hcd  (sup- 
posed to  be  one  of 
thirty  degrees)  repre- 
sents a  (left-handed) 
rotation^  whereby  the 
horizontal  ledge  CD  of 
the  desk  is  conceived 
to  be  elongated  (or 
removed)  from  a  given  horizontal  line  ch,  which  may  be  imagined  to 
be  an  edge  of  the  table.  The  angle  ocF  (supposed  here  to  contain 
forty  degrees)  represents  the  8lope\  of  the  desk,  or  the  amount  of  its 
inclination  to  the  table.  On  the  face  cdef  of  the  desk  are  drawn  two  ^t- 
milartind  similarly  turned  triangles,  adb  and  a'oV,  which  are  supposed 
to  be  halves  of  two  equilateral  triangles ;  in  such  a  manner  that  each 

*  Several  other  reasons  for  thus  speaking  will  offer  themselves,  in  the  course  of  the 
present  work. 

f  Thete  two  angles^  HCD  and  gcf,  may  thus  be  considered  to  correspond  to  longi- 
tude of  node,  and  inclination  oforhit^  of  a  planet  or  comet  in  astronomy. 


Fig.  84. 


I 
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roiation^  aob  or  A^oV  is  one  of  sixty  degrees,  and  is  directed  towards 
one  common  hand  (namely  the  right  hand  in  the  Figure):  while  if 
lengths  alone  be  attended  to,  the  side  OB  is  to  the  side  OA,  in  one  tri- 
angle^ as  the  side  o'b'  is  to  the  side  o'a',  in  the  other;  or  as  the  num- 
hfr  two  to  one. 

114.  Under  these  conditions  of  construction,  we  consider  the  two 
^Koiienls,  or  the  two  geometric  fractumsy 

ob:oa  and  ob':oa,  or  —  and  ----, 
OA  o'a' 

as  being  equal  to  each  other;  because  we  regard  the  two  lines,  oa  and 
OB,  as  having  the  same  relative  length,  and  the  same  relative  direction^ 
as  the  two  other  lines,  oV  and  o^b'.  And  we  consider  and  speak  of 
each  Quotient,  or  Fraction^  as  a  QtuOemion:  hecsiuse  its  complete  con- 
struction  (or  determination)  depends,  for  all  that  is  essential  to  its 
conceptiony  and  requisite  to  distinguish  it  from  others,  on  a  system  of 
four  numerical  dements  (comp.  112);  which  are,  in  this  Example,  the 
fottr  numbers, 

2,     60,     30,     and    40. 

115.  Of  these  foot  elements  (to  recapitalate  what  has  been  above  supposed),  the 
lat,  namely  the  number  2,  expresses  that  the  lenffth  of  the  dividend-line,  on  or 
oV,  Is  double  of  the  length  of  the  diviMor'Kne,  OA  or  oV.  The  Ilnd  numerical 
dement,  namely  60,  expresses  here  that  the  angle  aob  or  aVb",  is  one  of  eixty  de* 
greee;  whfle  the  corresponding  rotation,  from  oa  to  ob,  or  from  o'a'  to  o'b',  is  to* 
mutZr  a  known  hand  (in  this  case  the  right  hand,  as  seen  by  a  person  looking  at  the 
face  CDEF  of  the  desk),  which  hand  is  the  same  for  both  of  these  two  equal  angles. 
The  Ilird  element,  namely  80,  expresses  that  the  horizontal  ledge  cd  of  the  desk 
makes  an  an^e  of  thirty  degrees  with  a  known  horizontal  line  gh,  being  removed 
from  it,  by  that  angular  quantity,  in  a  known  direction  (which  in  this  case  happens 
to  be  towards  the  lefi  hand,  as  seen  from  above).  Finally,  the  IVth  element, 
namdy  40,  expresses  here  that  the  desk  has  an  elevation  of  forty  degrees  as  before. 

116.  Now  an  alteration  in  any  one  of  these  Four  ElementSy  such  as  an  altera- 
tion of  the  «A>pe  or  €upeet  of  the  desk,  would  make  (in  the  view  here  taken)  an  es- 
sential change  in  the  Quaternion,  which  is  (in  the  same  view)  f  As  Quotient  of  the  two 
lines  compared :  although  (as  the  Figure  is  in  part  designed  to  suggest)  no  such 
change  is  conceived  to  take  plate,  when  the  triangle  aob  is  merely  turned  about,  in 
its  own  plane,  without  being  turned  over  (comp.  Fig.  36)  ;  or  when  the  sides  of  that 
triangle  are  lengthened  or  shortened  proportionally,  so  as  to  preserve  the  ratio  (in  the 
old  sense  of  that  word),  of  any  one  to  any  other  of  those  sides.  We  may  then  briefly 
tay,  in  this  mode  ot  illustrating  the  notion  of  a  Quaternion*  in  geometry,  by  refe- 


*  As  to  the  mere  word,  Quaternion,  it  signifies  primarily  (as  is  well  known),  like 
its  Lathi  original,  "  Quatemio,"  or  the  Greek  noun  rerpaKtvc,  a  Set  of  Four :  but 
it  IS  obviously  used  here,  and  elsewhere  in  the  present  work,  in  a  technical  seme. 
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reDoe  to  an  angie  on  a  deak^  that  the  Four  Elements  which  it  involres  an  the  foUow- 

ing: 

RatiOy     AnpJe,     Ledge,     and     Siope; 

although  the  two  latter  elements  are  in  fiict  themselves  angles  also,  hat  are  not  im- 
mediately obtained  as  snch,  from  the  Btmple  oom|>ariaon  of  the  <tPo  Knes^  of  which  the 
QnatemUm  is  the  Quotient. 

Section  4. —  On  Equality  of  Quaternions;  and  on  the  Plane 
of  a  Quaternion. 

117.  It  is  an  immediate  consequence  of  the  foregoing  con- 
ception  of  a  Quaternion,  that  two  quaternions^  or  two  quotients 
of  vectors^  supposed  for  simplicity  to  be  all  co-initial  (IS)  9  are 
regarded  as  being  equal  to  each  other,  or  that  the  equation, 

S3  CD      OB 

-«^,    or    —  =  — 9 

y      a  OC      OA 

is  by  us  considered  and  defined  to  hold  good,  when  the  two  tri- 
angles^  aob  and  cod,  are  similar  and  similarly  turned^  and  in 
one  common  plane,  as  represented  in  the  ^ 
annexed  Fig.  35 :  the  relative  length 
(109),  and  the  relative  direction 
(110),  of  the  two  lines,  oa,  ob,  being 
then  in  all  respects  the  same  as  the  r^ 
lative  length  and  the  relative  direction 
of  the  two  other  lines,  oc,  od.  pig.  86. 

118.  Under  the  same  conditions,  we 
shall  write  the  following /<>rmtt/a  of  direct  similitude^ 

A  AOB  oc  COD  ; 

reserving  this  other  formula, 

A  AOB  oc'  aob',  or  A  a'ob  oc'  a'ob', 
which  we  shall  call  ti  formula  of  inverse  simili- 
tudcy  to  denote  that  the  two  triangles,  aob  and 
aob',  or  a'ob  and  a'ob',  although  otherwise  «»ii- 
lar  (and  even,  in  this  case,  equaly*  on  account 
of  their  having  a  common  side,  oa  or  oa'),  are 

*  That  is  to  saj,  equal  in  absolute  amount  of  area,  but  with  opposite  algebraic 

signs  (28).     The  two  quotients  ob  :  OA,  and  ob'  :  OA,  although  not  equal  (110),  will 

soon  be  defined  to  be  conjugate  quaternions.     Under  the  same  conditionSf  we  shall 

write  also  the  formula, 

A  aob' a 'cod. 


Fig.  86. 
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oppositely  turned  (comp.  Fig.  36),  as  if  one  were  the  reflexion 
of  the  other  in  a  mirror;  or  as  if  the  one  triangle  were  derived 
(or  generated)  from  the  other,  by  a  rotation  of  its  plane  through 
tufo  right  angles.    We  may  therefore  write, 

OB      OD    .„  ^ 

—  a  — ,    II  A  AOB  OC  COD. 

OA      OC 

119.  When  the  vectors  are  thus  all  drawn  from  one  com- 
mon origin  o,  the  plane  aob  of  any  two  of  them  may  be  called 
the  Plane  of  the  Quaternion  (or  of  the  Quotient),  ob  :  oa  ;  and 
of  course  also  the  plane  of  the  inverse  (or  reciprocal)  quater- 
man  (or  of  the  inverse  quotient),  oa  :  ob.  And  any  two  qua- 
temions^  which  have  a  common  plane  (through  o),  may  be  said 
to  be  Complanar*  Quaternions^  or  complanar  quotients,  or 
fractions ;  but  any  two  quaternions  (or  quotients),  which  have 
different  planes  {intersecting  therefore  in  a  right  line  through 
the  origin),  may  be  said,  by  contrast,  to  be  Diplanar. 

120.  Any  two  quaternions,  considered  as  geometric  frac" 
tions  (101),  can  be  reduced  to  a  common  denominator  without 

OB 

change  of  the  valuef  of  either  of  them,  as  follows.  Let  —  and 

—  be  the  two  given  fractions,  or  quaternions ;  and  if  they  be 

complanar  (119),  let  ob  be  any  line  in  their  common  plane;  but 
if  they  be  dtplanar  (see  again  1 19),  then  let  ob  be  any  assumed 
part  of  the  line  of  intersection  of  the  two  planes :  so  that,  in 
each  case,  the  line  ob  is  situated  at  once  in  the  plane  aob,  and 
also  in  the  plane  con.  We  can  then  always  conceive  two  other 
linesy  OF,  06,  to  be  determined  so  as  to  satisfy  the  two  condi- 
tions of  direct  similitude  (118), 

A  EOF  a  aob,         a  eog  a  cod  ; 

•  It  b,  however,  convenient  to  extend  the  ase  of  this  word,  complanar,  so  aa  to 
indnde  the  case  of  qoaternlons  represented  by  anffles  in  parallel  planes.  Indeed,  aa 
all  vectors  which  have  equal  lenffthsy  and  similar  direotionSj  are  equal  (2),  ao  the 
qnatemiauj  which  ia  a  quotient  of  two  sach  vectors,  ought  not  to  be  considered  as 
undergoing  anjf  change^  when  either  vector  is  merely  changed  in  poUtion,  by  a  trans- 
port  without  rotation. 

f  That  is  to  say,  the  new  or  transformed  qnatemions  will  be  respectively  equal  to 
Ihc  old  or  given  ones. 

Q 
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and  therefore  also  the  two  equations  between  quotients  (117, 

118), 

OF      OB  OG      OD 

OB  **  OA*  OE  *"  OC  ' 

and  thus  the  required  reduction  is  effected,  ok  being  the  com- 
mon  denominator  sought,  while  of,  oo  are  the  new  or  reduced 
numerators.  It  may  be  added  that  if  h  be  a  new  point  in  the 
plane  aob,  such  that  A  hoe  oc  aob,  we  shall  have  also, 

OB      OB      OF  ^ 
OH  *  OA  "  OB  ' 

and  therefore,  by  106,  107, 

OD   OB   OG  +  OF      OD  OB   OG      OD  OB   OG 
OC~OA~   OB   '     Oc'oa"of'     OC  OA  "  OH  ' 

whatever  two  geometric  quotients  (complanar  or  diplanar)  may 
be  represented  by  ob  :  oa  and  on  :  oc. 

121.  If  now  the  two  triangles  aob,  cod  are  not  only  com- 
planar  but  directly  similar  (118),  so  that  A  aob  a  cod,  we  shall 
evidently  have  A  eof  a  eog;  so  that  we  may  write  of  =  og 
(or  F  =  G,  by  20),  the  two  new  lines  of,  og  (or  the  two  new 
points  F,  g)  in  this  case  coinciding.  The  general  construction 
(120),  for  the  reduction  to  a  common  denominator,  gives  there- 
fore here  only  one  new  triangle^  eop,  and  one  new  quotient^ 
OF :  OK,  to  which  in  this  case  each  (comp.  105)  of  the  two  given 
equal  and  complanar  quotients,  ob  :  oa  and  od  :  oc,  is  equal. 

122.  But  if  these  two  latter  symbols  (or  the  fractional 
forms  corresponding)  denote  two  diplanar*  quotients^  then  the 
two  new  numerator  lines ^  of  and  og,  have  different  directions^ 
as  being  situated  in  two  different  planes,  drawn  through  the  new 
denominator-line  oe,  without  having  cither  the  direction  of  that 
line  itself^  or  the  direction  opposite  thereto ;  they  are  therefore 
(by  2)  wiequal  vectors^  even  if  they  should  happen  to  be 
equally  long ;  whence  it  follows  (by  104)  that  the  two  new 
quotiefits,  HXid  therefore  also  (by  105)  that  the  two  old  or  given 
quotients,  are  unequal^  as  a  consequence  of  their  diplanaritg. 

*  And  therefore  non  tealar  (108)  ;  for  a  icalar,  considered  as  a  qvoiient  (17), 
has  no  determined  plane^  but  most  be  considered  as  complanar  with  evtry  geometric 
quotient;  since  it  may  be  represented  (or  constructed)  by  the  quotient  of  two  simi- 
larly or  oppositely  directed  lines,  in  any  propoted  plant  wbaterer. 
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It  resulte,  then,  from  this  analysis,  that  diplanar  quotients  of 
vedorsj  and  therefore  that  Diplanar  Quaternions  (119)9  are 
always  unequal;  a  new  and  comparatively  technical  process 
thus  confirrnmg  the  conclusion,  to  which  we  had  arrived  by 
general  considerations,  and  in  (what  might  be  called)  a  popular 
way  before,  and  which  we  had  sought  to  illustrate  (comp.  Fig. 
34)  by  the  consideration  of  angles  on  a  desk :  namely,  that  a 
Quatemiany  considered  as  the  quotient  of  two  mutually  inclined 
tines  in  space,  involves  generally  a  Plane,  as  an  essential  part 
(comp.  110)  of  its  constitution,  and  as  necessary  to  the  com- 
pleteness of  its  conception. 

123.  We  propose  to  use  the  mark 


as  a  Sign  of  Complanarity,  whether  of  lines  or  oi' quotients ; 
thus  we  shall  write  the  formula, 

rll|a»/3» 

to  express  that  the  three  vectors,  a,  j3,  y,  supposed  to  be  (or  to 
be  made)  co-initial  (18),  are  situated  m  one  plane;  and  the 
analogous  formula, 

y'llly,    or?  111^, 

y      a 

to  express  that  the  two  quaternions,  denoted  here  by  q  and  q\ 
and  therefore  that  the^wr  vectors,  a,  j3,  y,  8,  are  complanar 
(119).  And  because  we  have  just  found  (122)  that  diplanar 
quotients  are  unequal,  we  see  that  one  equation  of  quaternions 
includes  two  complanarities  of  vectors;  in  such  a  manner  that  we 
may  write, 

7|||a,0,    and    S|||a,/3,     if    --^; 

y      a 

the  equation  of  quotients,  —  =  — ,  being  impossible,  unless  all 

the  four  lines  from  o  be  in  one  common  plane.  We  shall  also 
employ  the  notation 

Till?. 
to  express  that  the  vector  y  is  in  (or  parallel  to)  the  plane  of 
the  quaternion  q. 
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124.  With  the  same  notation  for  complanarity,  we  may 
write  generally, 

M|||a,^; 

a  and  /3  being  any  two  vectors,  and  x  being  any  scalar  ;  be- 
cause, if  a  =  OA  and  /3  »  ob  as  before,  then  (by  15, 17)  a;6  »  oa', 
where  a'  is  some  point  on  the  indefinite  right  line  through  the 
points  0  and  a  :  so  that  the  plane  aob  contains  the  line  oa'. 
For  a  similar  reason,  we  have  generally  the  following  formula 
of  complanarity  ofquotients, 

xa  •"  a 
whatever  two  scalars  x  and  y  may  be ;  a  and  /3  still  denoting 
any  two  vectors.  • 

125.  It  is  evident  (comp.  Fig.  35)  that 

if  A  AOB  a  COD,     then  A  boa  a  doc,     and  A  aoc  oc  bod  ; 
whence  it  is  easy  to  infer  that  for  quaternions,  as  well  as  for 
ordinary  or  algebraic  quotients, 

if  -  B -,  then,  inversely^  -^  « ?;,  and  alternately^  ^^  n'* 
ay  P      o  «     P 

it  being  permitted  now  to  establish  the  converse  of  the  last  for- 
mula of  1 18,  or  to  say  that 

.^  OB      OD      . 

11  —  cs  — ,  then  A  aob  a  cod. 
OA     oc 

Under  the  same  condition,  by  combining  inversion  with  alter- 
nation, we  have  also  this  other  equation,  -  «  ^* 

126.  If  the  sides  J  oa,  ob,  of  a  triangle  aob,  or  those  sides 
either  way  prolonged,  be  cut  (as  in 
Fig.  37)  by  mjparallel^  a'b'  or  a"b", 
to  the  base  ab,  we  have  evidently  the 
relations  of  direct  similarity  (1 18), 

A  a'ob'  a  AOB,     A  a'^ob"  a  aob  ; 

whence  (comp.  Art.  13  and  Fig.  12) 
it  follows  that  we  may  write,  for  qua- 
ternions as  in  algebra,  the  general 
equation,  or  identity,  ^*s  ^^' 


CHAP.  I.]         AXIS  AND  ANGLB  OF  A  QUATERVIOM.  117 

xa     a  * 
where  x  is  again  any  scalar j  and  a,  /3  are  any  two  vectors.    It 
is  easy  also  to  see,  that  for  any  quaternion  q,  and  any  scalar  Xj 
we  haye  the  product  (comp.  107), 

x^  ^    x^      ^      ^      a 
^      p     a      a      ar>a      a    J?  *a     ^ 

80  that,  in  the  midtiplicaticn  of  a  quaternion  by  a  scalar  (as  in 
the  multiplication  of  a  vector  by  a  scalar^  15),  the  order  of  the 
factors  is  indifferent. 

Section  5 — On  the  Axis  and  Angle  of  a  Quaternion ;  and  on 
the  Index  of  a  Right  Quotient^  or  Quaternion. 

127.  From  what  has  been  already  said  (111,1 12),  we  are 
naturally  led  to  define  that  the  Axis,  or  more  fully  that  the 
positive  axisy  of  any  quaternion  (or  geometric  quotient)  on :  oa, 
is  a  right  line  perpendicular  to  the  plane  aob  of  that  quaternion ; 
and  is  such  that  the  rotation  round  this  axis,  from  the  divisor^ 
line  OA,  to  the  dividend-lme  on,  is  positive :  or  (as  we  shall 
henceforth  assume)  directed  towards  the  right-hand,*  like  the 
motion  of  the  hands  of  a  watch. 

128.  To  render  still  more  definite  this  conception  of  the 
axis  of  a  quaternion^  we  may  add,  1st,  that  the  rotation,  here 
spoken  of,  is  supposed  (112)  to  be  the  simplest  possible,  and 
therefore  to  be  in  the  plane  of  the  two  lines  (or  of  the  quater- 
nion), being  also  generally  less  than  a  semi-revolution  in  that 
plane;  Ilnd,  that  the  axis  shall  be  usually  supposed  to  be  a 
line  ox  drawn  ^om  the  assumed  origin  o ;  and  Ilird,  that  the 
length  of  this  line  shall  be  supposed  to  be  given,  or  fixed,  and 
to  be  equal  to  some  assumed  unit  of  length :  so  that  the  term 
X,  of  this  axis  ox,  is  situated  (by  its  construction)  on  a  given 
spheric  surface  described  about  the  origin  o  as  centre,  which 
surface  we  may  call  the  surface  of  the  unit^spherb. 

129.  In  this  manner,  for  every  given  non-scalar  quotient 

*  This  is,  of  course,  merely  conventional,  and  the  reader  may  (if  he  pleases)  sub- 
ititute  the  left-hand  thronghont. 
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(108),  or  for  every  given  quatermon  q  which  does  not  reduce 
itself  (or  degenerate)  to  a  xsx&tq  positive  or  negative  number^  the 
axis  will  be  an  entirely  dejinite  vector^  which  may  be  called  an 
UNIT-VECTOR,  on  account  of  its  assumed  lengthy  and  which  we 
shall  denote* y  for  the  present,  by  the  symbol  Ax  .  q.  Employ- 
ing then  the  usual  sign  of  perpendicularity  ^  J_ ,  we  may  now 
write,  for  any  two  vectors  a,  /S,  the  formula : 

Ax.^±a;       Ax.^xfl;    or  briefly,    Ax.2±  f^. 
a  a  a       (CI 

130.  The  Angle  of  a  quaternion^  such  as  on  :  oa,  shall 
simply  be,  with  us,  the  angle  aob  between  the  two  linesj  of 
which  the  quaternion  is  the  quotient ;  this  angle  being  sup- 
posed here  to  be  one  of  the  usual  kind  (such  as  are  considered 
by  Euclid) :  and  therefore  being  aaUey  or  rights  or  obtuse  (but 
not  of  any  class  distinct  from  these),  when  the  quaternion  is  a 
non-scalar  (108).  We  shall  denote  this  angle  of  a  quaternion 
q^  by  the  symbol  L  q ;  and  thus  shall  have,  generally^  the  two 
inequalities^  following : 

Lq>0;        ^q<v; 
where  ir  is  used  as  a  symbol  for  two  right  angles. 

131.  When  the  general  quaternion^  q^  degenerates  into  a 
scalar y  x,  then  the  axis  (like  the  planef)  becomes  entirely  in- 
determinate in  its  direction;  and  the  angle  takes,  at  the  same 
time,  either  zero  or  two  right  angles  for  its  value,  according  as 
the  scalar  is  positive  or  negative.  Denoting  then,  as  above,  any 
such  scalar  by  05,  we  have  : 

*  At  a  later  stage,  reasons  will  be  assigned  for  denoting  this  axitf  Ax .  9,  of  a 
quaternion  9,  by  the  lets  arbitrary  (or  more  systematic)  symbol,  VYq ;  but  for  the 
present,  the  notation  in  the  text  may  suffice. 

t  In  some  investigations  respecting  eomploMor  quatermiofu^  and  powers  or  roots 
of  quaternions,  it  is  convenient  to  consider  negative  anplet,  and  angles  greater  than 
two  right  angles:  but  these  may  then  be  called  amplitudes  ;  and  the  word  '*  An- 
gle," like  the  word  "  Ratio,'*  may  thus  be  restricted,  at  least  for  the  present,  to  its 
ordinary  geometrical  tente, 

X  Compare  the  Note  to  page  114.  The  on^/e,  as  well  as  the  ari«,  becomes  in- 
deierminatef  when  the  quaternion  reduces  itself  to  zero ;  unless  we  happen  to  know 
a  /aio,  according  to  which  the  dividend-line  tends  to  become  nu//,  in  the  transition 

from  -  to  -. 
a      a 
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Ax .  X  »  an  indeterminate  unit-vector ; 

Zx=0,ifx>0;  zar  =  ir,  ifx<0. 
132.  0£»non'Scalar  quaternions^  the  most  im-  b 
portant  are  those  of  which  the  angle  is  rights  as  in 
the  annexed  Figure  38 ;  and  when  we  have  thus, 


^ 


OB  -  ,  n 

q  =  — ,    and   OB    I  oa,    ot   Lq^ -, 

ok'  -^  ^2  ^ ,^^ 

O  ^A. 

the  quaternion  q  may  then  be  said  to  be  a  Right      Fig.  88. 
Quotient  ;•  or  sometimes,  a  Right  Quaternion. 

(1.)  If  tben  a  =  OA  and  p  s-op,  where  o  and  a  are  two  given  (or  fixed)  pointtf 
bat  p  is  a  variable  pointy  the  equaiitm 

a       2 
exproses  that  the  locue  of  this  point  p  is  the  plane  through  o,  perpendicular  to  the 
Ime  OA ;  for  it  is  equiralent  to  the  formula  of  perpendicularity  p  j.  a  (129). 
(2.)  More  genenai7,  if  j3=  ob,  b  being  any  third  given  pointy  the  equation, 

a        a 

exptemes  that  the  locus  of  p  b  one  sheet  of  a  cone  ofrnduHon,  with  o  for  vertex^ 
and  OA  for  axi^,  and  passing  through  the  point  b  ;  becaose  it  implies  that  the  anglee 
AOB  and  AOP  are  equal  in  amounij  but  not  necesaarily  in  one  common  plane, 
(3.)  The  equation  (comp.  128,  129), 

Ax.^  =  Ax.^, 
a  a 

expresses  that  the  loeua  of  the  variable  pomt  p  is  the  given  plane  aob  ;  or  rather  the 
indefinite  half-plane^  which  contains  all  the  points  p  that  are  at  once  complanar 
with  the  three  given  points  o,  a,  b,  and  are  also  at  the  same  side  of  the  indefinite 
right  Kne  OA,  as  the  point  b. 

(4.)  The  system  of  the  two  equationSf 

L^^L-,  Ax.^  =  Ax.^, 

a         a  a  a  >. 

expresses  that  the  point  p  is  situated,  either  on  ^^  finite  right  line7»A,  or  on  that  line 
prolonged  through]^  but  not  through  o;  so  that  the  locus  of  p  may  in  this  case  be 
said  to  be  the  indefinite  half-line^  or  rag,  which  sets  out  from  o  in  the  direction  of  the 
vector  OB  or  /3 ;  and  we  may  write  p  =  xj3,  x>Q  (x  being  understood  to  be  a  sca- 
lar), instead  of  the  equations  assigned  above. 


*  Reasons  will  afterwards  be  assigned,  for  equating  such  a  guetienty  or  quater- 
nion, to  a  Vector;  namely  to  the  line  which  will  presently  (138)  be  called  the  Index 
of  the  Bight  Quotient. 
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(6.)  ThiB  other  system  of  two  equation^ 

a  a  a  a 

expresses  that  the  loeut'of  p  is  the  opponte  raff  from  o ; 
or  that  P  is  situated  o%  the  prolongation  of  the  revee- 
tor  BO  (1) ;  or  that  p  =«/3,  «  <0 ;  or  that  p/ 

pzrx/y,  jr  >0,     if  /y  =  OB'=-/3.  Fig.  33,  6m. 

(Comp.  Fig.  83,  bit.) 

(6.)  Other  notaiioMf  for  represenUng  these  and  other  geometric  loei^  will  be  found 
to  be  supplied,  in  g^reat  abundance,  by  the  Calculus  of  Quaternions ;  but  it  seemed 
proper  to  point  out  these,  at  the  present  stage,  as  serving  already  to  show  that  even 
the  two  eymhols  of  the  present  Sectaou,  Ax.  and  ^,  when  considered  as  Characterim- 
tics  of  Operation  on  quotiente  ofveetors^  enable  us  to  expreet,  very  simply  and  con- 
dsely,  several  useful  geometrical  eoneeptiont, 

133.  If  a  third  Itne^  o\y  be  drawn  in  the  direction  of  the 
axis  ox  of  such  a  right  quotient  (and  therefore  perpendicular y 
by  127,  129,  to  each  of  the  two  given  rectangular  linesy  oa, 
ob)  ;  and  if  the  length  of  this  new  line  oi  bear  to  the  length 
of  that  axis  ox  (and  therefore  also,  by  128,  to  the  assumed 
unit  of  length)  the  same  ration  which  the  length  of  the  dividend-- 
line,  OB,  bears  to  the  length  of  the  divisor-line^  oa;  then  the 
line  01,  thus  determined,  is  said  to  be  the  Index  of  the  Right 
Quotient.  And  it  is  evident,  from  this  definition  of  such  an 
IndeXf  combined  with  our  general  definition  (117,  118)  of 
Equality  between  Quaternions^  that  two  right  qtiotients  are 
equal  or  unequal  to  each  other,  according  as  their  two  index-- 
lines  (or  indices)  are  equal  or  unequal  vectors. 

Section  6. — On  the  Reciprocal^  Conjugate,  Opponte^  and  Norm 
of  a  Quaternion;  and  on  Null  Quaternions. 

134.  The  Reciprocal  (or  the  Inverse,  comp.  119)  of  a 
quaternion,  such  as  j^ « -,  is  that  other  quaternion, 

/     a 

which  is  formed  by  interchanging  the  divisor-line  and  the  did- 
dend-line;  and  in  thus  passing  from  any  non-scalar  quater- 
nion to  its  reciprocal,  it  is  evident  that  tlie  angle  (as  lately 


I 
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defined  in  130)  remains  unchanged^  but  that  the  axis  (127t 
128)  is  reversed  in  direction:  so  that  we  may  write  gene- 
raUy, 

p        Q^  p  a 

135.  The  product  of  two  reciprocal  quaternions  is  always 
equal  to  positive  unity;  and  each  is  equal  to  the  quotient  of 
unity  divided  by  the  other;  because  we  have,  by  106,  107, 

lJ-5.^     «       and      -.@  =  f!=l 
a     a   a     p  JD    a     a 

It  is  therefore  unnecessary  to  introduce  any  new  or  peculiar 
notation^  to  express  the  mutual  relation  existing  between  a 
quaternion  and  its  reciprocal;  since,  if  one  be  denoted  by  the 
symbol  9,  the  oth^r  may  (in  the  present  System,  as  in  Alge- 
bra) be  denoted  by  the  connepted  symbol,*  1  :  5^,  or  -.  We 
have  thus  the  two  general  formulas  (comp.  134) : 

Z.  -«  Z  a ;        Ax  .  -  =  -  Ax  .  a. 
9  ? 

136.  Without  yet  entering  on  the  ^en^raZ  theory  of  multi* 
plication  and  division  of,  quaternions,  beyond  what  has  been 
done  in  Art.  120,  it  may  be  here  remarked  that  if  any  two 
quaternions  q  and  q'  be  (as  in  134)  reciprocal  to  each  other,  so 
that  ?•?«  1  (by  135),  and  jfq"  be  any  third  quaternion,  then 
(as  in  algebra),  we  have  the  general  formula, 

because  if  (by  120)  we  reduce  q  and  q"  to  a  common  denomina- 
tar  a,  and  denote  the  new  numerators  by  j3  and  y,  we  shall  have 
(by  the  definitions  in  106,  107), 

137.  When  two  complanar  triangles  aob,  aob',  with  a  com- 

*  The  symbol  9^ *,  for  the  rteiprocal  of  a  qoaternioo  9,  is  also  permitted  in  the 
present  Calcolus;  bat  we  defer  the  use  of  it,  until  its  legitimacy  shall  hayebeea 
established,  in  connexion  with  a  general  theory  of  powers  of  Qaatemions. 

R 


\ 
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mon  side  oa,  are  (as  in  Fig.  36)  inversely  similar  (118),  so  that 
the  formula  A  aob'  a'  aob  holds  good,  then  the  two  uneqtuzl 

OB  ob'  ^ 

quotients^*  —  and  — ,  are  said  to  be  Conjugate  Quater- 
nions ;  and  if  the  first  of  them  be  still  denoted  by  ;,  then  the 
second^  which  is  thus  the  conjugate  of  that  ^r^^,  or  of  any  other 
quaternion  which  is  equal  thereto,  is  denoted  by  the  new  sym^ 
bolj  Kq  :  in  which  the  letter  K  may  be  said  to  be  the  Charac-- 
^  teristic  of  Conjugation.     Thus,  with  the  construction  above 

supposed  (comp.  again  Fig.  36),  we  may  write, 

OB  ob'      t^        T7-0B 

j^k'  OA      ^  OA  ^  OA 

138.  From  this  definition  of  conjugate  quaternions,  it  follows, 

1st,  that  if  the  equation  —  =  K  —  hold  good,  then  the  /tne  OB'may  be 

^  called  (118)  the  reflexion  of  the  lineoB  (and  conversely,  the  latter  line 
the  reflexion  of  the  forfner)^  with  respect  to  the  line  oa  ;  Ilnd,  that,  under 
the  same  condition,  the  line  oa  (prolonged  if  necessary)  bisects  per- 
pendicularly  the  line  BB^  in  some  point  a'  (as  represented  in  Fig.  36) ; 
and  Illrd,  that  any  two  conjugate  quaternions  (like  any  two  rtfctjproco^ 
quaternions,  comp.  134,  136)  have  equal  angles,  but  opposite  axes: 
so  that  we  may  write,  generally, 

LKq  =  A  q;         Ax.Kq^-Ax.q; 

and  therefore!  (by  135), 

^Kq-L-;         Ax.Ko  =  Ax.-. 

139.  The  reciprocal  of  a  scalar ^  x,  is  simply  another  scalar^ 
-,  or  rc"S  having  the  same  algebraic  sign^  and  in  all  other  re- 

X 

speCts  related  to  a:  as  in  algebra.  But  the  conjugate  Ko;,  of  a 
scalar  x,  considered  as  a  limit  of  a  quaternioUy  is  equal  to  that 
scalar  x  itself;  as  may  be  seen  I)y  supposing  the  two  equalhut 
opposite  angles,  aob  and  aob',  in  Fig.  36,  to  tend  together  to 

*  Compare  the  Note  to  page  112. 

t  It  will  800B  be  seen  that  these  two  last  equations  (138)  express,  that  the  con- 
jugate and  the  reciprocal^  of  any  proposed  quaternion  9,  have  always  equal  vertore^ 
although  they  have  in  general  uneqiud  tentore. 
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zero,  or  to  two  right  angles.  We  may  therefore  write,  gene- 
rally, 

Kx'^x,  if  a;  be  any  scalar ; 
and  conversely*, 

y  =  a  scalar,  if  Ky  =  y ; 

because  then  (by  104)  we  must  have  oboob',  bb'^O;  and 
therefore  each  of  the  two  (now  coincident)  poin^,  b,  b',  must 
be  situated  somewhere  on  the  indefinite  right  line  oa. 

140.  In  general,  by  the  construction  represented  in  the 
same  Figure,  the  sum  (comp.  6)  of  the  two  numerators  (or  A- 
vidend'lines,  ob  and  ob'),  of  the  two  conjugate  fractions  (or  quo- 
tients, or  quaternions),  q  and  Kq  (137),, is  equal  to  ihe  double 
of  the  line  oa'  ;  whence  (by  106),  the  sum  of  those  two  conju- 
gate quaternions  themselves  is, 

xr                  TT       2oa' 
Kg  +  a  =  o  +  Kg  = ; 

OA 

this  sum  is  therefore  always  scalar^  being  positive  if  the  angle 
/.  9  be  acute^  but  negative  if  that  angle  be  obtuse. 

141.  In  the  intermediate  case^  when  the  angle  aob  b  rights 
the  interval  oa'  between  the  origin  o  and  the  line  bb' vanishes; 
and  the  two  lately  mentioned  numerators^  ob,  ob',  become  two 
apposite  vectors^  of  which  the  sum  is  null  (5).  Now,  in  gene- 
ral, it  is  natural,  and  will  be  found  useful,  or  rather  necessary 
(for  consistency  Yrith  former  definitions),  to  admit  that  a  null 
vectory  divided  by  an  actual  vector,  gives  always  a  Null  Qua- 
ternion as  the  quotient;  and  to  denote  this  null  quotient  by 
the  usual  symbol  for  Zero.    In  fact,  we  have  (by  106)  the 

equation, 

0     a-"  a.     a     a 

-  =  fL^  =  ---«l-l«0; 

a        a        a     a 

the  zero  in  the  numerator  of  the  left-haxid  fraction  represent- 
ing here  a  null  line  (or  a  null  vector ,  1,2);  but  the  zero  on  the 
r^A^hand  side  of  the  equation  denoting  a  nidi  quotient  (or 
quaternion).   And  thus  we  are  entitled  to  infer  that  the  sum, 

*  SomewhAt  later  it  will  be  seen  that  the  equation  Kq=sq  may  alao  be  written 
a»Tq  =  0;  and  that  thia  last  is  another  mode  of  ezpresaing  that  the  quaiernionj  9, 
degeneraUa  (131)  into  a  scalar . 
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Ky  +  y,  or  y  +  Ky,  of  a  righUangUd  quaternion^  or  right  guo^ 
tient  (132),  and  of  its  conjugate^  is  always  equal  to  zero, 

142.  We  have,  therefore,  the  three  following  formulasy 
whereof  the  second  exhibits  a  continuity  in  the  transition  from 
the/r^^to  thertlr£f; 
I.  .  .  y  +  Ky  >  0,     if    JLq<  —  \ 

II.  .  .  y  +  Ky  =  0,     if    z  y  =  ^ ; 

III.  .  .  y  +  Ky  <  0,     if    Z  y  >  ^ . 

And  because  a  quaternion,  or  geometric  quotient,  with  an  ac- 
tual  andjinite  divisors-line  (as  here  oa),  cannot  become  equal  to 
zero  unless  its  dividend-line  vanishes^  because  (by  104)  the 
equation 

c  «  0  =  -  requires  the  equation  /3  =  0, 
a  a 

if  a  be  any  actual  and  finite  vector,  we  may  infer,  conversely,  that 
the  sum  q  +  Ky  cannot  oanishj  without  the  line  oa'  also  vanish- 
ing ;  that  is,  without  the  lines  on,  on'  becoming  opposite  vectors^ 
and  therefore  the  quaternion  y  becoming  a  right  quotient  (132). 
We  are  therefore  entitled  to  establish  the  three  following  coit- 
verse  formula  (which  indeed  result  from  the  three  former) : 

r. . .  if  y  +  Ky  >  0,     then     Z  y  <  - ; 
ir. .  .if  y +  Ky  =  0,     then     Zy=-; 

lir. . .  if  y  +  Ky  <  0,     then     Z  y  >  -. 

143.  When  tioo  opposite  vectors  ( 1 ),  as  j3  and  -  /3,  are  both 
divided  by  one  common  (and  actual)  vector,  a,  we  shall  say  that 
the  two  quotients,  thus  obtained  are  Opposite  Quaternions; 
BO  that  the  opposite  of  any  quaternion  y,  or  of  any  quotient 
j3  :  a,  may  be  denoted  as  follows  (comp.  4) : 

a  a         a      a 


CBAF.  1. 3  OPPOSITE  QUATERNIONS.  125 

wlule  the  quaternion  q  itself  mBj,  on  the  same  plan,  be  denoted 
(comp.  7)  by  the  symbol  0  +  y,  or  +  y.  The  sum  of  any  two 
opposite  qoatemions  is  zero^  and  their  quotient  is  negative 
uniiy;   so  that  we  may  write,  as  in  algebra  (comp.  again  7), 

(-y)+y  =  (+y)+(-y)  =  0;     (-?):?«-!;     -?-(-!)?; 
because,  by  106  and  141, 

a.        a         a         a  a      a       p 

The  reciprocals  of  opposite  quaternions  are  themselves  cifpo- 

site  ^    or  in  symbols  (comp.  126), 

11,  a       -a         a 

—  =  — «  because   — t^  =  -re-  «  —  -r;. 
-?         q'  "0      0  /3 

t^ipo^^  quaternions  have  opposite  axes^  and  supplementary 
angles  (comp.  Fig.  33,  to) ;  so  that  we  may  establish  (comp. 
132,  (5.)  )  the  two  foUowing  general  formulae, 

z  (-  5^)  =  TT -  z y ;        Ax.(-  y)  =  -  Ax.q. 
144.  We  may  also  now  write,  in  full  consistency  with  the 
recent  formulae  II.  and  U'.  of  142,  the  equation, 

ir...Kj  =  -j,    if    z?  =  J; 
and  conversely*  (comp.  138), 

ir...ifKy  =  -y,    then    zKy-Zy  =  J. 

In  words,  the  conjugate  of  a  right  quotient^  or  of  a  right^ngled 

(or  right)   quaternion  (132),  is  the  right  quotient  opposite 

.  thereto ;  and  conversely,  if  an  actual  quaternion  (that  is,  one 

which  is  not  null)  be  opposite  to  its  own  conjugate^  it  must  be 

a  right  quotient. 

(1.)  If  then  we  meet  the  equation, 

Ke  =  _?^,    or  e  +  Ke  =  0, 
a        a  a        a 

we  shall  know  that  p  j.  a ;  and  therefore  (if  a  =  oa,  and  p  =  op,  as  before),  that  the 

*  It  win  be  seen  at  a  later  stage,  that  the  equation  Kg  =  -  9,  or  9  +  Kg  =  0, 
may  be  transfoimed  to  this  other  equation,  8g  =  0 ;  and  that,  under  this  last  form,  it 
expresses  that  the  §eahir  part  of  the  quaternion  q  vaniahu :  or  that  this  quaternion 
is  a  right  quoiient  (132). 
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ioetu  of  the  jM>tiU  P  is  the  plane  thnrngh  o,  perpendUm!ar  to  the  Ime  OA  (as  in  182» 

(I.)). 

(2.)  On  the  other  hand,  the  equation, 

a        a  a        a 

expresses  (by  189)  that  the  quotient  p  :  a  is  a  tctJar  ;  and  therefore  (by  131)  that 
its  angle  L^p:d)  is  either  0  orir ;  so  that  in  this  case,  the  he¥e  of  p  is  the  indefi^ 
nite  right  line  through  the  two  points  O  and  ▲. 

145.  As  the  opposite  of  the  opposite,  or  tbe  reciprocal  of  the  rect- 
procalj  80  also  the  conjugate  of  the  conjugate,  of  any  quaternion,  is  that 
quaternion  itself;  or  in  symbols, 

-(-j)  =  +  y;         l:(l:g)  =  g;         KKj  =  ^  =  lg; 
so  that,  by  abstracting  from  the  subject  of  the  operation^  we  may  write 
briefly, 

K«  =  KK=1. 

It  is  easy  also  to  prove,  that  the  conjugates  of  opposite  quaternions  are 
themselves  opposite  quaternions ;  and  that  the  conjugates  of  reciprocals 
are  reciprocal:  or  in  symbols,  that 

I...K(-g)  =  -K<2',     or    Kg+K(-g)  =  0; 
and 

IL..Ki=l:Kg,      or    Ka.Ki=l. 

(1.)  The  equation  K(-  g)  s  -  Eg  b  included  (comp.  143)  in  this  more  general 
formula,  K(ar9)  =  xKq^  where  x  is  any  eealar;  and  this  last  equation  (oomp.  126) 
may  be  proved,  by  simply  conceiving  that  the  two  lines  on,  ob',  in  Fig.  86,  are 
multiplied  by  any  common  scalar;  or  that  they  are  both  cut  by  any  parallel  to  the 
line  bb'. 

(2.)  To  prove  that  conjugates  of  red-  ,-- ^    « 

1  .''''  ^^> 

procals  are  reciprocal,  or  that  Eg .  K  -  » 1,      /  \ 

/  \B      

we  may  conceive  that,  as  in  the  annexed  /  ^*-<^Tf^^^^^*^^r\ 

Figure  86,  W»,  while  we  have  etill  the  f  ^<C^^/^J^'!P  ^^^^^Q 

relation  of  inverse  similitude,  \  ^i^^^^il,^''''^^'^'^'^    \ 

AAOB'ofAOB(118,  187),  \  I  /^'  I 

as  in  the  former  Figure  86,  a  new  point  c        ^^^  \  y'  j 

is  determined,  either  on  the  line  oa  itself,  *"" ''^v 

or  on  that  line  prolonged  through  A,  so  as  /  ^>>-__^--^ 

to  satisfy  either  of  the  two  following  con-  (  ^6-  ^^i  ^* 

nected  conditions  of  d&reet  similitude :  ^' 

A  BOG  «  AOB'  ;  A  b'oG  «  AOB  ', 

or  simply,  as  a  relation  between  i^^fowpwnU  o,  a,  b,  c,  the  formula, 

^BOCa'AOB. 
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Fvtka  we  dMU  bsv«  tiM  tnaaConiuUioii^ 

^1      ^OA     ^ob'      OB      OA        1 
q  OB  oc       OO       OB        Kf 

(3.)  The  two  (jaoAaitB,  os :  OA,  and  ob  :  oc,  that  is  to  amj,  the  qmaiemwm  q 
>^/,  tad  the  eemjmpaU  of  Us  reeiproeai,  oi*  the  reciprocai  o/Us  eoi^ugaU^  have 
^ Mac  mijfr,  and  the  maame  axis:  we  may  therefore  write,  generally, 

Z.K-=^a;         Ax.K-  =  Ax.?. 

(4.)  Snce  oa  :  ob  and  OA :  ob'  have  thaa  been  proved  (by  sub-art.  2)  to  be 
>  pair  of  coojmgaU  qmoHeniM,  we  can  now  infer  this  theoremj  that  oajr  two  gto^ 

I  mtmtrator  a,  are  eomjt^ait  qua- 

'ffMOM,  if  the  <iaunBi»wi<or  /T  of  the  Mcomf  be  the  refUxiom  of  the  <l«iM>iiit»a/or  0  of 
t^>rrt,  leifA  reip«e<  to  that  oommon  nmmeraior  (comp.  138,  I.) ;  whereas  it  had 
«]7  been  pRrioiuly  OMgwrnedy  as  a  defimitiom  (137),  that  snch  eonjupaium  exists, 
*Bder  the  same  geometrical  condition,  between  the  two  other  (or  mmtm)  fractions, 

a     ff 

-  and  ~ ;  the  three  veeiors  a,  /I,  /S*  being  supposed  to  be  all  eo-ituHal  (18). 

(&0  ConTeiBtly,  if  we  meet,  in  any  investigation,  the  formola 
OA :  ob'  =  K  (oA :  ob), 
^«  than  know  that  the  j»otiif  b'  is  the  reftexum  of  the  point  b,  with  respect  to  the 
^  OA ;  or  that  this  line,  oa,  prolonged  if  necessary  in  either  of  two  opposite  direc- 
^iott,  Uaeeta  at  right  anglee  the  line  bb',  in  Bome  point  a',  as  in  either  of  the  two 
y  gttws  36  (comp.  138,  II.> 

(<»•)  Under  the  recent  conditions  of  constmction,  it  foOows  from  the  most  ele- 
^'^tary  prindples  of  geometry,  that  the  ctrc2e,  which  passes  through  the  three  points 
^  B,  c,  is  tomched  atiijhy  the  right  line  ob  ;  and  that  this  line  is,  in  lengthy  a  metM 
VoporUomal  between  the  lines  OA,  oc.  Let  then  OD  be  such  a  geometric  mean^  and 
^  H  be  set  off  from  o  in  the  common  direction  of  the  two  last  mentioned  lines,  so 
tbat  the  ponif  i>  fidls  between  A  and  c ;  also  let  the  vectors  oc,  od  be  denoted  by  the 
■ynibob,  y,  9 ;  we  shall  then  have  expressions  c^  the  forms, 

^liere  a  is  some  positive  scalar,  a  >  0 ;  and  the  vector  /3  of  b  will  be  connected 
(ooap.  tab-art.  2)  with  this  scalar  a,  and  with  the  vector  a,  by  the  formula, 
ob     ^  OA  oc     ^  OB  a*a     „  Q 

oc  OB  OB  OA  pa 

(7.)  Conversely,  if  we  still  suppose  that  y  =  a^a^  this  last  formula  expresses  the  m- 
^^ne  umilitude  oftriangle»j  A  boc  a'  aob  ;  and  it  expresses  nothing  more :  or  in  other 


*  It  will  be  seen  afterwards,  that  the  common  value  of  these  two  equal  quater- 

BUQs,  K  -  and  — ,  may  be  represented  by  either  of  the  two  new  symbols,  XJq :  T9, 

9         ^9 
^q:'Sq\  or  in  words,  that  it  is  equal  to  the  vereor  divided  by  the  tensor;  and  also 
to  the  quaternion  itself  dividedby  the  norm. 
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wordfl,  it  18  satisfied  by  the  vector  /?  of  every  poinf  B,  which  giyes  that  invene  siinili- 
tude.  But  for  this  purpose  it  is  only  requisite  that  the  Ungith  of  ob  should  be  (as 
aboTo)  a  geometric  mean  between  the  lengths  of  OA,  oo ;  or  that  the  two  lines,  OB, 
OD  (sub-art.  6),  should  be  equally  long:  or  finally,  that  b  should  be  situated  same- 
where  on  the  surface  of  a  tphere^  which  is  described  so  as  to  pass  through  the  point  i> 
(in  Fig.  86,  fru),  and  to  have  the  origin  o  for  its  centre, 
(8).  If  then  we  meet  an  equation  of  the  form, 

'^^K^,    or    eKP  =  ,», 
pa  a      a 

in  which  a  =  OA,  p  =  op,  and  a  is  a  scalar,  as  before,  we  shall  know  that  the  /ocira 
of  the  point  p  is  a  spheric  surface,  with  its  centre  at  the  point  o,  and  with  the  vector 
aa  for  a  radius  ;  and  also  that  if  we  determine  a  point  o  by  the  equation  oo  =  eflcL, 
this  spheric  locus  of  p  is  a  common  orthogonal  to  all  the  circles  APC,  which  can  be 
described,  so  as  to  pass  through  the  two  fixed  points,  A  and  c :  because  every  radius 
OP  of  the  sphere  is  a  tangent,  at  the  variable  point  p,  to  the  circle  apc,  exactly  aa 
OB  is  to  ABC  in  the  recent  Figure. 

(9.)  In  the  same  Fig.  3C,  ^,  the  sin^lar  triangles  show  (by  elementary  princi- 
ples) that  the  length  of  bg  is  to  that  of  ab  in  the  suh^duplicate  ratio  of  oo  to  OA ;  or 
in  the  simple  ratio  of  od  to  OA ;  or  as  the  scalar  a  to  1.     If  then  we  meet,  in  any  re- 
search, Uie  recent  equation  in  p  (sub-art.  8),  we  shall  know  that 
length  ofip  —  a* a)  =  a  x  length  of(p  —  a) ; 
while  the  recent  interpretation  of  the  same  equation  gives  this  other  relation  of  the 

same  kind: 

length  ofp^a  x  length  of  a* 

(10.)  At  a  subsequent  stage,  it  will  be  shown  that  the  Calculus  of  Quaternions 
supplies  Rules  of  Transformation,  by  which  we  can  pass  from  any  one  to  any  other 
of  these  last  equations  respecting  p,  without  (at  the  time)  constructing  any  Figure, 
or  (immediately)  appealing  to  Geometry :  but  it  was  thought  useful  to  point  out, 
already,  how  much  geometrical  meaning*  ia  contained  in  so  simple  a  formula,  aa  that 
of  the  last  sub-art.  8. 

(11.)  The  product  of  two  conjugate  quaternions  is  said  to  be  their  eomtnon 

NoRM,t  and  is  denoted  thus : 

qKq  =  Ng. 


*  A  student  of  ancient  geometry  may  recognise,  in  the  two  equations  of  sab-art. 
9,  a  sort  of  translation,  into  the  language  of  vectors,  of  a  celebrated  local  theorem  of 
Ai*OLLONiu8  of  Perga,  which  has  been  preserved  through  a  citation  made  by  his  early 
commentator,  Eutodus,  and  may  be  thus  enunciated :  Given  any  two  points  (as  hers 
A  and  c)  in  a  plane,  and  any  ratio  of  inequality  (as  here  that  of  1  to  a),  it  is  possible 
to  construct  a  circle  in  the  plane  (as  here  the  circle  bdb'),  such  that  the  (lengths  of 
the)  two  right  lines  (as  here  ab  and  cb,  or  ap  and  of),  which  are  inflected  from  the 
two  given  points  to  any  common  point  (as  b  or  p)  of  the  circumference,  shall  be  to 
each  other  in  the  given  ratio.  (Avo  SoBipruv  offfuUav,  c.  r.  X.  Page  11  of  Halley'a 
Edition  of  Apollonius,  Oxford,  mdccx.) 

t  This  name.  Norm,  and  the  corresponding  eharacterietic,  K,  are  here  adopted, 
aa  suggestions  from  the  Theory  of  Numbers ;  but,  in  the  present  work,  they  will  not 
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U  frOowBthat  NK^asK^ ;  and  that  the  norm  ottLquaUrmom  is  generally  a  paniive 
ttdar:  namely,  the  square  of  the  qmotiemt  cftke  Ungthe  of  the  two  lines,  of  which 
(aspectfort)  the  qnatemion  ttodfiB  the  quotietU  (112).  In  fact  we  have,  by  sab-art 
6,  lad  by  the  definitioa  of  a  aomi,  the  transformations : 

_OB     ^ob'      oo   ob'     oo 
N — =lff — =  —7 =  — 

OA  OA       OB     OA        OB 


OB       OC^/^V. 
OA  ^  OA  ""  VoA  j   * 

a      a      a      \lengik  of  a  } 


As  a  fiaiil,  we  naay  aay  that  the  norm  of  a  null  qwUemion  is  zero;  or  in  symbols, 

K0=rO. 

(12.)  YlUh  this  noUtion,  the  eqtiaHon  of  the  epherie  hens  (sab-art  8),  which 
bss  the  point  o  for  its  oeotre,  and  the  vector  aa  for  one  of  its  radii,  assames  the 
riinitui'  fbcm : 

N?  =  a»;     or    N-^=l. 
a  aa 

Sbction  7. —  On  Radial  Quotients;  and  on  the  Square  of  a 

Quaternion. 

146.  It  was  early  seen  (comp.  Art.  2,  and  Fig.  4)  that  any 
two  radiiy  ab,  ac,  of  any  one  drcky  or  sphere ^  are  necessarily 
unequal  vectors  ;  because  their  directions  differ.  On  the  other 
hand,  when  we  are  attending  only  to  relative  direction  (110), 
we  may  suppose  that  aU  the  vectors  compared  are  not  merely 
co-initial  (18),  but  are  also  equally  long;  so  that  if  their  com'- 
mon  length  be  taken  for  the  unit^  they  are  all  radiiy  oa,  ob,  .  . 
of  what  we  have  called  the  Unit^  Sphere  (\2S)^  described  round 
the  origin  as  centre;  and  may  all  be 
said  to  be  Oiit^- Factor*  (129).    And  ^^\ 

then  the  quaternion,  which  is  the  ^^^        \ 

quotient  of  any  one  such  vector  divi-        ^y'^  \ 

ded  by  any  other,  or  generally  the  o-^=^— — ' > 'A 

quotient  of  any  two  equally  long  vec^  *^'  ^^' 

tors  J  may  be  called  a  Radial  Quotient;  or  sometimes  sim- 
ply a  Badial.    (Compare  the  annexed  Figure  39*) 

be  often  wanted^  althongh  it  may  oecasionany  be  convenient  to  employ  them.  For 
we  Shan  soon  introduce  the  conception,  and  the  characteristic,  of  the  Tensor^  T9,  of 
a  qoatemion,  which  is  of  greater  geometrical  utility  than  the  Norm^  but  Of  which  it 
^vin  be  proved  that  this  norm  is  simply  the  square^ 

qKq^^q^(Tqy, 
Compare  the  Note  to  sub-art.  3. 

S 
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Fig.  40. 


147.  The  two  UnU- Scalarsj  namelj.  Positive  and  Nega — 
live  Unity  f  may  be  considered  as  limiting  cases  of  radial  quo — 
tients^  corresponding  to  the  two  extreme  values^  0  and  ir,  of  the 
angle  aob,  or  z.  ;  (131).    In  the  intermediate 

IT 

case,  when  aob  is  a  right  angle,  or  z  g  =  -, 

as  in  Fig.  40,  the  resulting  quotient,  or  qua- 
ternion, may  be  called  (comp.  132)  a  Eight 
Radial  Quotient;  or  simply,  a  Right  Ra- 
dial. The  consideration  of  such  right  radials 
will  be  found  to  be  of  great  importance,  in  the  whole  theory 
and  practice  of  Quaternions. 

1 48.  The  most  important  general  property  of  the  quotients 
last  mentioned  is  the  following:  that  the  Square  of  every  Right 
Radial  is  equal  to  Negative  Unity ;  it  being  understood  that 
we  write  generally,  as  in  algebra, 

q.q^qq^q\ 

and  call  this  product  of  two  equal  quaternions  the  square  of 

each  of  them.    For  if,  as  in  Fig.  41,  we 

describe  a  semicircle  aba',  with  o  for  cen- 

trCj  and  with  ob  for  the  bisecting  radius, 

then  the  two  right  quotients,  ob  :  oa, 

and  oa':ob,  are  e^tia/ (comp.  117);  and 

therefore  their  common  square  is  (comp. 

107)  the  producty 


Fig.  41. 


/obV    oa'  ob     oa' 
\oAy  "  ob   oa    oa 


1' 


where  oa  and  ob  may  represent  any 

two  equally  long^  but  mutually  rect-  a'' 

angular  lines.    More  generally,  the  ^^s-  4i,  w». 

Square    of  every    Right  Quotient 

(132)  is  equal  to  a  Negative  Scalar;  namely,  to  the  negative  of 

the  square  of  the  number j  which  represents  the  ratio  of  the 

lengths*  of  the  two  rectangular  lines  compared ;  or  to  zero 


•  Hence,  by  145,  (11.),  9»  =  -N9,  it  Lq^-> 
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wnmuM  the  square  of  the  nmmber  which  denotes  (oomp.  133)  the 
lemgtk  of  tile  Index  of  that  Sight  Quotient:  as  appears  from 
Fig.  41,  bisy  in  which  OB  is  only  an  ordmatej  and  not  (as  be* 
fore)  a  radimsy  of  the  semidide  aba'  ;  for  we  have  thos, 

/obV     oa'        f  length  of  ob\    _ 

I  —  )  =  — =  -    ,  ^^.    V       1 ,    if  OB  ±  OA. 

\OA/      OA        yiengthofoaj 

149*  Hins  every  Right  Radial  is,  in  the  present  System, 
one  of  the  Square  Roots  of  Negative  Unity;  and  may  there- 
fare  be  sadd  to  be  one  of  the  Values  of  the  Symbol  ^  -  1 ;  which 
celebrated  symbol  has  thus  a  certain  degree  of  vagueness^  or  at 
least  ot  tndeterminaticny  oi  meaning  in  this  theory,  on  account 
of  which  we  shall  not  often  employ  it*    For  although  it  thus 
admits  o^v^ perfectly  dear  and  geometrically  real  Interpretation^ 
as  denoting  what  has  been  above  called  a  Right  Radial  Quo^ 
titniy  yet  the  Plane  of  that  Quotient  is  arbitrary;  and  therefore 
the  symbol  itself  must  be  considered  to  have  (in  the  present 
system)  indefinitely  many  values;  or  in  other  words  the  Equa^^ 
tioHj 

has  (in  the  Calculus  of  Quaternions)  indefinitdy  many  RootSy* 
which  are  all  Geometrical  Reals  :  besides  any  other  rootSy  of 
a  pvrdy  symbolical  character ^  which  the  same  equation  may  be 
conceived  to  possess,  and  which  may  be  called  Geometrical 
Imaginaries.'t   Conversely,  if  y  be  any  real  quatemiony  which 

*  It  win  be  Bobflequently  shown,  that  if  a?,  y,  s  be  aiiy  three  ecahxre,  of  which 
ike  eum  of  the  eqwaree  ie  tmi/jr,  so  that 

*t  +  yl  +  ««  =  l; 

and  if  t,/  i  be  anjr  three  right  radUd*^  in  three  mutmiUy  rectangular  planee;  then 
the  eapreuUm, 

denotes  another  right  radialy  which  satisfies  (at  tuch^  and  by  symbolica]  lawt  to  be 
assigned)  the  equation  9'  =—  1 ;  and  is  therefore  one  of  the  geometrietUfyreal  vcduee 
oftheeymbolV-l. 

t  Such  imaginariee  will  be  found  to  ofier  themselves,  in  the  treatment  by  Qua- 
temion*  (or  rather  by  what  will  be  called  BiquaternumM)^  of  ideal  interteetione,  and 
of  ideal  eontacU^  in  geometry;  but  we  confine  our  attention,  for  the  present,  to  gem-* 
metrical  realt  alone.     Ck>mpare  the  Notes  to  page  90. 
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satisfiea  the  equation  q**"-  l^  it  must  be  a  right  radial;  for  if, 
as  in  Fig.  42,  we  suppose  that  A  aob  qc  boc, 
we  shall  have 


J     /ObV      OC     OB 

^  ~\oaJ  ""ob  '  oa 


oc 
51' 


and  this  square  of  q  cannot  become  equal  to 
negative  unity^  except  by  oc  being  <=  -  oa, 
or  a  oa'  in  Fig.  41 ;  that  is,  by  the  line  ob 
being  at  right  angles  to  the  line  oa,  and 
being  at  the  same  time  equally  long^  as  in 
Fig.  40. 


(i.)  If  then  we  meet  the  equatioOi 


U)'-' 


where  a soa,  and  p :sop,  as  before,  we  ehall  know  that  the  loeuM  of  the  point  p  is 
the  cireumferenee  of  a  circle,  with  o  for  its  centre,  and  with  a  radUu  which  has  the 
eame  length  as  the  line  oa  ;  while  the  plane  of  the  circle  is  perpendicular  to  that 
given  line.  In  other  woidSi  the  locos  of  p  is  a  great  circle,  on  a  ephere  of  which  the 
centre  is  the  origin ;  and  the  given  point  a,  on  the  same  spheric  sorfoce,  is  one  of  the 
poke  of  that  circle. 

(2.)  In  general,  the  equation  g*  =  —  a*,  where  a  is  any  (real)  scalar,  requires 
that  the  quaternion  q  (if  real)  should  be  seme  right  quotient  (132) ;  the  number  a 
denoting  the  length  of  the  index  (188),  of  that  right  quotient  or  quaternion  (comp. 
Art  148,  and  Fig.  41,  bis).  But  the  plane  of  9  is  ttill  entirely  arbitrary  ;  and 
therefore  the  equation 

like  the  equation  9*  =  - 1,  which  it  includes,  must  be  considered  to  have  (in  the 
present  system)  indefinitely  many  geometrically  real  roots. 
(8.)  Hence  the  equation, 

in  which  we  may  suppose  that  a  >  0,  expresses  that  the  locus  of  the  point  p  is  a 
(new)  circular  circumference,  with  the  line  oa  for  its  axis,*  and  with  a  radius  of 
which  the  length  =  a  x  the  length  of  oa. 

160.  It  may  be  added  that  the  index  (133),  and  the  axis  (128), 
of  a  right  radial  (147))  are  the  same;  and  that  its  reciprocal  (iM)^  its 
conjugate  (137),  and  its  opposite  (143),  are  all  equal  to  each  other.  Cozi- 
yersely,  if  the  reciprocal  of  a  given  quaternion  q  be  equal  to  the  opposite 

*  It  being  understood,  that  the  axis  of  a  circle  is  a  right  line  perpendicular  to 
the  plane  of  that  circle,  and  passing  through  its  centre. 
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of  that  qnAtemioD,  then  qua  tight  radial;  because  its  tquart^  ^, 
is  then  equal  (oomp.  136)  to  the  quaternion  itself^  divided  by  Ua  op- 
posite; and  therefore  (by  143)  to  negative  unity.  But  the  conjugate 
of  every  radial  quotient  is  equal  to  the  reciprocal  of  that  quotient; 
becanae  i^  in  Fig.  36«  we  ooneeiTe  that  the  three  UneeoA^  ob,  os'are 
equalfy  long,  or  if,  in  Fig,  39,  "we  prolong  the  arc  ba,  by  an  equal  arc 
Aufy  we  have  the  equation, 

*     OA  "  OB  ~  ^' 
And  conTersely,* 

if  Kg=  -,     or  if  jKg=  1, 
then  the  quaternion  9  is  a  radial  quotient. 

Sbctiom  8. — On  the  Versor  of  a  Quaternion,  or  of  a  Vector  ; 
and  on  some  General  FormvltB  of  Transformation, 

151.  When  a  quaternion  q^^iaha  thus  a  radial  quotient 
(146),  or  when  the  lengths  of  the  two  lines  a  and/3  are  eqiuil, 
the  effect  of  this  quaternion  q,  considered  as  a  Factok  (103), 
in  the  equation  ga^/S,  is  simply  the  turning  of  the  multipli- 
cand'iine  a,  m  the  plane  of  j^  (119),  and  towards  the  hand  de- 
termined by  the  direction  of  the  positive  axis  Ax .  q  (129), 
thrauffh  the  angle  denoted  hy  Lq  (130) ;  so  as  to  bring  that 
line  a  (or  a  reyolvingline  which  had  coincided  therewith)  itdo 
a  new  direction :  namely,  into  that  of  the  product-line  /3.  And 
with  reference  to  this  conceived  operation  of  turning,  we  shall 
now  say  that  every  Radial  Quotient  is  a  Ybbsor. 

152.  A  Versor  has  thus,  in  general,  a  plane,  an  axis,  and 
an  angle  ;  namely,  those  of  the  Radial  (146)  to  which  it  cor- 
responds,  or  is  equal:  the  only  difference  between  them  being 
a  difference  in  the  points  ofview^  from  which  they  are  respec- 
tively regarded ;  namely,  the  radial  as  the  quotient,  q,  in  the 

*  Hence,  in  the  notaiitm  of  norma  (146,  (11.)  ),  if  Ng  «=  1,  then  g  is  a  radial ; 
and  conTenely,  the  ncrm  of  a  radial  quoUent  ia  always  equal  to  poniiee  unity, 

t  In  8  slightly  nutaphytieal  mode  of  expression  it  may  be  said,  that  the  radial 
qfwtient  Is  the  reault  of  an  ono/ym,  wherein  two  radH  of  one  sphere  (or  circle)  are 
ccmpared,  as  regards  their  relative  direetian  ;  and  that  the  equal  verwr  is  the  inttru- 
ment  of  a  corresponding  tyatAem,  wherein  one  radiut  is  conceived  to  be  generattd,  by 
a  certain  rotation^  from  the  other,  ^ 
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formula,  g  =  j3 :  a  ;  and  the  versor  as  the  (equal)  ^c^or,  g,  in 
the  converse  fmnulai  ^  =  q,a\  where  it  is  still  supposed  that 
the  two  vectors,  a  and  j3,  are  equally  long. 

153.  A  versor^  like  a  radial  (1 47),  cannot  degenerate  into  Ascalarf 
except  by  its  angle  acquiring  one  or  other  of  the  two  limit-valueay  0 
and  ST.  la  the  first  case,  it  becomes  positive  unity  ;  and  in  the  second 
case,  it  becomes  negative  unity :  each  of  these  two  unit-ecalars  (147) 
being  here  regarded  as  & /actor  (or  coefficient^  comp.  12),  which  ope- 
rates on  a  line,  to  preserve  or  to  reverse  its  direction.  In  this  view,  we 
may  say  that  - 1  is  an  Inversor ;  and  that  every  Eight  Versor  (or  ver- 
sor with  an  angle  =  ~  j  is  a  Semi-inversor  :*  because  it  half-inverts  the 

line  on  which  it  operates^  or  turns  it  through  half  of  two  right  angles 
(comp.  Fig.  41).  For  the'same  reason,  we  are  led  to  consider  every 
right  versor  (like  every  right  radial,  149,  from  which  indeed  we  have 
just  seen,  in  152,  that  it  differs  only  aa  factor  differs  from  quGtient)^ 
as  being  one  of  the  square-roots  of  negative  unity :  or  as  one  of  the  va- 
lues of  the  symbol  ^  -l. 

154.  In  fact  we  may  observe  that  the  effect  of  a  right  versor^  con- 
sidered as  operating  on  a  line  (in  its  own  plane),  is  to  turn  that  line, 
towards  a  given  hand^  through  a  right  angle.  If  then  q  be  such  a  ver- 
sor, and  if  ^a=/3,  we  shall  have  also  (comp.  Fig.  41),  g^  =  -a;  so 
that,  if  a  be  any  line  in  the  plane  of  a  right  versor  q,  we  have  the 
equation, 

q.qa^-a; 

whence  it  is  natural  to  write,  under  the  same  condition, 

as  in  149.  On  the  other  hand,  no  versor,  which  is  not  right-angled^ 
can  be  a  value  of  y/  -\\  or  can  satisfy  the  equation  <fa  =:  -  a,  as  Fig. 
42  may  serve  to  illustrate.  For  it  is  included  in  the  meaning  of  this 
last  equation,  as  applied  to  the  theory  of  versors,  that  a  rotation 
through  2  Lq^  ot  through  the  double  of  the  angle  of  q  itself,  is  equi- 

*  Thia  wcrd,  "  semi -inversor,"  will  not  be  often  used ;  but  the  introduction  of  it 
here,  in  passing,  seems  adapted  to  throw  light  on  the  view  taken,  in  the  present  work, 
of  the  9ymhol  V  —  1,  when  regarded  as  denoting  a  certain  important  class  (149)  of 
Real*  in  Geometry,  lliere  are  uses  of  that  symbol,  to  denote  Geometrical  Imagi- 
nariee  (comp.  again  Art.  149,  and  the  Notes  to  page  90),  considered  as  connected 
with  ideal  intereeetione^  and  with  ideal  contact* ;  but  with  such  uee*  of  V  -  1  We 
have,  at  pretent^  nothing  to  do. 
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Taknt  to  mn  mvenitm  of  directiim;  and  therefore  to  a  rotatioa  through 

155.  In  general,  if  a  be  any  vector^  and  if  a  be  naed  as  a 
temporary*  symbol  for  the  number  expressing  its  length;  so 
that  a  is  here  a  positive  scalar^  which  bears  to  posiiice  ipii/y, 
or  to  the  scalar  + 1,  the  same  ratio  as  that  which  the  length  of 
the  line  a  bears  to  the  assumed  wnt  of  length  (comp*.  128); 
then  the  quotient  a :  a  denotes  generally  (comp.  16)  a  new  vec- 
tor^ which  has  the  same  direction  as  the  proposed  vector  a,  but 
has  its  length  equal  to  that  assumed  unit :  so  that  it  is  (comp. 
146)  the  Unit'  Vector  in  the  direction  of  a.  We  shall  denoU  this 
unit-vector  by  the  symbol^  Ua ;  and  so  shall  write,  generally, 

TJa  =  -,     if  a  =  length  of  a ; 

that  is,  more  fully,  if  a  be,  as  above  supposed,  the  number 
(commensurable  or  incommensurable,  but  positive)  which  r«- 
presents  that  length,  with  reference  to  some  selected  standard. 

156.  Suppose  now  that  ^=/3:a  is  (as  at  first)  tk  general 
quaternion^  or  the  quotient  of  any  two  vectors^  a  and  /3,  whether 
^qual  or  unequal  in  length.  Such  a  Quaternion  will  not  (gene- 
i^y)  be  a  Versor  (or  at  least  not  simply  such),  according  to  the 
definition  lately  givoi ;  because  its  effect,  when  operating  as  a 
factor  (103)  on  a,  will  not  in  general  be  simply  to  turn  that 
line  (151):  but  will  (generally)  alter  the  length,^  as  well  as  the 
direction .  But  if  we  reduce  the  two  proposed  vectors,  a  and  j3, 
to  the  tufo  umt'VectoTs  JJa  and  U/3  (155),  and  form  the  quotient 
of  these  j\  we  shall  then  have  taken  account  of  relative  direction 
alone:  and  the  result  wiU  therefore  be  a  versor,  in  the  sense 
lately  defined  (151).  We  propose  to  call  the  quotient,  or  the 
versor,  thus  obtained,  the  versor-^lement,  or  briefly,  the  Ybr- 
^R,  of  the  Quaternion  q ;  and  shall  find  it  convenient  to  em- 

*  We  shall  soon  propose  a  general  notation  for  representing  the  length*  ofvectort, 
•cconUng  to  which  the  symbol  Ta  will  denote  what  has  been  abo^  called  a  :  bat^ 
are  nnwflling  to  introduce  more  than  one  new  ^aracteristie  ofoperationy  such  aa  K, 
vT,  or  U,  &a,  at  one  time, 

t  Bf  what  we  shall  soon  call  call  an  act  oftention^  which  will  lead  us  to  the 
<:<mideration  of  the  tensor  of  a  qnaternion. 
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ploy  the  same*  CharactertstiCi  U,  to  denote  the  operation  of 
takinff  the  versor  of  a  quaternion^  as  that  employed  above  to 
denote  the  operation  (155)  otredxwing  a  vector  to  ike  unit  of 
lengthy  without  any  change  of  its  direction.  On  this  plan,  the 
symbol  \Jq  will  denote  the  versor  ofq  ;  and  the  foregoing  de- 
finitions will  enable  us  to  establish  the  General  Formula : 

a      Uo 

in  which  the  two  unit-vectors^  Ua  and  TT/S,  may  be  called,  by 
analogy,  and  for  other  reasons  which  will  afterwards  appear, 
the  versorsj"  of  the  vectors,  a  and  /3. 

157.  In  thus  passing  from  a  given  qfiatemionj  q,  to  its  ver- 
sor j  Vq,  we  have  only  changed  (in  general)  the  lengths  of  the 
two  lines  compared,  namely,  by  reducing  each  to  the  assumed 
unit  of  length  (155,  156),  without  making  any  change  in  their 
directions.  Hence  the  plane  (119),  the  axis  (127,  128),  and 
the  angle  (130),  of  the  quaternion,  remain  unaltered  in  this 
passage ;  so  that  we  may  establish  the  two  following  general 

formulse : 

/.Vq^Lq;         Ax.Vq^Ax.q. 

More  generally  we  may  write, 

*  For  the  moment,  this  double  use  of  the  characteristic  U,  to  assist  in  denoting 
both  the  unit-vector  XSa  derived  firom  a  given  Un«  a,  and  also  the  versor  IJq  derived 
firom  a  quaternion  q,  may  be  regarded  as  established  here  by  arbitrary  definition; 
but  aapermittedf  because  the  difference  of  the  tymhoU,  as  here  a  and  9,  which  serve 
for  the  present  to  denote  vectors  and  quaternions^  considered  as  the  subjects  of  these 
^100  operations  U,  will  prevent  Buch.  double  use  of  that  charaeterigtic  irom  giving  rise 
to  any  eonfuaion.  But  we  shall  farther  find  that  several  important  oMologiesKnhy 
anticipation  expressed^  or  at  least  suggetiedy  when  the  proposed  notation  is  employed. 
Thus  it  will  be  found  (comp.  the  Note  to  page  119),  that  every  vector  a  may  usefully 
be  equated  to  that  right  quotienty  of  which  it  is  (138)  the  index  ;  and  that  then  the 
unit-vector  JJa  may  be,  on  the  same  plan,  equated  to  that  right  radial  (147),  whidi 
is  (in  the  sense  lately  defined)  the  versor  of  that  right  quotient.  We  shall  also  find 
ourselves  led  to  regard  every  unit-vector  as  the  axis  of  a  quadrantal  (or  right")  rota- 
tion, in  a  plane  perpendicular  to  that  axis ;  which  will  supply  another  inducement, 
to  speah  of  every  such  vector  as  a  versor.  On  the  whole,  it  appears  that  there  will 
be  no  inconvenience,  but  rather  a  prospective  advantage,  in  our  already  reading  the 
symbol  Ua  as  "  versor  of  a  ;*'  just  as  we  may  read  the  analogous  sj^mbol  U9,  as 
^^  versor  of  q" 

t  Compare  the  Note  immediately  preceding. 
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Lq^Lq^  and  Ax  .gf^Ax .  g,  if  JJq' »  \Jq ; 
the  versar  of  a  quatertdon  depending  solely  on^  but  conversely 
being  sufficient  to  determine,  the  relative  direction  (166)  of  the 
two  lines,  of  which  (as  vectors)  the  quaternion  itself  is  the  quo- 
tient  (112);  or  the  axis  and  angle  of  the  rotation,  in  the  plane 
of  those  two  lines,  from  the  divisor  to  the  dividend  (128) :  so 
that  any  two  quaternions,  which  have  equal  versors,  must  also 
have  equal  angles,  and  equal  (or  coincident)  axes,  as  is  ex- 
pressed by  the  last  written  formula.  Conversely,  from  this 
dependence  of  the  versor  TJq  on  relative  direction*  alone,  it 
follows  that  any  two  quaternions,  of  which  the  angles  and  the 
axes  are  equal,  have  also  equal  versors;  or  in  symbols,  that 

Uj'=Uy,  if  Lq'=^Z.q,  and  Ax.y'  =  Ax.y. 
For  example,  we  saw  (in  138)  that  the  conjugate  and  the  re- 
ciprocal of  any  quaternion  have  thus  their  angles  and  their 
axes  the  same;  it  follows,  therefore,  that  the  versor  of  the 
cofgugate  is  always  eqtLal  to  the  versor  of  the  reciprocal;  so 
that  we  are  permitted  to  establish  the  following  general  for- 
mula,t 

158.  Again,  because  • 

it  follows  that  the  versor  of  the  reciprocal  of  tjij  quaternion  is, 
at  the  same  time,  the  reciprocal  of  the  versor ;  so  that  we  may 
write, 

*  The  tatit'Veetor  TTa,  which  we  have  recently  proposed  (156)  to  call  the  versor 
of  the  vector  a,  depends  in  like  manner  on  the  directum  of  that  vector  alone:  which 
ezebmve  reference^  in  each  of  theae  two  cases,  to  Direction,  may  serve  as  an  addi- 
tional ntotive  for  employing,  as  we  have  lately  done,  one  common  name,  Versor, 
and  one  common  eharacterittic,  U,  to  assist  in  describing  or  denoting  both  the  Vntt" 
Vector  Va  itself  and  the  Qnotient  of  two  such  Unit-  Feetors,  TJq  =  U/8 :  Va  ;  all 
danger  of  confusion  being  sufiSciently  guarded  against  (comp.  the  Note  to  Art  156), 
by  the  difference  of  the  two  symhols,  a  and  9,  employed  to  denote  the  vector  and  the 
quatemiony  which  are  respectively  the  subjects  of  the  two  operations  U ;  while  those 
two  operations  agree  in  this  essential  point,  that  each  serves  to  eliminate  the  quan- 
titaiive  element^  of  absolute  or  relative  length. 

t  Compare  the  Note  to  Art.  138. 

T 
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Ul  =  :i-;    or    Uy.ui-l. 
q     \Jq  ^       q 

Hence,  by  the  recent  result  (157),  we  have  also,  generally, 
UKy  =  ^;    or,     Uy.UKy-l. 

Also,  because  the  versor  \Jq  is  always  a  radial  quotient  (151 , 
152),  it  is  (by  150)  the  conjugate  of  its  own  reciprocal;  and 
therefore  at  the  same  time  (comp.  145),  the  reciprocal  of  its 
own  conjugate;  so  that  the  product  of  two  conjugate  versors^ 
or  what  we  have  called  (145,  (11*)  )  their  common  Norm,  is 
always  equal  to  positive  unity ;  or  in  symbols  (comp.  150), 

For  the  same  reason,  the  conjugate  of  the  versor  of  any  qua- 
ternion is  equal  to  the  reciprocal  of  that  versor^  or  (by  what 
has  just  been  seen)  to  the  versor  of  the  reciprocal  of  that  qua- 
ternion; and  therefore  also  (by  167)»  to  the  versor  of  the  con- 
jugate; so  that  we  may  write  generally,  as  a  summary  of  re- 
cent results,  the  formula : 

each  of  these  four  symbols  denoting  a  new  versor^  which  has 
the  same  plane,  and  the  same  angle,  as  the  old  or  given  versor 
JJq,  but  has  an  opposite  axis,  or  an  opposite  direction  of  rota- 
tion: so  that,  with  respect  to  that  given  Versor,  it  may  na- 
turally be  called  a  Rbversor. 

159.  As  regards  the  versor  itself  whether  of  a  vector  or  of 
a  quaternion,  the  definition  (155)  of  Ua  gives, 

Uxa  =  +  Ua,     or     =  -  Ua,     according  as    «  >  or  <  0 ; 

because  (by  15)  the  scalar  coejfficient  x  preserves,  in  the  first 
case,  but  reverses,  in  the  second  case,  the  direction  of  the  vec- 
tor a;  whence  also,  by  the  definition  (156)  of  Uy,  we  have 
generally  (comp.  126,  143), 

JJxq -  +  Uy,     or    =  -  JJq,     according  as    ;c>  or  < 0. 
The  versor  of  a  scalar,  regarded  as  the  limit  of  a  quaternion 
(131, 139),  is  equal  to  positive  or  negative  unity  (comp.  147, 
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153)y  accordiDg  as  the  scalar  itself  is  positiye  or  negative ;  or 
in  symbols, 

Ux  =»+  I,  or  -  -  1,    according  as    «  >  or  <  0 ; 

the  plane  and  axU  of  each  of  these  two  unit  scalars  (UT),  con- 
sidered as  versors  (153),  being  (as  we  have  already  seen)  inde- 
terminate..  The  ver$ar  of  a  null  quaternion  (141)  must  be  re- 
garded as  wholly  arbitraryj  unless  we  happen  to  know  a  lawj* 
according  to  which  the  quaternion  tends  to  zeroy  before  actually 
reaching  that  limit;  in  which  latter  case,  thep/an^,  the  axis^ 
and  the  angle  of  the  versor^  UO  may  all  become  determined^  as 
Uttdts  deduced  from  that  law.  The  versor  of  a  right  quotient 
(132),  or  of  a  right-angled  quaternion  (141),  is  always  a  right 
radial  (147),  or  a  right  versor  (153) ;  and  therefore  is,  as  such, 
ime  of  the  square  roots  of  negative  unity  (149),  or  one  of  the 
values  of  the  symbol  V  -  1 ;  while  (by  150)  the  axis  and  the 
index  of  such  a  yersor  coincide  ;  and  in  like  manner  its  recipro" 
calj  its  conjugate^  and  its  opposite  are  all  equal  to  each  other. 
160.  It  is  evident  that  if  a  proposed  quaternion  q  be  already 
a  versor  (151),  in  the  sense  of  being  a  radial  (146),  the  ope- 
ration of  taking  its  versor  (156)  produces  no  change;  and  in 
like  manner  that,  if  a  given  vector  a  be  already  an  unit^vectory 
it  remains  the  same  vector,  when  it  is  divided  (155)  by  its  own 
length;  that  is,  in  this  case,  by  the  number  one.  For  example, 
we  have  assumed  (128,  129),  that  the  axis  of  every  quaternion 
is  kdl  unit-'vector ;  we  may  therefore  write,  generally,  in  the  no- 
tation of  165,  the  equation, 

U(Ax.y)  «  Ax  .y. 

A  second  operation  U  leaves  thus  the  result  ofthe^rst  opera- 
tion IJ  unchanged,  whether  the  subject  of  such  successive  ope- 
rations be  a  liney  or  a  quaternion ;  we  have  therefore  the  two 

*  CompsTo  the  Note  to  Art.  131. 

t  When  the  zero  in  this  cym5o/,  UO,  is  considered  as  denoting  a  nuU  vector  (2), 
the  STmbol  itself  denotes  gemeraUy^  by  the  foregoing  principles,  an  indeterminate 
mmi'veetari  although  the  direction  of  this  unit-yector  may,  in  certain  questions^  be^ 
route  detennined,  as  a  limit  resnlting  from  a  law. 
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following  general  formuls,  differing  only  in  the  sjrmbola  of 
that  subject : 

UUa«Ua;        UUy-Uy; 

whence,  by  abstracting  (comp.  l^Bi)  from  the  subject  of  the 
operation,  we  may  write,  briefly  and  sjrmbolically, 

u»=uu-u. 

161.  Hence,  with  the  help  of  145,  158,  159*  we  easily  deduce 
the  following  (among  other)  transformations  qfth€  versor  of  a  qua-- 
ternion : 

=  U:^=UKi  =  U«y  =  UKui  =  UK4-  =  (UK)«g; 
Kg  J         ^  q  JJq     ^       ^^ 

Uq^TJxq^  if  a?>0;         ^-IJxq,  if  x<0. 

We  may  also  write,  generally, 

the  parentheses  being  here  unnecessary,  because  (as  will  soon  be  more 
fully  seen)  the  symbol  TJj*  denotes  one  common  versor^  whether  we 
interpret  it  as  denoting  the  square  of  the  versor j  or  as  the  versor  of 
the  square,  of  q.  The  present  Calculus  will  be  found  to  abound  in 
Oeneral  Transformations  of  this  sort;  which  all  (or  nearly  all),  like 
the  foregoing,  depend  ultimately  on  very  smple  geometrical  concept 
tions;  but  which,  notwithstanding  (or  rather,  perhaps,  on  account 
of)  this  extreme  simplicity  of  their  origin,  are  often  useful,  as  dements 
of  a  new  kind  oi  Sywholicoil  Language  in  (Geometry:  and  generally, 
as  instruments  of  expression,  in  all  those  mathematical  or  physical 
researches  to  which  the  Calculus  of  Quaternions  can  be  applied.  It 
is,  however,  by  no  means  necessary  that  a  student  of  the  subject, 
at  the  present  stage,  should  make  himself  familiar  with  all  the 
recent  transformations  of  Vq;  although  it  may  be  well  that  he 
should  satisfy  himself  of  their  correctness,  in  doing  which  the  fol- 
lowing remarks  will  perhaps  be  found  to  assist. 

(I.)  To  give  9L,  geometrical  iUugtration,  which  may  also  serve  m  a  proof,  of  the 
recent  equation, 

7:K9  =  (U7)2, 
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m  may  employ  Fig.  86,  hit;  in  which,  by  145,  (2.),  we  have 

^  Kq  OA  ob'  ob'  \opJ  V  ®^/ 
(2.)  Ab  nguds  the  eqnatioii,  V(q*)  =  (XJff)*,  we  have  only  to  oon^ve  that  the 
three  Hues  oa,  ob,  oc,  of  fig.  42,  are  cat  (as  in  Fig.  42,  bit)  in 
time  new  points,  a',  b',  cT,  hy  an  mui-cirele  (at  by  a  drde  with 
a  ndioa  eqnal  to  the  nnit  of  length),  wliich  is  desoihed  aboat 
thdr  r^nMnwwuim  origin  o  as  centra,  and  in  their  common  plane;  for 
then  if  these  thrae  lines  be  called  a,  /),  y,  the  three  new  lines  oa', 
ob',  o&  are  (by  155)  the  three  nnit-veetors  denoted  by  the  qrm- 
bols,  Uo,  lJ/3,  Uy ;  and  we  have  the  transformations  (comp.  148, 
119), 

"(•^-"■(fT-'l-S-S-ls:)*-'""-- 

(S.)  Ab  regards  other  recent  transformations  (161),  although 
we  hare  seen  (185)  that  it  is  aof  neeettaty  to  inyent  any  new  or 
pecoiKar  jyeiftof,  to  represent  the  redproeal  of  a  qoatemioD,  yet   ^ 
i(  ftr  the  sake  of  present  conrenieDoe,  and  asa  merely  temponny 
■oterioB,  we  write 

„       1 


onploying  thna,  for  a  moment,  the  letter  B  as  a  eharaeterittie  ofretiproeoiitm^  or 
of  the  operation  of  ioMng  the  redprotal,  we  shall  then  have  the  tymbolical  equations 
(eomp.146,  158): 

bstveh«f«also(by  160),  UisU;  whence  it  easily  follows  that 

UaBt7B«=BKTJ=BITKsKlTR==KRlJ  =  KUK 
=:UBKs:nKB=UKUB=  UKBU=  (UK)«  =  Ac. 
(4.)  The  equation 

U  ?  »U^.    01  simply,     Up  -  Uft 
a        a 

ttpessaa  that  the  Ipenf  of  the  point  p  is  the  indeftMie  right  line,  or  ray  (comp.  132, 
(S-)),  iriiidi  is  drawn /rout  o  m  the  direetum  of  ob,*  bnt  not  in  the  opposite  direc- 
lion;  beeaose  it  is  equivalent  to 


u£. 


1 ;    or  z  ^  c  0 ;    or  p  « ;rj3,  «  >  0. 


(5.)  On  the  other  hand  the  equation, 

U5  =  -U^,    orUp«-U/3, 
a  a 

txpicssss  (comp.  182,  (5.))  that  the  locos  of  p  is  the  oppotite  ray  from  o ;  or  that 
it  is  the  indtfinitt  proiomgation  of  the  reveetor  bo  ;  because  it  may  be  transformed  to 


*  In  182,  (4.),  p.  119,  OA  and  a  ought  to  have  been  ob  and  b. 


142  ELEMENTS  OF  QUATERNIONS.       [bOOK  II. 

U|  =  -l;     or    -t|  =  «';     or    p=jpft  aj<0. 
(6.)  If  a,  pt  y  denote  (as  in  sab-art  2}  the  three  linee  oa,  ob,  og  of  Fig.  42  (or 
of  Fig.  42,  tni),  so  that  (by  149}  we  have  the  equation  -  s=  f  ^  J ,  then  this  other 
equation,  (^jT^^? 

expresses  ^Mi«ra/ly  that  the  loeut  of  p  is  the  tytiem  of  the  two  last  loci ;  or  that  it  is 
the  whole  indefinite  right  Kne,  both  ways  prolonged,  through  the  two  points  o  and  b 
(comp.  144,  (2.)). 

(7.)  But  if  it  happen  that  the  line  y,  or  oc,  like  oa'  in  Fig.  41  (or  in  Fig.  41, 
ftiff),  has  the  direction  oppoeite  to  that  of  a,  or  of  oa,  so  that  the  last  equation  takes 
the  particular  fomiy 


("IT-. 


then  U-  must  be  (by  164)  a  right  vereor;  and  redprocally,  every  right  vertor,  with 

a  plane  containing  a,  will  be  (by  168)  a  value  satisfying  the  equation.  In  thie  cue, 
therefore,  the  loetu  of  the  point  F  is  (as  in  182,  (L),  or  in  144,  (1.))  the  plane 
through  o,  perpencHeular  to  the  Une  OA ;  and  the  recent  equation  itself^  if  supposed 
to  be  satified  by  a  real*  vector  p,  may  be  put  under  either  of  these  two  earlier  but 
equivalent  ybmw  .*  v 

P      *• 

Section  9. —  On  Fector-Arcs,  and  Vectar-Anffles,  considered 
as  Representatives  ofVersors  qf  Quaternions  ;  and  on  the 
Multiplication  and  Division  of  any  one  such  Versor  by 
another, 

162.  Since  eyery  unit-vector  oa  (129),  drawn  from  the 
origin  o,  terminates  in  some  point  a  on  the  surface  of  what  we 
have  called  the  unit-sphere  (12S),  that  term  a  (1)  may  be 
considered  as  a  Representative  Point,  of  which  the  position  on 
that  surface  determines,  and  may  be  said  to  represent,  the 
direction  of  the  line  oa  in  space ;  or  of  that  line  multiplied 
(12,  17)  by  any  positive  scalar.  And  then  the  Quaternion 
which  is  the  quotient  (112)  of  any  two  such  unit-vectors,  and 
which  is  in  one  view  a  Radial  (146),  and  in  another  view  a 
Versor  (151),  may  be  sidd  to  have  the  arc  of  a  great  circle, 
AB,  upon  the  unit  sphere,  which  connects  the  terms  of  the  two 

*  Compare  149,  (2.) ;  also  the  second  Note  to  the  same  Article ;  and  the  Notes 
to  i^ge  90. 
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Yectors,  for  its  Representative  Arc.  We  may  also  call  this 
arc  a  Vector  Arc,  on  account  of  its  having  a  definite  direc* 
tian  (comp.  Art.  1),  such  as  is  indicated  (for  example)  by  a 
curved  arrow  in  Fig.  39  \  niQ  as  being  thus  contrasted  with 
its  own  opposite,  or  with  what  may  be  called  by  analogy  the 
JSeveetor  Arc  ba  (comp.  again  1) :  this  latter  arc  represent- 
ing, on  the  present  plan,  at  once  the  reciprocal  (134),  and  the 
conjugate  (137),  of  the  former  versor;  because  it  represents 
the  corresponding  Reversor  (156). 

163.  This  mode  of  representation,  of  versors  of  quaternions 
by  vector  arcs,  would  obviously  be  very  imperfect,  unless 
equals  were  to  be  represented  by  equals.  We  shall  therefore 
define,  as  it  is  otherwise  natural  to  do,  that  a  vector  arc,  ab, 
upon  the  unit  sphere,  is  equal  to  every  other  vector  arc  cd 
which  can  be  derived  from  it,  by  simply  causing  (or  conceiv- 
ing) it  to  slide^  in  its  own  great  circle,  tnthout  any  change  of 
length,  or  reversal  of  direction.  In  fact,  the  two  isosceles  and 
plane  triangles  aob,  cod,  which  have  the  origin  o  for  their 
common  vector,  and  rest  upon  the  chords  of  these  two  arcs  as 
bases,  are  thus  complanar,  similar,  and  similarly  turned ;  so 
that  (by  1 17,  1 18)  we  may  here  vnrite, 

OB      CD 
A  AOB  OC  COD,         —  =  — ; 
OA      DC 

the  condition  of  the  equality  of  the  quotients  (that  is,  here,  of 
the  versors),  represented  by  the  two  arcs,  being  thus  satisfied. 
We  shall  sometimes  denote  this  sort  of  equality  of  two  vector 
arcs,  AB  and  cd,  by  the  formula, 

^  AB  =  />  CD  ;  ^*N<n 

and  then  it  is  clear  (comp.  125,  and  the  ear-  /     /   \^ 

lier  Art.  3)  that  we  shall  also  have,  by  what  /  /         \ 

may  be  oalled  inversion  and  alternation,  //    .^^'--''A 

these  two  other  formulae  of  arcual  equality,  o^-- 


Fig.  85,  bis, 
'^  BA «  /^  DC ;  ^  AC  =  r\  BD.  *       ' 

(Compare  the  annexed  Figure  35,  bis.) 

*  Some  aid  to  the  conception  may  here  be  derived  from  the  inspection  of  Fig 
34;  ia  which  two  equal  angles  are  supposed  to  be  traced  on  the  surface  of  one  com- 
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164.  Conversely,  unequal  versors  onght  to  be  represented 
(on  the  present  plan)  by  unequal  vector  arcs;  and  accordingly, 
we  purpose  to  regard  any  two  such  arcsy  as  being,  for  the  pre- 
sent purpose,  unequal  (comp.  2),  even  when  they  agree  in 
quantity^  or  contain  the  same  number  of  degrees^  provided  that 
they  differ  in  direction :  which  may  happen  in  either  of  two 
principal  ways,  as  follows.  For,  1st,  they  may  be  opposite 
arcs  of  one  great  circle;  as,  for  example,  a  vector  arc  ab,  and 
the  corresponding  revector  arc  ba  ;  and  so  may  represent  (162) 
a  versor^  OB  :  oa,  and  the  corresponding  reversor,  gas  ob,  re- 
spectively. Or,  Ilnd,  the  two  arcs  may  belong  to  diffisrent 
great  circles ^  like  ab  and  BC  in  Fig.  43 ;  in  which  latter  case, 
they  represent  two  radial  quotients 
(146)  in  different  planes ;  or  (comp. 
119)  two  diplanar  versors^  ob:oa, 
and  00 :  ob  ;  bat  it  has  been  shown 
generally  (122),  that  diplanar  qua* 
temions  are  always  unequal:  we 
consider  therefore,  here  again  the 
arcSf  AB  and  bc,  themselves^  to  be 
(as  has  been  said)  unequal  vectors. 

165.  In  this  manner,  then,  we  may  be  led  (comp.  122)  to 
regard  the  conception  of  a  plane  ^  or  of  the  position  of  a  great 
circle  on  the  unit  sphere,  as  entering,  essentially ^  in  general,* 
into  the  conception  of  a  vector-^rc,  considered  as  the  representa* 
tive  of  a  versor  (162).  But  even  without  expressly  referring 
to  versorsj  we  may  see  that  if,  in  Fig.  43,  we  suppose  that  b 
is  the  middle  point  of  an  arc  a  a'  of  a  great  circle,  so  that  in  a 
recent  notation  (163)  we  may  establish  the  arcual  equation^ 

/^  AB  =  />  ba', 

we  ought  then  (comp.  105)  not  to  write  alsoy 
'^  ab  a  '>  BC; 

MOH  desk.  Or  the  four  lines  oa,  ob,  oc,  od,  of  Fig.  86,  may  now  be  conceived  to 
be  equally  longs  or  to  be  cat  by  a  circle  with  o  for  centre,  as  in  the  modification  of 
that  Figure,  which  is  given  in  Article  168,  a  little  lower  down. 

♦  We  say,  »n  general;  for  it  will  soon  be  seen  that  there  is  a  sense  in  which  all 
great  eemicirelee^  considered  as  vector  arcs,  may  be  said  to  be  equal  to  each  other. 


CHIP.  1.]        ARCUAL  BQUATIOMS,  CO-ARCUALiTT.  146 

because  the  tico  co-initial  arcs^  ba'  and  BC,  which  terminate 
differently^  must  be  con:*i<lercd  (comp.  2)  to  be,  as  vector-arcs, 
tmequaL  On  the  other  hand,  if  we  should  refuse  to  admit  (as 
in  163)  that  any  two  complanar  arcs^  if  equally  long,  and  ^tmt- 
larly  (not  oppositely)  directed,  like  ab  and  cd  in  the  recent 
Fig.  35,  bis^  are  eqtial  vectors,  we  could  not  usefully  speak  of 
equality  between  vector-arcs  as  existing  under  any  circum- 
stances. We  are  then  thus  led  agidn  to  include,  generally,  the 
conception  of  a  plane,  or  of  one  great  circle  as  distinguished 
from  another,  as  an  element  in  the  conception  of  a  Vector- Arc. 
And  hence  an  equation  between  two  such  arcs  must  in  general 
be  conceived  to  include  two  relations  of  co-arcuality.  Vot 
example,  the  equation  '^  ab  »  ^  on,  of  Art.  163,  includes  gene- 
rally, as  Vkpart  of  its  signification,  the  assertion  (comp.  123) 
that  the  four  points  a,  b,  c,  d  belong  to  one  common  great  cir- 
de  of  the  unit-sphere ;  or  that  each  of  the  two  points,  c  and  n, 
is  co-arcual  with  the  two  other  points,  a  and  b. 

166.  There  is,  bowsTer,  a  remarkable  case  of  exception,  in  which 
two  vector  arcs  may  be  said  to  be  equal,  although  situated  in  diffe- 
rent planes:  namely,  when  they  are  both  great  semicircles.  In  fact, 
upon  the  present  plan,  every  great  Bemicircle,  aa',  considered  as  a 
vector  arc,  represents  an  inversor  (153);  or  it  represents  negative 
unity  (oa'  :  oa  =  -  a  :  o=-  1),  considered  as  one  limit  of  a  versor; 
but  we  have  seen  (159)  that  stick  a  versor  has  in  general  an  indeter- 
minate plane.  Accordingly,  whereas  the  initial  and  final  points^  or 
(comp.  I)  the  origin  A  and  the  term  b,  of  a  vector  arc  ab,  are  in  ge- 
neral sufficient  to  determine  the  plane  of  that  arc,  considered  as  the 
shortest  or  the  most  direct  path  (comp.  112,  128)  from  the  one  point 
to  the  other  on  the  sphere;  in  the  particular  case  when  one  of  the 
two  given  points  is  diametrically  opposite  to  the  other,  as  a'  to  a, 
the  direction  of  this  path  becomes,  on  the  contrary,  indeterminate. 
If  then  we  only  attend  to  the  effect  produced,  in  the  way  of  change 
of  position  of  a  point,  by  a  conceived  vection  (or  motion)  upon  the 
sphere,  we  are  permitted  to  say  that  all  great  semicircles  are  equal 
vector  arcs;  each  serving  simply,  in  the  present  view,  to  transport  a 
point  from  one  position  to  the  opposite;  and  thereby  to  reverse  (like 
the  factor  - 1,  of  which  it  is  here  the  representative)  the  direction  of 
the  radius  which  is  drawn  to  that  point  of  the  unit  sphere. 

u 
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(1.)  The  eqoAtion, 

rk  AA'  =  O  BB', 

in  which  it  is  here  sapposed  that  a'  is  opposite  to  a,  and  a'  to  b,  satisfies  evidently 
the  general  conditumt  of  co-areuality  (165);  because  the  four  i>oints  abaV  are  all 
on  one  great  dide.  It  is  evident  that  the  same  arcnal  equation  admits  (as  in  168) 
of  inveraion  and  altematian  ;  so  that 

r\  a'a  =  f>  b'b,    and      n  ab  =  o  a'b'. 

(2.)  We  may  also  say  (comp.  2)  that  all  null  aret  are  09110/,  as  producing  na 
^eet  on  the  position  of  a  point  upon  the  sphere ;  and  thus  may  write  generally, 

n  AA  =  n  BB  =  0, 
with  the  alternate  equation,  or  identity,  n  ab  =  o  ab. 

(8.)  Every  such  null  vector  arc  aa  is  a  repreeentativej  on  the  present  plan,  of  the 
other  unit  ecalart  n&meLy  positive  unityy  considered  as  another  limit  of  a  vereor  (153) ; 
and  its  plane  is  again  indeterminate  (159),  unless  some  law  be  given,  according  to 
which  the  arcnal  vection  may  be  conceived  to  &ept»,  from  a  given  point  a,  to  an  in- 
definitely near  point  b  upon  the  sphere. 

'  167.  The  principal  use  of  Vector  Arcs^  in  the  present 
theory,  is  to  assist  in  representing^  and  (so  to  speak)  in  con- 
structing^ by  means  of  a  Spherical  Triangle,  the  Multiplica- 
tion and  Division  of  any  two  Diplanar  Versors  (comp.  119, 
164).  In  fact,  any  two  such  versors  of  quaternions  (156), 
considered  as  radial  quotients  (152),  can  easily  be  reduced  (by 
the  general  process  of  Art.  120)  to  the  forms, 

y  =  j3:a  =  OB  :  OA,         §''  =  7 :  j3=  oc  :  oB, 
where  a,  b,  c  are  comers  of  such  a  triangle  on  the  unit  sphere ; 
and  then  (by  107),  the  former  quotient  multiplied  by  the  lat- 
ter will  give  for  product : 

j'.  y  =  7  :  a  =  oc  :  oa. 
If  then  (on  the  plan  of  Art.  1)  any  two  successive  arcs,  as  ab 
and  BC  in  Fig.  43,  be  called  (in  relation  to  each  other)  vector 
and  provector ;  while  that  third  arc  ac,  which  is  drawn  from 
the  initial  point  of  the  first  to  the  final  point  of  the  second, 
shall  be  called  (on  the  same  plan)  the  transvector :  we  may  now 
say  that  in  the  multiplication  of  any  one  versor  (of  a  quater- 
nion) by  any  other,  if  the  multiplicand*  q  he  represented  {\Q2) 
by  a  vector-arc  ab,  and  if  the  multiplier  q  be  in  like  manner 

*  Here,  as  in  107,  and  elsewhere,  we  write  the  symbol  of  the  multipHer  towards 
the  left-handy  and  that  of  the  multiplieand  towards  the  rigla. 
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represented  by  a  proveclor-arc  bc»  which  mode  of  representa- 
tion is  always  possible,  by  what  has  been  already  shown,  then 
the  product  q\  q^  or  qq^  is  represented^  at  the  same  time,  by 
the  transvector-arc  AC  corresponding. 

168.  One  of  the  most  remarkable  consequences  of  this  coU" 
struction  of  the  muUiplication  ofversors  is  the  following :  that 
the  value  of  the  product  of  tioo  diplanar  versors  (164)  depends 
upon  the  order  of  the  factors  ;  or  that  qq  and  qq'  are  unequal^ 
unless  q  be  complanar  (119)  with  q.  For  let  aa'  and  cc'  be 
any  two  arcs  of  great  circles,  in  different  planes^  bisecting  each 
other  in  the  point  b,  as  Fig.  43  is  designed  to  suggest ;  so 
that  we  have  the  two  arcual  equations  (163), 

^  AB  B  "^  ba',     and     '^  bc  =  «  c'b  ;  /^ 

then  one  or  other  of  the  two  following  alternatives  will  hold 
good.  Either,  Ist,  the  two  mutually  bisecting  arcs  will  both 
be  semicircles^  in  which  case  the  two  new  arcs^  ac  and  c'a',  will 
indeed  both  belong  to  one  great  circle^  namely  to  that  of  which 
b  is  a  polcy  but  will  have  opposite  directions  therein ;  because, 
in  this  case,  a'  and  d  will  be  diametrically  opposite  to  a  and  c, 
and  therefore  (by  166,  (1.)  )  the  equation 

-^  AC  =  '>  a'c', 
but  not  the  equation 

'^  AC  =  '^  c'a', 

will  be  satisfied.  Or,  Ilnd,  the  arcs  aa'  and  cc',  which  are 
supposed  to  bisect  each  other  in  b,  will  not  both  be  semicircles, 
even  \S  one  of  them  happen  to  be  such  ;  and  in  this  case,  the 
arcs  AC,  c'a'  will  belong  to  two  distinct  great  circles^  so  that  they 
will  be  diplanar^  and  therefore  unequal^  when  considered  as 
vectors.  (Compare  the  Ist  and  Ilnd  cases  of  Art.  164.)  In 
each  case,  therefore,  ac  and  c'a'  are  unequal  vector  arcs;  but  the 
former  has  been  seen  (167)  to  represent  the  product  qq\  and 
the  latter  represents,  in  like  manner,  the  other  product,  qq\  of 
the  same  two  versors  taken  in  the  opposite  order,  because  it  is 
the  new  transvector  arc,  when  c'b  (»  bc)  is  treated  as  the  new 
vector  arc,  and  ba'  (»  ab)  as  the  new  provector  arc,  as  is  indi- 
cated by  the  curved  arrows  in  Fig.  43.    The  two  products, 


P 
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^'9  aod  q^y  are  therefore  theimelves  unequal,  as  above  asserted  , 
under  the  supposed  condition  of  diplanarity. 

169.  On  the  other  hand,  when  the  two  fiictors,  q  and  ^% 
(ire  complanar  versorsy  it  is  easy  to  prove,  in  several  differen  t; 
ways,  that  their  products,  q'q  and  qq\  are  equals  as  in  algebra. 
Thus  we  may  conceive  that  the  arc  cc',  in  Fig.  43,  is  made  to 
turn  round  its  middle  point  b,  until  the  spherical  angle  cba.' 
vanishes;  and  then  the  two  new  transvector-arcsy  ac  and  c'a% 
will  evidently  become  not  only  complanar  but  equals  in  the 
sense  of  Art.  163,  as  being  ^^7/  equally  lonff,  and  being  nota 
similarly  directed.     Or,  in  Fig.  35,  disy  of  the  last  cited  Arti- 
cle, we  may  conceive  a  point  e,  bisecting  the  arc  bc,  and  there- 
fore also  the  arc  ad,  which  is  commedial  therewith  (comp. 
Art.  2,  and  the  second  Figure  3  of  that  Article) ;  and  then, 
if  we  represent  the  one  versor  q  by  either  of  the  two  equal 
arcs,  AE,  ED,  we  may  at  the  same  time  represent  the  other 
versor  q'  by  either  of  the  two  other  equal  arcs,  eg,  be  ;  so  that 
the  one  product,  qq^  will  be  represented  by  the  arc  ac,  and 
the  other  product,  qq\  by  the  equal  arc  bd.     Or,  without  re- 
ference to  vector  arcs^  we  may  suppose  that  the  two  factors 

•  are, 

y  =  /3 :  a  =  oB  :  oa,         y'  =  7  :  o  =  oc  :  oa, 

OA,  OB,  00  being  any  three  complanar  and  equally  long  right 
lines  (see  again  Fig.  35,  bis) ;  for  thus  we  have  only  to  deter- 
mine a  fourth  line,  S  or  od,  of  the  same  length,  and  in  the  same 
plane,  which  shall  satisfy  the  equation  8:7  =  /3:a  (117),  and 
therefore  also  (by  125)  the  alternate  equation,  8:j3  =  7:a; 
and  it  will  then  immediately  follow?  (by  107),  that 

p    a     a     y    a 

We  may  therefore  infer,  for  any  two  versor s  of  quaternions,  q 
and  q\  the  two  following  reciprocal  relations : 

*  It  is  evideat  that,  in  this  last  prooess  of  reasoning,  ve  make  mo  km  of  the  sup- 
poaed  •qHality  oflengiht  of  the  four  lines  compared ;  so  that  we  might  prove,  in  ex- 
actly the  same  way,  that  q'q=qq  if  9'  1 1|  9  (123),  wUhont  assuming  that  these  two 
complanar  fketartt  or  quaternions^  q  and  q\  are  veraon. 
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l.,.qq^q^,     if    y|||?(l23); 
ll...\£q'q^q^j     then     q'\\\q{\6^)\ 
amvertibility  of  factors  (as  regards  their />2ace«  in  the  product) 
being  thus  at  once  a  consequence  and  vl  proof  oi  complanarUy, 

170.  In  the  1st  case  of  Art.  168,  the  factors  q  and  ^  are  both 
right  versart  (153) ;  and  because  we  have  seen  that  then  their  two 
products,  q'q  and  q^y  are  Tersors  represented  by  equally  long  but  op- 
positely directed  arcs  of  one  great  circle,  as  in  the  1st  case  of  164,  it 
follows  (comp.  162),  that  these  two  products  are  at  once  reciprocal 
(134),  and  conjugate  (137),  to  each  other;  or  that  they  are  related 
•a  versor  and  reversor  (158).     We  may  therefore  write,  generally, 

I.  .  .  qq'=^q%     and     XL  ..  yy'=»-7-> 

if  q  and  q'  be  any  two  right  versors;  because  the  multiplication  of 
any  two  such  versors,  in  two  opposite  orders,  may  always  be  repre- 
sented or  constructed  by  a  Figure  such  as  that  lately  numbered 
43,  in  which  the  bisecting  arcs  aa'  and  cc'  are  semicircles.  The  Ilnd 
formula  may  also  be  thus  written  (comp.  135,  154): 

III.  ..  if  5*  =  -l,  and  ^^=-1,  then  q'q'qq'=+li 

uid  under  this  form  it  evidently  agrees  with  ordinary  algebra,  be« 
cause  it  expresses  that,  under  the  supposed  conditions, 

q'q,qq'^q*.^\ 
but  it  will  be  found  that  this  last  equation  is  not  an  identity,  in  the 
general  theory  of  quaternions, 

171.  If  the  two  bisecting  semicircles  cross  each  other  at  right 
angles^  the  conjugate  products  are  represented  by  two  quadrants, 
oppositely  turned,  of  one  great  circle.  It  follows  that  if  two  right 
versors,  in  two  mutually  rectangular  planes,  he  multiplied  together  in  two 
(^fposite  orders,  the  two  resulting  products  will  he  two  opposite  right 
versors,  in  a  third  plane,  rectangular  to  the  two  former;  or  in  symbols, 
that 

if5"  =  -l,  j^  =  -l,  and  Ax.  gr' -I.  Ax.  y, 
then 

and 

Ax.  (fq  a-  Ax.  q.     Ax.  ilq  o-  Ax.  /. 

In  this  case,  therefore,  we  have  what  would  be  in  algebra  a  paradox, 

namely  the  equation, 
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if  q  and  q*  be  any  two  right  versora^  in  two  rectangular  planes ;  but  we 
see  that  this  result  is  not  more  paradoxical,  in  appearance,  than  the 
equation 

qq=-q(][, 

which  exists,  under  the  same  conditions.  And  when  we  come  to  ex- 
amine what,  in  the  last  analysis,  maj  be  said  to  be  the  meaning  of  this 
last  equation,  we  find  it  to  be  simply  this:  that  any  two  quadrantal  or 
right  rotations^  in  planes  perpendicular  to  each  other,  compound  them- 
selves into  a  third  right  rotation,  as  their  resultant,  in  a  plane  perpendi- 
cular to  each  of  them:  and  that  this  third  or  resultant  rotation  has 
one  or  other  of  two  opposite  directions,  according  to  the  order  in  which 
the  two  component  rotations  are  taken,  so  that  one  shall  be  successive 
to  the  other. 

172.  We  propose  to  return,  in  the  next  Section,  to  the 
consideration  of  such  a  System  of  Riff  ht  Versors^  as  that  which 
we  have  here  briefly  touched  upon :  but  desire  at  present  to 
remark  (c;omp.  167)  that  a  spherical  trianffle  ABcmajserYC  to 
constritcty  by  means  of  representative  arcs  (162),  not  only  the 
multiplication,  but  also  the  division,  of  any  one  of  two  diplanar 
versors  (or  radial  quotients)  by  the  other.  In  fact,  we  have 
only  to  conceive  (comp.  Fig.  43)  that  the  vector  arc  ab  repre- 
sents a  given  divisor^  say  q^  or  (i:  a,  and  that  the  transvector 
arc  AC  (167)  represents  a  given  dividend^  suppose  q"y  or  7  :  a ; 
for  then  the  provector  arc  bc  (comp.  again  167)  will  represent, 
on  the  same  plan,  the  quotient  of  these  two  versorsy  namely 
q" :  y,  or  7  :  /3  (106),  or  the  versor  lately  called  q' ;  since  we 
have  generally,  by  106,  107,  120,  for  quaternions,  as  in  alge- 
bra, the  two  identities : 

(q":q).q=-q";         ?'?•?  =  ?'• 

173.  It  is  however  to  be  observed  that,  for  reasons  already  as- 
signed, we  must  not  employ,  for  diplanar  versors,  such  an  equation 
as  q.  {q'^^q)  =  j";  because  we  have  found  (168)  that,  for  such  ver- 
sors, the  ordinary  algebraic  identity,  qq'  =  q^q,  ceases  to  be  true.  In 
fact  by  169,  we  may  now  establish  the  two  converse  formula: 

I.    ..      q{q'':q)=q'\      if      9"  III  (?  (123); 
II.    .  .  if  y  iq'' : q)  =  (^\   then    y"  III  y. 
Accordingly,  in  Fig.  43,  if  q,  ^,  ^"  be  still  represented  by  the 
arcs  AB,  BC,  AC,  the  product  q  (^' :  q),  or  qq^,  is  not  represented  by 
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AC,  but  by  the  different  arc  &hf  (168),  which  ae  a  vector  arc  has  been 
seeo  to  be  unequal  thereto :  although  it  is  true  that  these  two  last 
arcs,  AC  and  c^A^  are  always  equaUy  long^  and  therefore  subtend 
tqad angles  at  the  centre  o  of  the  unit  sphere;  so  that  we  may  write, 
generally,  for  any  two  versors  (or  indeed  for  any  two  qiuUemions)^* 
q  and  g",  the  formula, 

/.q{^':q)=^/.q'', 
174.  Another  mode  of  Representation  of  Versors,  or  rather  two 
such  new  modes,  although  intimately  connected  with  each  other, 
may  be  briefly  noticed  here. 

Ist.  We  may  consider  the  angle  aob,  at  the  centre  o  of  the  tmit- 
sphere,  when  conceived  to  have  not  only  a  definite  quantityy  but  also 
a  determined |>2an6  (110),  and  a  given  direction  therein  (as  indicated 
by  one  of  the  curved  arrows  in  Fig.  39,  or  by  the  arrow  in  Fig.  33), 
as  being  what  may  be  called  by  analogy  a  Vector- Angle ;  and  may 
say  that  it  represents^  or  that  it  is  the  Representative  Angle  of,  the 
Versor  oB :  oA,  where  oa,  ob  are  radii  of  the  unit- sphere. 

llnd.  Or  we  may  replace  this  rectilinear  angle  aob  at  the  centre, 
by  the  equal  Spherical  Angle  ac^b,  at  what  may  be  a 
called  the  Positive  Pole  of  the  representative  arc  ab; 
80  that  c^A  and  c'b  are  quadrants;  and  the  rotation, 
at  this  pole  (/,  from  the  first  of  these  two  quadrants 
to  the  second  (as  seen  from  a  point  outside  the 
sphere),  has  the  direction  which  has  been  selected 
(111,  127)  for  the  positive  one,  as  indicated  in  the 
annexed  Figure  44:  and  then  we  may  consider  this 
spherical  angle  as  a  new  Angular  Representative  of  the  same  versor  q, 
or  OB :  OA,  as  before. 

175.  Conceive  now  that  after  employing  &  first  spherical  trian- 
gle abc,  to  construct  (as  in  167)  the  multiplication  of  any  one  given 
versor  q,  by  any  other  given  versor  gf,  we  form  a  second  or  polar 
triangle,  of  which  the  corners  a',  b',  c'  shall  be  respectively  (in  the 
sense  just  stated)  the  positive  poles  of  the  three  successive  sides,  bc, 
CA,  AB,  of  the  former  triangle ;  and  that  then  we  pass  to  a  third  tri- 
angle aW,  as  part  of  the  same  lune  b'b''  with  the  second,  by  tak- 
ing for  b"  the  point  diametrically  opposite  to  b';  so  that  b'^  shall  be 

*  It  will  soon  be  seen  that  several  of  the  formulsB  of  the  present  Section,  respect- 
ing the  wmltipHeaium  and  divUion  otvertora,  considered  as  radial  quotients  (151), 
nqmn  little  or  no  modification,  in  the  passage  to  the  corresponding  operations  on 
Vatemione,  conaidered  as  general  quotientt  of  vectors  (112). 


152 
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Fig.  45. 


the  negative  pole  of  the  arc  cji,  or  thejww«CfW  pole  of  what  waa  lately 

called  (167)  the  iransvectar-airc  ac:  also  let 

c'*  be,  in  like  manner,  the  point  opposite 

to  c^  on  the  unit  sphere.    Then  we  may  not 

only  write  (comp.  129)i 

Ax.  ^  =  oc',     Ax.  gf  =  OA\     Ax.  j'^  =  ob", 

but  shall  also  have  the  equations, 

Z^  =  b''c'a',   z^=cVb",   Lq'g  =  (y'B''A'\ 

these  three  spherical  angles^  namely  the  two 
base-angles  at  &  and  A^  and  the  external 
vertical  angle  at  b^^  of  the  new  or  third 
triangle  aW/,  will  therefore  represent^  re- 
spectively, on  the  plan  of  174,  IL,  the  mul^ 
tiplicandy  q^  the  multiplier^  ^',  and  the  pr^^- 
duct^  q'q.     (Compare  the  annexed  Figure  45.) 

176.  Without  expressly  referring  to  the  former  triangle  abo, 
we  can  connect  this  last  construction  of  multiplication  ofversors  (176) 
with  the  general  formula  (107),  as  follows. 

Let  a  and  fi  be  now  conceived  to  be  two  unit-tangents'*  to  the 
sphere  at  c',  perpendicular  respectively  to 
the  two  arcs  c^h"  and  cfK\  and  drawn  to- 
wards the  same  sides  of  those  arcs  as  the 
points  a'  and  b'  respectively;  and  let  two 
other  unit-tangents,  equal  to  these,  and 
denoted  by  the  same  letters,  be  drawn  (as 
in  the  annexed  Figure  45,  bis)  at  the  points 
B^'  and  a',  so  as  to  be  normal  there  to  the 
same  arcs  c'b!'  and  c'A^  and  to  fall  towards 
the  same  sides  of  them  as  before.  Let  also 
two  other  unit- tangents,  equal  to  each  B? 
other,  and  each  denoted  by  7,  be  drawn  at 
the  two  last  points  Bk"  and  a',  so  as  to  be  both  perpendicular  to  the 
arc  hlWy  and  to  fall  towards  the  same  side  of  it  as  the  point  c'.  Then 
(comp.  174,  IL)  the  two  quotients,  fi  :  a  and  7  :  p,  will  be  equal  to  the 
two  versors^  q  and  q\  which  were  lately  represented  (in  Fig.  45)  by  the 

•  B7  an  unit  tangent  \b  here  meant  simply  an  unit  Ime  (or  unit  vector,  129)  so 
drawn  as  to  be  tangential  to  the  unit-epkere,  and  to  have  its  origin,  or  its  initial 
point  (1),  on  the  gurface  of  that  sphere,  and  im><  (as  we  have  ueuaily  sapposed)  at 
the  centre  tliereof. 


Fig.  45,  bit. 
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two  base  angles,  at  (f  aad  a^  of  the  spherical  triangle  a'b^^c';  the  pro- 
dud,  q^q,  of  these  two  versors,  is  therefore  (bj  107)  equal  to  the  third 
quctkntj  7  :  a ;  and  consequently  it  is  represented^  as  before^  by  the 
external  vertical  angle  c^Va'  of  the  same  triangle,  which  is  evidently 
equal  in  quantity  to  the  an^le  of  this  third  quotient,  and  has  the  same 
axis  ob'\  and  the  same  direction  ofratation,  as  the  arrows  in  Fig.  45» 
his,  may  assist  to  show. 

177.  In  each  of  the  two  last  Figures,  the  internal  vertical  angle 
at  ^'  is  thus  equal  to  the  Supplement^  w-Lq^q^  of  the  angle  of  the 

product;  and  it  is  important  to  observe  that  the  corresponding  ro- 
tation at  the  vertex  b'\  from  the  side  b'^a^  to  the  side  ^*'q\  or  (as  we 
may  briefly  express  it)^??i  the  point  k'  to  the  point  &,  vs  positive;  a 
result  which  is  easily  seen  to  be  a  general  one,  by  the  reasoning  of 
the  foregoing  Article.*  We  may  then  infer,  generally,  that  when 
the  multiplication  of  any  two  versors  is  constructed  by  a  spherical  trian-* 
gle,  of  which  the  two  base  angles  represent  (as  in  the  two  last  Articles) 
t\ie  factors,  while  the  external  vertical  angle  represents  tlieproducty 
then  the  rotation  round  the  axis  (ob'O  of  that  product  q'q^  from  the 
axis  (oa/)  of  the  multiplier  ^,  to  the  axis  (o(f)  of  the  multiplicand  q^  is 
positive:  whence  it  follows  that  the  rotation  round  the  axis  Ax.  ^ 
of  the  multiplier,  from  the  axis  Ax.  q  of  the  multiplicand,  to  the 
axis  Ax.  q'q  of  the  product,  is  also  positive.  Or,  to  express  the 
same  thing  more  fully,  since  the  only  rotations  hitherto  considered 
have  been  plane  ones  (as  in  128,  &c.),  we  may  say  that  if  the  two 
latter  axes  be  projected  on  a  piane  perpendicular  to  the  former y  so  as 
stilt  to  have  a  common  origin  o,  then  the  rotation  round  Ax.  q\ 
from  the  projection  of  Ax.  q  to  the  projection  of  Ax.  q'q,  will  be  di' 
rected  (with  our  conventions)  towards  the  right  hand, 

178.  We  have  therefore  thus  a  new  mode  of  geometrically 
exhibiting  the  inequality  of  the  two  products^  q'q  and  qq\  of  two 
diplanar  versors  (168),  when  taken  as  factors  in  two  different 
orders^    For  this  purpose,  let 

Ax.y«=oP,  Ax.j'-OQ,  Ax.qq^OR; 

and  prolong  to  some  point  s  the  arc  PR  of  a  great  circle  on  the 
unit  sphere.     Then,  for  the  spherical  triangle  pqr,  by  prin- 

*  If  a  person  be  supposed  to  stand  on  the  sphere  at  b",  and  to  look  towards  the 
arc  aV,  it  would  appear  to  him  to  have  a  right-handed  direction^  which  is  the  one 
here  adopted  as  positive  (127). 

X 
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ciples  lately  established,  we  shall  have  (comp.  175)  the  folio w» 
ing  values  of  the  two  internal  base  angles  at  p  and  q,  and  of 
the  external  vertical  angle  at  r  : 

RPQ  =  Z.  J  ;  PQR  =  ^  ?' ;  SRQ  ^Lqq\ 

and  the  rotation  at  q,  from  the  side  qp  to  the  side  qr  will  be 
right-handed.    Let  fall  an  arcual  perpendi-  § 

cular,  RT,  from  the  vertex  r  on  the  base  pq,  ^^i^ 

and  prolong  this  perpendicular  to  r',  in  such  /    \\^ 

a  manner  as  to  have 

/\  RT  =s  '^  tr'  ; 

p 
also  prolong  pr'  to  some  point  s'.  We  shall 

then  have  a  new  triangle  pqr',  which  will 

be  a  sort  of  reflexion  (comp.  138)  of  the  old 

one  with  respect  to  their  common  base  pq  ; 

and  this  new  triangle  will  serve  to  construct 

the  new  product^  qq'.  For  the  rotation  at  p  ***  ^^' 

from  PQ  to  pr'  will  be  right-handed,  as  it  ought  to  be ;  and 

we  shall  have  the  equations, 

avK'^Lq-y         r'qp  =  Z.j'';         QRV«Z^yy';         OR'=Ax.yy'; 

so  that  the  new  external  and  spherical  angle^  qr's',  will  repre^ 
sent  the  new  versor^  q^,  as  the  old  angle  srq  represented  the 
old  versor^  qq^  obtained  from  a  different  order  of  the  factors. 
And  although,  no  doubt,  these  two  angles^  at  r  and  r',  are 
always  equal  in  quantity^  so  that  we  may  establish  (comp.  173) 
the  general  formula^ 

Lqq^Lqq, 

yet  as  vector  angles  (174),  and  therefore  as  representatives  of 
versorst  they  must  be  considered  to  be  unequal:  because  they 
have  different  planes^  namely,  the  tangent  planes  to  the  sphere 
at  the  two  vertices  r  and  r'  ;  or  the  two  planes  respectively 
parallel  to  these,  which  are  drawn  through  the  centre  o. 

179.  Division  of  Versors  (comp.  172)  can  be  constructed  by 
means  of  Representative  Angles  (174),  as  well  as  by  representative  arcs 
(162).  Thus  to  divide  q'^  by  q,  or  rather  to  represent  such  division 
geometrically t  on  a  plan  entirely  similar  to  that  last  employed  for 
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nultiplication,  we  hAve  odIj  to  detennine  the  two  points  f  and  B, 
in  Fig.  46,  by  the  two  oonditions, 

OF  =  Ax.  q^        OR  -  Ax.  g", 

md  then  to  find  a  third  point  a  by  the  two  angular  equations, 

the  rotation  round  f  from  fr  towards  fq being  positive;  after  which 
we  shall  baye, 

-^"  (^'  -  ?)=oa;        Z^ (^' :  j)  =  FOB. 

(1.)  Instead  of  conceiving,  in  Fig.  46,  that  the  dotted  line  rtb',  which  connects 
tbe  Terticee  of  the  two  trianglei)  with  pq  for  their  common  base  (178),  is  an  are  of 
a  gnat  circle,  perpendicnJariy  bisected  by  that  base,  we  may  imagine  it  to  be  an  arc 
9/ a  nmaU  eircle,  described  with  the  point  P  for  itsponlioe  pole  (comp.  174,  IL). 
And  then  we  may  say  tliat  thepa$$tige  (comp.  173)  from  the  verwr  ^\  or  q'q,  to 
the  maeqmal  vertcr  q  (jf :  f ),  or  qq\  is  geometrically  performed  by  a  CotUctd  Rota' 
Horn  of  the  Axis  Ax.  ^,  roumd  the  axis  Ax.  q,  through  an  angle  «=  2  Z.  ^,  without 
oqr  (ijnoMtitatioe)  change  of  the  angle  Z.  g" ;  so  that  we  have,  as  before,  the  general 
formaU  (compu  again  173), 

lqi^'.q)  =  lq\ 

(2.)  Or  if  we  prefer  to  employ  the  constmction  of  multiplication  and  division  by 
xepresentatiTB  arcs,  which  Fig.  4S  was  designed  to  illustrate,  and  conceive  that  a 
new  point  if  is  determined  in  that  Figure  by  the  condition  '^  a'c"  =  '^  c'a',  we  may 
then  say  that  in  the  passage  from  the  versor  q'\  which  is  represented  by  ac,  to  the 
vexBor  q  (g^ :  q},  rqiresented  by  C'a'  or  by  aV,  the  representative  arc  ofg^ia  made 
to  move,  wiihoHt  change  of  length,  so  as  to  preserve  a  constant  inclination*  to  the 
r^eaentative  arc  ab  ofq,  while  ifs  initial  point  deacribet  the  double  of  that  arc  ab, 
in  passing  from  a  to  a'. 

(3.)  It  may  be  seen,  by  these  few  Examples,  that  if,  even  independently  of  some 
nem  characteristics  of  operation,  such  as  K  and  U,  new  combinatiom  of  old  symhola, 
such  as  q  (q" :  9),  occur  in  the  present  Calculus,  which  are  not  wanted  in  Algebra, 
they  admit  for  the  most  part  of  geometrical  interpretations,  of  an  easy  and  mterest- 
ing  kind;  and  in  fact  represent  conceptions,  which  cannot  well  be  dispensed  with, 
and  which  it  is  useful  to  be  able  to  expreu,  with  so  much  simplicity  and  conciseness. 
(Compare  the  remarks  in  Art  161 ;  and  the  sub-articles  to  182,  145.) 

180.  In  connexion  with  the  construction  indicated  by  the 
two  Figures  45,  it  may  be  here  remarked,  that  if  abc  be  any 
ipherical  tritxnffley  and  if  a\  b',  c'  be  (as  in  175)  the  positive 
poles  of  its  three  successive  sides,  so,  ca,  ab,  then  the  rotation 
(comp.  177, 179)  round  A'Jrom  b'  to  c',  or  that  round  b'  from 

*  In  a  manner  analogous  to  the  motion  of  the  equator  on  the  ecliptic,  by  luni- 
•oUr/)rece««io»,  in  astronomy. 
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c'  to  a',  &c.,  h  positive.  The  easiest  way,  perhaps,  o{  seeing 
the  truth  of  this  assertion,  is  to  conceive  that  if*  the  rotation 
round  a  from  b  to  c  be  not  cdready  positive^  we  make  it  such, 
by  passing  to  the  diametrically  opposite  triangle  on  the  sphere, 
which  will  not  change  WiQ  poles  a',  b',  c'.  Assuming  then  that 
these  poles  are  thus  the  near  ones  to  the  corresponding  comers 
of  the  given  triangle,  we  arrive  without  any  difficulty  at  the 
conclusion  stated  above:  which  has  been  virtually  employed 
in  our  construction  of  mult^lication  (and  division)  of  versorsy 
by  means  of  Representative  Angles  (1 75, 176) ;  and  which  may 
be  otherwise  justified  (as  before),  by  the  consideration  of  the 
unit-tangents  of  Fig.  45,  bis. 

(1.)  Let  then  a,  0,  y  be  any  three  given  unit  veetore,  such  that  the  rotation 
round  the  first,  from  the  second  to  the  third,  ispoeitive  (in  the  sense  of  Art.  177); 
and  let  a%  j3',  y'  be  three  otlier  nnit  vectorR,  derived  from  these  by  the  eqaations, 

a'  =  Ax.(y:/3),        ^=Ax.(a:r),        /  =  Ax.(/3:a); 
then  the  rotation  round  a,  from  /3' to  y\  will  be  positive  also ;  and  we  shall  have 
the  converse  formulie, 

a  =  Ax.  (/ :  i3'),        iS  =  Ax.  (a':  7),         y  =  Ax.  03':  ay 

(2.)  If  the  rotation  round  a  from  /3  to  7  were  given  to  be  negaiivey  a\  /3',  y' 
hfong  still  deduced  from  those  three  vectors  by  the  same  three  equations  as  before, 
then  the  atgtu  of  a,  j3,  y  would  all  require  to  be  changed^  in  the  three  la»t  (or  red- 
proedt)  formuhe ;  but  the  rotatiim  round  a',  from  p'  to  y\  would  still  be  positive, 

(3.)  Before  closing  this  Section,  it  may  be  briefly  noticed,  that  it  is  sometimes 
convenient,  from  motives  of  analogy  (comp.  Art  6),  to  speak  of  the  Trantveetor- 
Are  (167),  which  has  been  seen  to  represent  a  product  of  two  versors,  as  being  the 
Arcual  Sum  of  the  two  successive  vector-arcs^  which  represent  (on  the  same  plan) 
the  factors;  Provector  being  still  said  to  be  added  to  Vector:  but  the  Order  of  such 
Addition  of  Diplanar  Arcs  being  not  now  indifferent  (IQS^j  as  the  corresponding 
order  had  been  early  found  (in  7)  to  be,  when  the  vectors  to  be  added  were  right 
lines. 

(4.)  We  may  also  speak  occasionally,  by  an  extension  of  the  same  analogy,  of 
the  External  Vertical  Angle  of  a  spherical  triangle,  as  being  the  Sphbbigal  Sum  of 
the  two  Base  Angles  of  that  triangle,  taken  in  a  suitable  order  of  summation  (comp. 
Fig.  46);  the  Angle  which  represents  (174)  the  Multiplier  being  then  said  to  be 
added  (as  a  sort  of  Angular  Provector')  to  that  other  Vector-Angle  which  represents 
the  Multiplicand;  whilst  what  is  here  called  the  wm  of  these  two  angles  (and  is, 
with  respect  to  them,  a  species  of  Transvector-Angle)  represents,  as  has  been  proved, 
the  Product, 

(6.)  This  conception  of  angular  transvection  becomes  perhaps  a  little  more  clear, 
when  (on  the  plan  of  174, 1.)  we  assume  the  centre  o  as  the  common  vertex  of  three 
angles  aob,  bog,  aoc,  situated  generally  in  three  different  planes.    For  tlien  we  may 
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eoDeoTe  a  revoivmg  radhu  to  be  either  carried  by  two  meeetawe  anffuhtr  moHomsj 
fimn  OA  to  ob,  and  thence  to  oc ;  or  to  be  transported  immediately,  by  om  inch 
notion,  from  the>Er<f  to  the  tAtriiponfuMi. 

(6.)  finally,  as  regards  the  constmction  indicated  by  Fig.  45,  hiSf  in  which  ^on- 
gemtB  instead  id  radii  were  employed,  it  may  be  well  to  remark  distinctly  hero,  that 
A'tTif,  in  that  Figare,  may  be  any  ^ven  gpherical  triangle^  for  which  the  rotation 
FDimd  b"  from  ▲'  to  c'  vipotUwe  (177) ;  and  that  then,  if  the  two  factor*^  q  and  q\ 
te  dkfi»td  to  be  the  teo  verwor»y  of  which  the  internal  anglee  at  o'  and  ▲'  are  (in  the 
MOM  of  174,  IL)  the  rqtreoentatioea^  the  reasonings  of  Art.  176  will  prove,  withont 
neeeiaarily  referring,  even  in  thought^  to  any  other  triangle  (snch  as  abc),  that  the 
extemai  angU  at  b"  is  (in  the  same  sense)  the  repreteniative  of  the  prodmet,  ^q^  as 
befim. 

Sbction  10. —  On  a  System  of  Three  Right  Verson^  in  Three 
Rectangular  Planes;  and  on  the  Laws  of  the  Symbols^ 

181.  Suppose  that  oi,  oj,  ok  are  any  three  given  and  co« 
imdal  but  rectangular  unit-lines,  the  rotation  round  the  first 
from  the  second  to  the  third  being  positive ;  and  let  oi',  o/, 
ok'  be  the  three  unit-vectors  respectively  opposite  to  these,  so 
that  .,/ 

Ol'«-OT,  OJ'«-OJ,  0K'«-0K.  -« 

Let  the  three  new  symbols  iyj^  k  denote  a  system  (com^^.  172 
of  three  right  versorsy  in  three  mutually  rectangular  planes^ 
with  the  three  given  lines  for  their  respective  axes;  so  that 

Ax.iaoi,    Ax.J=oj,     Ax.k'^oKy 
and 

taOK:oj,    jeoi:oK,     A^ojioi, 

«s  Figure  47  may  serve  to  illustrate.   ?(■/ V     ^  *i|  *  ^     ^"^jj' 
We  shall  then  have  these  other  expres- 
nons  for  the  same  three  versors : 

1=  o/roK*  ok':  o^  =  oj  :  ok'; 

j*=  ok':  01  «  oi'  :  ok'  =  ok:  oi'  ; 

A  =  oi' :  OJ  =  oj' :  oi'  »  oi  :  oj' ; 
while  the  three  respectively  opposite  versors  may  be  thus  ex- 

pressed: 

-  f  «=  OJ  :  OK  =  ok'  :  oj  =  oj' :  ok'  -  ok  :  oj' ; 

-j  «  OK :  01  =  oi'  :  ok  =  ok' :  oi'  =  oi  :  ok'; 

-  A  =  01  :  OJ  =  oj'  :  oi  -  oi'  :  oj'  =  oj  :  oi'. 
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And  from  the  comparison  of  these  different  expressions  seve- 
ral important  symbolical  consequences  follow,  which  it  will  be 
worth  while  to  enunciate  separately  here,  although  some  of 
them  are  virtually  included  in  the  results  of  former  Sections. 

182.  In  the^r^^  place,  since 

t'  =  (o j' :  ok)  .  (ok  :  oj)  «  oj' :  qj,  &c., 
we  deduce  (comp.  148)  the  following  equal  values  for  the 
squares  of  the  new  symbols: 

I...t»  =  -1;        /  =  -l;         A«  =  -l; 
as  might  indeed  have  been  at  once  inferred  (154),  from  the 
circumstance  that  the  three  radial  quotients  (1 46),  denoted  here 
by  1,7,  A,  are  all  right  versors  (181). 

In  the  second  place,  since 

y  =  (oj  :  ok')  .  (ok'  :  oi)  =  oj  :  oi,  &c., 
we  have  the  following  values  for  the  products  of  the  same  three 
symbols,  or  versors,  when  taken  two  by  two^  and  in  a  certain 
order  of  succession  (comp.  168,  171)  : 

II.  ..y  =  A;        jk  =  i;         H^j, 
But  in  the  thii'd  place  (comp.  again  171),  since 
j .  t  =  (01 :  ok)  .  (oK  :  oj)  =  oi :  oj,  &c., 

we  have  these  other  and  contrasted  formulas,  for  the  binary 
products  of  the  same  three  right  versors,  when  taken  as  fac- 
tors with  an  opposite  order : 

III.  .  .>'=  - k ;         kj^" i;         ik  =  ^j. 

Hence,  while  the  square  of  each  of  the  three  right  versors^  de- 
noted by  these  three  new  symbols^  ijk^  is  equal  (154)  to  nega- 
tive unity ^  the  product  of  any  two  of  them  is 
equal  either  to  the  third  itself  or  to  the  oppo- 
site (171)  of  that  third  versor,  according  as 
the  multiplier  precedes  or  follows  the  multipli' 
candy  in  the  cyclical  succession^ 

which  the  annexed  Figure  47,  bis^  may  give  some  help  towards 
remembering. 
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(L)  To  ooonect  rach  multipfications  9ti,J,k  with  the  theory  of  repreientatiTe 
jra  (IGiy,  and  of  lepresentatiTe  angles  (174),  we  may  regard  any  one  of  the  four 
^imirwttal  ares,  jk,  kj',  /k',  k'j,  in  Fig.  47,  or  any  one  of  the  four  apherieal  riphi 
ngla,  jik,  Kif,  j'ik',  k'u,  which  those  arcs  tnbtcnd  at  their  common  pole  i,  as  re- 
pnaatii»g  the  Tersor  t ;  and  similarly  totj  and  A,  with  the  introduction  of  the  point 
i'  opposite  to  I,  which  is  to  be  concetved  as  being  at  the  back  of  the  Figure. 

(2.)  The  aqmarimg  of  i,  or  the  equation  t*  =  - 1,  comes  thus  to  be  geometrically 
etmatntUd  by  the  dcnblmg  (comp.  Arts.  148,  154,  and  Figs.  41,  42)  of  an  are^  or  of 
■a  mgU,  Thus,  we  may  oonceiYe  the  qvadrant  kj*  to  be  added  to  the  eqwd  are  jk, 
thsr  som  being  the  grtat  temieircU  jj',  which  (by  166)  reprttentt  an  imvertcr  (1 63), 
or  negotivt  mmip  considered  as  %,Jaetor,  Or  we  may  add  the  right  tmglt  kij'  to  the 
e^al  amgie  JIK,  and  so  obtam  tL,roteUiom  through  two  right  angles  at  the  poU  i,  or 
at  the  eenire  o ;  which  rotation  is  equivalent  (comp.  154,  174)  to  an  nioercton  of 
dvtctUm,  or  to  a  passage  from  the  radius  OJ,  to  the  opposite  radius  oj'. 

(3.)  The  wadHpUeation  otj  by  t,  or  the  equation  ij  =  k,  may  in  lilie  manner 
be  arcmalfy  eoustrmeted,  by  the  addition  of  k'j,  as  a  proveetor-arc  (167),  to  ik'  as 
a  teeter-are  (162),  giving  u,  which  is  a  representative  of  k,  as  the  tranetfeeior^aref 
or  aremal-emm  (ISO,  (3.)  ).  Or  the  same  multiplication  may  be  angularly  con- 
stracted,  with  the  help  of  the  tpkeriecU  triangle  ijk  ;  in  which  the  baee-anglee  at  i 
aod  J  Tepresent  respectively  the  multiplier^  tf,,and  the  multiplicand^  j^  the  rotation 
mind  I  from  j  to  k  being  positive :  while  their  spherical  sum  (180,  C4.)X  or  the  ex- 
temml  veHieal  angle  at  K  (comp.  175,  176),  represents  the  same  product,  A,  ss 
'  before. 

I  (4.)  The  eontroMted  multiplication  of  t  hyj\  or  ofj  into*  t,  may  in  like  manner 

[  be  constructed,  or  geometrically  represented,  either  by  the  addition  of  the  arc  ki,  as 
t  new  proveetor,  to  the  arc  JK  as  a  new  vector,  which  new  process  gives  Ji  (instead 
of  U)  as  the  new  transvector  ;  or  with  the  aid  of  the  «€«  triangle  m!  (comp.  Figs. 
'^fi,  47),  in  whioh  the  rotation  round  i  from  j  to  the  new  vertex  k'  is  negative^  so 
tbat  the  angle  at  i  represents  now  the  multiplicand,  and  the  resulting  angle  at  the 
new  pole  k'  represents  the  new  and  opposite  product,  ji  =a  -  A. 

'  183.  Since  we  have  thus  /•■»-(/  (as  we  had  J^y  «  -  yy'  in 

ni),  we  see  that  the  laws  of  combination  of  the  new  symbols^ 
Ujy  A,  are  not  in  all  respects  the  same  as  the  corresponding 
laws  in  algebra;  since  the  Commutative  Property  ofMultipli- 
cation,  or  the  convertibility  (169)  of  the  places  of  the  factors 
^thout  change  of  value  of  the  product j  does  not  here  hold 
good:  which  arises  (168)  from  the  circumstance,  that  the 
factors  to  be  combined  are  here  diplanar  versors  (181).  It  is 
therefore  important  to  observe,  that  there  is  a  respect  in  which 

*  A  multiplicand  is  said  to  be  multiplied  By  the  multiplier ;  while,  on  the  other 
band,  a  multiplier  is  said  to  be  multiplied  into  the  multiplicand :  a  distinction  of  this 
I         *ot  between  the  two  factors  being  necessary,  as  we  have  seen,  for  quaternions, 
^         although  it  is  not  needed  for  algebra. 

f 
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the  laws  of  t,  j,  h  agree  with  usual  and  algebraic  laws :  namely, 
in  the  Associative  Property  of  Multiplication  ;  or  in  the  pro- 
perty that  the  new  symbols  always  obey  the  associative  Jbr- 
mtda  (comp.  9)» 

whichever  of  them  may  be  substituted  for  i,  for  ic,  and  for  X ; 
in  virtue  of  which  equality  of  values  we  may  omit  the  pointy  in 
any  such  symbol  of  a  ternary  product  (whether  of  equal  or  of 
unequal  factors),  and  write  it  simply  as  ijcX.  In  particular 
we  have  thus, 

•  Ji  =  i.i«i*«  -  1 ;         ij.k^k.k^k^^-  1  ; 

or  briefly, 

yA  =  -l. 
We  may,  therefore,  by  182,  establish  the  following  important 
Formula : 

,-^-/«A»  =  t;A--l;  (A) 

to  which  we  shall  occasionally  refer,  as  to  "  Formula  A,"  and 
which  we  shall  find  to  contidn  (virtually)  all  the  laws  of  the 
symbols  ijky  and  therefore  to  be  a  sufficient  symbolical  basis 
for  the  whole  Calculus  of  Quaternions  :*  because  it  will  be 
shown  that  every  quaternion  can  be  reduced  to  the  Quadrino- 
mial  Form, 

q^w-^-ix+jy-i-  kz, 

where  to,  x,  y,  z  compose  a  system  of  four  scalars,  while  iyj,  k 
are  the  same  three  right  versors  as  above. 

(1.)  A  direct  proof  of  the  equation,  ijk  =3-1,  may  be  derived  from  the  definitions 
of  the  symbols  in  Art  181.  In  fact,  we  have  only  to  remember  that  those  defini- 
tions were  seen  to  give, 

*  This  formula  (A)  was  accordingly  made  the  basia  of  that  Calculus  in  the  first 
communication  on  the  subject,  by  the  present  writer,  to  the  Royal  Irish  Academy  in 
1843  ;  and  the  letters,  t\  J,  A,  continued  to  be,  for  some  time,  the  onlypeenliar  aym- 
Ms  of  the  calculus  in  question.  But  it  was  gradually  found  to  be  useftd  to  incor- 
porate with  these  a  few  other  notatiatu  (such  as  K  and  U,  &c),  for  representing 
Operations  on  Quatemiont,  It  was  also  thought  to  be  instructive  to  establish  the 
prineipleg  of  that  Calculus,  on  a  more  gtometrieal  (or  less  exclusively  sjfmboUeal) 
foundation  tlian  at  first ;  which  was  accordingly  afterwards  done,  in  the  volume  en- 
titled :  Lectures  on  Quaternions  (Dublin,  1858) ;  and  is  again  attempted  in  the  pre* 
sent  work,  although  with  many  differences  in  the  adopted  plan  of  exposition,  and  in 
the  app/ications  brought  forward,  or  suppressed. 
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tsoj'iOK,       j  =  Qm:ofy        A  =  oi':oj; 
udto  obKHTB  tiitft,  \jf  die  geiMnl  fimnnk  of  moUipUcfttlcn  (107X  whatever  fiwr 
KMt  may  be  denoted  by  a, /3,  7,  ^,  we  hmye  alwi^7a» 

y'fia      y' a      a^  p' a      y/3*o' 
•r  brieflj,  as  in  algebra, 

r ^«    « 

tkepoorf  being  thos  omitted  withoat  danger  of  ooofosion :  bo  that 

yAao/ioja— 1,  as  before. 
SoQazly,  we  hare  these  two  other  ternary  products : 

/«=  (ok:*  :  oi)  (oi :  oj')  (oj* :  ok)  =  ok'  :  ok  =  -  1 ; 
Jly  =  (oi* :  oj)  (oj :  ok')  (ok'  :  oi)  =  oi'  :  oi  =  - 1 . 
(2.)  On  the  other  hand, 

Ajt*r(oj:oi)(oi:OK)(oK:oj)sOJ:oj  =  +  1; 
isd  in  y^e  manner, 

»*;=  +  l,    and   >»il»+l. 
(3.)  The  equations  in  182  give  also  these  other  ternary  prodncts,  in  which  the 
^ V  of  oMtoeiatum  offaetort  is  still  obeyed : 

t*.j&'=t.-l=-»  =  *;=y.7,  &'=-«; 

^         with  otheri  dedncible  from  these,  by  mere  eydieal  permntatum  of  the  letters,  on  the 
pUn  innstnted  by  Fig.  47,  6tf . 

(4.)  In  general,  if  the  Astoeiativt  Law  of  Combinatum  exist  for  any  three 
9"^o2t  whaterer  of  a  ffiven  eUue^  and  for  a  ffiven  mode  of  combinatioo,  as  for  addi- 
Oiea  o/Imcs  in  Art  9,  or  for  muUipUeaHon  ofijh  in  die  present  Articlei  the  aame  law 
exists  Car  any  fimr  (or  more)  symbols  of  the  same  class,  and  combinations  of  the  same 
kind.  For  euunple^  if  each  ot  the  foor  letters  «,  v,  X,  /i  denote  some  one  of  the  three 
I  Tmbols  t,  j,  k  (bnt  not  necessarily  the  tame  one),  we  have  the  formtda, 

c .  cX/t  s  c .  r .  X/is:  cic .  Xfi  =  iic .  \ .  /i  =  uX .  /i  =  tcXfi. 
(5.)  Hence,  any  m«le^0  (or  complex)  prodnet  of  the  S3rmbo1s  (;A,  in  any  manner 
^*P^atedy  but  taken  in  one  given  order,  may  be  interpreted,  with  one  definite  reeult^ 
^  <D>y  node  ofaseoeiation,  or  of  reduction  to  partial  faetore,  which  can  be  performed 
vi^AoK/  commMtatUm,  or  change  of  place  of  the  given  fiictors.  For  example,  the 
symbol  ifkhji  may  be  interpreted  in  either  of  the  two  following  (among  other)  ways  c 
y.iA.j»=!y.-/i  =  ».-j'.t  =  n=5-  1 ;        ijh,hji=-l.l=s-  1. 

184.  The  formula  (a)  of  183  includes  obviouslj  the  three  equa- 
tions (I.)  of  182.     To  show  that  it  includes  cdso  the  six  other 
equations,  (IL),  (IIL),  of  the  last  cited  Article,  we  may  observe  that 
it  givesy  with  the  help  of  the  associative  principle  of  multiplieatiou 
1  (which  may  be  suggested  to  the  memory  by  the  absence  of  the  point 

in  the  symbol  i}'^), 

T 


} 
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And  then  it  is  easy  to  prove,  without  any  reference  to  geometry ,  if  the 
foregoing  laws  of  the  symbols  be  admitted,  that  we  have  also, 

jki=kij=-l,  kfi^jik  =  iki  =  +l, 
as  otherwise  and  geometrically  shown  in  recent  suVarticles.  It  ina3r 
be  added  that  the  mere  inspection  of  the  formula  (a)  is  sufficient  to 
show  that  the  three*  sqtiare  roots  of  negative  unity^  denoted  in  it  by 
i,j\  kf  cannot  be  subject  to  aU  the  ordinary  rules  of  algebra:  because 
that  formula  gives,  at  sight, 

l«>«jfc»=(_l)»=.l=-((;^V; 

the  non-commutative  character  {\%^)^  of  the  multiplication  of  such  roots 
among  themselves,  being  thus  put  in  evidence. 

SscTiOif  11. —  On  the  Tensor  of  a  Vector^  or  of  a  Quaternion  ; 
and  on  the  Product  or  Quotient  qfany  two  Quaternions. 

185.  Having  now  sufficiently  availed  ourselves,  in  the  two 
last  Sections,  of  the  conceptions  (alluded  to,  so  early  as  in  the 
First  Article  of  these  Elements)  of  a  vector-arc  (162),  and  of 
a  vector-angle  (174),  in  illustration^  of  the  laws  oi  multiplica- 
tion and  division  of  versors  of  quaternions ;  we  propose  to  re- 
turn to  that  use  of  the  word,  Vbctor,  with  which  alone  the 
First  Book,  and  the  first  eight  Sections  of  this  First  Chapter 
of  the  Second  Book,  have  been  concerned :  and  shall  therefore 
henceforth  mean  again,  exclusively ^  by  that  word  *^  vector,*'  a 
Directed  Right  Line  (as  in  I).  And  because  we  have  already 
considered  and  expressed  the  Direction  of  any  such  line,  by 

*  It  ii  evident  that  -  iy  -J,  -k  axe  alto,  on  the  same  prindples,  ralnes  of  the 
symbol  V  -^  1 ;  beoauae  they  also  are  right  vertora  (153) ;  or  because  (-  9)'  ^  q\ 
More  generally  (comp.  a  Note  to  page  181),  if «,  y,  z  be  any  thr§e  »ealar»  which  sa- 
taMfy  the  condition  «*  +  y'  +  z*  s  l,  it  will  be  proved,  at  a  later  stage,  that 

t  One  of  the  chief  nses  of  tuck  vectors,  in  connexion  with  those  laws,  has  been 
to  illustrate  the  non-eominuitUive  property  (168)  of  muUipKeation  ofvertorB,  by  ex* 
hibiting  a  corresponding  property  of  what  has  been  called,  by  analogy  to  the  earlier 
operation  of  the  same  kind  on  /turar  vectors  (6),  the  addition  of  ar&t  and  anglet  on 
a  tphere.     Compare  180,  (3.),  (4.). 
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ioirodaciog  tke  conceptioQ  and  notation  (155)  of  the  Unii'- 
Vector^  Ua,  which  ham  the  same  direction  with  the  line  a,  and 
wiich  we  have  proposed  (156)  to  call  ihe  Versar  of  that  Fec- 
tor^  a;  we  now  propose  to  consider  and  express  the  Length  of 
the  same  line  a,  by  introducing  the  new  name  T«M60B»  and  the 
new  symboly*  Ta  ;  which  latter  symbol  we  shall  ready  as  the 
Teasor  of  the  Vector  a :  and  shall  define  it  to  be,  or  to  denote, 
tke  Number  (comp,  again  155)  which  represents  the  Length  of 
that  Une  a,  by  expressing  the  Ratio  which  that  length  bears 
to  some  asBumed  standard,  or  Umt  (128). 

186.  To  connect  more  closelj  these  two  conceptions,  of 
the  versor  and  the  tensor  of  a  vector ^  we  may  remember  that 
when  we  employed  (in  155)  the  letter  a  as  a  temporary  sym- 
bol for  the  number  which  thus  expresses  the  length  of  the  line 
a,  we  had  the  equation,  TJa  =  a :  a,  as  one  form  of  the  dejini- 
tion  of  the  unit-^vector  denot^  by  Ua.  We  might  therefore 
have  written  also  these  two  otK^forms  of  equation  (comp.  15, 
16), 

a  =  a,Ua,         a -a:  Ua, 
^  express  the  dependence  of  the  vector^  a,  and  of  the  scalar y 
a>  on  each  other,  and  on  what  has  been  called  (156)  the  versor, 
Ua.  For  example,  with  the  construction  of  Fig.  42,  bis  (comp. 
161,  (2.)  ),  we  may  write  the  three  equatbns, 

a  »  OA :  oa',  (  =  OB :  on',  c  =  oc :  oc', 
if  a,  ft,  c  be  thus  the  three  positive  scalar s^  which  denote  the 
^^ngths  of  the  three  lines,  oa,  ob,  oc ;  and  these  three  scalars 
n»y  then  be  considered  v^  factor s^  or  as  coefficients  (12),  by 
which  the  three  unit-vectors  Ua,  U/3,  Uy,  or  oa',  ob',  go'  (in 
the  cited  Figure),  are  to  be  respectively  multiplied  (15),  in 
order  to  change  them  into  the  three  other  vectors  a,  jS^  y,  or 
Oa,  ob,  oc,  by  altering  their  lengths^  without  any  change  in 
their  directions.  But  such  an  exclusive  Operation^  on  the 
Length  (or  on  the  extension)  of  a  line,  may  be  said  to  be  an  Act 
of  Tension  ;t  as  an  operation  on  direction  alone  may  be  called 
(comp.  151)  an  act  of  version.    We  have  then  thus  a  motive 

*  Compare  the  Note  to  Art  165. 

t  Ckrmparo  the  Note  to  Art.  156,  in  page  135. 


('^ 
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for  the  introduction  of  the  name.  Tensor,  as  applied  to  the 
positive  number  which  (as  above)  represents  the  length  of  a 
line.  And  when  the  notation  Ta  (instead  of  a)  is  employed 
for  such  a  tensor,  we  see  that  we  may  write  generally, /or  af^ 
vector  a,  the  equations  (compare  again  15, 16)  : 

Ua  =»  a  :  Ta ;         Ta  =  a  :  Ua  ;         a  *  Ta  .  Ua  =  Uo  .  Ta. 
For  example,  if  a  be  an  unit-vector,  so  that  Ua«a  (160), 
then  Ta  «  1 ;  and  therefore,  generally,  whatever  vector  may 
be  denoted  by  a,  we  have  always, 

'    TUa=l. 
For  the  same  reason,  whatever  quaternion  may  be  denoted  by 
q,  we  have  always  (comp.  again  160)  the  equation, 
T(Ax.j)  =  l. 

(1.)  Hence  the  equation 

where  p  =  op,  expresses  that  the  loeut  of  the  variable  poiot  p  is  the  siK&oe  of  the 
unU  sphere  (12B). 
^  (3.)  The  equation  Tp  =s  Ta  expresses  that  the  locus  of  p  is  the  spheric  surface 

with  o  for  centre,  which  passes  through  the  point  a. 

(8.)  On  the  other  hand,  for  the  sphere  through  o,  which  has  its  centre  at  A,  we 

which  expresses  that  the  lengths  of  the  two  lines,  ap,  ao,  are  equal.  ,  .   T(L4fJ  -   '  { - 
(4.)  More  generally,  the  equation, 

T(p-a)  =  T(^-a).        J (MJ    -Jj^J/^f 
expresses  that  the  locus  of  p  is  the  spheric  surface  through  b,  which  has  its  centre 
p  at  A. 

f  (5.)  The  equation  of  the  Apollonian*  Locus,  145,  (6.)i  (9-)'  "^^3^  ^  written 

•    V  under  either  of  the  two  following  forms :  a^  _/"    #^i-k'-H 

^  T(p-a««)  =  aT(p-«);         Tp:=aTa;         j.-pc]  :    fi^  T^^  i  '^ 

>,  from  each  of  which  we  shall  find  ourselves  able  to  pass  to  the  other,  at  a  later  stage, 

by  general  Bulee  of  jyaneformatum,  without  appealing  to  geometry  (comp.  145,  (10.)). 
(6.)  The  equation, 

T(p  +  o)  =  T(p-o), 

expresses  that  the  locus  of  p  is  the  plane  through  o,  perpendicular  to  the  line  oa  ; 
because  it  expresses  that  if  oa'  =  -  oa,  then  the  point  p  is  equally  distant  from  the 
two  points  A  and  a'.    It  represents  therefore  the  eame  heta  as  the  equation. 


*  Compare  the  first  Note  to  page  128. 
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fftttfatequtSon, 


^5  =  ^,  of  182,(1.); 

^  +  K^=0,  of  144,(1.); 
a        a 

fu?y=--l,  of  161,  (7.); 

stBtiieBmple  geomfltrieal Ibrmiik,  p  -La  (129).  And  in  fact  it  will  be  found 
PwAle,  by  Gemeral  Unlet  of  this  Calculus,  to  tranafarm  aity  one  of  these^  for- 
B«fe  into  wuf  other  of  tbem;  or  into  this  tixthfonm, 

a 
*i^  expresMS  that  the  scalar  parf  of  the  fuaiemion  >  is  Mro,  and  therefore  that 

^  qBatemion  is  a  r^A^  gnofienf  (182). 

(7.)  In  like  manner,  the  equation 

T(p-«=TO>-a) 
expreeses  that  the  locns  of  p  is  the  plane  which  perpendicnlarly  bisects  the  line  ab  ; 
^BcaoK  it  ezprwaea  that  p  is  eqoally  distant  from  the  two  points  A  and  b. 

(8.)  The  teiuor,  Ta,  being  generally  a  poritive  Medlar^  but  vaamhhtg  (as  a  /imt'O 
■**  a,  we  haye, 

'Txa=±a^a^    according  as    »>    or    <0; 

**"»,  in  particolaT, 

T(-a)  =  Ta;     and    T0a  =  T0  =  O. 
(9.)  That  ^ 

T(/3  +  a)=T/3+Ta,    if    Vfi^TJa, 

W  not  otherwise  (a  and  fl  being  any  two  actual  rectors),  will  be  seen,  at  a  later 
"^^  to  be  a  symbolical  consequence  from  the  nt/es  of  the  present  CaleuluM  ;  but  in 
the  mean  time  it  may  be  geometrieaUy  proved,  by  conceiTing  that  while  a  =  OA,  as 
«wial,  we  make  /3+  a  =  oc,  and  therefore  /3  =oo-  oa  «  ao  (4) ;  for  thus  we  shall 
Bee  that  whUe,  m  sfemertU,  the  three  points  o,  A,  o  are  comers  of  a  triangle^  and  there- 
^  the  Ungik  of  the  tide  oc  is  leu  than  the  turn  of  the  lengths  of  the  two  other 
'^  OA  and  AO,  the  former  length  becomes,  on  the  contrary,  equal  to  the  latter  sum, 
m  the  particular  eaee  when  the  triangle  vanishes,  by  the  point  A  falling  on  theflnite 
^00;  in  -which  case,  oa  and  AG,  or  a  and  /3,  have  one  common  directum^  as  the 
eqnatMn  Ua  »  0/3  impUes. 

(10.)  If  a  and  /3  be  any  actual  vectors,  and  if  their  eeraore  ha  unequal  (Ua  not 
==Ui5),th«n 

T(^  +  a)<T)3  +  Ta; 

ta  hiequaHty  which  results  at  once  from  the  conrideration  of  the  recent  triangle  oao  ; 
^  which  (as  it  will  be  found)  may  also  be  agmbolicallg  proved,  by  rtdea  of  the 
ctleolos  of  quaternions. 


*  Compare  the  Note  to  page  125 ;  and  the  following  Section  of  the  present 
Chapter. 
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(11.)  If  U/3=  -  Uo,  then  T03  +  a)  =±  (T/3 -  Ta),  acooidingas  T/3>  or  < Ta  ; 
bQt 

T(^+a)>±(T/3-To),     if    U/3«o#=-Ua. 

187.  The  quotieniy  U/3  :  Ua,  of  the  versors  of  tiie  two  vec- 
tors^  a  and  jS,  has  been  called  (in  156)  the  Versor  of  the  Quo- 
tienty  or  quaternion,  q^fi  :a;  and  has  been  denoted, as  such, 
by  the  Bymbol,  IT?.  On  the  same  plan,  we  propose  now  to 
call  the  quotient,  T/3 :  Ta,  of  the  tensors  of  the  same  two  vec* 
tors,  the  Tensor*  of  the  Quaternion  ;,  or  /3 :  a,  and  to  denote 
it  by  the  corresponding  symbol^  Tq.  And  then,  as  we  have 
called  the  letter  U  (in  156)  the  characteristic  of  the  operation 
of  taking  the  versor^  so  we  may  now  speak  of  T  as  the  Cha- 
racteristic of  the  (corresponding)  Operation  of  taking  the  Ten-- 
soTy  whether  of  a  Vector ^  a,  or  of  a  Quaternion^  q.  We  shall 
thus  have,  generally, 

T(/3:a)-T/3:Ta,  as  we  had  UO  :o)«Up:Ua  (156); 
and  may  say  that  as  the  versor  TJq  depended  solely  on,  but 
conversely  was  suflScient  to  determine,  the  relative  direction 
(157),  so  the  tensor  Tq  depends  on  and  determines  the  relative 
length^  (109),  of  the  two  vectors,  a  and  /3,  of  which  the  qua- 
ternion q  is  the  quotient  (112). 

(1.)  HenM the equttian  t£»1,  like  Tp^Ta,  to  which  It  is  eqnivaknt,  ex- 
a 

presses  that  the  locus  of  p  is  the  sphere  with  o  for  centre,  which  passes  through  the 

point  A. 


«  CkmipATO  the  Note  to  Art.  109,  In  page  108 ;  and  that  to  Art  166,  fai  page 
185. 

t  It  has  been  shown,  In  Art  US,  and  In  the  AddUumtd  lthutraiUm$  of  the 
third  Section  of  the  present  Chapter  (118-116},  Uiat  RdttUve  Len^thf  as  well  ioi 
rdaiwt  directum,  enters  as  an  eeaetUial  element  Into  the  very  Coneeption  of  a  Qua- 
temioH.  Aooordinglj,  in  Art.  117,  an  agreement  of  relative  length*  (as  well  as  an 
agreement  of  relative  directions)  was  made  one  of  the  conditiona  of  equality ,  between 
any  two  qnatemioos,  considered  as  quotients  of  vectors:  so  that  we  may  now  say, 
that  the  tenecre  (as  well  as  the  vereora)  of  equal  quatemione  are  equoL  Compare 
the  first  Note  to  page  187,  as  regards  what  was  there  called  the  quanOtaiioe  dement^ 
of  absolute  or  relative  lengthy  which  was  eliminated  from  a,  or  from  9,  by  means  of 
the  charaderietie  U ;  whereas  the  new  characteristic,  T,  of  the  present  Section, 
serves  on  the  contrary  to  retain  that  element  alone^  and  to  eliminate  what  may  be 
called  by  contrast  the  qualitative  element,  of  absolute  or  relative  direction. 
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(},}  The  tqutkn  ooiDp.  180,  (6.)  ), 

Tt±f=l, 

ezpRsses  that  the  locus  of  p  Is  the  plane  throngh  o,  perpendicnlar  to  the  line  oa. 

(3.)  Other  examples  of  the  same  sort  may  easily  be  derived  from  the  sob-artl- 
desto  186,  by  introdncing  the  noUtlon  (167)  for  the  Untor  of  a  quotUntj  or  qnap 
ternioo,  as  additional  to  that  for  the  teiuor  of  a  vector  (185). 

(4.)  T(fi  I  a)  >,  =,  or  <  1,  according  as  Tj3  >,  =,  or  <  To. 

(5.)  The  tauor  of  a  right  quotietU  (182)  is  always  equal  to  the  tensor  of  its  m- 
da  (138). 

(6.)  The  feasor  of  a  radial  (146)  is  always  pariHve  trndy  ;  thus  we  have,  ge- 

Derefly,  by  156, 

TUj=l; 
and  in  particular,  by  181, 

T£«T;  =  TA=1. 

(7.)  Txq  =  ±3fTqj  according  as  x>  or  < 0  ; 

thus,  in  particnlar,  T(~  9) = T9,  or  the  tensors  of  oppotite  qoatemions  are  equal 

(8.)  T» =f  ar,  according  as  x>  or  <  0 ; 

tbaa,  the  tensor  of  a  scalar  is  that  scalar  taken  potUivefy, 

(9.)  Henoe, 

TTa  =  Ta,        TTj=Tg; 

■0  that,  by  abstracting  from  the  nibject  of  the  operation  T  (comp.  146,  160),  we 
may  ertaWtah  the  symbolical  equation, 

T«  =  TT=T. 

(10.)  Becaose  the  tensor  of  a  quaternion  is  generally  a  positive  scalar,  such  a 
tensor  is  He  own  em^ngate  (189) ;  its  angU  is  zero  (181) ;  and  its  vertor  (169)  is 
pootive  wntg :  or  in  symbols, 

KT9»T9;         lTq^O\        TTTq^l. 

(11.)  T(l:g)  =  T(a:i8)  =  Ta:T/3=:l:Tg; 

or  in  words,  the  feasor  tfthe  recqtroeal  of  a  quaternion  is  equal  to  the  redproeal  of 
tietenBor. 

(12.)  Agun,  since  the  two  Ihies,  ob  and  ob',  In  Fig.  86,  are  equalfy  hng,  the  de- 
fioiticii  (187)  of  a  conjugate  gives 

TKq^Tqi 
or  in  words,  the  tensors  of  eor^vgate  quaternions  are  eqttoL 

(18.)  It  is  scarcely  necessary  to  remark,  that  any  two  quaternions  which  haye 
equal  fnuort,  and  equal  veraorsf  are  themselves  equal :  or  in  symbols,  that 
/*9,    if    T^^Tqt    and    Vq^Vq. 

188.  Since  we  have)  generally, 

a  "  TiTU.  -  Ti-   Ul  -  Ui '  Ti  (*^""P- ^^^' ^®^>' 
we  may  establish  the  two  following  general  formulse  of  decom- 
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position  of  a  quaternion  into  two  factor s^  of  the  tensor  and  ver--- 
sor  kinds : 

I.  .  .  q^Tq.JJq;         II.  .  .  q^JJq.Tq; 
which  are  exactly  analogous  to  the  formulas  (186)  for  the  cor— 
responding  decomposition  of  a  vector^  into  fetors  of  the  samo 
two  kinds :  namely, 

I'.  •  •  a  B  Ta  •TTa  »         11'*  •  •  a  *=  Ua  •  Ta* 
To  iUustrate  this  last  decomposition  of  a  quaternion,  qy  or 
OB  :  oA,  into  factors,  we  may  conceive  that  aa'  and  bb'  are  two 
concentric  and  circular,  but  oppositely  directed  arcs,  whioh. 
terminate  respectively  on  the  two 
lines  OB  and  oa,  or  rather  on  the 
longer  of  those  two  lines  itself,  and 
on  the  shorter  of  them  prolonged, 
as  in  the  annexed  Figure  48 ;  so 
that  oa'  has  the  length  of  oa,  but 
the  direction  of  ob,  while  ob',  on  the 
contrary,  has  the  length  of  ob,  but 

the  direction  of  oa  ;  and  that  therefore  we  may  write,  by  what 
has  been  defined  respecting  versors  and  tensors  of  vectors  {\  65 , 
156, 185,  186), 

OA'  =  Ta.U/3;        0B'=T/3.Ua- 
Then,  by  the  definitions  in  156, 187,  of  the  versor  and  tensor 
of  a  quaternion^ 

TJq  =  U(ob  :  oa)  =  oa'  :  oa  =  ob  :  ob'  ; 

Ty  =  T  (ob  :  oa)  =  ob'  :  oa  *=  ob  :  oa'  ; 
whence,  by  the  general  formula  of  multiplication  of  quotients 
(107), 

I.  •  ;  B  OB :  OA  =  (ob  :  oa')  .  (oa'  :  oa)  =  Ty  .  Uy ; 
and 

11.  .  q^OBiOA^ipB  :ob')  .(ob':oa)«U5'.T5', 

as  above. 

189*  In  words,  if  we  wish  to  pass  from  the  vector  a  to  the  vec- 
tor /3,  or  from  the  line  oa  to  the  line  ob,  we  are  at  liberty  either, 
1st.  to  begin  by  turning^  from  oa  to  oa',  and  then  to  endby stretching^ 
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6om  oa'  to  OB,  as  Fig.  48  may  serve  to  iilaatrate;  or,  Ilnd,  to  begin 
hj  etretchmg,  from  oa  to  ob^  and  end  by  turning,  from  ob^  to  ob. 
Hie  act  aftntdtiplieation  of  a  line  a  by  a  quaternion  9,  considered  as 
a/acfor(103),  which  affecte  6oeA  length  and  direction  (109),  may 
thus  be  decomposed  into  two  distinct  and  partial  acts^  of  the  kinds 
viucfa  we  have  called  Version  and  Tension  ;  and  thfese  two  acts  may 
be  performed^  at  pleasure,  in  either  oitsno  orders  of  succession.  And 
although,  if  we  attended  merdy  to  lengths^  we  might  be  led  to  say 
that  the  leitsor  of  a  quaternion  was  a  signless  number^*  expressive  of 
s  geometrical  ratio  of  ipagnitudes,  yet  when  the  recent  construction 
(Fig.  48)  is  adopted,  we  see,  by  either  of  the  two  resulting  expres- 
sions (188)  for  T^,  that  there  is  dk  propriety  in  treating  this  tensor 
« tk  positive  socUar^  as  we  have  lately  done,  and  propose  systemati- 
cally to  do. 

190.  Since  TK^  =  T^,  by  187,  (12.),  and  UKg=l:Uy,  by  158, 
we  may  write,  generally,  for  any  quaternion  and  its  conjugate^  the 
two  connected  expressions : 

I..  .q  =  Tq.Vq;         11.  ..  Kq=:Tq:Vq; 
whence,  hy  multiplication  and  division, 

III.  .,q,  K^  =  (Tj)«;         IV.  .  .  q:  Kq  =  {Uqy. 
This  last  formula  had  occurred  before;  and  we  saw  (161)  that  in  it 
^parentheses  might  be  omitted,  because  (U^)*=U($^).     In  like 
manner  (comp.  161,  (2.)  ),  we  have  also 

(T?)'=T(9«)  =  T8", 
parentheses  being  again  omitted ;  or  in  words,  the  tensor  of  the  square 
of  a  quaternion  is  always  equal  to  the  square  of  the  tensor:  as  ap* 
pears  (among  other  ways)  from  inspection  of  Fig.  42,  his^  in  which     /   /^ , 
^e  lengths  of  oa,  ob,  oc  form  a  geometrical  progression  ;  whence 

Tl'S^Y     T.oc_T.oc     /T.obV    /     obV 
VoaJ  "*     oa    T.oa"Vt.oa;      V     oaJ' 

At  the  same  time,  we  see  again  that  the  product  qKq  of  two  conjur 
gate  quaternions^  which  has  been  called  (145,  (11.)  )  their  common 
i^onn,  and  denoted  by  the  symbol  Nq,  represents  geometrically  the 
square  of  the  quotient  of  the  lengths  of  the  two  lines,  of  which  (when 
considered  as  vectors)  the  quaternion  q  is  itself  the  quotient  (112). 
Ve  may  therefore  write  generally,! 

V.  . .  ^K(y  =  T5'=N(z;        VI.  . .  T^=  v^N^=  v^(^K^). 

*  Compare  the  Note  in  page  108,  to  Art.  109. 
t  Compare  the  Note  in  page  129. 
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(1.)  We  bAve  also,  by  If.,  the  following  other  general  tnuiBfonnationa  for  the 
tensor  of  a  quaternion : 

VII.  . .  Tq^Kq  . Ug;        VIII. . .  Tq^Vq  .Kq; 
of  which  the  geometrical  eignificationB  might  easily  be  exhibited  by  a  diagram,  but 
of  which  the  validity  is  sufficiently  proved  by  what  precedes. 

(2.)  Also  (comp.  168), 

Vq       Tq         Tq  *'  Vq      Tq        ^ 

(8.)  The  reciprocal  of  a  quaternion,  and  the  conjugate*  of  that  redprocal,  may 
now  be  thus  expressed : 

IKy      Kq      EJJq  _   1  .  1   _   1  .  1   . 
q^T^'^Vq''    Tq    "  Vq' Tq  "  Tq' Vq* 

q      Hq     Tq^      Tq      Kq' 
(4.)  We  may  also  write,  generally, 

IX..  .  Kq  =  Tq.  KVq^^JSfqiq. 

191.  In  general,  let  any  two  quaternions,  q  and  j',  be  con- 
sidered as  multiplicand  and  multiplier,  and  let  them  be  re- 
duced (by  120)  to  the  forms  /3 :  a  and  7 :  j3 ;  then  the  tensor 
and  versor  of  that^Atrcf  quaternion,  7:0,  which  is  (by  107) 
their  product  qq,  may  be  thus  expressed  : 

L..Ty'y«T(7:a)  =  T7:Ta  =  (Ty:T/3).(T/3:Ta)  =  Tj'.Ty; 
II. . .  UjV-U(7 :  a)=U7:Ua-(U7  :Uj3).(U/3:Ua)=Ug.Uj ; 
where  Tqq  and  U^'^  are  written,  for  simplicity,  instead  of 
T(;'.^)  and  U  (;'.;).  Hence,  in  any  such  multiplication,  the 
tensor  of  the  product  is  the  product  of  the  tensor)  and  the  ver- 
sor  of  the  product  is  the  product  of  the  versors;  the  order  of 
the  fiustors  being  generally  retained  for  the  latter  (comp.  168, 
&c.),  although  it  may  be  varied  for  iii%  former^  on  account  of 
the  scalar  character  of  a  tensor.  In  like  manner,  for  the  dvoi^ 
sion  of  any  one  quaternion  q\  by  any  other  q,  we  haye  the 
analogous  fbrmul»: 

III.  .  .  T{q':q)'^Tq':Tq;  IV.  .  .  U(?' :  y)  «  U/:  Uy; 
or  in  words,  the  tensor  of  the  quotient  of  any  two  quater- 
nions is  equal  to  the  quotient  of  the  tensors;  and  similarly,  the 
versor  of  the  quotient  is  equal  to  the  quotient  of  the  versors. 
And  because  multiplication  and  division  of  tensors  are  per- 
formed according  to  the  rules  of  alffebra,  or  rather  of  artVAmtf-* 

*  Compare  Art.  145,  and  the  Note  to  page  127. 
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tie  (a  tensor  being  always,  by  what  precedes,  a  positive  num- 
fter),  we  see  that  the  difficulty  (whatever  it  may  be)  of  the 
general  muUipUcaiion  and  dmsian  of  quaternions  is  thus  re- 
duced to  that  of  the  corresponding  operations  on  versors :  for 
which  latter  operations  geometrical  constructions  have  been 
asdgned,  in  the  ninth  Section  of  the  present  Chapter. 

(1.)  Hie  two  prodacte,  ^q  wad  qq\  of  anj  two  qiuiteniioiis  taken  m  faetan  ni 
two  diflioeiit  orders^  are  equal  or  unequal,  according  asthoee  two  tacton  are  comjila- 
uar  or  dipiauar  ;  becaoae  each  equality  (169),  or  ioeqoality  (168),  has  been  already 
prored  to  exist,  for  the  case*  when  each  tensor  is  unity :  but  we  hare  ahrajrs 
(comp.  178), 

Tq'q  =  Tgq'y    and    Lqq-L  qq\ 

(2.)  If  ^9  =  Z9'»~,then^»K99(170)-,  so  that  the  products  of  two  rtpA< 

quotients,  or  right  quaternions  (182),  taken  In  oppot^*  orden,  are  always  e4n^ 
gaU  qoateniions. 

,(3.)  If     ^g  =  ^^=J.     ^^    Ax.g'J-Ax.g,    then    qq'^-q'q, 

Lqq^Lqq^^y  Ax.gjJ-Ax,^,  Ax-^^g  J- Ax.  ^' (171)  ; 

so  that  tkeproduH  o/hoo  right  quatendoiu,  in  two  rectangular  planag,  is  a  third 
right  quaternion^  in  a  plane  rectangular  to  both  ;  and  is  changed  to  ite  own  oppoiUCy 
when  the  order  of  the  factors  is  reverted :  as  we  had  (/=  h  =  -/i  (182). 

(4.)  In  general,  if  9  and  9'  be  any  two  diplanar  quaternions,  the  rotation  round 
Ax.  g',  from  Ax .  q  to  Ax.  g'g,  is poeitive  (177). 

(5.)  Under  the  same  condition,  9X9' :  9)  ^b  a  quaternion  with  the  eame  teneor, 
«nd  tame  angle,  as  q%  but  with  a  different  axie;  and  this  new  axis.  Ax .  9(9' :  9), 
may  be  deiiTed  (179,  (1.)  )  from  the  old  axis,  Ax .  9',  by  a  conical  rotation  (in  the 
poeitiTe  diieetion)  round  Ax.  9,  through  an  angle  =  2^9. 

(6.)  The  product  or  quoUent  of  two  complanar  quaternions  is,  in  general,  a  third 
quaternion  complanar  with  both;  but  if  they  be  both  scalar,  or  both  right,  then  this 
product  or  quotient  degeneraiea  (131)  into  a  scalar. 

(7.)  Whether  9  and  9'  be  complanar  or  diplanar,  we  hare  always  as  in  algebra 
(comp.  106,  107,  136)  the  two  identical  equations: 

V.  ..(9':9).9  =  9';        VI..  .(9'. 9):  9  =  9'. 

(8.)  Also,  by  190,  V.,  and  191,  I.,  we  have  this  other  general  formula : 
VII.  ..N9'9  =  N9'.N9; 
or  in  words,  the  iionii  qf  the  product  is  equal  to  the  product  of  the  norma, 

192.  Let  j«/3  : a,  and  j'  =  7 :  /3,  as  before;  then 
l:j'j=l:(7:a)=a:7«(a:/3).(/3:7)-(l:g).(l:y'); 
BO  that  the  reciprocal  of  the  product  of  any  two  quaternions  is 

•  Compare  the  Notes  to  pages  148,  161. 
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equal  to  the  product  of  the  reciprocals^  taken  in  an  inverted 

order:  or  briefly, 

I..  ,Rq'q^B,q.Bq\ 

if  B  be  again  used  (as  in  161,  (3.))  as  a  (temporary)  charac- 
teristic qf  reciprocation.  And  because  we  have  then  (by  the 
same  sub-article)  the  symbolical  equation,  KUbUB,  or  in 
words,  the  conjugate  of  the  versor  of  any  quaternion  q  is  equal 
( 168)  to  the  versor  of  the  reciprocal  of  that  quaternion ;  while 
the  versor  of  a  product  is  equal  (191)  to  the  product  of  the 
yersors :  we  see  that 

KXJq'q  =  U%'y  =  UBy .  XTRq'  =  KUj .  KUg'. 
But 

Kq^Tq. KUy,  by  190,  IX. ;  and  Tq'q  =  Tq. Tq  « Ty.Tj', 

by  191 ;  we  arrive  then  thus  at  the  following  other  important 
and  general  formula: 

or  in  words,  the  conjugate  of  the  product  of  any  two  quater- 
nions  is  equal  to  the  product  of  the  conjugates^  taken  (still) 
in  an  inverted  order, 

(1.)  These  two  results,  I.,  II.,  may  be  illustrated,  for  venon  (Tq  =  Tq'  =  1),  bj 
the  consideratioa  of  a  tpherieal  triangh  abc  (comp.  Fig.  48) ;  in  which  the  sides 
AB  and  BO  (oomp.  167}  may  repreaent  q  and  q\  the  arc  AO  then  representing  q'q. 
For  then  the  new  multiplier  R^  =  K^  0-^^)  '^  represented  (162)  by  ba,  and  the  new 
multiplicand  B9' =  Kj*  by  CB ;  whence  the  new  product,  R^.R^'sK^.K/,  is  re- 
presented by  the  mverxe  arc  CA,  and  is  therefore  at  once  the  reeiproeed  R^'g,  and  the 
eonjuffate  JLq'q,  of  the  old  product  q'q. 

(2.)  If  q  and  q'  be  right  quaternions,  then  K9  =  -  9,  K^a—  q'  (by  144) ;  and 
the  recent  formula  II.  becomes,  Kq'q  =  qq',  as  in  170. 

(8.)  In  general,  that  formula  II.  (of  192)  may  be  thus  written  : 

III.  ..K^  =  K^.K^; 
a         a       /3 

where  a,  /3,  y  may  denote  any  three  veetore. 

(4.)  Suppose  then  that,  as  in  the  annexed  "B^ ^n,,^ 

Fig.  49,  we  have  the  two  fallowing  relations  of  in-  y^  ^^"-'1^-^^"^%, 

verMttmt/tfttd^of  triangles  (118),  ^^A^^-^""'''^^^*--      \\ 

A  AOB  of  BOC,         A  BOB  a'  DOB ;  .^i:^^^'^      y 13' I> 

and  therefore  (by  137)  the  two  equations,  V  / 

fi"     a'  d"^'  Fig.  49. 
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we  flhall  haye,  by  III., 

y        'c 

^  =  K  -,     or    A  DOC  oc'  AOE : 

e        a 

10  that  this  third  fbrmula  of  inverae  umflitade  ia  a  coruequenee  from  the  other  two. 

(6.)  If  then  (eomp.  145,  (6.)  )  any  two  ehreUs^  whether  in  one  plane  or  in  space, 
tmek  one  another  at  a  pohit  b  ;  and  if  firom  any  point  o,  on  the  common  tangent  bo, 
two  tetania  OAC,  OED  be  drawn,  to  these  two  circles ;  the  four  points  of  section, 
A,  c,  D,  K,  will  be  on  one  comaton  circle :  for  snch  eoncircuUtrity  is  an  easy  conse- 
qnenoe  (through  equtd  anglesy  &&),  from  the  last  inverse  similitude, 

(6.)  The  same  oondnsion  (respecting  condrcularity,  &c.)  may  be  otherwise  and 
gtcmetricaSy  drawn,  from  the  eqnality  of  the  two  reetangiles,  ^o^  and  POB^^ach 
beog  equal  to  the  square  ot  the  tangent  ob  ;  which  may  serve  as  an  instructive       ^^  t 
terijieaiion  of  the  recent  formula  III.,  and  as  an  example  of  the  consistency  of  the 
results,  to  which  calculations  with  quaternions  conduct. 

(7.)  It  may  be  noticed  that  the  construction  would  in  general  give  three  circles, 
although  only  one  is  drawn  in  the  Figure ;  but  that  if  the  two  triangles  abc  and 
DBB  be  situated  tM  <^^^eiifp/aiie«,  then  these  three  circles,  and  of  course  IheyfM 
jMtflte  ABGDB,  are  situated  on  one  common  sphere. 

193.  An  important  application  of  the  foregoing  general 
theory  of  Multiplication  and  Division,  is  to  the  case  o{  Right 
Quaternions  (132),  taken  in  connexion  with  their/n^ex- Fec- 
tors,  or  Indices  (133). 

Considering  division  first,  and  employing  the  general  for- 
mula of  1 06,  let  /3  and  y  be  each  J.  a ;  and  let  /3'  and  y  be  the 
respective  indices  of  the  two  right  quotients,  q^^fiia^  and 
y'  «=  y :  a.  We  shall  thus  have  the  two  complanarities,  /3'  1 1|  /3,  y, 
and  7' III  /3,  y  (comp.  123),  because  the  four  lines  /3,  7,  /3',  y 
are  idl  perpendicular  to  a  ;  and  within  their  common  plane  it 
is  easy  to  see,  from  definitions  already  given,  that  these  four 
lines  form  dk  proportion  of  vectors^  in  the  same  sense  in  which 
«» i3>  T>  8  did  so,  in  the  fourth  Section  of  the  present  Chapter : 
so  that  we  may  write  the  equation  of  quotients^ 

In  fact,  we  have  (by  133,  185, 187)  the  following  relations  of 

lengthy 

T/3'  =  T^:Ta,      Ty  =  T7:Ta,  and  .•.T(7':/3')  =  T(7  :^); 

^vhile  the  relation  of  directions,  expressed  by  the  formula, 

U(7':/3')-U(7:/3),     or    U7  :  U/3' =  U7 :  U/3, 
is  easily  established  by  means  of  the  equations, 
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^(7-7)-^(f3':^)  =  |;        Ax.(y':7)-Ax.(/3':^)  =  Ua. 

We  arriye,  then,  at  this  general  Theorem  (comp.  again  133): 
that  **the  Quotient  of  any  two  Right  Quaternions  is  equal  to 
the  Quotient  of  their  Indices  "• 

(1.)  For  example  (camp.  150,  159,  181),  the  indioeB  of  the  right  reraon  t,>,  k 
are  the  axe*  of  thoie  three  versora,  namely,  the  lines  oi,  oj,  ok  ;  and  we  haye  the 
equal  qnotientB, 

j:t  =  oi:oj'  =  AsOJ:oi,  Sbc 

(2.)  In  like  manner,  the  indices  of  - 1,  ^J^-kue  oi',  oj*,  ok'  ;   and 

t :  -y  =  oj':  oi'  =  il=oi:oj',  &C 

(8.)  In  general  the  quotient  of  any  two  right  vereon  is  equal  to  the  qmotteni  of 
their  axet ;  as  the  theory  of  repretentative  arte,  and  of  their  polee^  may  easily 
serve  to  illastrate. 

1 94.  As  regards  the  multiplication  of  two  right  quaternions, 
in  connexion  with  their  indices,  it  may  here  suffice  to  observe 
that,  by  106  and  107,  theproduct  7  :  a  »  (y  :  /3)  .  (/3 :  a)  is  equal 
(comp.  136)  to  the  quotient^  (y  :  /3)  :  (a  :  /3) ;  whence  it  is  easy 
to  infer  that  *^the  Product,  qq^  of  any  two  Right  Quaternions, 
is  equal  to  the  Quotient  of  the  Index  of  the  Multiplier,  q\  di- 
vided by  the  Index  of  the  Reciprocal  of  the  Multiplicand,  q!* 

It  follows  that  the  plane,  whether  of  the  product  or  of  the 
quotient  of  two  right  quaternions,  coincides  with  the  plane  of 
their  indices  ;  and  therefore  also  with  the  plane  of  their  axes  ; 
because  we  have,  generally,  by  principles  already  established, 
the  transformation, 

if  Z  J e -,  then  Index  ofq  =  Tq  .Ax.q. 

*  We  have  thus  a  new  point  of  agreement,  or  of  connexion,  between  right  qua* 
temione,  and  thehr  mdex-veetort,  tending  to  Jostify  the  ultimate  assumption  (not  yet 
made),  of  equality  between  the  former  and  the  latter.  In  fact,  we  shaU  soon  prove 
that  the  index  of  the  turn  (or  difference),  of  any  two  right  quotients  (182),  is  equal  to 
the  eum  (or  diflerence)  of  their  indieee  ;  and  shall  find  it  convenient  subsequently  to 
interpret  theproduct  pa  of  any  two  veetore,  as  being  the  quaternion-product  (194) 
of  the  two  right  quatemione,  of  which  those  two  lines  are  the  indieee  (188):  after 
which,  the  above-mentioned  assumption  of  equality  will  appear  natural,  and  be  found 
to  be  useful.    (Compare  the  Notes  to  pages  119,  136.) 
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Skctioh  12.— On  the  Sum  or  Difference  of  any  two  Quater- 
nUms  ;  and  on  the  Scalar  {or  Scalar  Part)  of  a  Quater- 
man. 

195.  The  Addition  of  any  given  quaternion  q\  considered 
as  a  geometrical  quotient  or  fraction  (101),  to  any  other  given 
qaatemion  9,  considered  also  as  a  fraction,  can  always  be  ac- 
compKshed  by  the  first  general  formula  of  Art.  106,  when  these 
two  fractions  have  a  common  denominator  ;  and  if  they  be  not 
already  given  as  having  such,  they  can  always  be  reduced  so  as 
to  have  one,  by  the  process  of  Art.  1 20.  And  because  the  ad- 
dition of  any  two  lines  was  early  seen  to  be  a  commutative  ope- 
ration  (7,  9),  so  that  we  have  always  y  +  j3  =  j3  +  7,  it  follows 
(by  106)  that  the  addition  of  any  two  quaternions  is  likewise  a 
commutative  operation,  or  in  symbols,  that 

I.  .  .  y  +  j'  =  y'  +  y  ; 
so  that  the  Son  of  any  two*  Quaternions  has  a  Value ^  which 
is  independent  of  their  Order :  and  which  (by  what  precedes) 
must  be  considered  to  be  ffiven,  or  at  least  known,  or  definite, 
when  the  two  summand  quaternions  are  given.  It  is  easy  also 
to  see  that  the  conjugate  oi  any  such  sum  is  equal  to  the  sum 
of  the  conjugates,  or  in  symbols,  that 

11.  ..K(g^  +  y)-Ky  +  Ky. 

(1.)  The  important  ibnnala  last  written  beeomea  geometrically  evident,  when  it 
\b  preeented  under  the  following  form.  Let  obdc  be  any  parallelogram,  and  let  oa 
be  any  right  line,  drawn  from  one  comer  of  it,  bnt  not  generally  in  its  plane.  Let 
the  three  other  corners,  b,  o,  d,  be  reflecUd  (in  the  sense  of  145,  (5.)  )  with  respect 
to  that  fine  oa,  into  three  new  points,  b',  c/,  d'  ;  or  let  the  three  lines  ob,  oo,  od  be 
lefleeted  (in  the  sense  of  I8S)  with  respect  to  the  same  line  oa;  which  thus  bisects 
at  right  angles  the  three  joining  lines,  bb',  og',  dd',  as  it  does  bb'  in  Fig.  86.  Then 
eaek  of  the  Hnea  ob,  og,  oi>,  and  therefore  also  the  whole  p/ane^^«reoBi>o,  may  be 
eoniidered  to  haye  amply  recohed  round  the  line  oa  as  an  axrt,  by  a  eonieat  roto' 
Ham  througb  two  right  amglu  ;  and  consequently  the  nmo  figure  ob'dV,  like  that  old 
one  OBOC^  most  be  tk  paraUehgram,    Thus  (comp.  106,  187),  we  have 

oi/  =  oc'  +  ob',         a'  =  /  +  ^,         ^:a=:(y':a)+(/3'!a); 
and  the  recent  formula  II.  is  justified. 

*  It  will  be  found  that  this  result  admits  of  being  extended  to  the  case  of  three 
(or  more)  quaternions ;  but,  for  the  moment,  we  content  ourselves  with  two. 
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(2.)  Simple  as  Ibis  last  reasoning  is,  and  onneoessary  as  it  appebn  to  be  to  dra.'w^ 
any  new  Diagram  to  illostrate  it,  the  reader's  attention  may  be  once  more  invited  to 
the  great  rimpKcUy  ofexprettianj  with  which  many  important  geometrical  etn^c^p- 
tionsy  respecting  apace  of  three  dimensiotu,  are  etated  in  the  present  Calculus :  and 
are  thereby  kept  reacfy  for  future  application,  and  for  easy  combination  with  otAcr 
results  of  the  same  kind.  Compare  the  remarks  already  made  in  182,  (6.) ;  145, 
(10.);  161;  179,(8.};  192,(6.);  and  some  of  the  shortly  following  sub-articles  to 
196,  respecting  properties  of  an  dbUque  cone  with  circular  base. 

196.  One  of  the  most  important  cases  oi  addition,  is  that 
of  two  confuffate  summands^  q  and  K^ ;  of  which  it  has  been 
seen  (in  140)  that  the  sum  is  always  a  scalar.  We  propose 
now  to  denote  the  kalfot  this  sum  by  the  symbol, 

Sy; 
"thus  writing  generally, 

I.  .  .  y  +  Kj  =  Kj  +  y  =  28^ ; 

or  defining  the  new  symbol  Sy  by  the  formula, 

II.  ..Sy  =  i(?  +  Ky);  or  briefly,  IF.  .  .  S  =  i(l  +  K). 
For  reasons  which  will  soon  more  fully  appear,  we  shall  also 
call  this  new  quantity,  Sy,  the  scalar  party  or  simply  the  Sca- 
lar, of  the  Quaternion,  q  ;  and  shall  therefore  call  the  letter 
S,  thus  used,  the  Characteristic  of  the  Operation  of  taking  the 
Sca/ar  of  a  quaternion.  (Comp.  132,  (6.) ;  137;  156;  187.) 
It  follows  that  not  only  equal  quaternions,  but  also  conjugate 
quaternions,  have  equal  scalars  ;  or  in  symbols, 

III.  .  .  Sy'=  Sq,     if    q^q;     and     IV.  .  .  SEq^Sq  ; 

or  briefly, 

IV'.  ..SK  =  S. 

And  because  we  have  seen  that  Ky  +  y,  if  y  he  e^  scalar  (139), 

but  that  Ky  =-y,  if  y  be  a  right  quotient  (144),  we  find  that 

the  scalar  of  a  scalar  (considered  as  a  degenerate  quaternion, 

131)  is  equal  to  that  scalar  itself,  but  that  the  scalar  qf  a  right 

quaternion  is  zero.  We  may  therefore  now  write  (comp.  160): 

V.  .Saj  =  x,  ifajbeascalar;        VI.  .  .SSy  =  Sj,  S»  =  SS«S; 

and  VII.  ..Sy  =  0,    if    Zy  =  ^. 


Again,  because  oV  in  Fig.  36  is  multiplied  by  x,  when  ob  is 
multiplied  thereby,  we  may  write,  generally, 
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YIII. .  .  Sxq  =  xSqy  if  x  be  any  scalar; 
and  therefore  in  particular  (by  188), 

IX.  . .  Sy  =  S(Ty.Uj)  =  Ty.SUj. 
Al«o  becaose  SKy«Sy,  by  IV.,  while  KUy-U-,  by  168, 
we  have  the  general  equation, 

X.  ..SUy  =  SU-;     or     X. .  .  SU^  -  SU^; 
whence,  by  IX., 

XL.  .S?-T^.Sui;    or    XI.  .  .  S^«T^.SU^  ; 
q  a         a  p 

and  therefore  also,  by  190,  (V.),  since  Ty.T--  1, 

XII.  ..Sg  =  T9».si-%.si;    Xir.  ..S^-N^S^. 
9  9  aaj3 

The  results  of  142,  combined  with  the  recent  definition  I.  or 
II.,  enable  us  to  extend  the  recent  formula  VII.,  by  writing, 

XIII.  .  .  Sy  >,  =,  or  <  0,  according  as  z  y  <,  =,  or  >  -  ; 
and  conversely, 

XIV.  .  .  z  J  <,  =,  or  >  -,  according  as  Sg'  >, «,  or  <  q. 

In  fact,  if  we  compare  that  definition  I.  with  the  formula  of 
140,  and  with  Fig.  36,  we  see  at  once  that  because,  in  that 
Figore, 

S(ob:  oa)  =  oa':  oa, 

we  may  write,  generally, 

XV.  .  .  Sj  =  Ty .  cos  z  y ;    or    XVI.  .  .  SUy  «  cos  ii  j ; 

equations  which  will  be  found  of  great  importance,  as  serving 
to  connect  quaternions  with  trigonometry ;    and  which  show 

that 

XVII.  ..ily'=zj,    if    SUj'-SUy, 

the  angle  Lq  being  still  taken  (as  in  130),  so  as  not  to  fall 
outside  the  limits  0  and  ir\  whence  also, 

2  a 


178  BLBMBMTS  OF  QUATBBMI0N8.  [bOOK  II. 

XVin.  ..^j'^^j,    if    Sj'«Sj,    and    Ty'-Ty, 
the  angle,  of  a  quaternion  being  thus  given^  when  the  scalar 
and  the  tensor  of  that  quaternion  are  given,  or  known.     Fi- 
nally because,  in  the  same  Figure  36  (comp.  15,  103),  the 

line^ 

Oh!  «  (oa'  :  oa)  .OA  B  OA .  S  (ob  :  oa), 

may  be  said  to  be  the  projection  of  ob  on  oa,  since  a'  is  the 
foot  of  the  perpendicular  let  fall  from  the  point  b  upon  this 
latter  line  oa,  we  may  establish  this  other  general  formula : 

XIX.  .  .  aS  -  e  S  ^  •  a  =  projection  qf(i  on  a ; 
a  a 

a  result  which  will  be  found  to  be  of  great  utility,  in  investi- 
gations respecting  geometrical  loci^  and  which  may  be  also 
written  thus : 

XX.  .  .Projection  of  ^  on  a'^X^a^T^.^M^; 

with  other  transformations  deducible  from  principles  stated 
above.  It  Is  scarcely  necessary  to  remark  that,  on  account 
of  the  scalar  character  of  S^,  we  have,  generally,  by  159,  and 
187,  (8.),  the  expressions, 

XXI.  .  .  USy  =  ±  1 ;        XXII.  .  .  TSj  =  ±  Sj; 
while,  for  the  same  reason,  we  have  always,  by  139,  the  equa- 
tion (comp.  IV.), 

XXIII.  ..KSy-Sj;    or    XXIII.  ..KS«S; 
and,  by  131, 

XXIV.  .  .  zSy«0,  or  =7r,  unless  Zj^^; 

in  which  last  case  Sy  =  0,  by  VII.,  and  therefore^  Sj  is  inde- 
terminate :*  US^  becoming  at  the  same  time  indeterminate, 
by  159,  but  TSy  vanishing,  by  186,  187. 


a 


(1.)  Tho  equation, 

is  now  aeon  to  be  equivalent  to  the  formula,  p  -^  a ;  and  therefore  to  denote  the 
•  Compare  the  Note  in  page  IIS,  to  Art  181. 


CHAP.  I.]  OBOHETEICAL  BXAldTPLBB.  17^      '    ^ 

MMe  ptoM  lotMM  for  r,  u  tluft  irMdi  fft  wpmeated  by  tny  om  of  tb«  fottr  Mirar 
cqofttioiis  of  186,  (6.) ;  or  by  the  eqnatioD,  ""' 

(2.)  Thft  eqftfttioti,  i         ^  y 

8^-0,    or    8?=S?, 

«  a       tL  •  ,       , 

cxprenes  that  bp  m  Oa  ;  or  tbat  th^poinWB  and  p  hare  the  Mime  proyMfJon  on  oa  ; 
or  that  the  loetu  of  p  is  the  plane  ihromgh  b,  ptrptndUular  to  the  Ktu  OA. 
(8.)  The  equation, 

a  a 

expreaees  (comp.  182,  (2.)  )  that  p  U  on  one  aheet  of  a  com  ofrnohitiom,  with  o  for 
vertex,  and  OA  for  cmt,  and  passing  through  the  point  b. 

(4.)  The  other  jtheet  of  the  fame  (Mm«  is  represented  by  this  other  equation, 


a  a 

aod  MA  «Am<i  jointly  by  the  equation, 


(«.)  The  eqwikm, 

8?-l,     or     8Ue  =  T?,  \l  — 

a       '  a         P 

\  that  the  heme  of  p  is  die  pt<me  thnntgh  A,  perpemKeuiar  to  the  line  OA ; 

because  it  expresses  (comp.  XIX.)  that  the/»ro;>c<um  of  op  on  oa  is  the  line  oa  if- 

oeif;  or  that  the  angU  oap  is  riffht  ;  or  that  8 a  0.  '  ^ 

(6.)  On  the  other  hand  the  equation, 

8^=1,     or     SU^-T?,       .  -  1/    - 

expresses  that  the  projection  of  ob  on  op  is  op  itself ;  or  that  the  angle  opb  is  right ; 
or  that  the  locos  of  p  is  tliat  epherie  eurface,  wiiich  has  the  line  OB  for  a  diameter. 
(7.)  Hence  the  eyetem  of  the  (vo  e^uatione, 

8^  =  1,         8^«1, 
a  p 

representA  the  eirele,  in  which  the  ephere  (6.),  with  OB  for  a  diameter,  is  ctcf  by  the 
plane  (5.),  with  oa  ibr  the  perpendicular  let  £sll  on  it  from  o. 
(a)  And  therefore  this  new  equation, 

se.s5=i, 

a      p 
obtained  by  multiplying  the  two  last,  represents  the  Cyelie*  Cone  (or  eone  of  the 


Historically  speaking,  the  oblique  eone  with  eireular  baee  may  desenre  to  be 
tiie  Apollonian  Cone,  from  Apollonius  of  Perga,  in  whose  great  work  on  Co- 


II 
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second  order^  but  not  generaUy  of  rew>luHon\  which  ruU  on  this  last  circU  (7.)  as 
its  hoMe^  and  has  the  point  o  for  its  vertex.  In  fact,  the  equation  (8.)  is  evidently 
satisfied,  when  the  two  equations  (7.)  are  so;  and  therefore  every  point  of  the  circu- 
lar eireumfereneef  denoted  by  those  two  equations,  most  be  a  point  of  the  Iocum^  re- 
presented  by  the  equation  (8.).  But  the  latter  equation  remains  unchanged,  at  least 
essentially,  when  p  is  changed  to  xpf  x  being  itny  ecalar  j  the  locus  (8.)  is,  there- 
fore, 8ome  conical  turfaee^  with  its  vertex  at  the  origin,  o ;  and  consequently  it  can 
be  none  other  than  that  particular  cone  (both  ways  prolonged),  which  retts  (aa 
above)  on  the  given  circular  bate  (7.)* 
(9.)  The  system  of  the  two  equations, 

S?.S^  =  1,        8^  =  1, 
a      p  y 

(in  writing  the  first  of  which  the  poimi  may  be  omitted,)  represents  a  conic  eection  ; 
namely  that  section,  in  which  the  cone  (8.)  is  cut  by  the  new  plane^  which  has  oc 
for  the  perpendicular  let  fall  upon  it,  from  the  origin  of  vectors  o. 

(10.)  Conversely,  every  plane  ellipee  (or  other  conic  section)  in  space,  of  which 
the  plane  does  not  pass  through  the  origin,  may  be  represented  by  a  system  of  two 
equations,  of  this  last  ybrm  (9.) ;  because  the  cone  which  rests  on  any  such  conic  aa 
its  base,  and  has  its  vertex  at  any  given  point  o,  is  known  to  be  a  cycHc  cone. 

(11.)  The  curve  (or  rather  the  pair  ofcuTves\  in  which  an  oblique  but  cyclic 
cone  (8.)  is  cut  by  a  concentric  sphere  (that  is  to  say,  a  cone  resting  on  a  circular 
base  by  a  sphere  which  has  its  centre  at  the  vertex  of  that  cone),  has  come,  in  mo- 
dem times,  to  be  called  a  Spherical  Conic,  And  any  such  conic  may,  on  the  fore- 
going plan,  be  represented  by  the  system  of  tlie  two  equations, 

S?S^=1,        Tp=l; 
a     p 

the  length  of  the  radius  of  the  sphere  being  here,  for  simplicity,  supposed  to  be  the 
unit  of  lungth.  But,  by  writing  Tp  ■=  a,  where  a  may  denote  any  constant  and  posi- 
tive scalar,  we  can  at  once  remove  this  last  restriction,  if  it  be  thought  usefbl  or  con- 
venient to  do  so. 

(12.)  The  equation  (8.)  may  be  written,  by  XII.  or  XII'.,  under  the  form  (comp. 
191,  VII.) : 


or  br  fly, 


P      « 


nics  (KutvtKStv),  already  referred  lo  in  a  Note  to  page  128,  the  properties  of  such  a 
cone  appear  to  have  been  first  treated  systematically ;  although  the  cone  of  revolu- 
tion had  been  studied  by  Euclid.  But  the  designation  ^* cyclic  cone"  is  shorter;  and 
it  seems  more  natural,  in  geometry,  to  speak  of  the  above-mentioned  oblique  cone 
thus,  for  the  purpose  of  marking  its  connexion  with  the  circle,  than  to  call  it,  as  is 
now  usually  done,  a  cone  of  the  second  order,  or  of  the  second  degree :  although 
these  phrases  also  have  their  advantages. 


CHAP.  I.]  GBOMBTRICAL  BXAMPLB8.  181 

if  a'=/5T^  =  T«.UA     and    p^^aT^^Tfi.Vai 
P  « 

to  dut  a'  and  ^^  are  here  the  linea  oa'  and  ob',  of  Ait  188,  and  Fig.  48. 

(18.)  Hence  tbe  cone  (8.)  is  cot,  not  only  by  the  plane  (6.)  in  the  circle  (7.), 

wiiicfa  is  on  the  sphere  (6.),  bat  alao  by  the  (generally)  new  plam*,  S  -,=  1,  in  the 

(generally)  imv  eirde,  in  which  this  new  plane  cuts  the  (generally)  new  ephere^ 

S^  =  1 ;  orin  the  drde  whidi  is  repreaented  by  tbe  system  of  tbe  two  eqoations, 

8",  =  1,        8^  =  1. 
a  p 

(14.)  In  the  parHemlar  eaae  when  /3 1  a  (15),  so  that  the  quotient  /3  :  a  is  a  «ea- 
lor,  which  most  be  poeitiTe  and  greater  than  unity,  in  order  that  the  plane  (5.)  may 
(rcolify)  eatt  the  sphere  (6.),  and  therefore  that  the  circle  (7.)  and  the  cooe  (8.)  may 
be  reai,  we  may  write 

and  the  ciide  (13.)  eouteideM  with  the  circle  (?.)• 

(1 5.)  In  the  same  eate,  the  cone  is  one  of  rwvohUion  ;  every  point  p  of  its  drca- 
Ur  base  (that  is,  of  the  cireumferenee  thereof)  being  at  one  constant  dUtanetfirom 
the  vertex  o,  namely  at  a  distance  =  aTa.  For,  in  the  case  supposed,  the  equations 
(7.)  grre,  by  XIL, 

N^  =  S^:8-=l:8-  =  a«:S^«a«;     or     Tp  =  aTa. 
a        a       p  p  p 

(Compare  145,  (12.),  and  186,  (5.).) 

(16.)  Conversely,  if  the  cone  he  one  of  revolution,  the  equations  (7.)  must  con- 
duct to  a  result  of  the  form, 

a«=N^  =  S^:8-  =  8^:8-,or     (comp.  (2.)  ),    S^^^  =  0; 
a        a       p        p      p  p 

whidi  can  only  be  by  the  line  )9  —  a^a  vanishing,'  or  by  our  having  p  =  a*ay  as  in 
(14.)  ;  rince  otherwise  we  should  have,  by  XIY.,  p-^fi  —  a^tt^  and  aU  the  pointt  of 
the  base  would  be  situated  in  one  plane  passing  through  the  vertex  o,  which  (for  any 
actoal  cone)  would  be  absurd. 

(17.)  Supposing,  then,  that  we  have  no^  j3 1  a,  and  therefore  not  a' =  a,  I^^P,' 
as  in  (14.),  nor  even  a'  |  a,  /?  I  /3,  we  see  that  the  cone  (8.)  is  not  a  oone  of  revolu- 
tion (or  what  is  often  called  a  right  cone) ;  but  that  it  is,  on  the  contrary,  an  oblique 
(or  scalene)  eone,  although  still  a  'cgelic  one.  And  we  see  that  such  a  cone  is  cut  in 
two  diatinet  series*  of  circular  sections,  by  planes  parallel  to  tbe  two  dbtinct  (and 
mutually  non-parallel)  planes,  (5.)  and  (13.) ;  or  to  two  new  planes,  drawn  through 
the  vertex  o,  which  have  been  calledf  tbe  two  Cyclic  Planes  of  the  cone,  namely,  the 
two  following : 


*  These  two  series  of  tuh-contrary  (or  cMtiparalleT)  but  circular  tectums  of  a 
eydic  oone,  appear  to  have  been  first  discovered  by  ApoUonius :  see  tbe  Fifth  Propo> 
sitioD  of  his  First  Book,  in  which  he  says,  Ka\(io$<a  Sk  ^  rocavrif  rofiij  virtvavria 
(page  22  of  Halley*s  Edition). 

t  By  H.  Chasles. 
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a  P 

while  the  fiM  /iii«»  fnm  tka  yertez,  oa  aod  OB,  w\ddiMtperpemdicuimrioih$$9tioo 
planeg  reepectlYely,  may  ba  said  to  be  the  two  Cyclic  Normak. 

(18.)  Of  these  two  UntM,  a  and  jS,  the  teeond  has  been  seen  to  be  a  diameter  of 
the  sphere  (<.),  which  may  be  said  to  be  cireumeerihed  to  the  cone  (8.))  when  that 
cone  is  considered  as  having  the  circle  (7.)  for  its  &a»e  ;  the  eeeond  cyeHe  plane  (17.) 
is  therefore  the  tanpent  plane  at  the  twtex  of  the  oona,  to  itkatfiret  eircumecribed 
tphere  (6.). 

(19.)  The  sphere  (18.)  may  in  like  manner  be  said  to  be  drcamscribed  to  the 
cone,  if  the  latter  be  considered  as  renting  on  the  new  circle  (18.),  or  as  terminated  by 
thai  cSrcle  as  its  new  bate  ;  and  the  diameter  of  tblsiMV  tphere  is  the  line  qb',  or  /3', 
irhieh  has  by  (12.)  the  dirtetion  of  the  line  a,  or  of  \AMftrei  eycKe  normal  (17.) ;  eo 
that  (comp.  (18.))  thejlret  eyelic  plane  is  the  tangent  plane  at  the  vertex,  to  the 
eeeond  circumseribed  tphere  (18.). 

(20.)  Any  cfther  tphere  through  the  vertex,  which  touehee  thejirti  ctfcUeplane^ 
and  wliich  therefore  has  its  diameter  from  the  vertex  =  &'/3',  where  b'  is  some  scalar 
co-effideot,  is  r^resented  by  the  equation, 

8»:^=I..    or    8^  =  1. 

it  therefore  mtto  the  eone  in  a  eirelet  of  which  (by  (12.)  )  the  equaHom  of  the  plane  it 

a  o  a 

so  that  the  perpendicular  from  the  vertex  is  b'a'  |  P  (comp.  (6.)  ) ;  and  consequently 
this  j97ane  ofteetion  of  sphere  and  cone  is  parallel  to  the  eeeond  cyclic  plane  (17.). 
(21.)  In  like  manner  any  ephere,  such  as 

S  —  s  1,  where  &  Is  any  scalar, 
P 
which  touehee  the  tecond  cyclic  plane  at  the  vertex,  interteett  the  cone  (8.)  in  a  ctr- 
clCf  of  which  the  plane  has  for  equation, 

and  is  therefore  parallel  to  thefiret  cyclie  plane, 

(22.)  The  equation  of  the  cone  (by  IX.,  X.,  XYI.)  may  also  be  thus  written : 

SU?.SU^=T3;    or,     cos  z^^.cos  z|  =  T?; 
a         p        p  a  P        P 

it  expresses,  therefore,  that  the  product  of  the  tonnee  of  the  inelinatione^  of  any  •*- 
tiaUe  tide  (jp)  of  an  oblige  cyeHc  cone,  to  two  fixed  linee  (a  and  /3),  namdy  to  the 
two  cyclic  normale  (17.),  is  constant ;  or  that  the  product  of  the  tinet  of  the  tncfma- 
tione,  of  the  same  variable  side  (or  ray,  p)  of  the  cone,  to  two  fixed  planet,  namely  to 
the  two  cyclic  planet,  is  thus  a  constant  quantity. 

(28.)  The  two  yr eat  cirelee,  in  which  the  concentric  tphere  Tp  =  liacutby  the  two 
cyclic planee,  liavebeen  called  the  two  Cyclic  Arct*  of  the  Spherical  Conic  (11.),  in 


«  By  M.  Cbasles. 
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Thich  that  sphoe  b  oat  Iqr  the  oone.  It  fbUows  (by  (22.)  )  that  tha  ^oAui  ofthm 
Met  9ftk£  (arcual)  perpmtdicul<ira^  Ut  fall  from  any  pomtv  of  a  gioetk  tpkerieal 
enic,  M  iU  two  eyclie  are»^  is  eotuianL 

(U.)  These  properties  of  ofeKe  eomesy  and  of  spherical  eonios,  are  not  put  fbr- 
wd  as  moo;  bat  th^  are  of  importance  enoogb,  and  have  been  here  deduced  with 
ttSdeot  Ikdlity,  to  show  that  we  are  already  in  possession  of  a  Cb/ca/iis,  with  its 
own  Rslts*  of  Tramaformatum^  whereby  om  enunciation  of  a  geometrical  theorem,  or 
problem,  or  constractum,  can  be  translated  into  several  others,  of  which  some  may 
be  desrer,  or  simpler,  or  more  elegant,  than  the  one  first  proposed. 

197.  Let  a,  /39  y  be  any  three  co-initial  vectors,  oa,  dfcc.i  ,  * 
and  let  od  »S»7  -(-/S,  so  that  obdc  is  a  parallelogram  (6)  ;,  (^; 
then,  if  we  write  / '  / 

^:a  =  3',        7:a-g^,    and    8:  o«y"«j'  +  ?  (106), 
and  suppose  that  b',  c\  d'  are  the  feet  of  perpendiculars  let 
fall  from  the  points  b,  c,  d  on  the  line  oa,  we  shall  have,  by 
196,  XIX.,  the  expressions. 

Bat  also  ob  =  cd,  and  therefore  ob'  =  cV,  the  similar  project 
turns  of  equal  lines  beiiiig  equal;  hence  (comp.  11)  the  sum  of 
tlie  projections  of  the  lin^s  /3,  y  must  be  equal  to  the  projec- 
tion of  the  sum,  or  in  symbols, 

oo'«oc:+OB',         y^y+jS',        8':a  =  (y:a)+0':a)* 
Hence,  generally,  for  any  two  quaternions^  q  and  j',  we  have 
the  formula : 

I.  ..S(y'+9)«S9+Sy; 

or  in  words,  the  scalar  of  the  sum  is  equal  to  the  sum  of  the 
scalars.  It  is  ea3y  to  extend  this  result  to  the  case  of  any  three 
(or  more)  quaternions,  with  their  respective  scalars;  thus,  if 
j"  be  a  third  arbitrary  quaternion,  we  may  write  ' 

%"+(?'  +  ?)}-S/+S(5  +  y)-Sg"-f(Sj"+S?); 
where,  on  account  of  the  scalar  character  of  the  summands,  the 
last  parentheses  may  be  omitted.     We  may  therefore  write, 
genendly, 

II.  .  .  SSgf  =  SSj,    or  briefly,     SS  -  2S ; 
wh^e  :;;  is  used,  as  a  sign  of  Summation :  and  may  say  that 

*  Cpmp.  Ub,  (10.)t  Ac- 
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a  formula  which  holds  even  when  LqhOy  or  -,  or  wy  aad 

which  gives, 

IV...  SU(g«)  =  2(SUy)«-l. 

Hence,  generallj,  the  scalar  of  q^  may  be  put  under  either  of* 
the  two  following  forms : 

V.  .  .  S(?')  =  T5«.C082/l  j;      VI.  .  .  S (g*) « 2 (Sg)« - Tg» ; 

where  we  see  that  it  would  not  be  safe  to  omit  the  parentheses y 
without  some  convention  previously  made,  and  to  write  simply 
Sj',  vrithout  first  deciding  whether  thb  last  symbol  shall  be 
understood  to  signify  the  scalar  of  the  square^  or  the  square  of 
the  scalar  of  q:  these  two  things  being  generally  unequal. 
The  latter  of  them,  however,  occurring  rather  q/iener  than  the 
former,  it  appears  convenient  to  fix  on  it  as  that  which  is  to 
be  understood  by  S^',  while  the  other  may  occasionally  be 
written  with  a  point  thus,  S .  j^* ;  and  then,  with  these  conven- 
tions respecting  notation*  we  may  write  : 

VII.  .  .  Sj» «  (Sqy ;         VIII. .  .  S .  j»  =  S  (?•). 

But  the  square  of  the  conjugate  of  any  quaternion  is  easily  seen 
to  be  the  conjugate  of  the  square  ;  so  that  we  have  generally 
(comp.  190,  II.)  the  formula: 

IX.  .  .  Ky»  -  K  ( J*)  =  (Kqy  =  T(7» :  UqK 

(1.)  A  qnaternioD,  like  a  positiye  scalar,  may  be  said  to  have  in  general  two  oppo- 
site square  roots ;  becanse  the  squares  of  opposite  quaternions  are  always  equal 
(comp.  (8.)  ).  But  of  these  two  roots  the  principal  (or  simpler)  one^  and  that  which 
we  shall  denote  by  the  symbol  V^,  or  V^,  and  shall  call  by  eminence  the  Square  Root 
of  q,  18  that  which  has  its  tMgle  aeuie^  and  not  obtuse,  IfVe  shall  therefore  write, 
generally, 

X. . .  ^  Vg=  i  L  q';        Ax.  Vj  =  Ax. 9; 


«  As,  in  the  Dijg^reniial  Calculus^  it  is  nsnal  to  write  dx>  instead  of  (dx)< ; 
while  d  (»')  is  sometimes  written  as  d . «'.  But  as  d'»  denotes  a  second  differential, 
so  it  seems  safiBSt  not  to  denote  the  square  of  S^  by  the  symbol  S'g,  which  properly 
signifies  SSg,  or  S9,  as  in  196,  YI. ;  the  second  scalar  (lilce  the  second  tensor,  187, 
(9.),  or  the  second  versor,  160)  being  equal  to  itie  first,  fitiU  every  calculator  will 
of  course  use  his  own  discretion ;  and  the  employment  of  the  notation  S'9  for  (S9)', 
as  cos  'x  is  often  written  for  (cos  «)*,  may  sometimes  cause  a  saving  of  space. 
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vith  tb*  HMCivatfon  that,  when  Z  9  »  0,  or  =s  y,  this  eommon  tutis  of  q  tnd  Vq  be- 
cMM  (I7  181*  149)  AD  uuUitraimaU  unit-line. 
(1)  Hanoe, 

XI.  ..SVj>0,     if    Zj<ir; 

while  thli  tealar  oftht  tquare  root  of  a  qnateraion  may,  by  VI*i  be  thus  trtau-jij]^ 
fonned: 

XII...SVg  =  VUCr9  +  S9)};  \  /i 

a  fonnola  which  holds  good,  eren  at  the  limit  Lq=^ir, 

(3.)  The  principle*  (1.),  that  in  qnateniona,  aa  hi  algebra,  the  equation, 

h  in  idmtHjf^  may  be  illaatrated  by  oonoeiying  that,  in  Fig.  42,  a  point  b'  ia  deter- 
mined by  the  equation  on'  =bo  ;  for  then  we  afaall  have  (comp.  Fig.  88,  hU),  L  / 

(-9)*  =  ^^)  =~  =  9^,becaiiaeAAOB'«B'oo. 

200.  Another  useful  connexion  between  scalan  and  tensors  (or 
norms)  of  quaternions  may  be  deriyed  as  follows.  In  any  plane  tri- 
angle AOB,  we  havef  the  relation, 

(T.ab)*=(T.oa)»-2(T.oa).  (T.OB),  cos  aob  +  (T.ob)«; 
in  which  the  symbols  T.  oa,  &c.,  denote  (by  185, 186)  the  lengths  of 
the  sides  oa,  dsa;  but  if  we  still  write 2  =  ob:oa,  we  hare  q-l 
=  ab:  oa;  dividing  therefore  by  (T.  oa)*,  the  formula  becomes  (by 
196,  &o.), 

I...T(^^l)»  =  l-2Tg.SU}  +  T/  =  Ty«-2Sy+l; 
or 

II.  ..N(^-1)=N^-2S^+1. 

But  q  is  here  a  perfectly  general  quaternion;  we  may  therefore 
change  its  sign^  and  write, 

IIL..T(l+^)«=l  +  2S^tTj^;       IV.  ..N(1+^)=1  +  2S}  +  N^. 
And  since  it  is  easy  to  prove  (by  106, 107)  that 


v...(|'+i)^=?'+y, 


whatever  two  quaternions  q  and  q'  may  be,  while       . 

we  easily  infer  this  other  general  formula, 

VII.  ..N(5'  +  ^)=N3^  +  2S.|?Kg'tN3'; 
which  gives,  if  a?  be  any  scalar, 

VIIL  ..N(jr  +  aj)  =  Nj2'  +  2a;S3'  +  x». 


*  Compare  the  fint  Note  to  page  162. 

t  By  the  Second  Book  of  Euclid,  or  by  plane  trigonometry. 
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(1.)  We  are  now  prepared  to  effect,  by  rules*  oftrantformaiion,  some  other  jmu- 
MoffCB  from  one  mode  of  expregtion  to  another,  of  the  kind  which  has  been  alladed  to, 
and  partly  exemplified,  in  former  sab-articles.    Take,  for  example,  the  formnla, 

TeJ:^=l,  ofl87,(2.); 

or  the  eqniyalent  formula, 

TO)  +  a)  =  T(p-a),  of  186,  (6.)  ; 
which  has  been  seen,  on  geometrical  grounds,  to  represent  a  certain  /octet,  namely  the 
plane  through  o,  perpendicular  to  the  line  oa  ;  and  therefor  the  same  loeue  as  that 
which  is  represented  by  the  equation, 

8^  =  0,  of  196,  (1.). 
a 

To  pofs  now  from  the  former  equations  to  the  latter,  by  etdculoHon^  we  have  only 

to  denote  the  quotient  piahy  q,  and  to  observe  that  the  first  or  second  form,  as  just 

now  died,  becomes  then, 

T(^  +  l)  =  T(g-l);     or    N(g  +  1)=  NC^-l); 

or  finally,  by  II.  and  TV., 

which  gives  the  third  form  of  equation,  as  required. 

(2.)  Conversely,  from  S  -  =  0,  we  can  reittm,  by  the  same  general  formula  II. 
a   * 

and  rv.,  totheequationN[^-l  ]  =  Nf  ?+l  \  or  by  I.  and  III.  to  t(  ^-  1  j 

=  Tf  -+1  \  or  to  T(p-  d)  =  T(j)  +o),  or  to  T^---2=  1,  as  above;   and  gene- 

rally. 

Sg  =  0    gives    T(9-l)  =  T(g+l),     or    Ti±i=l; 

q-1 

while  the  latter  equations,  in  turn,  involve,  as  has  been  seen,  the  former. 

(8.)  Again,  if  we  take  the  Apollonian  Locus,  145,  (8.),  (9.),  and  employ  \hejiret 
of  the  two  forms  186,  (6.)  of  its  equation,  namely, 

T(p-a*o)=aT(p-a), 
where  a  is  a  given  positive  scalar  different  from  unity,  we  may  write  it  as 

T(g-a»)  =  aT(9--l),     eras    N(5r-at)  =  a«N(9- 1); 
or  by  VIII., 

Ny- 2««S^  +  a*  =  a«(N9 - 2Sfl  +  1) ; 

or,  after  suppressing  -  20*89,  transposing,  and  dividing  by  a<  -  1, 

Ng  =  o«;     or,     Np«a*Na;     or,     Tp  =  aTo; 
which  last  is  the  second  form  186,  (6.),  and  is  thus  deduced  from  thejirst^  by  caleu- 
lotion  atone,  without  any  immediate  appeal  to  geometry,  or  the  construction  of  any 
diagram. 


*  Compare  145,  (10.) ;  and  several  subsequent  sub-articles. 


CHAP.  I.]  GEOMBTRICAL  BXAHPLBS.  189 


*f 


(4.)  Conyenely  if  we  take  the  equation,  *  -'^^     ,      /V.?  -   " 

N?  =  a«,  of  146,  (12.),  ^ 

a 

vh'ch  was  there  aeen  to  represent  the  same  locna,  considered  as  a  spheric  surface, 
vith  o  for  centre,  and  aa  for  one  of  its  radii,  and  write  it  as  N9  =  a',  we  can  then 
if  ealculatum  retam  to  the  fonn 

N(7~a«)  =  a*N(g--l),     or    T(g-a«)  =  aT(g-l), 
or  finally, 

T(p-aaa)  =  oT(p-o),  as  in  186,  (6.); 

^^fintfirm  of  that  sub-article  being  thus  dedaced  Jrom  the  second^  namely  from 

Tp=aTa,  orT^  =  a.  /!    '        -       .^       '  T "    '    '* 

(5.)  It  ia  far  from  being  the  intention  of  the  foregoing  remarks,  to  discourage  _^  ^   '^ 

^i^teniioH  to  the  geometrical  interpretation  of  the  various  ybmu  of  expreeeionf  and  , , 

gencxal  rulea  of  traneformation,  which  thus  offer  themselves  in  working  with  qua-  jt    a,  ,  /    * 
ternions ;  on  the  contrary,  one  main  object  of  the  present  Chapter  has  been  to  es-  «       . 

tablish  a  firm  geometrical  baeis,  for  all  such  forms  and  rules.  But  when  such  a/bim- 
doHon  has  once  been  laid,  it  is,  as  we  see,  not  neceuary  that  we  should  continually 
**emr  to  the  examination  of  it,  in  building  up  the  superstructure.  That  each  of  the 
^fBoformsy  in  186,  (5.)i  involves  the  other,  may  be  proved,  as  above,  by  calculation  ; 
bat  it  is  interesting  to  inquire  what  is  the  meaning  of  this  result :  and  in  seeking  to 
mlorpret  it,  we  should  be  led  anew  to  the  theorem  of  the  Apollonian  Locus. 

(6.)  The  result  (4.)  of  calculation,  that 

N(g-a«)  =  a«N(g-l),  ifNy  =  a2, 
'^  be  expressed  under  the  form  of  an  identity,  as  follows : 
IX...N(g-N9)  =  Ng.N(g-l); 
w  vhich  q  may  be  any  quaternion, 

(7.)  Or,  by  191,  YIL,  because  it  will  soon  be  seen  that 
y  (g  - 1)  =  g2  -  g,  as  in  algebra, 
^s  may  write  it  as  this  other  identity : 

X...N(g-Ng)  =  N(g»-g). 

(8.)  If  T  (g  -  1)  =  1,  then  S  -  =  - ;  and  conversely,  the  former  equation  follows 
q      2 

from  the  latter;  because  each  may  be  put  under  the  form  (comp.  196,  XII.), 

Ng=2Sg. 

(9.)  Hence,  if  T  (p  -  a)  =  Ta,  then  S  —  =  1,  and  reciprocally.     In  fact  (comp. 

ii)6,  (6.)  ),  each  of  these  two  equations  expresses  that  the  locus  of  r  is  the  sphere 
which  passes  through  o,  and  has  its  centre  at  A ;  or  which  has  on  =  2a  for  a  dia- 
meter. 

(10.)  By  changing  9  to  g  4  1  in  (8),  we  find  that 

7-1 
if  Tg=  1,     then    S^ — -  =  0,  and  reciprocally. 
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(11.)  Hence  if  Tp=Ta,  then  8^-^  =  0,  andredprocaUy ;  becftuae (by  106) 
y  "V  ** 

p+a         a  a         \a        }  \a        [ 

(12.)  Each  of  these  two  eqnatioDB  (11.)  expreises  that  the  locos  of  pis  the 
sphere  throo^^  a,  which  has  its  centre  at  o ;  and  their  proved  agreement  is  a  reoogi- 
nition,  by  quatemionsi  of  the  elementary  geometrical  theorem,  that  the  angle  in  a 
semicircle  is  a  right  angle. 

Section  13. —  On  the  Right  Part  {or  Vector  Part)  qfa  Qua^ 
tension;  and  on  the  Distributive  Property  of  the  MuUipli" 
cation  of  Quaternions. 

201.  A  given  vector  ob  can  always  be  decomposed,  in  one 
but  in  only  one  way,  into  two  component  vectors,  of  which  it 
is  the  sum  (6) ;  and  of  which  one^  as  ob'  in  Fig.  50,  is  parallel 
(16)  to  another  given  vector  oa,  while     „ 

the  other^  as  ob"  in  the  same  Figure,  is     j "" 

perpendicular  to   that  given  line   oa;    |  ^/^ 

namely,  by  letting  fall  the  perpendicu-     \      y^ 
lar  bb'  on  oa,  and  drawing  ob"  «  b'b,  so    \y^ 
that  ob'bb"  shall  be  a  rectangle-    In  pj    ^ 

other  words,  if  a  and  j3  be  any  two  given, 

actual,  and  co-initial  vectors,  it  is  always  possible  to  deduce 
from  them,  in  one  definite  way,  two  other  co-initial  vectors, 
/3'  and  /3^  which  need  not  however  both  be  actual  (1);  and 
which  shall  satisfy  (comp.  6,  15,  129)  the  conditions, 

/3'  vanishing,  when  /3  ±  a ;  and  /S"  being  null,  when  /3  ||  a ; 
but  both  being  (what  we  may  call)  determinate  vector-fvnc- 
tions  of  a  and  j3.  And  of  these  two  functions,  it  is  evident 
that  j3'  is  the  orthographic  projection  offi  on  the  line  a ;  and 
that  ^"  is  the  corresponding  j^riycc^n  offi  on  the  plane  through 
o,  which  is  perpendicular  to  a. 

202.  Hence  it  is  easy  to  infer,  that  there  is  always  one, 
but  only  one  way,  of  decomposing  a  given  quaternion^ 

q^OB  :0Ae:/3:a, 

into  two  parts  or  summands  (195),  of  which  one  shall  be,  as  in 
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196,  a  scalar^  while  the  other  shall  be  a  ripki  quotient  (132). 
Of  these  two  parts,  the  former  has  been  already  called  (196) 
the  scalar  part^  or  simply  the  Scalar  of  the  Quaternion,  and 
has  been  denoted  by  the  symbol  Sq ;  so  that,  with  reference 
to  the  recent  Figure  60,  we  have 

1. . .  Sy  =  S(oB  :  oa)  =  ob':  da;    or,     S(/3:a)  =  ^:a. 
And  we  now  propose  to  call  the  latter  part  the  Biqht  Part* 
of  the  same  quaternion,  and  to  denote  it  by  the  new  symbol 

writing  thus,  in  connexion  with  the  same  Figure, 

n...Vy  =  V(oB:oA)«OB'':oA;     or,     V(i3:a)  =  /3":  a. 
The  System  of  Notations^  peculiar  to  the  present  Calculus, 
will  thus  have  been  completed ;  and  we  shall  have  the  follow- 
ing general  Formula  4^  Decomposition  of  a  Quaternion  into  two 
Summands  (comp.  188),  of  the  Scalar  and  Might  kinds : 

III.. .  j-Sy  +  Vy- Vy  +  Sy, 
or,  briefly  and  symbolically, 

IV...1-S  +  V-V+S. 

(1.)  In  oonnexion  wiUi  the  Mine  Fig.  50,  we  may  write  aUo, 


V(ob: 

oa)» 

b'b  :  OA, 

beeaoie,  by  constnictioo,  b'b  sob". 

r2.)  In  like  manner,  for  Fig.  86,  we  have  the  eqoation, 

V(ob: 

OA)  = 

a'b  :  OA. 

(3.)  Under  the  recent  conditione, 

V(j8':a)  =  0, 

and 

S03":a)  =  0. 

(4.)  In  genera],  it  is  evident  that 

V...9  =  0,    if    8^=0, 

and 

V7=0;  and  reciprocally. 

(5.)  More  generally, 

Yl...q'=q,     if    Bq'^&q, 

and 

V9'=Vg;  with  the  converse. 

(6.)  AUo               VII.  ..VgsO, 

if 

Lq  =  Of    or    =ir; 

or                                   VHL..V03:a)  = 

=  0,     if    ^||a; 

the  right  part  of  a  »calar  being  zero. 

*  This  Eight  Arrf,  Yq^  will  eome  to  be  also  called  the  Vector  Part,  or  simply 
the  Vbctob,  of  the  Quaternion ;  becaose  it  wHI  be  found  possible  and  nsefhl  to  iden- 
tify snch  part  with  its  own  Index- Vector  (183).  Compare  the  Notes  to  pages  119, 
136,  174. 
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(7.)  On  the  other  hand, 

IX...Vg  =  g,     if     lq  =  '^i 
a  right  quatemum  being  Om  own  right  part. 

203.  We  had  (196,  XIX.)  a  formula  which  may  now  be 

written  thus, 

S 
I.  .  •  ob'=S(ob:  oa).  OA,    or    /S'^S^-a, 

a 

to  express  the  projection  ofoB  on  oa,  or  of  the  vector  /3  on  a  ; 
and  we  have  evidently,  by  the  definition  of  the  new  symbol 
Vy,  the  analogous  formula, 

11.  ..ob"  =  V(ob:oa).oa,     or    /3"  =  V^.a, 

a 

to  express  ihe  projection  offi  on  the  plane  (through  o),  which 
is  drawn  so  as  to  be  perpendicular  to  a ;  and  which  has  been 
considered  in  several  former  sub-articles  (comp.  186,  (6.),  and 
196,  (1.) ).    It  follows  (by  186,  &c.)  that 

III.  .  .  T/3 '  =  TV  "  •  Ta  =  perpendicular  distance  of  hfrom  oa  ; 
a 

this  perpendicular  being  here  considered  with  reference  to  its 
length  alone,  as  the  characteristic  T  of  the  tensor  implies.     It 

is  to  be  observed  that  because  thejuctory  V  ^,  in  the  recent 

a 

formula  II.  for  the  projection  /3^  is  not  a  scalar^  we  must  write 

that  factor  as  a  multiplier ^  and  not  2S  9k  multiplicand;  although 

we  were  at  liberty,  in  consequence  of  a  general  convention 

(15),  respecting  the  multiplication  of  vectors  and  scalars^  to 

denote  the  other  projection  /3'  under  the  form, 

r.  ..8'  =  aS^(196,XIX.). 
a 

(i.)  The  equation, 

ve=o, 

a 
expresses  that  the  locos  of  p  is  the  indefinite  right  line  oa.  j^ 

(2.)  The  equation,  i       ..  -  ' 

v£::^=o.  or   ve=v^. 
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caqgMBM  that  the  locoa  of  p  b  Oifi  indaAoite  zigfat  line  bb",  in  VIg.  50,  which  i« 
diBini  thnmgfa  the  point  b,  perellel  to  the  line  oa. 
(3.)  The  equation 

S^^=0,    or    8^  =  8^,  of  196,  (2.), 
a  a        a 

has  ben  seen  to  exparesB  that  the  locus  of  p  is  the  plane  through  b,  perpendicalar 
to  the  line  OA ;  if  then  we  combine  it  with  the  recent  equation  (2.)*  we  shall  express 
that  the  pdnt  p  is  situated  at  the  inUraecHon  of  the  two  last  mentioned  loci ;  or  that 
it  tamddee  with  the  point  b. 

(4.)  Accordingly,  whether  we  take  the  two  first  or  the  two  kst  of  these  recent 
forms  (2.),  (3.),  namely, 

vej::^=o,    sez£=i>,  or  ve=v^,    se^s^. 

a  a  a        a  a        a 

we  can  infer  this  position  of  the  point  p :  in  the  first  case  by  inferring,  through  202, 

v.,  that  - — ^  =  0,  whence  p  -  j3=  0,  by  142 ;  and  in  the  second  case  by  inferring, 
a 

P      fi 
through  202,  TL,  that  -  =  !-;  so  that  we  have  in  each  case  (comp.  104),  or  as  a 
a      a 

eofuaequenoe  from  each  system,  the  equality  p  =  j3,  or  op  =  on ;  or  finally  (comp.  20) 

tlie  eoMcuieiice,  p  =  b. 

(5.)  The  squaiion,  Tv£=TV^ 

a  a* 

expnBBtn  that  the  locns  of  the  point  p  is  the  cylindrie  eurface  ofrevolvtiony  which 
peases  through  the  point  b,  and  has  the  line  OA  for  its  axis ;  for  it  expresses,  by  III., 
that  iA^  perpendicular  dUtaneee  of  p  and  B^from  this  latter  line,  are  equ<il, 

(6.)  Ihejyitem  of  the  two  equations, 

TVC  =  TVS       8-  =  0, 
a  a  y 

expresses  that  the  locus  of  p  is  the  (generally)  etliptie  eeetion  of  the  cylinder  (5.), 
made  by  the  plane  throng  o,  which  is  perpendicular  to  the  line  oo. 
(7.)  If  we  employ  an  analogous  decomposition  of  p,  by  supposing  that 

P  =  f>'  +  P"i         Pla»         f>"-^«> 
the  three  rectilinear  or  plane  loci,  (1.),  (2.),  (3.),  may  have  their  equations  thus 
briefly  written : 

whfle  the  combination  of  the  two  last  of  these  gives  p  =  /3,  as  in  (4.). 

(8.)  The  equation  of  the  cylindrie  locus,  (6.),  takes  at  the  same  time  the  form, 
Tp"  =  Ti3"; 
which  last  eqnatipn  expresses  that  the  projection  r^  of  the  point  p,  on  the  plane  through 
o  pezpendicnlar  to  oA,  falls  somewhere  on  the  circumference  of  a  circle,  with  o  for 
oentie,  and  ob"  for  radius :  and  this  circle  may 'accordingly  be  considered  as  the  baee 
of  the  right  eylinder^  in  the  sub-article  last  cited. 

204.  From  the  mere  circumstance  that  Yq  is  always  a 
right  quotient  (132),  whenceUVj'  is  a  right  versor  (153),  of 

2  c 
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which  the  plane  (1 19)»  and  the  axis  (127),  coincide  with  those 
of  q^  several  general  consequences  easily  follow.  Thus  we  have 
generally,  by  principles  already  established,  the  relations  : 

I.  ../LVq^l;        II.  .  .  Ax.  Vy  =  Ax.  tJVy  =  Ax.  g  ; 

m.  ..KVy  =  -Vy,     or    KV  =  -V(144); 
IV.  .  .  SVy  -  0,    or    SV  -  0  (196,  VII.) ; 
V.  ..(UVy)«  =  -l  (163,159); 
and  therefore, 

VI.  .  .  (Vy)«--(TV9)»  =  -NVy,» 

because,  by  the  general  decomposition  (188)  of  a  quaternion 
into  ^ctorsy  we  have 

VII.  ..  Vy  =  TVy,UV?. 
We  have  also  (comp.  196,  VI.), 

VIII.  ..  VSy  =  0,     or    VS  =  0  (202,  VII.) ; 
IX.  ..VVj  =  Vy,     or    V« «  VV  =  V  (202,  IX.) ; 
and  X.  ..VKy  =  -V?,     or    VK  =  -V, 

because  conjugate  quaternions  have  opposite  right  parts,  by  the 
definitions  in  137,  202,  and  by  the  construction  of  Fig.  36. 
For  the  same  reason,  we  have  this  other  general  formula, 

XI.  ..Ky  =  Sy-Vy,     or    K  =  S-V; 
but  we  had 

y  »  Sy  +  Vy,     or     1  =»  S  +  V,  by  202,  III.,  IV. ; 
hence  not  only,  by  addition, 

y  +  Ky  =  2S3',     or     I  +  K  =  2S,  as  in  196,  1., 
but  also,  by  subtraction, 

XIL  .  .  q-Kq  =  2Yqy     or     1-K  =  2V; 
whence  the  Characteristic^  V,  of  the  Operation  of  taking  the 
Right  Part  of  a  Quaternion  {oomp.  132,  (6.);  137;  156;  187; 
196),  may  be  (/^n^cf  by  either  of  the  two  following  symbolical 
equations : 

XIII.  .  .  V «  1  -  S  (202,  IV.);         XIV.  .  .  V  =  i(l  -K); 
whereof  the  former  connects  it  with  the  characteristic  S,  and 

*  Compare  the  Note  to  page  180. 
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the  ktter  with  the  charactenstio  E;  while  the  dependence  of 
K  on  S  and  V  is  expressed  by  the  recent  formula  XI. ;  and 
that  of  S  on  E  by  196,  IT.  Again,  if  the  line  ob,  in  Fig.  50, 
be  multiplied  (15)  by  any  scalar  coefficient,  the  perpendicular 
bb'  is  evidently  multiplied  by  the  same ;  hence,  generally, 

XV.  .  .  Yxq^xYq^  if  X  be  any  scalar ; 
and  therefore,  by  188,  191, 
XVL  ..  Vy  =  Ty.VUy,    and   XVII.  .  .  TVy  =  Ty  .TVUy. 

But  the  consideration  of  the  right-angled  triangle,  ob'b,  in  the 
Bame  Figure,  shows  that 

XVIIL..TVy  =  Ty.sinzy, 
because,  by  202,  II.,  we  have 

TVq  =  T(ob":  oa)  =  T.OB^T.OA, 
and 

T.ob"  =  T.OB  .  sin  aob  ; 

we  arrive  then  thus  at  the  following  general  and  useful  for- 
mula, connecting  quaternions  with  trigonometry  anew : 

XIX.  .  .TVUj  =  sinzy; 
by  combining  which  with  the  formula, 

SUj-co3£j(196,  XVL), 
we  arrive  at  the  general  relation : 

XX.  ..(SUy)»  +  (TVUy)'-l; 

which  may  also  (by  XVII.,  and  by  196,  IX.)  be  written  thus : 

XXI.  ..(Sy)»  +  (TVy)»-(Ty)M 

and  might  have  been  immediately  deduced,  without  sines  and 
cosines f  from  the  right-angled  triangle,  by  the  property  of  the 
square  of  the  hypotenuse,  under  the  form, 

(T .  ob')>  +  (T .  b'b)>  =  (T .  ob)». 
The  same  important  relation  may  be  expressed  in  various  other 
ways ;  for  example,  we  may  write, 

XXII.  ..Ny-Ty«-Sj«-Vy«, 

where  it  is  assumed,  as  an  abridgment  of  notation  (comp.  199, 

VII.,  Vm.),  that 

XXIII.  .  .  Vj'  =  {Yq)\    but  that    XXIV. .  .  V.  j«  -  V(?*), 
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the  import  of  this  last  symbol  remaining  to  be  examined. 
And  because,  by  the  definition  of  a  nomiy  and  by  the  proper- 
ties of  Sj  and  V^i 

XXV. .  .  NSj  *  SgS    but    XXVI.  •  .  NV^  -  -  VjS 
we  may  write  also, 

XXVII.  .  .  Ny  -  N(Sy  +  Yq)  -  NSy  +  NVy ; 
a  result  which  is  indeed  included  in  the  formula  200,  VIII., 
since  that  equation  gives,  generally, 

XXVIII.  ..N(j  +  a:)«Ny  +  N«,    if    Z?-|; 

X  being,  as  usual,  any  scalar.  It  may  be  added  that  because 
(by  106,  143)  we  have,  as  in  algebra,  the  identity, 

XXIX.  ..-(y'+y)  =  -y'-y, 
the  opposite  of  the  stwi  of  any  two  quaternions  being  thus  equal 
to  the  sum  of  the  oppositesy  we  may  (by  XI.)  establish  this 
other  general  formula : 

XXX.  ..-Ky-Vy-Sy; 
the  opposite  of  the  coiyngate  of  any  quaternion  q  having  thus 
the  same  riff ht  part  as  that  quaternion,  but  an  opposite  scalar 
part. 

(1.)  From  the  Ust  formula  it  may  be  inferred,  that 

if    j'=-Kg,    then    V/=+Vf»    but    S^^-Sq; 
and  therefore  that 

Tg'=  Tg,    and    Ax.  9'=  Ax.  9,    but    Z  9^  =  ir -  /L  9 ; 

which  two  last  relaticois  might  have  been  deduced  from  18S  and  148,  without  the 
Sn<TOdaction  of  the  characteristics  S  and  Y. 
(2.)  The  equation, 


(vey.(y2)-,  »(^ 


XXVL),    NV5«NV^, 
a  a 


like  the  equation  of  203,  (6.),  expresses  that  the  locus  of  p  is  the  right  cylinder,  or 
cylinder  of  revolution,  with  oa  for  its  axis,  which  passes  through  the  point  b. 
(8.)  The  system  of  the  two  equations, 


('!T-('!)"   «?-* 


like  the  corresponding  system  in  208,  (6.),  represents  generally  an  elHptie  section  of 
the  same  right  cylinder ;  but  if  it  happen  that  7  I  a,  the  section  then  becomes  ctV- 
cnlar. 
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(4)  The  ajatflm  of  tiM  two  eqwitioBS, 

8^=x,        fv^Y=«»-l,    with    «>-l.    »<I, 

npnseatB  the  eirele*  in  whieh  the  (^tinder  of  lerolatioii,  with  OA  for  axis,  and  with 
(1  -  jr*)kTa  for  radios,  is  perpendicalarlj  cut  by  a  plane  at  a  diatanoe  =  ±  xTa  from 
0;  the  ?ector  of  the  centre  of  this  drenUff  section  being  xa. 

(5.)  While  the  scalar  x  increases  (algebraicaUj)  from  - 1  to  0,  and  thenoe  to 
+ 1,  the  connected  scalar  V(l  -x*)  at  first  increases  frem  0  to  1,  and  then  decreases 
finxn  1  to  0 ;  the  radimt  of  the  circle  (4.)  at  the  same  time  en1ai|sing  from  eero  to  a 
mazimnm  »  Ta,  and  then  agsin  diminishing  to  zero ;  while  the  position  of  the  eeiUre 
of  the  drde  varies  continuously,  in  one  constant  direction,  from  tjirgt  Jimit-poini  a\ 
if  oa'=  —  a,  to  the  point  a,  as  a  neeond  limit. 

(6.)  The  loeus  of  all  such  circles  is  the  sphere,  with  aa'  for  a  diameter,  and  there- 
fore with  o  for  centre ;  namely,  the  sphere  which  has  already  been  represented  by  the 

eqaationTy>sTaoflM,  (2.);  orliy  T^»l,  of  187,  (1.);  or  by 

a 

8^^  =  o,of200,  (11.); 

p  +  o 
bat  which  now  presents  itself  onder  the  new  fom, 

obtsined  by  elimimaHng  x  between  the  two  recent  equations  (4). 

(7.)  It  is  easy,  however,  to  r^mrn  from  the  last  form  to  the  second,  and  thence 
to  the  JSrst,  or  to  the  third,  by  roles  of  calculation  already  established,  or  by  the  ge- 
neral relations  between  the  symbols  used.  In  fact,  the  last  equation  (6.)  may  be 
written,  by  XXII.,  under  the  form, 

whence 

Tt=l,  by  190,  VI.; 
a 

and  therefore  also  Tp  =  Ta,  by  187,  and  S  ?^^=  0,  by  200,  (11.). 

(8.)  OmTenely,  the  sphere  through  a,  with  o  for  centre,  might  already  have 
been  seen,  by  the  first  definition  and  property  of  a  norm^  stated  in  145,  (ll.)i  to  ad- 
mit (comp.  145,  (12.)  )  of  being  represented  by  the  equation  N  -  =  1 ;  and  thete- 
fore^  by  XXII.,  under  the  recent  form  (6.)  ;  in  which  If  we  write  x  to  denote  the 
variable  scalar  S  ^,  as  in  the  first  of  the  two  equations  (4.),  we  recover  the  second  of 
those  equations :  and  thus  might  be  led  to  consider,  as  in  (6.),  the  aphere  in  question 


*  By  the  word  "  circle,''  in  these  pages,  is  usually  meant  a  eircumferemee^  and 
not  an  arta  ;  and  in  like  manner,  the  words  ^  sphere,"  "  cylinder,"  **  cone,"  &c.,  are 
usually  here  employed  to  denote  wrfdcea,  and  not  volMmei. 
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aa  the  Iocum  of  a  variable  circle,  which  b  (as  above)  the  iniereecUoH  of  a  variabie 
cylinder,  with  a  variable  plane  perpendiciilar  to  its  axis. 

(9.)  The  same  sphere  may  also,  by  XXYII.,  have  its  equatioD  written  thns, 

Nfs^+V^Vl;    or    Tfs^  +  v5^  =  l. 

(10.)  If,  in  each  variable  plane  repreeented^y  the  first  equation  (4.),  we  conceive 
the  radius  of  the  cirde,  or  that  of  the  variable  cylinder,  to  be  multiplied  by  any  con- 
stant and  positive  scalar  a,  the  centre  of  the  circle  and  the  axis  of  the  cylinder  re- 
maining unchanged,  we  shall  pass  thus  to  a  neie  eygtem  ofdrclee,  represented  by  this 
new  system  of  equations, 

a  \     aa] 

(11.)  The  loeue  of  these  new  circles  will  evidently  be  a  Spheroid  of  Revolution  ; 
the  centre  of  this  new  surface  behig  the  centre  o,  and  the  axie  of  the  same  surface 
being  the  diameter  aa',  of  the  ephere  lately  considered :  which  sphere  is  therefore 
either  inaeribed  or  drcumecribed  to  the  spheroid,  according  as  the  constant  a  >  or 
<  1 ;  because  the  radii  of  the  new  circles  are  in  the  first  case  greater,  but  in  the  se- 
coDd  case  let;  than  the  radii  of  the  old  circles;  or  because  the  radinu  of  the  equator 
of  the  spheroid  =  aTa,  while  the  radius  of  the  sphere  s  Ta. 

(12.)  The  equations  of  the  two  eo-axal  cylinders  of  revolutbn,  which  envelope 
respectively  the  sphere  and  spheroid  (or  are  cireumecribed  thereto)  are : 


NV?.=  1,         NV^  =  a"; 


a 


TV^=1,         TV-  =  a. 


(18.)  The  ^stem  of  the  two  equations, 

8^=x,        fv^Y  =  aj»-l,    with  i3  fw/ I  «. 

represents  (comp.  (8.)  )  a  variable  ellipse,  if  the  scalar  x  be  still  treated  as  a  va- 
riable. 

(14.)  The  result  of  the  elimination  of  x  between  the  two  last  equations,  namely 
this  new  equation, 

or 

NS^  +  NV^=1,  by  XXV.,  XXVI. ; 

a  p 


or  finally, 


n(sP  +  v|J=1,  l^XXVIL; 
t(s^  +  v|^=1,  byl90,VI, 


CHAP.  I,]   QUATBBNION  Ba^ATlON  OF  THB  ELLIPSOID.  199 

reprewnts  the  toocf  of  all  nteh  ell^p9e$  (18.)»  and  will  be  found  to  be  an  Adequate 
icpresenUtion,  through  quatamionB,  of  the  general  Ellipsoid  (with  three  unequal     nil      (  ,,^ 
axes) :  that  celebrated  enrfaoe  being  hen  refened  to  ita  centre,  aa  the  origin  o  of    j  (  |  / 
Teeton  to  its  points ;  and  the  ns  scalar  (or  algebraic)  eonstante,  which  enter  into  f 

the  usual  algdfraie  equation  (Jbj  co-ordinates)  of  sach  a  central  ellipeoidy  being  here  j  ^• 

Tirtoally  indnded  in  the  tew  indepesidaii  vectors,  a  and  j3,  which  may  be  called  its 
two  Feetor- Constants* 

(16.)  The  equation  (comp.  (12.)), 


('IT-'' 


or    NV|  =  1,    or    Tvf=l, 


repreacnta  a  egUnder  ofrevolutioni  circumscribed  to  the  ell^oid,  and  tooching  it 
along  the  ellipse  which  answers  to  the  valne  x  =  0,  in  (18.)  ;  so  that  the  plan^  of 
thia  elBpse  of  contact  is  represented  by  the  equation, 

8^  =  0; 
a 

the  uormail  to  thia  plane  being  thns  (oomp.  196,  (17.)  )  the  vector  a,  or  oa;  while 
the  axis  of  the  lately  mentioned  enveloping  cylinder  is  j9,  or  on. 

(16.)  Pos^ning  any  forther  discnasion  of  the  recent  quaternion  equation  of  the 
eUqnoid  (14.),  it  may  be  noted  here  that  we  have  generally,  by  XXII.,  the  two  fol- 
lowing nsefol  transfonnatious  for  the  squares,  of  the  scalar  8q,  and  of  the  right  part 
Yq,  of  any  quaternion  q : 

XXXI.  .  .  Sg"  =  Tg8  f  Vj»;         XXXII. .  .  V^  =  S^a - Tg>. 

(17.)  In  referring  briefly  to  these,  and  to  the  connected  formula  XXIL,  upon 
ooeaaiony  it  may  be  somewhat  safer  to  write,* 

(S)«  =  (T)«  +  (V)i,        (V)«  =  (S)«  -  (T)«,        (T)a  =  (S)«  -  (V)», 
than8*=T*  +  V*,  &c.;  because  these  last  forms  of  notation,  S>,  &c.,  have  been 
otherwise  interpreted  already,  in  analogy  to  the  known  Functional  Notation,  or  No- 
tation of  the  Calculus  of  Functions,  or  of  Operations  (comp.  187,  (9.);  196,  VI. ; 
and  204,  IX). 

(18.)  In  pursuance  of  the  same  analogy,  any  scalar  may  be  denoted  by  the  gene- 
ral symbol, 

V-»0; 

becanae  sealars  are  the  only  quaternions  of  which  the  right  parts  vanish, 

(19.)  In  like  manner,  a  right  quaternion,  generally,  may  be  denoted  by  the  sym- 
bol, 

S-»0; 

and  since  thia  includes  (comp.  204,  I.)  the  right  part  of  any  quaternion,  we  may 
eatablidi  this  general  symbolic  transformation  of  a  Quaternion  : 

j=v-»o+s-»o. 

(20.)  With  this  form  of  notation,  we  should  have  generally,  at  least  for  realf 
quaternions,  the  inequalities. 


*  It  will  be  found,  however,  that  other  pairs  of  vector-constantSj  for  the  central 
ellipsoid,  may  occasionally  be  used  with  advantage. 

t  Compare  Art.  149  *,  and  the  Notes  to  pages  90,  184. 
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(V-»0>>0;        (B->0)><0; 
BO  that  a  (geometiicaUj  real)  Quatemiom  ii  generdiy  of  the  form : 

Square-root  of  a  Positive^  plus  Square-root  of  a  Negatwe, 
(21.)  The  equations  196,  XVI.  and  204,  XIX.  give,  fis  a  new  link  betweea  qua- 
ternioos  and  trigonometry,  the  fonnula : 

XXXIIL  .  .  ttn  Lq  =  TVUq:aVq  =  TYq:^, 
(22.)  It  may  not  be  entirely  in  accordance  with  the  theory  ot  ^bai  Fmtetiamal 
(or  OperaiumaV)  Notation,  to  which  aUoBion  has  lately  been  madOi  bat  it  will  be 
foond  to  be  convenient  in  practice^  to  write  thia  last  resolt  under  one  or  other  of  the 
abridged  forme  :* 

TV 
XXXIV.  .  .  tan z 9=  -^ . 9 ;     or    XXXfV'.  .  .  tan  Lq-^i  8)  9; 

o 
which  have  the  advantage  ofeavingthe  repetition  of  the  eymJM  of  the  quaternion, 
when  that  symbol  happens  to  be  a  complex  expreeeion,  and  not,  as  here,  a  single  let- 
ter, g. 

(28.)  The  transformation  194,  for  the  index  of  a  right  quotient,  gives  genermllj, 
by  II.,  for  any  quaternion  9,  the  fonnule : 

XXXV.  . .  TVq^TYq.Ax.q;        XXXVI.  .  .  IUV9=Ax.  9; 
so  that  we  may  establish  generally  the  aymbolloalt  equation, 
XXXVr.  ..IUV  =  Ax. 
(24.)  And  because  Az.  (1 :  Yq)  =  -  Ax.  Yq,  by  186,  and  therefbre  =  -  Ax.  9,  by 
II.,  we  may  write  also,  by  XXXV., 

XXXV.  .  .  I  (1 :  V9)  =  -  Ax.  9 :  TV9. 

205.  If  any  paraUelogram  ob0c  (comp.  197)  be  projected 
on  the  plane  through  0,  which  is  perpendicular  to  oa,  the  pro- 
jected figure  obVc''  (comp.  11)  is  still  a  parallelogram;  so 

that 

od"=oc"+ob"(6),    or    8"-7''+/3"; 

and  therefore,  by  IO69 

«":a-(Y":«)  +  0":«). 
Hence,  by  120,  202,  for  anytwaquatemionsy  q  and  q\  we  have 
tiie  general  formula, 

I.  ..V(y  +  y)  =  Vy'+Vy; 

•  Compare  the  Note  to  Art.  199. 

t  At  a  later  stage  it  will  be  found  possible  (comp.  the  Note  to  page  174,  &c.), 

to  write,  generally, 

IV9  =  V9,        IUV9  =  UV9; 

and  then  (comp.  the  Note  in  page  118  to  Art  129)  the  recent  equations,  XXXVI., 

XXXVr.,  will  take  these  shorter  forms: 

Ax.  9=inV9;        Ax.aUV. 
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with  which  it  is  easy  to  ccnmeci  this  other, 

Hence  also,  for  any  three  quaternions,  q^  q\  q\ 

and  similarly  for  any  greater  nnmber  of  summands:  so  that 
we  may  write  generally  (comp.  197,  II.), 

m.  ..VSy^SVy,    or  briefly    III.  ..VS«SV; 
while  the  formula  II.  (comp.  197,  lY)  may,  in  like  manner, 
be  thus  written, 

IV.   ..  V A?  =  AVj,     or     IV'.  .  .  VA  -  AV ; 

the  order  of  the  terms  added,  and  the  mode  of  grouping  them, 
in  III.,  being  as  yet  supposed  to  remain  unaltered,  although 
both  those  restrictions  will  soon  be  removed.  We  conclude 
then,  that  the  characteristic  V,  of  the  operation  of  taking  the 
right  part  (202,  204)  of  a  quaternion,  like  the  characteristic  S 
oi  taking  the  scalar  (196,  197),  and  the  characteristic  K  of 
taking  the  conjugate  (137,  195*),  is  a  Distributive  SymboU  or 
represents  a  distributive  operation:  whereas  the  characteris- 
tics. Ax.,  z,  N,  U,  T,  of  the  operations  of  taking  respectively 
theaxi«(128, 1 29),  the  an^fe(  130),  the  7iom(  145,  (11.)  ),  the 
versor  (156),  and  the  tensor  (187),  are  not  thus  distributive 
symbols  (comp.  186,  (10.),  and  200,  VII.) ;  or  do  not  operate 
upon  a  whole  (or  sum)^  by  operating  on  its  parts  (or  <tim- 
mands). 

(1.)  We  may  now  recover  the  STinbolical  equation  K*  » 1  (146),  under  the  form 
(comp.  196,  VL ;  202,  IV. ;  and  204,  IV.  VIIL  IX.  XI.) : 

V.  ..K»  =  (S-V)»  =  S^-SV-VS  +  V»  =  S  +  V=1. 
(2.)  In  like  manner  we  can  recover  each  of  the  expreesione  for  S*,  V  firom  the 
other,  under  the  forme  (comp.  again  202,  IV.) : 

VI.  .  .  S»  =  (1-V)«  =  1-2V  +  V»  =  1-V  =  S,  as  in  196,  VI.; 
VIL  .  .  V»  =  (I  -S)a=  1  -  2S  +  S«  =  1  -  8=  V,  as  in  204,  IX. ; 
or  thua  (comp.  196,  ir.,  and  204,  XIV.),  from  the  expressions  for  S  and  V  in  terms 
ofK: 


*  Indeed,  it  has  only  been  proved  as  yet  (comp.  195,  (l-))«  ^^^  KZ^  =  ZK^, 
for  the  case  of  two  summands ;  but  this  result  will  soon  be  extended. 

2d 
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VIII.  ..S»  =  i(l+K)»  =  i(l  +  2K  +  K»)  =  J(l  +  K)  =  S; 
IX.  ..  V«  =  i(l-K)»  =  i(l-2K  +  K»;  =  J(l-K)  =  V. 
(3.)  Similarly, 

X..  .  SV  =  J(H-K)(1-K)  =  J(1-K«)=0,  as  in  204,  IV-; 
and  XI.  ..  VS  =  i(l-K)(l  +  K)  =  4(l-K«)=0,  aa  in  204,  VUI. 

206.  As  regards  the  addition  (or  subtraction)  of  such  ri^ht 
partSy  Vy,  Yq\  or  generally  of  any  two  right  quaternions 
(132),  we  may  connect  it  with  the  addition  (or  subtraction)  of 
their  indices  (133),  as  follows.  Let  obdc  be  again  any  paral- 
lelogram (197,  205),  but  let  oa  be  now  an  unit-vector  (129) 
perpendicular  to  its  plane  ;  so  that 

Ta=l,     Z(j3:a)  =  z(y:a)  =  £(8:a)=^,     8  =  y  +  /3. 

Let  ob'd'c'  be  another  parallelogram  in  the  same  plane,  ob- 
tained by  a  positive  rotation  of  the  former,  through  a  right 
angle,  round  oa  as  an  axis ;  so  that 

Z(/3':0)^^(y:7)  =  Z(S':8)=^; 

Ax.(j3':|3)  =  Ax.(y:7)  =  Ax.(S':8)  =  a. 
Then  the  three  right  quotients,  j3  :  a,  y  :  a,  and  8 :  a,  may  re- 
present any  two  right  quaternions,  y,  q\  and  their  suniy  y'+y, 
which  is  always  (by  197,  (2.)  )  itself  o,  right  quaternion;  and 
the  indices  of  these  three  right  quotients  are  (comp.  133, 193) 
the  three  lines  j3',  y ,  S',  so  that  we  may  write,  under  the  fore- 
going conditions  of  construction, 

/3'=I(i3:a),     y«I(7:a),     Sr^I(S:a). 
But  this  third  index  is  (by  the  second  parallelogram)  the  sum 
of  the  two  former  indices,  or  in  symbols,  S'  =  y'  +  j3' ;  we  may 
therefore  write, 

L  ..!(?'  +  ?)  =  Iy  +  Iy,     if    Lq^Lq'^^; 

or  in  words  the  Index  of  the  Sum*  of  any  two  Right  Quater- 
nions  is  equal  to  the  Sum  of  their  Indices.     Hence,  generally, 
for  any  two  quaternions,  q  and  q\  we  have  the  formula, 
IL..IV(j+y)  =  IVj  +  IVy, 

*  Compare  the  Note  to  page  174. 
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because  V^^  Yq  are  aboayt  right  qnotients  (202,  204),  and 
V(j^  +  ;)  is  always  their  sum  (205, 1.)  ;  so  that  the  index  of 
the  riff  hi  part  of  the  sum  ofamf  two  quaternions  is  the  sum  of 
tie  indices  of  the  right  parts.  In  like  manner,  there  is  no  diffi- 
culty in  proving  that 

IIL  .  .  ICy'-y)-!?-!?,     if    Lq^Lq^-\ 

and  generally,  that 

IV.  ..IV(j'-j).IVg'-IVj; 
the  Index  of  the  Difference  of  any  two  right  quotients,  or  of 
the  right  parts  of  any  two  quaternions,  being  thus  equal  to  the 
Difference  of  the  Indices,*  We  may  then  reduce  the  addition 
or  subtraction  of  any  two  such  quotients,  or  parts,  to  the  addi* 
tion  or  subtraction  of  their  indices  ;  a  right  quaternion  being 
always  (by  133)  determined,  when  its  index  is  given,  or 
known. 

207.  We  see,  then,  that  as  the  Multiplication  of  any 
two  Quaternions  was  (in  191)  reduced  to  {\^i)  the  arithmetical 
operation  oi  multiplying  their  tensors^  and  (Ilnd)  the  geometric 
cal  operation  of  multiplying  their  versors,  which  latter  was  con* 
sirvctedhj  a  certain  composition  of  rotations^  and  was  repre^- 
tented  (in  either  of  two  distinct  but  connected  ways,  167,  175) 
by  Bides  or  angles  of  a  spherical  triangle:  so  the  Addition  of 
a»y  two  Quaternions  maybe  reduced  (by  197, 1., and 206,  II.) 
to,  1st,  the  algebraical  addition  oftheir  scalar  parts ^  considered 
as  two  positive  or  negative  numbers  (16)  ;  and,  Ilnd,  the  geo^ 
metrical  addition  of  the  indices  of  their  right  parts  ^  considered 
as  certain  vectors  (1) :  this  latter  Addition  ofLinesheing  per- 
fonned  according  to  the  Rule  of  the  Parallelogram  (6.).t     In 

*  Compare  again  th«  Note  to  page  174. 

t  It  does  not  faU  within  the  plan  of  these  Notes  to  allnde  often  to  the  history  of 
the  subject ;  Uat  it  onght  to  be  distmctly  stated  that  this  celebrated  Rule,  for  what 
nay  be  called  Gtometrieal  Addition  of  right  lines,  considered  as  analogous  to  compo' 
'UioH  of  motions  (or  of  forces)^  had  occurred  to  several  writers,  before  the  invention 
of  the  qnatemions :  although  the  method  adopted,  in  the  present  and  in  a  former 
voric,  of  dedocing  that  role,  by  algebraical  analogies,  from  the  sgmbol  b  —  a  (1) 
for  the  line  ab,  may  possibly  not  have  been  anticipated.  The  reader  may  com- 
pare the  Notes  to  the  Preface  to  the  author's  Volume  of  Lectures  on  Quaternions 
(Dublin,  1853). 
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like  manner,  as  the  general  Division  of  Quaternions  was  se^a  (in 
191)  to  admit  of  being  reduced  to  an  arithmetical  division  q/* 
tensors  J  and  a  geometrical  division  ofversors^  so  we  may'  ntyw 
(by  197,  III.9  ftod  206,  IV.)  reduce,  generally,  the  Subtree-- 
Hon  of  Quaternions  to  (1st)  an  algebraical  subtraction  o/^sca,^ 
lars,  and  (Ilnd;  a  geometrical  subtraction  of  vectors:  this  last 
operation  being  again  constructed  by  a  parallelogram,  or  even 
by  a  plane  triangle  (comp.  Art.  4,  and  Fig.  2).  And  because 
the  sum  of  any  given  set  of  vectors  was  early  seen  to  have  a 
value  (9),  which  is  independent  of  their  ordery  and  of  the  mode 
o{  grouping  them,  we  may  now  infer  that  the  Sum  of  any  num-' 
ber  of  given  Quaternions  has,  in  like  manner,  a  Value  (comp. 
197,  (1*))»  which  is  independent  of  the  Order^  and  q^  the 
Grouping  of  the  Summands:  or  in  other  words,  that  the  general 
Addition  of  Quaternions  is  aCommutative*  and  an  Associative 
Operation. 

(1.)  Tbefonnula, 

VS^sSV^,  of206,  III., 

is  now  seen  to  hold  good,  for  any  number  of  quatemioiiB,  independently  of  the  arrang*- 
mmt  of  the  tenns  in  each  of  the  two  sums,  and  of  the  manDor  in  which  they  may  be 
aMOCta/«cf. 

(2.)  We  can  infer  anew  that 

K  (9'  +  9)  =  K9'  4  K9,  as  in  196,  II., 
under  the  form  of  the  equation  or  identity, 

(3.)  More  generally,  it  may  be  proved,  in  the  same  way,  that 
K^9  =  SK9,    or  briefly,    KS  =  2K, 
whatever  the  number  of  the  summands  may  be. 

208.  As  regards  the  quotient  or  product  of  the  right  parts,  Yq  and 
V^',  of  any  two  quaternions,  let  t  and  f  denote  the  tensors  of  those 
two  parts,  and  let  x  denote  the  angle  of  their  indices^  or  of  their  axes^ 
or  the  mutual  indination  of  the  axes,  or  of  the  planes^]  jof  the  two 
quaternions  q  and  q^  themselves^  so  that  (by  204,  XVII I.), 

*  Compare  the  Note  to  page  175. 

t  Two  p2aM€$^  of  coune,  make  with  each  other,  in  general,  Ivo  unequal  and  sup- 
plementacy  amfflea  i  but  we  here  suppose  that  these  are  mutually  digtinguUJud^  by 
taking  account  of  the  aspect  of  each  plane,  as  distinguished  from  the  opponfe  aspect : 
which  is  most  easily  done  (111.),  by  considering  the  axf  as  above. 
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tad 

a:  =  £  (IV3' :  I  Vj)  =  z:  ( Ax.  5^ :  Ax.  j). 
ITien,  by  193,  194,  and  by  204,  XXXV.,  XXXV'., 

I.  .  .  Vj':Vg=IVg':IVy  =  +  (TV^:TV^).(Ax.gr':Ax.y); 

II.  .  .  V^.V5  =  IVj':li-  =  -(TV^.TV^).(Ax.^: Ax.^); 

and  therefore  (comp.  198),  with  the  temporary  abridgments  pro- 
posed above, 

ni. .  .  SCV^':  V^)  =  e'r»co8ir;         IV.  .  .  SU(V^':  V9)  =  +  co8a;; 
V.  .  .  8  (Vg' .  V^)  =^ft  COS  x;       VI. .  .  SU  (V^  .  V^) =-  cob  a; 
Vn.  ..z:(V^:Vg)  =  a:;  VHI.  .  .  Z  ( V^' .  V^)  =  ir  -  ar. 

We  have  also  generally  (comp.  204,  XVIII.,  XIX.), 
IX.  . .  TV  CV^:Yq)^t't'Qinx;        X. .  .  TVU(V^:  V5)  =  Bina:; 
XL..  TVCV5'.V^)=<'rsiDa:;      XII.  .  .  TVU(V5^ Vg)=8ina?; 
and  in  particular, 

XUL..  V(V^:Vj)  =  0,     and    XIV. . .  V(V/.  Vj)=:0, 
i£q^\\\q(l23); 
because  (comp.  191,  (6.),  and  204,  VI.)  the  quotient  or  product  of 
the  right  parts  of  two  complanar  quaternions  (supposed  here  to  be 
hoth  noi^scalar  ( 1 08),  so  that  t  and  V  are  each  >  0)  degenerates  (131) 
into  a  scalar^  which  may  be  thus  expressed  : 

XV.  .  .  V^:  Yq^^t't\     and     XVI.  .  .  Yq\Yq  =  -1ft,  if  x=0\ 
but 

XVII.  .  .  Yq':Yq^-t't\  and  XVIII.  . .  Yq'.Yq  =  ^t't,  if  a?  =  ir; 
^e  first  case  being  that  of  coincident^  and  the  second  case  that  of 
^potite  axes.  In  the  more  general  case  of  diplanarity  (119)«  if  we 
denote  by  B  the  unit-line  which  is  perpendicular  to  both  their  axes, 
Md  therefore  common  to  their  two  planes,  or  in  which  those  planes 
intersect^  and  which  is  so  directed  that  the  rotation  round  it  from 
Ax.^  to  Ax.  q'  IB  positive  (comp.  127,  126),  the  recent  formulae  I., 
II.  give  easily, 

XIX. .  .  Ax.  (V^:  Vg)=+  ^;        XX. . .  Ax.  (Vg'. V^)  =-«; 
and  therefore  (by  IX.,  XI.,  and  by  204,  XXXV.),  the  indices  of  the 
right  parts,  of  the  quotient  and  product  of  the  right  parts  of  any  two 
diplanar  quaternions,  may  be  expressed  as  follows: 

XXI.  .  .  IV  ( V^' :  Vy)  =  +  a .  ft-'  sin  x ; 

XXII.  .  .  IV  (yq\  V<?)  =  -  B.n  sin  X. 


a 
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(1.)  Let  ABC  be  any  triangle  apon  the  unit-sphere  (128}|  of  which  the  spheri- 
n        cal  angles  and  the  comers  may  be  denoted  by  the  same  letters  a,  b,  o,  while  the  Hde9 
shall  as  usual  be  denoted  by  a,  fr,  c ;  and  let  it  be  supposed  that  the  rotatum  (conap. 
^   177)  round  a  from  o  to  b,  and  therefore  that  round  b  from  A  to  c,  &c,  uposUive, 
^^  as  in  Fig.  48.    Then  writing,  as  we  have  often  done, 
A  J,   /  ?  =  j3:a,    and    q'  =  y:P,    where    asOA,  &c, 

we  easily  obtain  the  the  following  ezpresaons  for  the  three  scalars  ^  f,  r,  and  for 
the  vector  d : 

tsaine;        «'  =  8ina;         «  =  ir-B;         ^  =  -/8. 

(2.)  In  fact  we  have  here, 

whence  t  and  f  are  as  just  stated.  Also  if  a',  b',  o'  be  (as  in  175)  the  ponHoe  poles 
of  the  three  sueeessivs  sides  bo,  ca,  ab,  of  the  given  triangle,  and  therefore  the  polnta 
A,  B,  o  the  negative  poles  (oomp.  180,  (2.)  )  of  the  new  arcs  b'g',  cV,  a'b',  then 

Ax.  q  =  oc/.         Ax.  q'  =  oa'  ; 
but  w  and  ^  are  the  angle  and  the  axis  of  the  quotient  of  these  two  axes,  or  of  the 
quaternion  which  is  represented  (162)  by  the  arc  oV ;  therefore  x  is,  as  above 
stated,  the  supplement  of  the  angle  b,  and  i  is  directed  to  the  point  upon  the  sphere, 
which  is  diametrically  opposite  to  the  point  b. 

(8.)  Hence,  by  III.  Y.  VII.  VIII.  IX.  XI.,  for  any  triangle  abc  on  the  unit- 
sphere,  with  a  =OA,  &C.,  we  have  the  formuls : 

XXIII.  .  .  sf  V|:v5  j  =  -sinaco8eccco8B; 

XXIY. ..  sf  V^.V- W+sinasinccoeB; 

XXV....(vJ:V^]=.-b;         XXVI. .  .  .[v  Z  .  V^)=b; 

XXVII. . .  Tvf  V|: v2^=+8hiacoeeccsinB; 

XXVIIL..Tv(v^.V^1  =  +  8ina8lnc8inB. 

(4.)  Also,  by  XIX.  XX.  XXI.  XXII.,  if  the  rotation  round  b  from  a  to  c  be 
still  ;HwtYt9e, 

XXIX. .  .  Ax.f  v|:V^^  =  -/3;         XXX.  .  .  Ax.f  V^.  V^^  +  zS; 
XXXI...  ivf  v|:V-]  =  -j3sinacosecc8inB; 

XXXII.  .  .  ivf  v|.V^  J=  +  j38inosinc8inB. 

(6.)  If,  on  the  other  hand,  the  rotation  round  b  from  a  to  o  were  negativCf  then 
writing  for  a  moment  ai  = — a,  /3i  =  —  /3,  71  =  -  y,  we  should  have  a  new  and  oppo-- 
site  triangle,  AiBiCi,  in  which  the  rotation  round  Bi  from  Ai  to  ci  would  be  positive, 
but  the  angle  at  bi  equal  in  magnitude  to  that  at  b  ;  so  that  by  treating  (as  usual) 
all  the  angles  of  a  spherical  triangle  as  positive,  we  should  have  bi  =  b,  as  well  as 
tf J  =  c,  and  ai  =  a ;  and  therefore,  fur  example,  by  XXXI. 
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or      IV(  V^:V- ]  =  +  i8Mnaco«ecciinB; 

the  four  fonnula  of  (4.)  would  therefore  still  snbaist,  provided  that,  for  this  new 
direction  of  rotation  in  the  given  triangle,  we  were  to  change  the  tign  of^,  in  the 
uctmd  member  ofeaeh. 

(6.)  Abridging,  generally  IVq:8q  to  (lY:  S)q,  as  TVqiSq  was  abridged,  in 
204,  XIXIV'.,  to  (TV :  S)y,  we  have  by  (6.),  "id  by  XXIV.,  XXXII.,  this  other 
general  formula,  for  any  three  nnit-vectors  a,  j3,  7,  considered  still  as  terminating 
at  the  comers  of  a  spherical  triangle  abc  : 

XXXm.  .  .  (IV:  S)  f  V^.V^^  =  ±/3tanB; 

the  npper  or  the  lower  sign  being  taken,  according  as  the  rotation  round  b  from  a  to 
c,  or  that  round  p  from  a  to  y,  which  might  perhaps  be  denoted  by  the  symbol  a/3y, 
and  which  in  quantity  is  equal  to  the  spherical  angle  b,  is  positive  or  negative. 

209.  When  the  planes  of  any  three  quaternions  q^  q',  q^\  consi- 
dered as  all  passing  through  the  origin  0  (119)i  contain  any  common 
line,  those  three  may  then  be  said  to  be  Collinear*  Quaternions  ;  and 
because  the  axis  of  each  is  then  perpendicular  to  that  line,  it  follows 
that  the  Axes  of  CoUinear  Quaternions  are  Complanar :  while  con- 
versely, the  complanarity  of  the  axes  insures  the  coUinearity  of  the 
quaternions,  because  the  perpendicular  to  the  plane  of  the  axes  is  a  line 
common  to  the  planes  of  the  quaternions. 

(1.)  Complanar  qnatemions  are  always  collinear;  but  the  converse  proposition 
does  not  hold  good,  collinear  quaternions  being  not  necessarily  complanar. 

(2.)  Collinear  quaternions,  ooosldered  ufraetums  (101),  can  always  be  reduced 
to  a  common  denominator  (120) ;  and  conversely,  if  three  or  more  qnatemions  can  be 
10  redooed,  as  to  appear  under  the  form  of  fractions  with  a  common  denominator  f , 
those  qnatemions  most  be  collinear :  because  the  line  e  is  then  common  to  all  their 
planes. 

(8.)  Ang  two  quaiemiont  are  colKnear  with  any  scalar  ;  the  plane  of  a  scalar 
being  indeterminatef  (181). 

(4.)  Hence  the  eealar  and  right  parte,  89,  8q%  Yq,  V9',  of  any  two  quaternions, 
are  always  collimear  with  each  other. 

(6.)  The  eonjugatee  of  collinear  quaternions  are  themselves  collinear. 


*  Quaternions  of  which  the  planes  are  parallel  to  any  common  line  may  also  be 
A^  to  be  collinear.    Compare  the  first  Note  to  page  118. 
t  Compare  the  Note  to  page  114. 


\a     ajB         a       S         d  3      5  *" 
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210.  Let  q,  q\  ^'  be  any  three  collinear  quaternions;  and  let  a 
denote  a  line  common  to  their  planes.  Then  we  may  determine 
(comp.  120)  three  other  lines  /3,  7,  ^,  such  that 

«=?.     «'=!'     «"=i' 

and  thus  may  conclude  that  (as  in  algebra), 

l...(^  +  e)/'  =  ^Y'+^^', 

because,  by  106,  107, 

ah' 

In  like  manner,  at  least  under  the  same  condition  of  collinearity,*  it 
may  be  proved  that 

II,  .  .  (^  -  ^)  <?"  « (^q!'  -  <?g". 
Operating  by  the  characteristic  E  upon  these  two  equations,  and 
attending  to  192,  II.,  and  195,  II.,  we  find  that 

III.  .  .  K^'.(K^'+K:5)  =  K5'MC^+K^'.K^; 

IV. .  .  K/'.(K^'-K^)  =  K^'.K^-K^'.Kg; 
where  (by  209,  (5)  )  the  three  conjugaUa  of  arbitrary  collineara, 
K^,  E^,  E^'^  may  represent  any  three  collinear  quaternions.     We 
have,  therefore,  with  the  same  degree  of  generality  as  before, 

V.  .  .  q''{q'^q)^q''q'^q"qv         VI.  .  .  q^^  iq^-q)'qY -q'^q. 
If,  then,  q,  q'y  q'\  qf''  be  any  four  collinear  quatemionSy  we  may  esta- 
blish the  formula  (again  agreeing  with  algebra) : 

VII. . .  (^"  +  /O  {q'  +  5)  =  q'Y  +  ff' Y  +  ?"'?  +  <?"? ; 
and  similarly  for  any  greater  number,  so  that  we  may  write  briefly, 

Vm.  ..  2g^.2<y  =  2j'g, 
where 

2g''  =  S'i  +  ?8+..+g-u        2^'  =  S^i  +  ^'a  +  ..  +  ?'», 
and 

^qfq  =  qf^q,  f . .  q^^q^  •^q'^^  + . . .  +  q^^q^^ 

m  and  n  being  any  positive  whole  numbers.  In  words  (comp.  13), 
the  Multiplication  of  ColUnearf  Quaternions  ie  a  DoMy  Dietribntice 
Operation. 

*  It  will  Boon  be  seen,  howeyer,  that  thi«  condition  ia  unneoeeaaiy. 
t  This  diHribuHve  property  cfmuttiplietUian  will  soon  be  found  (coroptre  the  last 
Note)  to  extend  to  the  more  general  case,  in  which  the  qoateniions  are  not  coili'^ 
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(1.)  Henoe^  by  209,  (4.),  «Dd  202,  III.,  we  Itsre  this  general  tnuufomiAtioD, 
ibr  UKpndmet  ofan^  two  qmaterniimg : 

li  . .  /?  =  S^'.  Sy  +  Yq'.  Sf  +  Sg'. Vy  +  V^. Vj. 
(2.)  Hence  alao,  for  the  Bqnm  of  am/  quaternUmj  we  have  the  tnnsfonnation 
(comp.  126 ;  199,  YIL ;  and  204,  XXIII.) : 

X-..9»=S9«  +  2Sg.Vg  +  Vy«. 
(3.)  Separating  the  scalar  and  right  partt  of  this  last  expression,  we  find  these 
other  general  foxmnls : 

XI.  ..8.g«  =  Sg»  +  Vg»;         XIL  .  .  V.g»«2Sg.Vg; 
whence  also,  dividing  hj  Tq*,  we  hare 

Xra. . .  SU(g«)  =  (SUg)«  +  (VUg)« ;        XIV.  . .  VU(g«)«23Ug.VUg. 

(4.)  By  supposing  g'  =  Kg,  in  IX.,  and  therefore  Sg'  =  Sg,  Yg' = -  Yg,  and  trans- 
poaing  the  two  conjugate  and  therefore  oomplanar  factors  (oomp.  191,  (1.)  ),  we  oh'* 
tain  this  general  transformation  for  a  norm,  or  for  the  square  of^a  tensor  (comp.  190, 
Y. ;  202,  IIL  ;  and  204,  XL) : 

XV. . .  Tg«  =  Ng  =  gKg  =  (Sg+ Yg)  (Sg-Vg)«Sg«-Yg»; 

which  had  indeed  presented  itself  before  (in  204,  XXII.)  but  is  now  obtained  in  a 
new  way,  and  wiihout  any  employment  of  tines,  or  cosines,  or  even  of  the  well-known 
tbeoreni  respecting  the  square  of  the  hypotenuse. 

(5.)  Eliminating  Vg>,  by  XV.,  ftom  XI.,  and  dividing  by  Tg',  we  find  that 

XYL  .  .  S.g»  =  2Sg«-Tg»;        XYIL  .  .  SU(g»)  =  2 (3Ug)«  -  1; 

agreeing  with  199,  YI.  and  IV.,  bat  obtained  here  without  any  use  of  the  linown 
formula  for  the  cosine  of  the  doMe  of  an  angle. 

(6.)  Taking  the  scalar  and  right  parts  of  the  expression  IX,  we  obtain  these  other 
general  expressions : 

XYIIL  .  .  Sg'g  =  Sg'.Sg  +  SfYg'.  Vg) ; 
XIX. . .  Vg'g  =  Vg'.  Sg  + Yg.Sg'  + V(Vg'.Vg)  ; 
in  the  latter  of  which  we  may  (by  126)  transpose  the  two  (kctors,  Vg',  Sg,  or  Vg, 
Sg'.    We  may  also  (by  206,  207)  write,  instead  of  XIX.,  this  other  formula  : 
XIX'. .  .  IVg'g  =  IVg'.  Sg  +  IVg. Sg'  +  IV(Vg'. Vg). 
(7.)  If  we  suppose,  in  VII.,  that  g"  s=  Kg,  g"'  s  Kg',  and  transpose  (comp.  (4.)  ) 
the  two  complanar  (because  conjugate)  factors,  g'  +  g  and  K(g'+  g),  we  obtain  the 
fallowing  general  expression  for  the  norm  of  a  wm : 

(g'+g)  K(g'  +  g)  =  g'Kg'  +  gKg'  +  g'Kg  +  gKg; 
or  briefly, 

XX. .  .  N(g'  +  g)  =  Ng'  +  2S.gKg +Ng,  ssin  200,  VIL; 
because 

gTKg  =  K.gKg',  by  192,  II.,  and  (1  +  K).gKg'=2S.gKg',  by  196,  II'. 
(8.)  By  changing  g'  to  x  in  XX,  or  by  forming  the  product  of  g  +  ^  ftnd 
Kg  +  X,  where  x  is  any  scalar,  we  find  that 

XXI. .  .  N(g+  x)  =  Ng  +  2»Sg  +  »«,  aa  in  200,  VIII.; 
whence,  in  particular, 

XXr. .  .  N(g  - 1)  =  Ng  -  2Sg  +  1,  as  in  200,  II. 
2  B 
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(9.)  Cluaigiiig  9  to  /9 :  a,  and  mnltiplTUig  by  the  ■qoare  of  Ta,  ire  get,  for  anj 
two  yectorsi  a  and  /3,  the  formula, 

XXII.  . .  T03-o)«  =  Ti8«-  2T/3.Ta  .  SU^+Ta«, 

a 

in  which  Ta'  denotes*  (Ta)* ;  becaose  (by  190,  and  by  196,  IX), 

\a        I  a         \       Ta        r  a      Ta        a 

(10.)  In  any  plane  triangle,  abc,  with  sides  of  which  the  lengtht  are  aa  naoal 
denoted  by  a,  6,  c,  let  the  vertex  c  be  taken  aa  the  origin  o  of  vectors ;  then 

a  =  cA,    /3  =  CB,    /3-a  =  AB,    Ta  =  5,     T/3  =  a,     T(j3-a)  =  c,     SD?  =  coac; 

a 

we  r9co9tT  therefore,  from  XXII.,  \ht  ^ndametiUii  formula  of  plant  trtgenamttry, 
under  the  form, 

XXIII. . .  e*  =  a>  '  2a6coson-63. 

(11.)  It  is  important  to  observe  that  we  have  not  here  been  arguing  in  a  circle ; 
because  although,  in  Art.  200,  we  assumed,  for  the  convenience  of  the  student,  a  pre- 
vious knowledge  of  the  last  written  formula,  in  order  to  arrive  more  rapidly  at  certain 
applications,  yet  in  these  recent  deductions  from  the  dittrihitive  property  YIII.  of 
mulHpKeatioH  of  (at  least)  oollinear  quatemions,  we  have  founded  nothing  on  the  re- 
sults of  that  former  Article ;  and  have  made  no  use  of  any  properties  of  obli^e-an- 
gled  triangleM,  or  even  of  right-angled  ones,  since  the  theorem  of  the  square  of  the 
^11  hypotenuse  has  been  virtually  proved  aiiew  in  (4.) :  nor  is  it  necessary  to  the  argn> 
.  f  4  ^^^  meiit,  that  any  propertiet  of  trigonometric  functiotu  should  be  known,  beyond  the 

mere  definition  otncoeine,  as  a  oertain  prqfecting  factor,  from  which  the  formula 
196,  XYI.  was  derived,  and  which  justifies  us  in  writing  cos  c  in  the  last  equation 
(10.)«  The  geometrical  Examples,  in  the  sub-articles  to  200,  may  therefore  be  read 
again,  and  their  validity  be  seen  anew,  without  anp  appeal  to  even  plane  trigonometry 
being  now  supposed.' 

(12.)  The  formula  XV.  gives  Sq*  =  Tq*  +  Vg«,  as  in  204,  XXXI. ;  and  we  know 
that  Yq^t  ^  being  generally  the  equare  of  a  right  quaternion,  is  equal  to  a  negative 
tealar  (comp.  204,  VI.),  so  that 

XXIV  .  .  Yq* < 0,    unless    Lq^O,    or    =  ir, 

in  each  of  which  two  cases  Yq  =  0,  by  202,  (C.),  and  therefoce  its  square  vanishes ; 
hence, 

XXV.  ,.Sq*< T^,        (SU9)> <  1, 
in  eveiy  other  case. 


•  We  are  not  yet  at  liberty  to  interpret  the  symbol  To"  as  denoting  aUo  T(a') ; 
because  we  have  not  yet  assigned  any  meaning  to  the  equare  of  a  vector,  or  generally 
to  the  product  of  two  veetore.  In  the  Third  Book  of  these  Elements  it  will  be  shown, 
that  such  a  square  or  product  can  be  interpreted  as  being  a  quaternion :  and  then  it 
will  be  found  (comp.  190),  that 

T(a«)  =  (Ta)«=:Ta«, 
whatever  vector  a  may  be. 
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(ItL)  It  mlghrtherafore  htre  been  thot  proy«d,  withoat  any  ufe  of  the  tnnifor- 
matioQ  SVq  ^eoelq  (196,  XYI.),  that  (for  any  rwl  qoateniioD  g)  we  hare  the  in  • 

XXVI.  ..8Ug<+l,     SUg>-l,    aod    Sg<+Tg,    Sg>-Tg, 
ankn  it  happen  that  ^  g  s  0,  or  =  «- ;  SUg  being  «  +  1,  and  Sg  »  +  Tg,  in  the  first 
case ;  whereas  8Ug  »-~  1,  and  Sg  =  ~Tg,  in  the  second  case. 

(U.)  Since  Tg>>Ng,  and  Tg.Tg'  =  T.gKg'  =  T.  g'Kg  =  Ng.T(g':  g),  while 
S  .  gKg*  =  S .  g'Kg  =  Ng .  S(g' :  g),  the  formula  XX.  gives,  by  XXYI., 

XXVIL  .  .  (Tg'+Tg)«-T(g'  +  g)»  =  2(T-S)gKg'=2Ng.(T-8)  (g':g)>0, 
if  we  adopt  the  abridged  notation, 

XXVIIL  .  .  Tg  - 8g  =  (T  -  S)g, 
mnd  soppose  that  the  quotient  g' :  g  is  not  a  positive  scalar ;  hence, 

XXIX.  .  .  Tg'+Tg>T(g'  +  g),     unless     g'  =  aeg,     and    *>0; 
in  wbidi  excepted  case,  each  member  of  this  last  inequality  becomes  =  (1  +  «)Tg. 
(15.)  Writing  g  =  /3 :  a,  g'  =  y  :  a,  and  multiplying  by  Ta,  the  formula  XXIX. 

XXX.  ..Ty  +  Ti8>T(y  +  /3),    onlese    r=*ft    »>0; 

in  wliich  latter  case,  but  not  in  any  other,  we  have  Uy  =  TJ/3  (155).  We  therefore 
mrrive  anew  at  the  results  of  186,  (9.),  (10.),  but  without  its  having  been  necessaiy 
to  consider  any  triangle^  as  was  done  in  those  fbrmer  sul>-articles. 

(16.)  On  the  other  hand,  with  a  corresponding  abridgment  of  notation,  we  have, 
by  XXVI., 

XXXL.  .Tg  +  Sg=(T+S)g>0,    unless     ^g=ir; 
also,  by  XX.,  fcc, 

XXXIL  . .  T(g'+g)«-(Tg'-Tg)«=2(T-HS)gKg'  =  2Ng.(T-fS)  (g'  :g); 
hence, 

XXXIIL  .  .  T(g'  +  g)>±(Tg'-Tg),     unless    g'=-ajg,     *>0; 
where  either  sign  may  be  taken. 

(17.)  And  hence,  on  the  plan  of  (15.),  for  any  two  vectors  /3,  y, 

XXXIV.  ..T(y+i8)>±(Ty-T/3),     unUtt    Uy  =  -Ui3, 
whidiever  aign  be  adopted ;  but,  on  the  contrary, 

XXXV...T(y  +  /8)  =  ±CTy-T^),    •/    Uy  =  -UA 

the  upper  or  the  lower  sign  being  taken,  according  as  Ty  >  or  <  Tj8 :  all  which 
agrees  with  what  was  inferred,  in  186,  (ll-)»  ^^  geometrical  oaoMtt^iiQUA  alone, 
comfauied  with  the  definition  of  Ta.  In  fact,  if  we  make  /)  =  on,  y  =  oc,  and  -  y 
=rO(fj  then  OBc'  will  be  in  general  a  plane  triangle,  in  which  the  length  of  the  side 
Bc'  exetedg  the  difference  of  the  lengths  of  the  two  other  sides ;  but  if  it  happen  that 
the  directiona  of  the  two  lines  on,  oc'  coincide,  or  in  other  words  that  the  lines  on, 
oo  have  oppoaite  directions,  then  the  difference  of  lengths  of  these  two  lines  becomee 
equal  to  the  length  of  the  line  bc'. 

(18.)  With  the  representations  of  g  and  q\  assigned  in  208,  (1.),  by  two  sides  of 
•  gpkerical  triangle  abc,  we  have  the  values, 

Sgsooee,        8g'  =  co8a,        Sg'g  =  S(y:  a)  =  cos5j 
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the  eqaatioD  XYIII.  giTes  therefore,  by  208,  XXIY.,  the  fimdamental  formula  of 
gpkerieai  tngonoiMtry  (comp.  (10.)  ),  aa  follows : 

XXXYI. .  .  co85  =  coeaoo8e  +  eina^coo8B. 

(19.)  To  interpret,  with  reference  to  the  same  spherical  triangle,  the  connected 
equation  XIX.,  or  XIX'.,  let  it  be  now  supposed,  as  in  208,  (6.),  that  the  rotation 
round  B  from  c  to  a  is  positive,  so  that  b  and  b'  are  situated  at  the  same  side  of  the 
arc  CA,  if  b'  be  stiU,  as  in  208,  (2.),  the  positive  pole  of  that  arc.  Then  writing 
o'  =  oa',  &c.,  we  have 

IVg  =  /slnc;         iy9'  =  a'8ina;         IVy  g  =  - /S*  sin  5 ; 
and  IV ( Vg  . Yq)  =  -/3sinasine8inB  (comp.  208,  (6.) ), 

with  the  recent  values  (18.),  for  S^  and  S9';  thus  the  formula  XIX'.  becomes,  by 
transposition  of  the  two  terms  last  written: 

XXXVII. .  ./3sinanncttnB=:a'sinacosc  +  /3'sin6  +  7'sinecosa. 

(20.)  Let  p  s=  OP  be  any  unit- vector;  thm,  dividing  each  term  of  the  last  equa- 
tion by  |9,  and  taking  the  scalar  of  each  of  the  four  quotients,  we  have,  by  196,  XYI., 
thu  new  equation : 

XXXVIIT. . .  sina8inesinBco8PBssinacosecosPA'  +  ain5cosPB' 
+  sine  cos  a  cos  PC*; 
where  a,  5,  c  are  as  usual  the  sides  of  the  spherical  triangle  abo,  and  a',  b',  o'  are 
still,  as  in  208,  (2.),  the  positive  poles  of  those  sides ;  but  p  is  an  arbitraiy  pomt, 
upon  the  surface  of  the  sphere.  Also  cos  pa',  cos  pb',  cos  pg',  are  evidently  the  sines 
of  the  arcual  perpendiculars,  let  fall  from  that  point  upon  those  sides ;  being  positive 
when  p  la,  relatively  to  them,  in  the  same  hemispheres  as  the  opposite  comen  of  the 
triangle,  but  negative  in  the  contraiy  case ;  so  that  cos  aa',  &c.y  are  positive,  and 
are  the  sines  of  the  three  altitudes  of  the  triangle. 

(21.)  If  we  place  p  at  b,  two  of  these  perpendicnlare  vanish,  and  the  last  formula 
becomes,  by  208,  XXVIII., 

XXXIX..  .sin6cosBB'  =  sinasincnnB  =  Ty(y^.y^  1; 

such  then  is  the  quaternion  expression  for  the  product  of  the  sine  of  the  side  ca,  mul- 
tiplied by  the  sine  of  the  perpendicular  let  £a11  upon  that  aide,  from  the  opposite  ver- 
tex B. 

(22.)  Placing  p  at  A,  dividing  by  nn  a  cos  e,  and  then  interchanging  b  and  o,  we 
get  this  other  fundamental  formula  of  spherical  trigonometry, 
XL. .  .  cosAA'=sincsinB=:8in6sinc; 
and  we  see  tliat  this  is  included  in  the  interpretation  of  the  quaternion  equation 
XIX.,  or  XIX'.,  as  the  formula  XXXVL  was  seen  in  (18.)  to  be  the  interpretation 
of  the  connected  equation  XVIII. 

(23.)  By  assigning  other  positions  to  p,  other  formolas  of  spherical  trigonometry 
may  be  deduced,  from  the  recent  equation  XXXVIII.  Thus  if  we  suppose  p  to  co- 
incide with  b',  and  observe  tliat  (by  the  supplementary*  triangle). 


•  No  previouM  knowledge  oftpherieal  trigonometry,  properly  so  called,  is  here 
supposed ;  the  supplementary  relations  of  two  polar  triangles  to  each  other  forming 
rather  a  part,  and  a  very  elementary  one,  of  tpherieal  geometry. 
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bVsit-a,  C«'A's=r-B,  A'B'tar-C, 

while 

COS  bb'= sin  a  Bin  0  =  1^  can  A,  by  XL., 

we  easily  deduoe  the  formnle, 

XLI. .  .flinaBnennA8inB8inc  =  anB-ooeeco6  08inA-eo8oooeA8inc; 

which  obTiooalj  agrees,  at  the  plane  limit,  with  the  elementaiy  relation, 

A+B  +  OasW. 

(24.)  Again,  by  placing  p  at  a',  the  general  equation  beoomet, 

XLIL  .  .  sin  a  008  e= sin  6  006  0  + sin  coos  a  COS  b; 

with  the  Terification  that,  at  the  plane  limit, 

as6c08C  +  eooeB. 

But  we  cannot  here  delay  on  such  deductions,  or  yerifications :  although  it  appeared 
to  be  worth  while  to  point  out,  that  the  whole  of  spherical  trigonometiy  may  thus  be 
derdoped,  from  the  fundamental  equation  of  multiplication  of  quatemioos  (107),  when 
that  equatkm  is  operated  on  by  the  two  characteristics  S  and  Y,  and  the  results 
intezpreted  as  above. 

211.  It  may  next  be  proved,  as  follows,  that  the  distributive  for- 
mula I.  of  the  last  Article  holds  good,  when  the  three  quaternions, 
q,  (fy  ^',  which  enter  into  it,  without  being  now  necessarily  coUi- 
near^  are  right;  in  which  case  their  reciprocals  (135),  and  th^t  sums 
(197,  (2.)  ),  will  be  right  also.     Let  then 

and  therefore, 

We  shall  then  have,  by  106,  194.  206, 

(y''+e?')^=I(^'+^):I^, 
=  (Ij":I^,)  +  (V:Iy,)  =  ^V+?'!?; 
and  the  distributive  property  in  question  is  proved. 

(1.)  By  taking  conjugates,  as  in  210,  it  is  easy  hence  to  infer,  that  theoMer  dis- 
tributiTe  formula,  210,  V.,  holds  good  for  any  three  right  quaternions ;  or  that 

9(fr  +  9^)  =  w"+w',     ^    Lq^Lrf-^Lq*^'^. 
(2.)  For  amy  three  quaternions,  we  have  therefore  the  two  equations : 
(V^-'  +  V^.Vg^Vg-'.V^  +  V^'.Vg; 
Vg.(Vsf''  + V9')=Vy.Vg"+  Vy.Vj'. 
(8.)  The  quaternions  q,  q\  q'*  being  still  arbitrary,  we  have  thus,  by  210,  IX., 
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(?"+0«  =  (89"+Sff').S9+(V9''  +  V0.87+V9.(S^"-fS9')+(V9"+V7').Vg 

so  that  the  formula  210,  I.,  and  therefore  also  (by  conjugateB)  the  formula  210,  V., 
is  valid  generdOjf, 

212,  The  General^  Multiplication  of  Quaternions  18  there^ 

fore  (oomp.  13,210)  a  Doubly  Distributive  Operation;  so  that 

we  may  extend^  to  quaternions  generally ^  the  formula  (comp. 

210,  VIII.), 

I.  .  .  2y  .Sy-Syj: 

however  many  the  summands  of  each  set  may  be,  and  whe- 
ther they  be,  or  be  not,  coUinear  (209),  or  riyht  (211). 

(1.)  Hence,  as  an  extension  of  210,  XX.,  we  have  now, 
II.  .  .  N2g=  2N}  +  2XSqK^ ; 
where  the  second  sign  of  summation  refers  to  all  possible  binary  combinations  of  the 
quaternions  q,  q\  .  . 

(2.)  And,  as  an  extension  of  210,  XXIX.,  we  have  the  inequality, 
III.  ..2JTg>Tr9, 
unless  all  the  quaternions  9,  q',  .  .  bear  tcalar  and  positive  ratios  to  each  other,  in 
which  case  the  two  members  of  this  inequality  become  equal :  so  that  the  turn  of  the 
tensortf  of  any  set  of  quaternions,  is  greater  Man  the  teneor  of  the  nun,  in  eyery 
other  case. 

(3.)  In  general,  as  an  extension  of  210,  XXVIL, 

IV. . .  (STg)*-  (T3:g)«  =  22(T-S)gKg'. 
(4.)  The  formulBB,  210,  XVIIL,  XIX.,  admit  easily  of  analogous  extensions. 
(5.)  We  have  also  (comp*  168)  the  general  equation, 

in  which,  by  210,  IX., 

VI.  .  .gg'+«g=2(Sg.S9'  +  Vg.Sg'  +  Vg'.Sg+S(V/.Vy))j 
because,  by  208,  we  have  generally 

VIL..V(V/.Vg)  =  -V(Vg.Vg'); 
or  VIII.  ..Vg'g^-Vgg',    if    Lq^Lq'^^, 

(Comp.  191,  (2.),  and  204,  X.) 

213.  Besides  the  advantage  which  the  Calculus  of  Quaternions 
gains,  from  the  general  establishment  (212)  o{  tYit  Distrihutivt  Prin- 
ciple^ or  Distributive  Property  of  Multiplication^  by  being,  so  far, 

*  Compare  the  Notes  to  page  208. 
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asstmiiaUd  to  Algebra^  in  prooesses  which  are  of  continual  occur- 
rence, this  principle  or  property  will  be  found  to  be  of  great  im- 
portance, in  applications  of  that  calculus  to  Oeomdry;  and  especially 
in  questions  respecting  the  (real  or  ideal*)  irUersectiona  of  right 
lin€9  with  spheres^  or  other  surfaces  of  the  second  order,  including 
contacts  (real  or  ideal),  as  limits  of  such  intersections.  The  follow- 
ing Examples  may  serye  to  give  some  notion,  how  the  general  dis- 
tribatiye  principle  admits  of  being  applied  to  such  questions :  in 
some  of  which  however  the  less  general  principle  (210),  respecting 
the  multiplication  of  cotfmear  quaternions  (209),  would  be  sufficient. 
And  first  we  shall  take  the  case  of  chords  of  a  sphere^  drawn  from  a 
given  point  upon  its  surface. 

(1.)  From  a  point  a,  of  a  sphere  with  o  for  oeotie,  let  it  be  required  to  draw  a 
chord  AP,  which  shaU  be  parallel  to  a  given 
fine  OB ;  or  more  folly,  to  atwiffn  the  vector, 
p  =  or,  of  the  extremity  of  the  chord  so  drawn, 
ttg  afimeOoH  of  the  two  given  vectorty  a  «=  OA, 
and  /3  =  OB ;  or  rather  of  a  and  17)8,  since  it 
is  evident  that  the  length  of  the  line  /3  cannot 
ailbct  the  result  of  the  construction,  which  Fig. 
51  xnaj  serve  to  illustrate. 

(2.)  Since  af  |  ob,  or  p  -  a  ||  /3,  we  may 
begin  by  writing  the  expression, 

p  =  a  +  «/3(16),  ^-^l- 

which  may  be  considered  (comp.  28,  99)  as  a  form  of  the  eqnatum  of  the  right  line 
AF ;  and  in  which  it  remains  to  determine  the  scalar  coefficient  »,  so  as  to  satisfy  the 
equation  of  the  sphere, 

Tp=To  (186,(2.)). 
In  short,  we  are  to  seek  to  satisfy  the  equation, 

T(a  +  «P)  =  Ta,  •   • /V/^/ -^  V  ==  ^'^ 

by  some  scalar  x  which  shall  be  (in  general)  different  from  zero ;  and  then  to  sub- 

stitute  this  scalar  in  the  expression  p=a  +  «/3,  in  order  to  determine  the  required  ^^         v 

vector  p.  #t-/V-^  -*  ^O^  ^  *  --/V^ 

(3.)  For  this  parpose^  an  obvious  process  is,  after  dividing  both  sides  by  T/S,  to 
square,  and  to  employ  the  fbnnnla  210,  XXL,  which  bad  indeed  occurred  before,  as 
200,  Vni^  but  not  then  as  a  consequence  of  the  distributive  property  of  multiplica- 
tiOD.  In  this  manner  we  are  conducted  to  a  quadratic  equation,  which  admits  of 
dirision  by  x,  and  gives  then, 

«  =  -2S2;         p  =  a-2/3S^; 
*  Compare  the  Notes  to  page  90,  kc. 
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the  problem  (1.)  being  thna  reBolved,  with  the  verification  that  p  maj  be  replaoed. 
bj  U/3,  in  the  resulting  expreedon  for  p. 

(4.)  Ab  a  mere  exercise  of  calculation,  we  may  vary  the  last  process  (8.),  l>jr 
dividing  the  last  equation  (2.)  by  To,  instead  of  T/3,  and  then  going  on  as  before. 
This  last  procedure  gives, 

and  therefore, 

«  =  -  2S^ :  N^=-  2S|  (by  196,  XII'.),  as  before. 

(6.)  In  general,  by  196,  11'., 

1-2S=-K; 
hence,  by  (8.), 


=  l  +  2a:S^4-««N?; 
a  a 


and  finally, 


a  new  expression  for  p,  in  which  it  is  not  permitted  generally,  as  it  was  in  (8.),  to 
treat  the  vector  j3  as  the  multiplier,*  instead  of  the  multiplicand. 

(6.)  It  is  now  easy  to  see  that  the  second  equation  of  (2.)  is  satisfied ;  for  the 
expression  (6.)  for  p  gives  (by  186,  187,  &c.}, 

as  was  required. 

(7.)  To  interpret  the  solution  (8.),  let  o  in  Fig.  61  be  the  middle  point  of  the 
chord  AF,  and  let  d  be  the  foot  of  the  perpendicular  let  foil  firom  A  on  ob  ;  then  the 
expression  (3.)  for  p  gives,  by  196,  XIX., 

CA=i(o-p)  =  ^S^=ODj 

and  accordingly,  ooad  is  a  parallelogram. 

(8.)  To  interpret  the  expression  (5.),  which  gives 

-p     _o  op'    ^oa     .- 

-^  =  K-,    or    — =K— ,    if    OP  =PO, 

P  P  OB  Ob'  ' 

we  have  only  to  observe  (comp.  188)  that  the  angle  aop'  is  bisected  internally,  or 
the  supplementary  angle  aop  externally,  by  the  indefinite  right  line  ob  (see  again 
Rg.  61). 

(9.)  Conversely,  the  geometrical  eonriderationt  which  have  thus  served  in  (7.) 
and  (8.)  to  interpret  or  to  verify  the  two  forms  of  solution  (8.),  (6.),  might  have 
been  employed  to  deduce  those  two  forms,  if  we  had  not  seen  how  to  obtam  them, 
by  m/es  of  adeulatioMf  from  the  proposed  conditions'  of  the  question.  (Comp.  145, 
(10.),  Ac) 

(10.)  It  is  evident,  from  the  nature  of  that  question,  that  a  ought  to  be  dedad- 


*  Compare  the  Note  to  page  169. 
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Ue  fhn /9  and  p,  I7  ezacdy  Uie  Mme  prooMBes  as  Umw  which  ^re  served  u  ^ 
dacepfroa  0  and  a.    AiOOOKUnglj,  the  fonn  (8.)  of  p  ^ym, 


I  the  fonn  (5.)  gives, 


And  iinee  the  fiist  form  can  be  recoreied  from  the  aeoond,  we  see  that  each  leads  us 
back  to  the  parallelism,  p  -  a  |  /3  (2.). 

(1 1.)  Tlie  solntloD  (8.)  for  x  shows  that    . 

cs=0,    p  =  o,    P=A,    If    S(a:/3)  =  0,    orif    /JJ-a. 
And  the  geometrical  meanfaig  of  this  lesnlt  is  obvious;  namety,  that  a  right  line 
dxBwn  at  the  eztiemity  of  a  radios  oa  of  a  sphere,  so  as  to  be  peipendlciilar  to  that 
ndioB,  does  not  (in  strictness)  imieneet  the  sphere,  bat  tauehea  it:  its  »eetmd  point 
of  meeting  the  surface  eomeidimjf,  in  this  csse^  as  a  HmU^  with  ihdjlni. 

(12.)  Hence  we  may  infer  that  the  plane  represented  by  the  equation, 

S5-Z?«0,    or    s5«l, 
a  a 

Is  HbB  tamgeiU  piam*  (oomp.  196,  (5.))  to  the  sphere  here  considered,  at  the  point  a. 
(13.)  Since  /3  may  be  replaced  by  any  vector  parallel  thereto,  we  may  sabstitote 
fcr  it  7  -a,  if  7  =  oc  be  the  vector  of  imy  given  pomi  o  iqxm  the  chord  at,  whether 
(as  In  Fig.  51)  the  middle  point,  or  not;  we  may  therefore  write,  by  (8.)  and  (5.), 

p  =  a-2(y-a)S-^=-K-i-.(y--a).  .     -      / 

y-a  y-a 

214.  In  the  Examples  of  the  foregoing  Articlef  there  was  no 
room  for  the  occurrence  of  imaginary  roots  of  an  equation,  or  for 
ideal  inUrseeUona  of  line  and  surface.  To  give  now  a  case  in  which 
such  imaginary  intersections  may  occur,  we  shall  proceed  to  con- 
sider the  question  of  drawing  a  secanl  to  a  sphere,  in  a  given  direc* 
tion,  from  a  given  external  point ;  the  recent  Figure  51  still  serving 
us  for  illustration. 

(1.)  Suppose  then  that  i  is  the  vector  of  any  given  pcdnt  a,  through  which  it  is 
nqoired  to  draw  a  chord  or  secant  bpoPi,  parallel  to  the  same  g^ven  line  /3  as  before. 
We  have  now,  if  po  =  opo, 

po  =  i+a?o/3,         Ta  =  Tpo  =  T(e  +  aJo0), 


xo»  +  2aH,8i+Nl-.N2=o, 


xo  being  a  new  scalar  j  and  similarly,  if  pi  =  OPi, 


7 


2f 
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by  traiuformatioDS*  which  will  easily  oocnr  to  any  one  who  haa  read  recent  artidea 
with  attention.  And  the  points  Po,  pi  will  be  together  realj  or  together  Jmagimary^ 
according  as  the  quantity  nnder  the  radical  sign  is  podtiye  or  negative ;  that  is,  ac- 
cording as  we  have  one  or  other  of  the  two  following  ineqoalities, 

T->    or    <TV-. 

(2.)  The  equation  (comp.  208,  (6.)  ), 

represents  a  cylinder  of  reydution,  with  ob  for  its  axis,  and  with  Ta  for  the  radius 
of  its  base.  If  k  be  a  point  of  this  cylindric  surface,  the  qoantity  under  the  xadical 
dgn  in  (1.)  yamshes ;  and  the  two  roots  «^  a^i  of  the  qoadratic  become  c^iurl.  In 
this  case^  then,  the  Une  through  b,  which  ia  parallel  to  on,  iouehet  the  given  q>here ; 
as  is  otherwise  evident  geometrically,  since  the  cylinder  trnwdopet  the  sphere  (comp. 
204,  ( 12.)  ),  and  the  line  is  one  of  its  generatrices.  If  b  be  iwUmal  to  the  cylinder, 
the  intersections  po,  Pi  are  real ;  but  if  b  be  txtemol  to  the  same  snr&ce,  thooe  in- 
tersections are  ideal^  or  imaginwry,  ^ 
(3.)  In  this  last  case,  if  we  make,  for  abridgment, 


-S^,    and     i 


=>/{KT- ('!)•}• 


•  and  t  l)eing  thus  two  given  and  real  tcalartj  we  may  write, 
flji)  =  t-tV-l;  »i  =  t  +  «V-l; 
where  V  —  1  is  the  old  and  ordinary  imaginary  Mymboi  of  AlgebrOf  and  is  not  im- 
vuted  Kere  with  any  sort  of  Geometrieal  Interpretaiion.f  We  merely  express  thus 
the/aci  ofealenkUionj  that  (with  these  meanings  of  the  symbols  a,  j3,  c,  t  and  i) 
the  formola  Ta  ==T(c  +  jr/3),  (1.),  when  treated  by  the  ruiee  ofquatemiantf  eonduetg 
fO  the  quadratic  equation, 

(«-0"  +  ^=o, 

which  has  no  real  root ;  the  reason  being  that  the  right  Hne  through  b  is,  in  the 
present  case,  wholly  external  to  the  sphere,  and  therefore  doee  not  really  interteet  it 
at  all;  although,  for  the  sake  of  generalization  of  language,  we  may  agree  to  eag^ 
as  usual,  that  the  line  intersects  the  sphere  in  two  imaginary  pointe, 

(4.)  We  must  however  agree,  then,  for  eonaieteney  ofeymholieal  expremom^  to 
consider  these  two  ideal  points  as  having  determinate hvXimaginary  veetore,  namely, 
the  two  following : 

po  =  «  +  «i3-f/3V-l;        |»i  =  t  +  ,/3  +  t/3V-l; 
in  which  it  is  easy  to  prove,  1st,  that  the  real  part  e  +  «/3  is  the  vector  t'  of  the  foot 
b'  of  the  perpendicular  let  fall  from  the  centre  o  on  the  line  throogh  B  which  is  drawn 
(as  above)  parallel  to  ob  ;  and  Ilnd,  that  the  real  tenaor  <T/3  of  the  confident  of 


*  It  does  not  seem  to  be  necessary,  at  the  present  stage,  to  supply  so  many  refe- 
rences to  former  Articles,  or  Sub-articles,  as  it  has  hitherto  been  thought  useful  to 
give  \  but  such  may  still,  from  time  to  time,  be  given. 

t  Compare  again  the  Notes  to  page  90,  and  Art.  149. 
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V  -  1  h  ib»imagimarypart  of  each  ezprearioo,  repNaentt  the  Ungtk  of  a  tangent 
k'sT  to  the  iphen,  drawn  from  that  external  point,  or  foot,  sf. 
(fi.)  Infiu:t,if  wewriteoBr=f'af4.«j3,  weahallhave 


b'b =<-•'=-  t/3=)3S  —  =  projection  of  oe  on  ob  ; 
P 


/fo 


vUdi  proves  the  Ist  aeeertion  (4.),  irhetber  the  points  Po,  Pi  be  real  or  imaginaiy. 


l%-y-r"U")-'3 


+  2fS  -  4  «* 


■H)'-H)'-[^i)'-'inl  ^le^' 


we  faaTO^  tar  the  case  of  imaginaiy  inteneetioDS, 

lT/3  =  V(Tf^-  Ta«)  =  T.  n  V, 
and  the  Ilnd  aaaertion  (i.)  is  jiutifled. 

(6.)  An  expreaaion  of  the  form  (4.),  or  of  the  following, 

p'«^  +  V-ly, 
in  which  /3  and  y  are  two  real  vectors^  while  V  -  1  ia  the  (scalar)  imaginary  ofai- 
feirm^  and  not  a  symbol  for  t^ffwmetriealfy  real  ft^<  eersor  (149, 168),  may  be  said 
to  be  a  BivBciOB. 

(7.)  In  like  manner,  an  expression  of  the  form  (8.X  orjr^sj^iV-l,  where  a 
and  t  are  fvo  realteaJare,  bat  V  -  1  is  still  the  ordinary  imaginary  of  afyehra,  may 
be  said  by  analogy  to  be  a  Buoauib.  Imaginary  roots  ofalgebraio  equatione  are 
thoa,  in  general,  hUealars, 

(6.)  And  if  a  biteetor  (6.)  be  divided  hg  a  (real)  vector^  the  qmxtient^  each  as 


«=: 


»-  +  -V-ls=jo  +  «'iV-l» 


in  which  ^o  and  91  are  Iwo  real  quatemione,  but  V  -^  1  is,  as  before,  imaginarg,  may 
be  said  to  be  a  BiQUATBBinoir.  • 

215.  The  same  distributive  principle  (212)  may  be  employed  in 
inTestigations  respecting  drcumacHbed  conea^  and  the  tangenU  (real 
or  ideal),  which  can  be  drawn  to  a  giyen  sphere  from  a  given  point. 

(1.)  Instead  of  ooncdying  that  o,  a,  b  are  three  given  points,  and  that  limits  of 
pomUon  of  the  point  b  are  sought,  as  in  214,  (2.),  which  shall  allow  the  points  of  in- 
tenection  Pq,  Pi  to  be  real,  we  may  suppose  that  o,  A,  b  (which  may  be  assmned  to 
be  oolfinear,  without  loss  of  generality,  since  a  enters  only  by  its  tensor)  are  now  the 
data  of  the  qnestion ;  and  that  Umits  of  direction  of  the  line  ob  are  to  be  assigned, 
which  shall  permit  the  same  reality :  bpoPi  being  still  drawn  parallel  to  ob,  as  in 
214,  (l.> 

(2.)  Dividing  the  equation  Ta  a  T(c  +  «/3)  by  Tf ,  and  squaring,  we  have 


*  Compare  the  second  Note  to  page  181. 
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the  quadratic  in  x  may  therefore  be  thus  writteD, 

and  ita  roots  are  real  and  unequal,  or  real  and  eqaal,  or  imaginary,  according  as 


that  18,  according  as 


3  a 

TVU^<  or=  or>T-; 
f  f 

sin  BOB  <  ors  or  >T.oa:T.ob. 


(8.)  If  E  be  inierior  to  the  sphere,  then  Tt  <  Ta,  T(a  :  f)  >  1 ;  bnt  TVU^  can 
never  exceed  unity  (by  204,  XIX.,  or  by  210,  XV.,  &c.) ;  we  have,  therefore,  in 
this  case,  the^rt <  of  the  three  recent  alternatives,  and  the  two  roots  of  the  quadratic 
are  neeeatarUy  real  and  unequal,  whatever  the  direction  of  /3  may  be.  Aocwdingly 
it  is  evident,  geometrically,  that  every  indefinite  right  line,  drawn  through  an  inter- 
nal point,  must  cut  the  spheric  surfiMe  in  two  distinct  and  real  points. 

(4.)  If  the  point  k  be  euperfiddl^  so  that  Tc  =  Ta,  T(a :  c)  « 1,  then  the  first 
alternative  (2.)  still  exists,  except  at  the  limit  for  which  /3  -^  t,  and  therefore 
TVU  03 :  e)  =  1,  in  which  case  we  have  the  second  alternative.  Ome  root  of  the  qoa- 
dratic  in  x  is  now  =  0,  for  every  direction  of  /3 ;  and  the  other  root,  namely 
srs-2S(c:)3),  is  likewise  always  reo/,  but  vanUhee  for  the  case  when  the  angle 
^OB  is  right  In  short,  we  have  here  the  same  system  of  chords  and  of  tangents, 
from  a  point  upon  the  surface,  as  in  218  ;  the  only  difference  being,  that  we  now 
write  B  for  a,  or  e  fbr  a. 

(5.)  But  finally,  if  b  be  an  external  point,  so  that  To  To,  and  T(a  :  i)  <  1, 
then  TTUQS :  f)  may  either  fall  short  of  this  last  tensor,  or  equal,  or  exceed  it ;  ao 
that  any  one  of  the  three  alternatives  (2.)  may  come  to  exist,  according  to  the  vary- 
ing direction  of  j3. 

(6.)  To  illustrate  geometrically  q 

the  law  of  passage  from  one  such 
alternative  to  another,  we  may  ob- 
serve that  the  equation, 

tvu2=t2, 

c         c 

or 

siXlBOFsT.OAlT.OB, 

represents  (when  b  is  thus  external) 

a  real  eone  ot  revolution,  with  its 

vertex  at  the  centre  o  of  the  sphere ; 

and  according  as  the  line  ofi  lies  in- 

ficfe  this  cone,  or  on  it,  or  ovteide  it, 

the  first  or  the  second  or  the  third  of 

the  three  alternatives  (2.)  is  to  be 

adopted;  or  in  other  words,  the  line 

through  B,  drawn  parallel  (as  before)  to  ob,  either  entt  the  sphere,  or  touche§  it,  or 

does  not  (really)  meet  it  at  all    (Coropaw  the  annexed  Fig.  52.) 


Fig.  62. 
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(7.)  If  ■  be  itiU  an  external  point,  the  eoiu  ofiamffrnta  wbieh  can  be  drawn 
from  it  to  Uie  qthere  is  real;  and  the  equation  of  this  envtloping  or  eireumieribed 
eoM,  with  its  vertex  at  R,  may  be  obtained  from  that  of  the  leoent  cone  (6.X  by 
aiaipijr  changmg  p  to  p  —  c ;  it  is,  therefore,  or  at  least  one  fotm  of  it  is, 

TVU^^=T-:    or    8hiOKP=T.oA :  T.oB. 
f  < 

(g.)  In  geoefal,  if  9  be  any  qoaternion,  and  x  any  scalar, 

VU(g  +  4r)  =  Vsf:T(g  +  «); 

the  reent  eqoatian  (7.)  may  theiefore  be  thus  written : 

p-«  •• 

or 

T.  PF :  T.  Kp = T.  OA :  T.  OB, 

if  r'  be  the  foot  of  the  perpendicular  let  fall  from  p  on  ob;  and  in  fact  the  first  qno- 
tisDt  is  evidently  =  sin  okp. 
(9.)  We  may  also  write, 

H-»TT-('-«=)(»?-"r} 

as  another  form  of  the  equation  of  the  drcumscribed  cone. 
(10.)  If  then  we  make  also 

N?  =  l,     or    Ne  =  N?, 
a  €         B 

to  express  that  the  point  p  is  on  fAe  enveloped  tphere^  as  well  as  on  the  enveloping 
cone,  we  find  the  following  equation  of  the  plane  of  contact^  or  of  what  is  called  the 
polar  plane  of  the  point  b,  with  respect  to  the  given  sphere : 


(8£-Nf)*  =  05    or    8e-N2  =  o,        c/r-  ;  "    ^r 


while  the  fiwt  that  it  it  a  plane  of  eotdaeiT  is  exhibited  by  the  oocmrence  of  the  ex- 
pooeot  2,  or  by  its  equation  entering  through  its  sjtuzre. 
(11.)  The  vector, 

f'=«S-  =  iN-»OB', 

f  c  . 

la  that  of  the  point  e*  in  which  the  polar  plane  (10.)  of  b  cuts  perpendicularly  the 

right  line  ob  ;  and  we  see  that 

Tc.T«'  =  Ta«,    or    T.ob.T.ob'«(T.oa)», 

BM  was  to  be  expected  from  elementaiy  theorems,  of  spherical  or  even  of  plane  geo- 
metiy. 


•  In  fisct  a  modem  geometer  would  say,  that  we  have  here  a  case  of  two  eoineu 
dent  planee  of  intersection,  meigod  into  a  single  plane  of  contact. 
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(12.)  The  equation  (10.),  of  the  pokr  plane  of  b,  may  eaaily  be  thna  trana- 
ibnned: 

P      \   '      P     I      P  P        P 

it  oontinnes  therefore  to  hold  good,  when  c  and  p  are  interchoMged,  If  then  we  take, 
as  the  vertex  of  a  new  enwhpwg  etme^  any  point  o  external  to  the  sphere,  and 
mtuated  on  the  polar  plane  rs^  •  •  of  the  former  external  point  k,  the  new  plane  of 
contact,  or  the  polar  plane  dd'  . .  of  the  new  point  g,  will  pass  through  the  former 
vertex  a :  a  geometrical  relation  of  redprocUy,  or  of  eo^jugatum,  between  the  two 
points  c  and  x,  which  is  indeed  well-known,  but  wliich  it  appeared  nsefid  for  oor  pur- 
pose to  prove  by  qoatemions*  anew. 

(18.)  In  general,  each  of  the  two  connected  eqnatilons, 

P        P  P         9 

which  may  also  be  thus  written, 

i=(se:2.Ne=V--K2.     i=s.?Ke', 

\    ap       a      j      a      a  a      a 

may  be  said  to  be  a  form  of  the  Eqnatwn  of  Oo^jngation  between  any  two  points  p  and 
p'  (not  those  so  marked  in  Fig.  62),  of  which  the  vectors  satisfy  it :  because  it  ex- 
presses that  those  two  points  aie,  in  a  well-known  sense,  eot^'ngate  to  each  other,  with 
respect  to  the  given  sphere,  Tf>=Ta. 

(14.)  If  one  of  the  two  points,  as  p',  be  ^'mii  by  its  vector  p%  while  the  other 
point  p  and  vector  p  are  variable,  the  equation  then  represents  a  plane  loeme: 
namely,  what  is  still  called  the  polar  plane  of  the  given  pomt,  whether  that  point  be 
external  or  internal,  or  on  the  sor&ce  of  the  sphere. 

(15.)  Let  p,  p'  be  thus  two  conjugate  points;  and  let  it  be  proposed  to  find  the 
points  8,  8*,  in  which  the  right  line  pp^  intersects  the  sphere.  AMnming  (oomp.  26) 
that 

oa  =  o^xp  +  yp%        jr+y=l,        T<y  =  Ta, 

and  attending  to  the  equation  of  coi^ngation  (18.)i  we  have,  by  210,  XX.,  or  by 
200,  VII.,  the  following  quadratic  equation  in  y :  a;, 


\    a       a  J  a  i 


(16.)  Hence  it  is  evident  that,  if  the  points  of  intersection  s,  b'  are  to  be  r«af,  one 
of  the  two  points  p,  p'  must  be  interior,  and  the  other  must  be  exterior  to  the  sphere ; 
because,  of  the  two  normt  here  occurring,  one  must  be  greater  and  the  other  less  than 
unity.    And  because  the  two  roots  of  the  quadratic,  or  the  two  values  of  y : «,  differ 


*  In  fact,  it  will  easily  be  seen  that  the  investigations  hi  recent  sub-articles  are 
put  forward,  almost  entirely,  as  exercises  in  the  Language  and  Calculus  of  Quaternions, 
and  not  as  offering  any  geometrical  norelty  of  result. 
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0mfybfiMt»g9U,tt  feUowt  (by  26)  that  the  right  line  fp'  ia  harmtmUaify  divided 
(■•  indieed  it  is  well  known  to  be),  at  the  two  points  s,  s'  at  which  it  meets  the  sphere : 
cr  that  in  a  notation  already  several  times  employed  (25,  81,  &c.),  we  have  the  kar^ 


(psp'sO—l. 

(17.)  From  a  real  bnt  ixUrnal  pcnU  p,  we  can  still  wpeak  of  a  eo«#  oftampemUf 
as  beipg  drawn  to  the  sphere :  hot  if  so,  we  most  say  that  those  tangents  are  ideal^ 
or  iwtmpiHory  ;*  and  mnst  consider  them  as  terminating  on  an  imaginary  eirde  of 
eaaiaei  ;  of  wliieh  the  reaJL  but  wholly  external  ptane  is,  by  qoatemions,  as  by  mo- 
dem geometry,  recognised  as  being  (comp.  (14.)  )  the  polar  plane  of  the  supposed 
intemsl  point. 

216.  Some  readers  may  find  it  useful,  or  at  least  interest- 
ing, to  see  here  a  few  examples  of  the  application  of  the  General 
Distributive  Principle  (212)  of  multiplication  to  the  Ellipsoid^ 
of  which  some  forms  of  the  Quaternion  Equation  were  lately 
asfflgned  (in  204,  (14.)  ) ;  especially  as  those  forms  have  been 
found  to  conductf  to  a  Geometrical  Construction,  previously 
unknown,  for  that  celebrated  and  important  Surface :  or  ra- 
ther to  several  such  constructions.  Jn  what  follows,  it  wiU 
be  supposed  that  any  such  reader  has  made  himself  already 
sufficiently  familiar  with  the  chief  formulaa  of  the  preceding 
Articles;  and  therefore  comparatively  few  references^  will  be 
given,  at  least  upon  the  present  subject. 

(1.)  To  .prove,  first,  that  the  locus  of  the  vaiiable  ellipse, 

I. .  ,  S^  =  ar,        (v^y  =«•-  1.  204,  (18,) 

which  locns  is  rqffesented  by  the  equation, 

IL..(sey-(vjy  =  l.  204.(14.)         -"' 

the  two  constant  vectors  a,  /3  being  supposed  to  be  real,  and  to  be  inclined  to  each 
other  at  some  acute  or  obtuse  (but  not  right§)  angle,  is  a  enrfaee  of  the  teeond  order  ^ 


*  Compare  again  the  second  Note  to  page  90,  and  others  formerly  referred  to. 

t  See  the  Proceedings  of  the  Boyal  Irish  Academy,  far  the  year  1846. 

X  Compaze  the  Note  to  page  218. 

§  If /3  -1- a,  the  system  I.  represents  (not  an  ellipse  bat)  a  pair  of  right  Knee^ 
zeal  or  ideal,  in  which  the  cylinder  ofrevoluHon^  denoted  by  the  second  equation  of 
that  system,  is  cut  by  sl  plane  paraUel  to  tis  axis,  and  represented  by  the  first  equa- 
tion. 
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in  the  sense  that  it  is  cnt  by  on  arbitraiy  recttUnear  tnnsvenal  in  two  (real  or  inui- 
ginaiy)  points,  and  in  no  mon  than  two^  let  as  assume  two  points  x.,  n^  or  tbeu- 
▼eetora  Xa  oi.,  /« =ok,  as  given ;  and  lot  as  seek  to  determine  the  points  p  (real  or 
imaginary),  in  which  the  indefinite  right  line  lh  intersects  the  locus  IL ;  or  rather 
the  number  of  sach  intersections,  which  will  be  sufficient  for  the  present  purpose. 

(2.)  Making  then  p  ^t 1  (35),  we  have,  for  y :  2,  the  following  quadratic 

equation, 

without  proceeding  to  retolve  which,  we  see  already,  by  its  mere  degrw^  that  the  num- 
ber sought  is  two;  and  therbfore  that  the  locus  II.  is,  as  above  stated,  a  surface  of 
the  second  order. 

(8.)  The  equation  II.  remains  unchanged,  when  -  p  is  substituted  for  p  \  the 
surface  has  therefore  a  centre,  and  this  centre  is  at  the  oru/m  o  of  vectors. 

(4.)  It  has  been  seen  that  the  equation  of  the  surfue  may  also  be  thus  written : 


IV. 


..T^S^  +  VJ^I;  204,(14.) 


it  gives  therefore,  for  the  reciprocal  of  the  radius  vector  from  the  centre,  the  exprea- 
sioD, 

and  this  expression  has  a  real  value,  which  never  vanishes,*  whatever  real  value  may 
be  assigned  to  the  versor  Up,  that  is,  whatever  direction  may  be  assigned  to  p  :  the 
surface  is  therefore  eloeed,  andjinite. 

(5.)  Introducing  two  new  constant  and  auxiliary  vectors,  determined  by  the  two 
expressions, 

2/3  .      2/3 

which  give  (by  126)  these  other  expressions. 


wo  have 


VIL..UJ  =  2, 

vir...^+%i, 
r    ^ 

and  under  these  conditions,  y  is  said  to  be  the  harmonic  mean  between  the  two  for- 
mer vectors,  a  and  p ;  and  in  like  manner,  ^  is  the  harmonic  mean  between  a  and 
-  p ;  while  2a  is  the  corresponding  mean  between  y,  d ;  and  2p  is  so,  between  y 
and  -  d. 


*  It  is  to  be  remembered  that  we.  have  excluded  in  (1.)  the  case  where  /3  -^  a ; 
in  which  case  it  can  be  shown  that  the  equation  II.  represents  an  elliptic  cylinder. 
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(6. )  Uate  tfat  MM0  •nndttfartt,  isr  mi^  uWCmy  irtetor  ^  wt  iMnrt  fba  tnuu- 
fonnatioofly 


the  equation  lY .  of  the  mahM  nuy  therefore  be  thus  written : 


X...Tf?  +  K^^«l;    MthtM,     X-.-.T^^+K^^^l;       //w  )       ^ 


^  vO^' 


l.cc '■/     •/ 


the  geometrical  meuiing  of  which  new  forme  will  eoon  be  eeeo.  . 

(7.)  The  system  of  the  tw»  planes  through  the  origin,  which  are  respectively    /'  ' 
perpendicular  to  the  new  vectors  y  end  9,  is  represented  by  the  equation,  .^ 

«...s;-8f  =  0.    or    m..(8|y  =  (se)V  ^; 

combining  which  with  the  equation  It.  we  get 

xin...i-(8jy-(v|y-Ke,  or.  xiy...Tp«.m 

These  two  diametral  pUaes  therefore  cot  the  sorfiioe  in  tvo  tiretdar  $§cHon»^  with  T/3 
for  their  common  radios ;  and  the  normals  y  and  ^,  to  the  same  two  planes,  may  be 
called  (comp.  196,  (17.))  the  cyeHe  normats  of  the  surface;  while  the  planes  them- 
selves may  be  called  its  'cyclic  planes. 

(8.)  Conversely,  if  we  seek  the  intersection  of  the  surface  with  the  concentric 
sphere  XIV.,  of  which  the  radias  Is  T^,  we  are  condoeted  to  the  equation  XII.  of 
the  system  of  the  two  cyclic  planes,  and  therefore  to  the  two  circular  sections  (7.) ; 
so  that  every  radios  vector  of  the  surface,  which  is  not  dmwtt  in  one  or  other  of  these 
two  planes,  has  a  length  cither  greater  or  less  than  the  radius  T/3  of  the  sphere. 

(9.)  By  all  these  marks,  it  is  clear  that  the  Iscbs  II.,  or  204,  (U.),  Is  (as  above 
asserted)  an  ElNpioid:  its  ecnire  being  at  the  origin  (3.),  and  its  mean  nmitmU 
being  =  T/3 ;  while  U/3  has,  by  204,  (15.),  the  direction  of  the  axis  of  a  etrcmi- 
9cnhtd  cylinder  ofrevolvtion,  of  which  cylinder  the  radivs  is  T/3 ;  and  a  is,  by  ths 
last  dted  sub- article,  perpeadicular  to  the  plane  of  the  ellipse  of  contact. 

(10.)  Those  who  are  familiar  with  modem  geometry,  and  who  have  caught  the 
notati<m8  of  quaternions,  will  easily  see  that  this  ellipsoid  II.,  or  IV.,  is  a  drformth' 
(urn  of  what  may  be  called  the  tnean  sphere  XIY.,  and  is  homokffous  thereto ;  the 
infinitely  distant  point  in  the  direction  of /3  being  a  centre  o/hamoloffy,  and  either 
of  the  two  planes  XI.  or  XII.  being  a  plane  of  homology  oorreafMndin^ 

217.  The  recent  form,  X.  or  X'.,  of  the  quaternion  equa- 
tion of  the  ellipsoid,  admits  of  being  interpreted^  in  Buchikwsj 
as  to  conduct  (comp.  216)  to  a  simple  constrttction  of  that  sur- 
face ;  which  we  shall  first  investigate  by  calculation,  and  then 
illustrate  by  geometry. 

2g 
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(1.)  Carrying  oa  the  Roman  nameralafirom  the  tab-articles  to  216,  and  obaeir- 
ing  that  (hy  190,  &c.), 


r      p 

-^ 

and 

-?- 

'wP 
?-^«' 

the  equation  Z.  takes  the  form, 

or 

XV.  . .  1  = 

'fts.*' 

■  y   p 
7"Ty 

O'VJ' 

if  we  make 

XVL 

<■ 

"t;; 

=Tf< 
\ 

+k5 
p 

■') 

XVII.  . . 

c 

■s 

•nd 

y  _f 

when  c  and  k  are  two  new  constant  vectors,  and  f  is  a  new  constant  scalar,  which  we 
shall  suppose  to  be  positive,  but  of  which  the  value  may  be  chosen  at  pleasure. 

(2.)  The  comparison  of  the  forms  X.  and  X'.  shows  that  y  and  S  may  be  inter- 
changed, or  that  they  enter  symmetrically  into  the  equation  of  the  ellipsoid,  although 
they  may  not  at  first  seem  to  do  so  •,  it  is  therefore  allowed  to  assume  that 
XVIII.  .  .  Ty  >  T^,    and  therefore  that    XVIII'.  .  .  Ti  >  Tk  ; 
for  the  supposition  Ty  =  T^  would  give,  by  VI., 

T03+a)  =  T03-a),    and  .'.  (by  186,  (6.)  &c.)    j3-l-a, 
which  latter  case  was  excluded  in  216,  (1.). 
(3.)  We  have  thus, 

XIX...Ui  =  U^;        Uic  =  Uy; 


XXL. 


XX.. 

Ti«  -  T/c> 


T^* 


(4.)  Let  ABC  be  a  plane  triangle, 
such  that 

XXII.  ..CB  =  I,      CA=ie; 

let  also 

ABsp. 

Then  if  a  sphere,  which  we  shall  call  the 
diaeentrie  sphere^  be  described  round  the 
point  o  as  centre,  with  a  radius  =  Tr,  and 
therefore  so  as  to  pass  through  the  centre 
A  (iiere  written  instead  of  o)  of  the  ellip- 
sold,  and  if  d  be  the  point  in  which  the 
line  AE  meets  this  sphere  again,  we  shall 
have,  by  218,  (6.),  (18.), 

XXIlL..CD  =  -K-.p, 
P 


and  therefore 


xxiir. . 


Fig.  58. 


.  DB  =  «+K-.p: 

\  9 


/^r  rf      '  - — 
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ao  tlut  the  eqi»ti<m  XYI.  beeomesy 

XXIV..  .«>  =  T.AB.T.DB. 

(5.)  The  point  b  is  extenud  to  the  diaoentric  sphere  (4.),  by  the  assamption  (2.) ; 
a  real  tangent  (or  rather  cone  of  tangents)  to  this  sphere  can  therefore  be  drawn  from 
that  point ;  and  if  we  select  the  length  of  such  a  tangent  as  the  value  (1.)  of  the  sca- 
lar t,  that  is  to  say,  if  we  make  each  member  of  the  formula  XXI.  equal  to  unity, 
and  denote  by  j>'  the  second  intersection  of  the  right  line  bd  with  the  sphere,  as  in 
Fig.  63,  we  shall  have  (by  Euclid  III.)  the  elementaiy  relation, 

XXV.  . .  <«  =  T.db.T.bd'; 
whience  follows  this  Cfeomeirical  Equation  of  the  EU^oid, 

XXVI.  ..T.AB=T.BD'; 
or  in  a  somewhat  more  familiar  notation, 

XXVII. ,  ,A^  =  BD^; 
where  Hk  denotes  the  length  of  the  line  ab,  and  similarly  for  bd'. 

(6.)  The  following  very  simple  Jhae  of  Gonstruetion  (comp.  the  recent  Fig.  68) 
resnltB  therefore],fh>m  our  quaternion  analysis : — 

From  a  fixed  point  A,  on  the  eurfaee  of  a  given  ephere^  draw  any  chord  ad  ;  let 
d'  he  the  eeeond  point  of  inter teetion  of  the  tame  epheric  tuffaee  with  the  tecant  bd, 
drawn  from  a  fixed  external*  point  B ;  and  take  a  radius  vector  as,  equal  in 
length  to  the  line  bd',  and  in  direction  either  coincident  with,  or  opposite  to,  the  chord 
AD :  the  loens  of  the  point  ^wiUbean  ellipaoid,  wHh  A  for  its  centre,  and  with  b/ot 
a  point  of  its  sufface. 

(7.)  Or  thus:— 

If,  of  a  plane  but  variable  quadrilateral  abed',  of  which  one  side  AB  is  given  in 
length  and  in  position,  the  two  diagonals  ab,  bd'  be  equal  to  each  other  in  length,  and 
if  their  intersection  d  be  aJtways  situated  upon  the  surface  of  a  given  sphere,  whereof 
the  side  ad'  of  the  quadrilateral  is  a  chord,  then  the  opposite  tide  bk  is  a  chord  of 
a  given  eUipsoid, 

218.  From  either  of  the  two  foregoing  statements,  of  the 
Rule  of  Construction  for  the  Ellipsoid  to  which  quaternions 
have  conducted,  many  geometrical  consequences  can  easily  be 
inferred,  a  few  of  which  may  be  mentioned  here,  with  their 
proofs  by  calculation  annexed :  the  present  Calculus  being,  of 
course,  still  employed. 

(1.)  That  the  comer  b,  of  what  may  be  called  the  Generating  Triangle  abc,  is 
in  &ct  a  point  of  the  generated  surface,  with  the  construction  217,  (6.),  niay  be 


•  It  is  merely  to  fix  the  conceptions,  that  the  point  b  is  here  supposed  to  be  exter- 
nal (5.) ;  the  calculations  and  the  construction  would  be  almost  the  same,  if  we  as- 
sumed b  to  be  an  internal  point,  or  Ti  <  Tk,  Ty  <  Td. 
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prored,  by  oonoelTing  the  TtrUble  chord  ad  of  Uw  givwi  diaMltiio  iphaitt  to  take  Uw 
position  AG ;  where  o  is  the  aeoend  inteneotion  of  the  line  ab  with  that  spheric  ear- 
face, 

(2.)  If  D  be  conceiTed  to  approach  to  a  (instead  of  o),  and  therefore  o'to  o 
(instead  of  a),  the  dirtction  of  as  (or  of  ad)  then  tends  to  become  tangential  to  the 
sphere  at  a,  while  the  ffa^M  of  as  (or  of  bd')  tends,  by  the  constmction,  to  beconae 
equal  to  the  length  of  bo  ;  the  surCaoe  baa  therefore  a  dUtmetral  and  eiradar  aeettoti, 
in  a  plane  which  touches  the  diacentric  sphere  at  A,  and  with  a  radios  =  bo. 

(3.)  Conceive  a  circular  section  of  the  sphere  through  a,  made  by  a  plane  perp«n 
^  ^  (  dicular  to  bo  ;  if  d  move  along  this  (Ar6l%  d'  will  more  along  a  parallel  circle  through 

^     ^/  V^  «  i*^"^^  o,  and  the  length  of  bd',  or  tlial  of  as,  will  again  be  eqoal  to  bo  f^aiich  then  is  tbe 
radius  of  a  §9e<md  diametral  and  dreular  aectiom  of  the  eilipsoid,  made  by  the  lately 
mentioned  plane. 
J  (4.)  The  conUmetum  gives  os  thus  two  ^tiU  pUtm^  throogh  A }  the  peipendl- 

culars  to  which  planes,  or  the  two  cydie  normaU  (216,  (7.))  of  the  ellipsoid,  are 
seen  to  have  the  directions  of  the  two  sufes,  oa,  ca,  of  the  f«««ra(iiv  triangk  abc 
(10. 

(S.)  Again,  dnoa  the  ndangla 


/  B  A,  B«»BD.BD'»mp.  AS  »d«abla  ana  ef  triangle  ABS»8hi9DB» 

,     .'~  '       )      we  have  the  eqnailoD, 

(    V  ^  ^  XXVIII. . .  peipeqdicular  distance  of  s  from  as  =Ba .  sinnDs \ 


/■■ 


■  ^\ 


f^  the  ildrdM^  as,  of  the  genemtiag  triangle  (1.),  b  therefore  the  qkbU  <^rmoiutiom 

I  of  a  cylinder^  which  €nvelope$  the  ellipsoid,  and  of  which  the  radios  has  the  same 

*  /  *-  length,  BO,  as  the  radius  of  each  of  the  two  diametral  and  circular  seotloBSi 

(6.)  For  the  points  of  ooiitaet  of  ellipeoid  and  cylinder,  we  have  the  geesaatrical 
valatloa, 

XZIX.  . .  BDS  s  a  right  angle ;    or    XXIX*. .  .  adb  s  a  right  angle ; 

the  point  d  is  therefore  situated  on  a  Mteomd  apherie  9wfoc9^  which  has  the  lino  AB 
for  a  diameter,  and  intersects  the  diacentric  sphere  in  a  circle^  whereof  the  plane  passes 
through  A,  and  cuts  the  enveloping  cylinder  in  an  ellipu  of  contact  (comp.  204^ 
(16.),  and  216,  (9.)  ),  of  that  cylinder  with  the  ellipsoid. 

(7.)  Let  AO  meet  the  diacentric  sphere  again  in  p,  and  let  bf  meet  it  again  is  f' 
($9  inFig.  68)(  ih%  oowmon  pham€  of  the  lastosentioned  circle  and  dUpae (6,)  ess 
then  be  easily  proved  to  cot  perpendiculariy  the  plane  of  the  generating  triangle  asc 
in  the  line  af'  ;  so  that  the  line  f'b  is  normal  to  tkit  plans  of  contact;  and  there- 
Ibre  also  (by  conjugate  diameters,  &c.)  to  the  elKpMidf  at  s. 

(8.)  These  pcometrtco/  consequenecM  of  the  conetrueHon  (217),  to  which  many 
others  might  be  added,  can  all  be  shown  to  be  consistent  with,  and  confirmed  by,  the 
yttaleniioii  amaiyeU  from  which  that  constmetion  itself  was  derived.  Thns,  the  two 
e^dn/or  9eoHon»  (2.)  (S.)  had  presented  themselves  in  216,  (7.) ;  and  their  two  cy* 
die  normale  (4.),  or  the  sides  ga,  gb  of  the  triangle,  being  (by  217,  (4.)  )  the  two 
vectors  ic,  i,  have  (by  217,  (1.)  or  (8.)  )  the  directions  of  the  two  former  vectors  y,  ^ ; 
which  again  agrees  with  216,  (7.). 

(9.)  Again,  it  will  be  found  that  the  assumed  relations  between  the  three  pofre  of 
conatant  vectortj  a,  /3 ;  y,  ^ ;  and  i,  jr,  any  one  of  which  pair«  is  sufficient  to  deter- 
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ome  tlw  ellipioid,  oondact  to  the  IbDowlBg  exproMlona  (of  which  the  InTettigAtioa  is 
kft  to  the  8tod«nt,  ae  «d  exercise) : 

XXX. . .  a  = -r^  y-T^  ^"TF? -.UCt  +  O-f'B; 

XXXI.  ..j8  =  ^y=r^a  =  =rr^xU(e-»)  =  BO; 

the  letters  b,  v',  a  referriog  here  to  Fig.  58,  while  afiyS  retain  their  former  metn- 
logs  (216),  and  are  not  interpreted  as  vectors  of  the  points  abcd  in  that  Figurs. 
Hence  the  recent  geometrical  inferences,  that  AB  (or  bo)  is  the  axis  of  revolution  of 
an  enveloping  cylinder  (6.),  and  that  f'b  is  normal  to  the  plane  of  the  ellipse  of  con- 
tact (7.),  agree  with  the  former  conclusions  (216,  (9.),  or  204,  (15.)  ),  that  fi  is 
neh  an  azia,  and  thnt  a  Is  soch  a  normaL 
(10.)  It  is  easy  to  prove,  generally,  that 

Rlzi    a(g-l)(g9+0       Ny-1  gg+l^    yg-1 

%  +  l"    («+l)(K9+l)      N(j  +  iy         ""q-l      Niq-iy 
iprbeDoe 

whatever  two  vectors  c  and  c  may  be.    Bat  we  have  here, 

XXXIH. . .  «  »« Ti«  -  Tj;»,  by  217,  (5.)  i 
the  leoeBl  ezpicasieas  (i>.)  for  a  and  /3  beeome,  tberefora, 

XXXIV.  .  .  o«  +  (i  +  r)s|-^i        /3«-(i-ic)  S|i?. 

"Hie  last  form  204,  (14.),  of  the  equation  of  the  ellipsoid,  may  therefore  be  now  thus 
written: 

in  which  the  sign  of  the  right  part  may  be  changed.  And  thus  we  verify  by  calcu- 
lation the  recent  result  (1.)  of  the  construction,  namely  that  b  is  a  point  of  the  sur- 
£ue ;  for  we  see  that  the  last  equation  is  satisfied,  when  we  suppose 

XXXYL  .  .  p  e  AB  =r  t  -  ff « /3 : 8  ^ ; 

a 

a  valne  of  p  which  evidently  satisfies  also  the  form  216,  lY. 

(11.)  From  the  form  216,  IL,  oombiued  with  the  valne  XXXIY.  of  a»  it  is  easy 
to  infer  that  the  plane, 

xxxvn...s^=i,  or  xxxvir. ..s-^=s^^. 

which  corresponds  to  the  value  »  =  1  hi  216,  I.,  touches  the  efHpeoid  at  the  point  b, 
of  which  the  vector  p  has  been  thus  determined  (10) ;  the  normal  to  the  surface^  at 
that  point,  has  therefore  the  direction  of  i  +  ff,  or  of  a,  that  is,  of  fb,  or  of  f'b  :  so 
that  the  last  geometrical  inference  (7.)  is  thus  confirmed,  by  calculation  with  quater- 
nions. 

219*  A  few  other  consequences  of  the  construction  (217)  may 
be  here  noted ;  especially  as  regards  the  geometrical  determination 
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of  the  three  principal  semiaxes  of  the  ellipsoid,  and  the  major  and 
minor  semiaxes  of  any  elliptic  and  diametral  section  ;  together  with 
the  assigning  of  a  certain  system  of  spherical  conies^  of  which  the 
surface  may  be  considered  to  be  the  locus. 


(1.)  Let  a,  6,  e  denote  the  lengths  of  the  greatest,  the  mean,  and  the  least  i 
axes  of  the  eUipsoid,  respectively ;  then  if  the  side  do  of  the  generating  triangle  cut 
the  diacentric  sphere  in  the  points  h  and  h',  the  former  lying  (as  in  Fig.  53)  between 
the  points  b  and  c,  we  have  the  values, 

XXXYIII.  .  .  a  =  BH';         6  =  bg;         c  =  M[; 
so  that  the  lengths  of  the  sides  of  the  triangle  abc  may  be  thns  expressed,  hi  terms 
of  these  semiaxes, 

XXXIX.  ..BO  =  Tt  =  -— i         oa  =  Tk=— -;         AB=T(i-r)  =  y; 

and  we  may  write, 

XL.  ..  «  =  Ti  +  T«;         6=  ;         c=Ti-Tc. 

(2.)  If,  in  the  respective  directions  of  the  two  supplementary  chords  ah,  ah'  of  the 
sphere,  or  in  the  opposite  directions,  we  set  off  lines  al,  an,  with  the  lengths  of  bh', 
BH,  the  points  l,  n,  thus  obtained,  will  be  respectively  a  major  and  a  minor  suwunit 
of  the  surface.  And  if  we  erect,  at  the  centre  a  of  that  surface,  a  perpendicular  ak 
to  the  plane  of  the  triangle,  with  a  length  =bg,  the  point  m  (which  will  be  common 
to  the  two  circular  sections,  and  will  be  situated  on  the  enveloping  cylinder)  will  be  a 
mean  $ummU  thereof. 

(3.)  Conceive  that  the  sphere  and  ellipsoid  are  both  cut  by  a  plane  through  a,  on 
which  the  points  b'  and  c'  shall  be  supposed  to  be  the  projections  of  b  and  c ;  then  o' 
will  be  the  centre  of  the  circular  section  of  the  sphere ;  and  if  the  line  bV  cut  this 
new  drde  in  the  points  di,  Dz,  of  which  Di  may  be  snppoaed  to  be  the  nearer  to  b', 
the  two  supplementary  chords  adi,  ad2  of  the  circle  have  the  direcfumt  of  the  m^'or 
€tnd  minor  gemiaxet  of  the  elliptic  tection  of  the  ellipsoid ;  while  the  length»  of  those 
semiaxes  are,  respectively,  ba.  bo  :  bdi,  and  ba.  bo  :  bdj;  or  bd'i  and  bd'2,  if  the 
secants  bdi  and  bd2  meet  the  sphere  again  in  di'  and  Da'. 

(4.)  If  these  two  semiaxes  of  the  section  be  called  a^  and  e^  and  if  we  still  de- 
note by  t  the  tangent  from  b  to  the  sphere,  we  have  thus, 

XLL  .  .  BDi  =  <•  :  a, s=  aca-^ ;         BD2 ^t^:c^  =  aec^'^ ; 
but  if  we  denote  by  pi  and  p^  the  inclinations  of  the  plane  of  the  section  to  the  two 
cyclic  planes  of  the  ellipsoid,  whereto  oa  and  gb  are  perpendicular,  so  that  the  pro- 
jections of  these  two  sides  of  the  triangle  are 

^j^jj         |c?A=  CA .  sinpi  =  J  (a-  c)  sinpi, 

(cV  =  CB .  Bin  pa  =  J  (a  +  c)  sinpj, 
we  have 

XLIII.  .  .  BD2>  -  BDi*  =  b'ds^  -b'di*  =  4bV.  c'a  =  (a«  -  c')  sin  pi  sin  pi ; 

whence  follows  the  important  formula, 

XLIV.  .  .  c,-*  -  a/*  =  (c  '  -  a  *)  sin  pi  sinpi ; 
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or  in  woida,  the  known  and  nsefol  theorem,  that  *'  the  digkrmee  of  the  inverts 
tquarea  of  the  temiaxet,  of  a  plane  and  diametral  tectum  of  an  eUipeoid^  wvriee  at 
the  product  of  the  tinet  of  the  tneKnationt  of  the  adtwg  planer  to  the  two  planet  of 
eireMUar  tectum. 

(5.)  As  ▼BiificatioDSy  if  the  plane  be  that  of  the  generating  triangle  abc,  we 
hare 

P\-P%--^i    and    «,  =  «,    «,  =  «; 

bat  if  the  plane  be  perpendicular  to  either  of  the  two  sides,  CA,  on,  then  either  p\  or 
l>2=0,  andc,  =  «,. 

(6.)  If  the  ellipeotd  be  cnt  by  any  concentric  sphere,  dittinet  from  the  mean 
tpkere  XIV.,  so  that 

XLY. . .  AE  =  Tp  s  r  ^  &,  where  r  is  a  given  positive  scalar; 
then 

XLVI.  ..BD  =  ««r-»<ac6-S   that  is,   ^ba; 

80  that  the  loeut  of  what  may  be  called  the  ffuide^point  D,  throngh  which,  by  the 
eonstniction,  the  variable  semidiameter  ab  of  the  ellipsoid  (or  one  of  its  prolongations) 
paaseSft  and  which  is  still  at  a  constant  distance  firom  the  given  external  point  b,  is 
now  again  a  eirele  of  the  diacentric  sphere,  bnt  one  of  which  the  |>^nie  does  not  pott 
(as  it  ^d  in  218,  (3.)  )  throkj^h  the  centre  a  of  the  ellipsoid.  The  point  b  has  there- 
fore here,  for  one  locas,  the  eyelie  cone  which  has  a  for  vertex^  and  rests  on  the  last- 
mentianed  circle  as  its  bate;  and  since  it  is  also  on  the  concentric  tphere  XLY.,  it 
moat  be  on  one  or  other  of  the  two  ^herieal  cornet^  in  which  (oomp.  196,  (11.)  )  the 
cone  and  sphere  last  mentioned  intersect 

(7.)  The  intersection  of  an  elliptoid  vfiih  a  concentric  tphere  is  therefore,  gene- 
rally, a  tyttem  of  two  tuch  eonict,  varying  with  the  value  of  the  radios  r,  and  bo- 
oomtng,  as  a  Hmit,  the  tyttem  of  the  two  circular  tectiont^  for  the  particular  value 
r = 5 ;  and  the  ellipsoid  itself  may  be  considered  as  the  locut  of  all  such  spherical  co- 
nies, indnding  those  two  circles. 

(8.)  And  we  see,  by  (6.),  that  the  two  cyclic  planet  (comp.  196,  (17.),  &c.)  of 
oMy  one  of  the  concentric  conee,  which  rest  on  any  such  conic,  coincide  with  the  two 
eifcUe  planet  of  the  elHptoid :  all  this  resulting,  with  the  greatest  ease,  from  the  con- 
tiruetum  (217)  to  which  quaternions  had  conducted. 

(9.)  With  respect  to  the  Figure  58,  which  was  designed  to  illustrate  that  con- 
fltmction,  the  signification  of  the  letters  ABCDD'BFr'aHH'ur  has  been  already  ex- 
I^ined.  But  as  regards  the  other  letters  we  may  here  add,  Ist,  that  n'  is  a  second 
minor  summit  of  the  surface,  so  that  am'  s  na  ;  Ilnd,  that  k  is  a  point  in  which  the 
chord  AT*,  of  what  we  may  hero  call  the  diacentric  circle  aof,  intersects  what  may 
be  called  th» prine^al  dlipte,*  or  the  tection  nblbn'  of  the  ellipsoid,  made  by  the 
plane  of  the  jfreatett  and  leatt  azetj  that  is  by  the  plane  of  the  generating  triangle 
ABO,  so  that  the  lengths  of  ak  and  bf  are  equal ;  Ilird,  that  the  tangent^  vkv',  to 
this  ellipse  at  this  point,  is  parallel  to  the  tide  ab  of  the  triangle,  or  to  the  axit  of 


*  In  the  plane  of  what  is  called,  by  many  modem  geometers,  the /oca/  hyper- 
Ma  of  the  ellipsoid. 
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r^vol^aion  ofihM  iMMlytty  mfiindtr  218|  (£.),  bdng  in  fiict  «•«  ddt  (or  pwitrairCg) 
of  tiuit  cylinder ;  lYthf  thai  ak,  ab  an  tfani  two  tm^ngai*  mmidiaMeUr*  of  the 
ellipsei  and  tberaforB  tlM  tangant  tbt',  at  tba  point  b  of  tbat  ellipae,  is  parallel  to 
the  line  akp',  or  perpendicular  to  the  line  bff'  ;  Yth,  that  this  latter  line  ia  thaaths 
mormal  (oomp.  S18,  (7.),  (11.)  )  to  the  same  eUiptie  aaetion,  and  therefore  also  Co  the 
ellipsoid,  at  b  ;  Ylth,  that  the  leatt  distamee  kk'  between  the  parallels  ab,  kv,  being 
=  the  radios  b  of  the  cylinder,  is  equal  in  length  to  the  line  sa,  and  also  to  each  of 
the  two  semidiameters,  as,  ab',  of  the  ellipse,  which  are  radii  of  the  two  circular 
teetioHi  of  the  ellipsoid,  in  planes  perpendicular  to  the  plane  of  the  Figure ;  Vllth, 
that  A8  touches  the  circle  at  a  ;  and  Vlllth,  that  the  point  s'  is  on  the  chord  ai  of 
that  cirole,  which  is  drawn  at  right  angles  to  the  aide  bc  of  the  tnaoglob 

220.  The  reader  will  easily  conceive  tbat  the  quaternion  equa- 
tion of  the  ellipsoid  admits  of  being  put  under  several  other  forms ; 
among  which,  however,  it  may  here  suffice  to  mention  one,  and  to 
assign  its  geometrical  interpretation. 

(1.)  For  any  three  vectors, «,  k,  ^  we  have  the  transfonaatSona, 

\p        pi       P        p  pp 

-NiN-+N*N-  +  2SiiTiTi 

K        p  I        p  pp         t        K 

«NfiT%K'TlLKffTi+KlTfl 

whence  foUows  this  other  general  tnuuformation : 

XLVnr. . .  T  f  I  +  K  - .  p  ]  =  T  f  Ur .  Ti  +  K  Hill! .  p  \ 

(2.)  If  <lien  we  introduce  two  new  auzi&ary  and  oonsttnt  vectors,  c'  and  «',  de- 
fined by  the  ecjuatioiis, 

3XrX.  .  .  t'  =  -UK.Ti,        r=-tri.Tr, 
which  give, 

L.  .  .  W  =  T«,        Tk  =  Tk,        T(i' -  O  =  T(i  -  r),        Tc**  -  Tr**  =  f«, 
we  may  write  the  equation  XVI.  (in  217}  of  the  ellipsoid  under  the  following  pre* 
cisely  similar  form : 

in  which  i'  and  k  have  simply  tAken  the  plaoes  of  t  and  il 

(3.)  Retaining  then  the  centre  A  of  the  eUipsoid,  construct  a  new  diaeentrie 
ephere,  with  a  new  centre  c',  and  a  new  generutimg  triamgU  abV,  where  b'  is  a  ntw 
fixed  external  pointy  but  the  lenffthe  of  the  aidea  are  the  «afn«,  by  the  conditions, 

LII.    .Ao'=-if',        c'b'  =  +i',    and  therefore    AB'  =  t'-i:'; 

draw  any  secant  b'd'V"  (instead  of  bdd'),  and  set  off  a  line  ab  in  the  direction  of 
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ad",  or  in  the  opposite  direction,  with  a  length  equal  to  that  of  bd'";  the  loeut  of 
tk0  point  B  will  be  ike  Mame  elliptoid  cu  before. 

(4.)  The  only  inferehoe  wbidi  we  shall  hert^  draw  from  this  new  construction 
h,  that  there  exieto  (as  ia  known)  a  tecond  env^oping  cfllnder  ofretohOhn,  and  that 
its  axis  ia  the  aide  ab'  of  the  new  triangle  abV  ;  but  that  the  radUtt  of  this  second 
cylinder  ia  equal  to  that  of  the  first,  namely  to  the  meim  eemiaxie,  &,  of  the  ellipsoid ; 
and  that  the  mtffor  fe»taarw,  a,  or  the  line  al  in  Fig.  63,  bieectt  the  angle  bab', 
betmeem  the  two  axee  ofrevohdion  of  these  two  circumscribed  cylinders :  the  plane 
of  the  new  ellipse  of  contact  being  geometrically  determined  by  a  process  exactly 
similar  to  that  employed  in  218,  (7.) ;  and  being  perpendicular  to  the  new  vector, 
('  +  K^,  aa  the  old  pUne  of  contact  was  (by  218,  (11.) )  to  c  +  c. 

Sbction  14. — On  the  Reduction  of  the  General  Quaternion 
to  a  Standard  Quadrinomial  Form  ;  tsith  a  First  Preqfqf 
the  Associative  Principle  af  Multiplication  of  Quaternions. 

221.  Betaining  the  significations  (181)  of  the  three  rect- 
angular unit-lioes  oi,  oj,  ok,  as  the  axes^  and  therefore  also 
the  indices  (159),  of  three  given  right  versors  i^jy  ky  in  three 
mutually  rectangular  planes,  we  can  express  the  index  oq  of 
any  other  right  quaternion,  such  as  Vy,  under  the  trinomial 
farm  (comp.  62), 

I.  .  .  IVy  =  0Q  =  a:.0l+y.0J  +  2:.0K; 
where  xyz  are  some  three  scalar  coefficients,  namely,  the  three 
rectangular  co-ordinates  of  the  extremity  q  of  the  index,  with 
respect  to  the  three  axes  oi,  oj,  oiu    Hence  we  may  write 
also  general^,  by  206  and  126, 

and  this  last  form,  ix  +^y  +  kz^  may  be  said  to  be  a  Standard 
Trinomial  Formy  to  which  every  right  quaternion^  or  the  right 
part  Yq  of  any  proposed  quaternion  q,  can  be  (as  above)  re- 
duced. If  thea  we  denote  by  to  the  scalar  part,  Sq^  of  the  same 
general  quaternion  q^  we  shall  have,  by  202,  the  following 
General  Reduction  of  a  Quaternion  to  a  Standard  Quadri- 
iroMiAX  Form  (183) : 

*  If  room  shall  aUow,  a  few  additional  remarks  may  be  made,  on  the  relations 

of  the  constant  vectors  c,  k,  &c.,  to  the  ellipsoid,  and  on  some  other  constructions  of 

that  surface,  when,  in  the  following  Book,  its  equation  shall  come  to  be  put  under  the 

new  form, 

T(cp+p<c)  =  K»-i«. 

2h 


234  SLEMENTS  OV  QUATERNIONS.  [bOOK  II. 

III.  .  .  y  =  (Sq  +  Vj  =)«?  +  ix  ^jy  +  kz ; 

in  which  the  four  scalars^  wxyz^  may  be  said  to  be  the  Four 
Constituents  of  the  Quaternion.  And  it  is  evident  (comp.  202, 
(5.),  and  133),  that  if  we  write  in  like  manner, 

IV.  .  .  g=w'-^ix'  -^jt/  +  kz\ 

where  ijk  denote  the  same  three  given  right  versors  (181)  as 
before,  then  the  equation 

_.  V.  ..y'  =  j, 

between  t^ese  two  quaternions^  q  and  q\  includes  the  four  follow^ 
ing  scalar  equations  between  the  constituents : 

VI.  .  .  tc' « tu,         as'  =» a:,         y-J/y         si ^z\ 

which  is  a  new  justification  (comp.  112,  116)  of  the  propriety 
of  naminffy  as  we  have  done  throughout  the  present  Chapter, 
the  General  Quotient  of  two  Vectors  (101)  a  Quaternion. 

222.  When  the  Standard  Quadrinomial  Form  (221)  is 
adopted,  we  have  then  not  only 

I.  .  .  Sj  =  tc,     and     Yq  =  ix  +  Jy  +  kz^ 

as  before,  but  also,  by  204,  XI., 

II.  .  .  Ky  =  (Sy  -  Yq  ^)w  -  ix  -jy -  kz. 

And  because  the  distributive  property  of  multiplication  of  qua- 
ternions (212),  combined  with  the  laws  of  of  the  symbols  ijk 
(182),  or  with  the  General  and  Fundamental  Formula  of  this 
whole  Calculus  (183),  namely  with  the  formula, 

ta«/  =  Aa  =  yA--l,  (A) 

gives  the  transformation, 

III.  .  .  (taj+^  +  A2:)»--(a?»  +  y*  +  2r»), 

we  have,  by  204,  &c.,  the  following  new  expressions : 

IV.  .  .NV3  =  (TVj)»«=-Vg'««a:"  +  y»  +  2»; 

VI.  .  .  VYq^iix-^^jy-k-kz)  :  \/ (oj*  +  y«  +  z*)  ; 

VII.  .  .  Ny  =  Tj»  =  Sy'^-V3«  =  t(7«  +  a;»  +  y»  +  2:^ 

VIII.  .  .Ty=  V(«'*  +  a:*+y»  +  ^*); 

IX.  .  .  U5'  =  (m?  + w?+jy  + Az):  v'(«^'  +  i»*+y'  +  ^'); 
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X.  .  .  SUj  =  M? :  V  (u?»  +  a:»  -f  y«  +  2r*) ; 
XIL  .  .  TYVq  =  /  f'^^'^f^. 

(1.)  To  prove  the  recent  formula  III.,  we  may  arrange  as  follows  the  steps  of 
the  multiplication  (comp.  again  182)  : 

Vg  =  ta;  +jy  -f  kz ; 

kz.Yq=-  X*  ■\-jzx  -  izy  ; 

(2.)  We  hare,  therefore, 

XIII.  ..(taj+^  +  *;i)«  =  -l,    if    «"+y«+«"  =  l, 
a  result  to  which  we  haye  already  alluded,*  in  connexion  with  the  partial  vndHer- 
mmatenest  of  signification,  in  the  present  calculus,  of  the  symbol  V  —  1,  when  consi- 
dered aa  denoting  a  right  radial  (149),  or  a  right  ver$or  (158),  of  which  the  plan§ 
or  the  axis  is  arbitrary, 

C8.)    If  q'  =  qq,   then  N/'^Ng'.N^,   by   191,  (8.);    but  if  9  =  w  +  &c., 
f' s  10' -I- Sic.,  ^"=w"+&c.,  then 

" »"  =  WW  -  (x'x  -k-yy  +  z '«), 
x"  =  («r'aj  +  x'»)  +  (y'«-2'y), 

y"  =  («rV+y'«») +  («'«-«'*), 

_ «"  =:  (»'z  +  z'w)  +  (x'y-y'x)  ; 

and  oonTCTsely  these  four  scalar  equations  are  jointly  equivalent  to,  and  may  be 
Bummed  up  in,  the  quaternion  formula, 

XV.  . .  ur+ix''+Jy"-^kz''=(v/  +  iaf+Jy'-\-kz')  (w  +  ix -^jy  +  kz)  ; 
we  ought  therefore,  under  these  conditions  XIY.,  to  have  the  equation, 

XVI. .  .  w"»  +  x"a+jf^  +  «"«  =  (ttr^+ar'«+y^  +  z'«)  (w3  +  a;«+y«  +  r«)  ; 

which  can  in  &ct  be  verified  by  so  easy  an  algebraical  calculation,  that  its  truth 
may  be  said  to  be  obvious  upon  mere  inspection,  at  least  when  the  terms  in  the  four 
qoadiinomial  expressions  w" . .  z''  are  arrangedf  as  above. 


•  Compare  the  first  Note  to  page  131 ;  and  that  to  page  162. 

t  From  having  somewhat  otherwise  arranged  those  terms,  the  author  had  some 
little  trouble  at  first,  in  verifying  that  the  twenty-four  double  products,  in  the  ex- 
pansion of  w"*  +  &c,,  destroy  each  other,  leaving  only  the  sixteen  products  of  squares, 
or  that  XYI.  follows  from  XIY.,  when  he  was  led  to  anticipate  that  result  through 
qnateraions,  in  the  year  1843.  He  believes,  however,  that  the  eUgehraic  theorem 
XYL,  aa  distinguished  from  the  quaternion  formula  XY.,  with  which  it  is  here  con- 
nected, had  been  discovered  by  the  celebrated  Eulbb. 


XIY.  . 
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223.  The  principal  use  which  w«  shall  here  make  of  the 
standard  quadrinoxnial  form  (221),  is  to  prove  by  it  the  gene- 
ral associative  property  ofmvUiflication  of  quaternions ;  which 
can  now  with  great  ease  be  done,  the  distributive*  property 
(212)  of  such  multiplication  having  been  already  proved.  In 
fact,  if  we  write,  as  in  222,  (3.), 

I.  •  .  J  y'  »  w  +  Mc'  +^'  +  hz\ 

without  now  assuming  that  the  relation  q^'^^ggt  or  any  other 
relation,  exists  between  the  three  quaternions  q^  q\  q'\  and 
inquire  whether  it  be  true  that  the  associative  formula^ 

11...  jY- ?-?"•?'?' 
holds  good,  we  see,  by  the  distributive  principle,  that  we  have 
only  to  try  whether  this  last  formula  is  valid  when  the  three 
quaternion  factors  j,  ^,  q^  are  replaced,  in  any  one  common 
order  on  both  sides  of  the  equation,  and  with  or  without  repe- 
tition, by  the  three  given  right  versors  ijk ;  but  this  has  al- 
ready been  proved,  in  Art.  183.  We  arrive  then,  thus,  at  the 
important  conclusion,  that  the^  Getieral  Multiplication  of  Qua- 
ternions is  an  Associative  Operation^  as  it  had  been  previously 
seen  (212)  to  be  a  Distributive  one:  although  we  had  also 
found  (168,  183,  191)  that  such  Multiplication  is  not  (in  ge- 
neral) Commutative :  or  that  the  two  products^  q'q  and  qq\  are 
generally  unequal.  We  may  therefore  omit  the  point  (as  in 
183),  and  may  denote  each  member  of  the  equation  II.  by  the 
symbol  q'q'q- 

(1.)  Let  r  =  V9,  9'  =  Yq\  »^  =  V9";  so  that  •,  r,  •"  are  any  three  right  qua- 
terniona,  and  therefore,  by  191,  (2.),  and  196,  204, 


<^  \ 


J         Kr**  =  w\        8d>  =  J  {v'v  +  w'),         Yvv  =  J  (yv  —  w'). 


Let  thU  last  right  qaatenion  be  called  o^,  and  let  S«'o  » t^  so  that  v '« 
ahall  then  have  the  equation*, 


•  At  a  later  stage,  a  sketch  will  be  given  of  at  least  one  proof  of  this  AnoeiaHve 
Principle  of  AtuiHplieatioHf  which  will  not  pretuppott  the  DigtribuHte  iVm«^/tf. 
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wboiee,  by  idditioii, 

tV9\  «  #*.  •'•  -  •'•.  •" 

=  (oV  +  v'v'^v  -  ©'(•"©  +  e*"^ 

and  Aewfare  gencnlly,  if  •,  o',  iT  be  stlD  ri^  m  abora,  / 

a  Ibirmula  with  which  the  iiudetU  ought  to  make  hinuelf  completely  familiar j  on  ac- 
coimt  of  iti  eztenaive  ntlHty. 
C2.)  With  the  feeent  BoUtioDs, 

T .  9'^'v  =s  Try  =  ir#,  =  iTSwr' ; 
we  hMcr^  therefore  this  other  very  nseful  formula,  / 

IV.  . .  V .  iTvv  =  rStfV-  »'S©"«  +  ©"Sw»',  ^  '  * '  / 

where  the  pcnnt  in  the  first  member  may  often  for  simplicity  be  dispensed  with ;  and 
in  wlucfa  it  is  still  supposed  that 

(3.)  The  formula  IIL  gives  (by  206), 

V. .  .  IV .  v'Yvv  e  Is .  S©V  -  Is.  S*"* ; 
hence  tJua  last  Tectoc,  which  is  evidently  eompiamar  with  the  two  imdUet  Iv  and  le', 
is  at  the  same  time  (\)j  268)  perpemdieuiar  to  the  third  index  lo",  and  therefore  (by 
(1.)  )  eomploMar  with  the  third  quaternion  q". 
(4.)  With  the  recent  notetions,  the  vector, 

Vt.  .  .  Ir,  =  IVi^p  =  lV(Yq\Yq)y 
is  (by  208,  XXII.)  a  line  perpendicular  to  both  !•  and  W\  or  common  to  theplanee 
of  q  and  q' ;  being  also  such  that  the  rotaHon  round  it  from  lo'  to  Iv  is  positive  : 
while  iie  length, 

TIf»,,    or    Tp,,    or    TV.r'r,    or    TV(V^.Vg), 
bean  to  the  unit  of  length  the  same  ratio,  as  that  whieh  the  parallelogram  under  the 
indtgee,  Iv  and  lo',  bears  to  the  unit  of  area* 

(6.)  To  interpret  (oomp.  IV.)  the  sealar  expression, 

VIL  . .  SeVs  =  Ss'V »  S-e'Ve'r, 
(because  &i/\wb  0),  we  may  employ  the  formnla  20$,  V. ;  which  gives  the  the  trans- 
tbmiatfoii, 

VIII. .  .  S»Vr  =  T#".  Tp  .  cos  (ir  -  «) ; 

where Tv"  denotes  the  length  of  the  line  lv\  and  To,  represents  by  (4.)  the  etrea 
(positively  taken)  of  the  paraUeiogram  under  h>  and  I« ;  while  x  is  (by  208),  the 
angle  between  the  two  indices  lo^,  Iv^  This  angle  will  be  obtuse,  and  therefore  the 
cosine  of  its  supplement  will  hi  positive,  and  equal  to  the  sine  of  the  inclination  of 
the  Hne  Iv"  to  the  plane  oflv  and  lv\  if  the  rotation  round  lo"  fh>m  lo'  to  I0  be 
negaHm,  that  is,  if  the  rotation  round  lo  from  Iv  to  W  be  positive-;  but  that  cosine 
will  be  equal  the  negative  of  this  sme,  if  the  direction  of  this  rotation  be  reversed. 
We  huve  therefore  the  important  interpretation : 

IX.  . .  &9'*v9»±  volume  of  parallelepiped  under  It>,  lv\  I^i"; 
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the  upper  or  the  lower  tign  bebig  taken,  according  as  the  rotation  round  Ir,  frook 
If'  to  lv\  18 positively  or  negatively  directed, 

(6.)  For  example,  we  saw  that  the  ternary  prodocts  ifk  and  kji  have  scalar  va* 
lues,  namely, 

VA  =  - 1,        *^'  =  +  1,  by  188,  (1,),  (2.) ; 

and  accordingly  ihQ  parallelepiped  ofindicee  becomes,  in  this  case,  an  tmit-cube  s 
while  the  rotation  ronnd  the  index  of  i,  from  that  of  j  to  that  of  A,  is  poeiiive  (181). 
(7.)  In  general,  for  any  three  right  quaternions  oo'r",  we  have  the  formula, 
X.  .  .  SwV  8=  -  Sv'Vp  ; 
and  when  the  three  indices  are  eomplanar^  so  that  the  volume  mentioned  in  IX.  «a- 
niehet,  then  each  of  these  two  last  scalars  becomes  tero  ;  so  that  we  may  write,  as  a 
new  Formula  ofGomplanarity  ; 

XI.  .  .  Sr^r'r  =  0,     if    lo"  |||  le',  Iv  (123)  : 
while,  on  the  other  hand,  this  scalar  cannot  vanish  in  any  other  case.  If  the  quater- 
nions (or  their  indices)  be  still  supposed  to  be  aetwd  (1,  144) ;  becanse  it  then  re- 
presents an  actual  volume. 

(8.)  Hence  also  we  may  establish  the  following  Formula  of  CollinearUy,  for  any 
three  qnatemione : 

XIl.  ,  ,S(Yq'\\q\yq)==0,     if     IV^"  |||  IV9',     IV9; 
that  is,  by  209,  if  the  planet  of  9,  q\  q"  have  any  common  line. 

(9.)  In  general,  if  we  employ  the  standard  trinomial  form  221,  II.,  namely, 
v=Yq^iX'\-jy-\^kz,         ©'  =  «'  + &c.,         »"=ir^  +  &c, 
the  laws  (182,  183)  of  the  symbols  t,y,  k  give  the  transformation, 

xm. . .  SrVr=«"(*>-y'«)+y"(*'*-  »'«)+«"  (y'*-*'y); 

and  accordingly  this  is  the  known  expression  for  the  volume  (with  a  suitable  sign) 
of  the  parallelepiped,  which  has  the  three  lines  op,  op',  op"  for  three  co-initial 
edges,  if  the  rectangular  co-ordinates*  of  the  four  comers,  o,  p,  p',  p^  be  000,  xyz^ 
^y%\  x'y"z\ 

(10.)  Again,  as  another  important  consequence  of  the  general  associative  pro- 
perty of  multiplication,  it  may  be  here  observed,  that  although  products  otmorethan 
two  quaternions  have  not  generally  equal  scalars,  for  a// possible  permutations  of  th« 
factors,  since  we  have  just  seen  a  case  X.  hi  which  such  a  change  of  arrangement 
produces  a  change  of  sign  in  the  result,  yet  cyclical  permutation  is  permitted,  u$uler 
the  sign  S ;  or  in  symbols,  that  for  any  three  quaternions  (and  the  result  is  easily  ex  - 
tended  to  any  greater  number  of  such  factors)  the  following  formula  holds  good  : 

XIV...  Sq''qq  =  Sqq''q', 
In  fact,  to  prove  this  equality,  we  have  only  to  write  it  thus, 

xir...s(j",'.,)=8(,.,"90. 

and  to  remember  that  the  scalar  of  the  product  of  any  two  quaternions  remains  unal- 
tered (198,  I.),  when  the  order  of  those  two  factors  is  changed. 


*  This  result  may  serve  as  an  example  of  the  manner  in  which  quaternions^ 
although  not  based  on  any  usual  doctrine  of  co-ordinates,  may  yet  be  employed  to 
deduce,  or  to  recover,  and  often  with  great  ease,  important  co-ordinate  expressions. 
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(11.)  In  like  manner,  by  192,  II.,  it  may  b«  inferred  that 

XV.  .  .  %::^^'q  =  KQf.  qq)  =  Kq'q .  Kg"  =  Kg .  Kg' .  Kg", 
with  a  oorresponding  ranilt  for  any  greater  number  of  factors;  whence  by  192,  I., 
if  Uq  and  Il'g  denote  the  produeti  of  any  one  set  of  quatemionB  taken  in  two  op- 
ponU  orders^  we  may  write, 

XVX  . .  Kng  =  n'Kg ;         XVII.  .  .  RHg  =  H'Rg. 
(12.)  Bnt  if  9  be  right,  as  aboTO,  then  Kv  =  -  «,  by  144 ;  henoe, 

xvni. ..Knr=±n'r;   XIX. ..snii=±sn«;   XX. ..  vnr*=:;vn'»; 

^Bper  or  U»cr  wign*  being  taken,  according  as  the  number  of  the  right  factors  is 
csea  or  odd;  and  mider  the  same  oonditions, 

XXI. . .  snp=|(ntT±n'r);,     xxii. . .  vn»=j(n»q:n'»); 

*B  vma  lately  exemplified  (1.),  for  the  due  where  the  number  is  two, 

(13.)  For  the  case  where  that  number  is  three^  the  four  last  formulae  give, 

XXIII.  .  .  S»'Vt>  =  —  SwV  =  J(t>V©  —  vvv") ; 

XXIV.  .  .  V»Vi»=+Vwr'»"  =  J(cVi»  +  »rV'); 
nmlts  which  obviously  agree  with  X.  and  IV. 

224.  For  the  case  of  Complanar  Quaternions  (119),  the  power  of 
ledxidng  each  (120)  to  the  form  of  a  fraction  (101)  which  shall  have, 
at  pleasure,  for  its  denominator  or  for  its  numerator,  any  arbitrary 
line  in  the  given  plane,  furnishes  some  peculiar  facilities  for  proving 
the  eommuiative  and  associative  properties  of  Addition  (207),  and  the 
^^istrihtHve  and  associative  properties  oi  Multiplication  (212,  223); 
while,  for  this  case  of  multiplication  of  quaternions,  we  have  already 
6«en  (191,  (1.)  )  that  the  commutative  property  also  holds  good,  as 
it  does  in  algebraic  multiplication.  It  may  therefore  be  not  irrele- 
^Qt  nor  useless  to  insert  here  a  short  Second  Chapter  on  the  subject 
of  such  com^nar^:  in  treating  briefly  of  which,  while  assuming  as 
proved  the  existence  of  all  the  foregoing  properties,  we  shall  have  an 
opportunity  to  say  something  of  Powers  and  Roots  and  Logarithms; 
and  of  the  connexion  of  Quaternions  with  Plane  Trigonometry,  and 
^th  Algebraical  Equations.  After  which,  in  the  Third  and  last 
Chapter  of  this  Second  Book,  we  propose  to  resume,  for  a  short  time, 
the  consideration  oi  Diplanar  Quaternions;  and  especially  to  show 
how  the  Associative  Principle  of  Multiplication  can  be  established, 
^or  them,  without*  employing  the  Distributive  Principle. 

*  Compare  the  Note  to  page  286. 
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CHAPTEB  II. 

ON  COMPLANAR  QUATBRNIONS,  OR  QUOTIENTS  OF  VECTORS  IN 

ONE  PLANE ;   AND  ON  POWERS,  ROOTS,  AND 

LOGARITHMS  OF  QUATERNIONS. 


Section  1. —  On  Complanar  Proportion  of  Vectors;  Fourth 
Proportional  to  ThreCy  Third  Proportional  to  Two^  Mean 
Proportional^  Square  Root;  General  Reduction  of  a  Qua- 
ternion in  a  given  Plane,  to  a  Standard  Binomial  Form. 

225.  The  Quaternions  of  the  present  Chapter  shall  all  be 
supposed  to  be  complanar  (119);  their  common  plane  being 
assumed  to  coincide^with  that  of  the  given  right  versor  t  ( 1 8 1 ). 
And  aU  the  lines,  or  vectors,  such  as  a,  0,  7,  &c.,  or  a«»  ai,  at, 
&c.»  to  be  here  employed,  shall  be  conceived  to  be  in  that 
given  plane  oft;  so  that  we  may  write  (by  123),  for  the  pur- 
poses of  this  Chapter,  i\ie  Jbrmuks  of  compianarity : 

?llly'llI/..-iri«;      «III'.      mu      «.|||.',&o. 

226.  Under  these  conditions,  we  can  always  (by  103,  117} 
interpret  any  symbol  of  the  form  (j3  :  a)  .7,  as  denoting  a  line 
S  in  the  given  plane;  which  line  may  ako  be  denoted  (125) 
by  the  symbol  (7  :  a)  .jS^  but  not*  (comp.  103)  by  either  of  the 
two  f^paren^lly  equivalent  symbols,  O-7) :  o^  {y.^)iu\  so 
that  we  may  writer 

a         a 

and  may  say  that  this  line  8  is  the  Fourth  Proportional  to  the 

•  In  fact  the  symbols  /3.  y,  y . /3,  or  /Jy,  y/3,  have  not  a«  yet  received  with  us 
any  interpretation ;  and  even  when  tliey  shall  come  to  be  interpreted  as  represent- 
ing certain  quaternions,  it  will  be  foand  (oomp.  168)  that  the  two  combinationa, 

B  (By 

-  y  and  — ^,  have  generally  different  ngnifications. 

a  a 
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three  lines  a,  3»  7 ;  or  to  the  three  lines  a,  y,  fi;  the  two 
Heanii  /3  and  y,  of  any  such  Complanar  Proportion  of  Four 
Vectors^  admitting  thus  of  being  interchanged^  as  in  algebra. 
Under  the  same  conditions  we  may  write  also  (by  125), 

IL....f,.|t),       l>.'-i.\.:       y-l-^i: 

80  that  (still  as  in  algebra)  the  two  Extremes^  a  and  S,  of  any 
each  proportion  of  four  lines  a,  /S,  y^  Sj  may  likewise  change 
{daces  among  themselves  :  while  we  may  also  make  the  means 
become  the  extremes^  if  we  at  the  same  time  change  the  ex- 
tremes to  means.  More  generally,  if  a,  ^,  7,  S,  e  .  .  .  be  any 
odd  number  of  vectors  in  the  given  plane,  we  can  always  find 
another  vector  p  in  that  plane,  which  shall  satisfy  the  equa- 
tion, 

™ I^-'P'  ^'  ^"'•-  "'ipp-^'' 

and  when  such  a  formula  holds  good,  for  any  one  arrangement 
of  the  numerator-lines  a,  7,  e,  .  •  .  and  of  the  denominator-lines 
p,  j3,  S  . .  .  it  can  easily  be  proved  to  hold  good  also  for  any 
other  arrangement  of  the  numerators,  and  any  other  arrange- 
ment of  the  denominators*  For  example,  whatever  four  (com- 
planar) vectors  may  be  denoted  by  jSySc,  we  have  the  trans- 
formations, 

the  two  numerators  being  thus  interchanged.    Again, 

TV       tl  =Ii=  il  bvIV  • 
^^••'8^      08     08'^y^^* 

00  that  the  two  denominators  also  may  change  places. 

227.  An  interesting  case  of  mch  proportion  (226)  is  that 
in  which  the  means  coincide;  so  that  only  three  distinct  lines j 
such  as  a,  0,  7,  are  involved :  and  that  we  have  (comp.  Art. 
149,  and  Fig.  42)  an  equation  of  the  form, 

I...  7  =  ^/3,     or     a=^0, 
o  y 

2t 
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but  not*  7  "  0/3  :  a,  nor  a  =>  /3j3  : 7.  In  this  case,  it  is  said  that 
the  three  lines  a/Sy  form  a  Continued  Proportion;  of  which  a 
and  7  are  now  the  Extremes^  and  /3  is  the  Mean :  this  line  /3 
being  also  said  to  be  af  Mean  Proportional  between  the  two 
others,  a  and  7 ;  while  7  is  the  Third  Proportional  to  the  two 
lines  a  and  j3  ;  and  d  is,  at  the  same  time,  the  third  propor- 
tional to  7  and  /3.     Under  the  same  conditions,  we  have 

SO  that  this  mean^  /3,  between  a  and  7,  is  also  ^^  fourth  pro- 
portional  (226)  to  itself^  asjirsty  and  to  those  two  other  lines. 
We  have  also  (comp.  agun  149), 

ni...(gY.i.      m.'-., 

\aj       a  \yj       7 

whence  it  is  natural  to  write, 

and  therefore  (by  103), 

v.. .0.(1)'..       p.(5)\, 

although  we  are  not  here  to  write  /3 «  (70)*,  nor  /3  =  (07)*. 
But  because  we  have  always,  as  in  algebra  (comp.  199,  (3.)  ), 
the  equation  or  identity,  (-y)*  =  y*,  we  are  equally  well  enti- 
tled to  write, 

the  symbol  q^  denoting  thus,  in  general,  either  of  two  opposite 
quaternions^  whereof  however  one,  namely  that  cme  of  which 
the  angle  b  acute^  has  been  already  selectedin  199,  (I.),  as  that 
which  shall  be  called  by  us  the  Square  Root  of  the  quaternion 

*  Compare  the  Note  to  the  foregoing  Article. 

f  We  say,  a  mean  proportumal ;  because  we  shall  shortly  see  that  the  oppotiie 
tine,  -  /3,  is  in  the  same  sense  another  mean  ;  although  a  rule  will  presently  be  given, 
for  distinguishing  between  them,  and  for  eeUeting  one,  as  that  which  may  be  called, 
by  eminence,  the  mean  proportional. 
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9,  and  denoted  by  ^q.  We  may  tho^efore  eetabliah  the  for- 
mula, 

Ha,  ^y  fenn»  aa  aboye,  a  continued  prqiortion ;  the  tgpper 
siffTis  being  taken  when  (as  in  Fig.  42)  the  angle  aoc,  between 
the  extreme  lines  a,  7,  is  bisected  by  the  line  ob,  or  fi,  itself; 
but  the  lower  signs^  when  that  angle  is  bisected  by  the  opposite 
litie^  -  p,  or  when  /3  bisects  the  verticallg  opposite  angle  (comp. 
again  199,  (3.)  ) :  but  iiie  proportion  oftensors^ 

Vm.  ..Ty:T/3  =  T/3:Ta, 
and  the  resulting  fonnulaB, 

IX.  . .  T/3»  -  Ta  .Ty,  T/3  =  ^  (Ta  .Ty), 
in  each  case  holding  good.  And  when  we  shall  speak  simply 
of  the  Mean  Proportional  between  two  vectors^  a  and  y,  which 
make  any  acute,  or  right,  or  obtuse  angle  with  each  other,  we 
sliall  always  henceforth  understand  the  former  of  these  two 
bisectors ;  namely,  the  bisector  ob  of  that  angle  aoc  itself,  and 
Tiot  that  of  the  opposite  angle :  thus  taking  upper  signs,  in  the 
recent  formula  VIL 

(1.)  At  the  limit  when  the  angle  aoc  vanithei,  so  that  Vy=  XJa,  then  U^  = 
each  oftfiefle  two  usit-linea;  and  the  mean  proportional  /3  has  the  mtme  oommon 
gSneHim  as  each  of  the  two  given  extnmea.    This  oomes  to  our  agreeing  to  write, 

X. .  .  VI  =  + 1,    and  generaUj,    X'. . .  V(««) =-»-\i, 
if  a  he  any  posiUve  scalar. 

(2.)  At  the  other  limit,  when  AOCsir,  or  Uy^-  Ua,  tbe  length  of  the  mean 
^proportional  fi  is  stiU  determined  by  IX.,  as  the  geometrie  mtan  (in  the  usual  sense) 
between  the  lengths  of  the  two  giren  extremes  (oomp.  the  two  Figures  41) ;  but, 
even  with  the  supposed  restriction  (226)  on  the  plane  in  which  all  the  lines  are 
situated,  an  ambiguity  arises  In  this  case,  from  the  doubt  which  of  the  two  oppotite 
perpemdiemiare  Ai  O,  to  the  line  AOG,  is  to  be  taken  as  the  direction  of  the  meam  vec- 
tor. To  remore  this  ambiguity,  we  shall  suppose  that  the  rotation  round  the  axis 
oft  (to  which  axit  all  the  lines  considered  in  this  Chapter  are,  by  225,  perpendicu- 
lar)y  from  the  first  line  OA  to  the  second  line  ob,  is  in  this  case  poeOive:  whidi 
^^^tim  jfl  equivalent  to  writing,  for  present  purposes^ 

XI.»  ..V-l  =  +  i;    and    XI'. .  •  V(-tt«)ettt,    if    a>0. 


^  It  is  to  be  careAilly  observed  that  thie  equare  root  of  negative  unity  is  not,  in 
any  sense,  imaffinary,  nor  even  ambiguous,  in  its  geometrical  interpretation,  but 
denotes  a  real  and  given  right  versor  (181). 
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And  thos  the  mean  proporfUmdl  between  two  yectois  {in  the  given  plane)  beoomea, 
in  aU  cases,  determined :  at  least  if  their  order  (as  first  and  third)  be  given. 

(8.)  If  the  rettricti&n  (225)  on  the  common  plane  of  the  lines,  were  renuwed^  we 
might  then,  on  the  recent  plan  (227),  fix  definitely  the  direetion,  as  well  as  the 
lengthy  of  the  mean  on,  in  every  case  hut  one :  this  excepted  case  being  that  in 
which,  as  in  (2.),  the  two^iMM  extremee^  oa,  oo,  have  exactly  opposite  directions ;  so 
that  the  angle  (aog  =  ir)  between  them  has  no  one  definite  bieector.  In  this  case,  the 
Booght  point  B  would  have  no  one  determined  position,  but  only  a  loettt :  namely  the 
dreumferenee  of  a  circle,  yrith  o  for  centre,  and  with  a  radius  equal  to  the  geome* 
trie  mean  between  oai  oc*  vrhile  its  plane  would  be  perpendicular  to  the  given  right 
line  Aoc.  (Oomp.  again  the  Figures  41 ;  and  the  remarks  in  148,  149,  158,  154, 
on  the  square  of  a  right  radial,  or  veraor,  and  on  the  partially  indeterminate  cha- 
racter of  the  square  root  of  a  negative  scalar,  when  interpreted,  on  the  plan  of  this 
Calculus,  as  a  real  in  geometry.) 

228.  The  quotient  of  any  two  complanar  and  right  quater- 
nions has  been  seen  (191}  (6.)  )  to  be  a  scalar ;  since  then  we 
here  suppose  (225)  that  q\\\h  we  are  at  liberty  to  write, 

and  consequently  may  establish  the  following  Reduction  of  a 
Quaternion  in  the  given  Plane  (of  t)  to  a  Standard  Binomial 
Form*  (comp.  221): 

11.  .  .  J«aj  +  iy,     if    q\\\i\ 
X  and  y  being  some  two  scalarsy  which  may  be  called  the  two 
constituents  (comp.  again  221)  of  this  binomial.   And  then  an 
equation  between  two  quaternions,  considered  as  binomials  of 
this  form,  such  as  the  equation, 

III.  .  .  q'=  g,     or    III'.  ,  ,  x'  +  iy^x  +  it/^ 
breaks  up  (by  202,  (6.)  )  into  two  scalar  equations  between 
their  respective  constituents^  namely, 

IV.  .  .  x'^x,         y'^y, 
notwithstanding  the  geometrical  reality  of  the  right  versor,  t. 

(1.)  On  comparing  the  recent  equations  II.,  III.,  lY.,  with  those  marked  as  III. , 
v.,  TI.,  in  221,  we  see  that,  in  thus  passuig  from  general  to  comp2<iJUir  quaternions, 
we  have  merely  suppressed  the  coefficients  of  J  and  k,  as  being  for  our  present  purpose, 
nxdl ;  and  have  then  written  x  and  y,  instead  of  w  and  x. 


*  It  IB  permitted,  by  227,  XL,  to  write  this  expression  as  :p  +  y  V  -  1 ;  but  the 
form  x  +  iyia  shorter,  and  perhaps  loss  liable  to  any  ambiguity  of  interpretation. 
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(2.)  A4  the  ward  "  liiiioiniarhas  other  muaAogB  in  algebrs,  it  may  be  conve- 
nicot  to  call  the  fonn  IL  a  Coofxjb  ;  and  the  two  oonatitaent  acalaia  x  and  y,  of 
which  the  vafaies  aerve  to  diitingiiiah  one  each  couple  from  another,  may  not  nnna- 
tnally  be  said  to  be  the  0(Hordinate§  of  that  Cbvpl*,  for  a  reason  which  it  may  be 
laefal  to  itate. 

(3.)  Coneaye,  then,  that  the  plane  of  Fig.  60  coincides  with  that  of  <,  and  that 
poaitlTe  rotation  round  Ax.t  is,  in  that  Figure,  directed  towarda  the  left- hand; 
vfaieh  may  be  reconciled  with  our  general  convention  (127),  by  imagming  that  this 
ant  of  t  is  directed  from  o  towarda  the  hack  of  the  Figure ;  or  below*  it,  if  horizon- 
tal This  being  aasumed,  and  perpendiculars  bb',  bb"  being  let  fall  (as  in  the  Fi- 
gure) on  the  indefinite  line  oa  itself,  and  on  a  normal  to  that  line  at  o,  which  nor- 
mal we  may  call  oa',  and  may  suj^Kwe  it  to  have  a  length  equal  to  that  of  oA,  with 
a  left-handed  rotatbn  aoa',  so  that 

V. .  .  OA'st.oA,    or  briefly,    V. . .  a'=ta, 
while       jS'ssOB',    and    /S^^ob",  as  in  201,  and  9=: /3:  a,  as  in  202; 

then,  on  whichever  side  of  the  indefinite  right  line  oa  the  point  b  may  be  situated, 
a  oompazison  of  the  quaternion  q  with  the  binomial  form  IL  will  give  the  two  equa- 
tkos, 

VL..«(=S5)  =  /3':a;        y(=V^:t=^':ia)=i8'':a  ; 

so  that  C&CM  two  teaian,  x  and  y,  are  precisely  the  two  reeUmgular  eo-ordinaiea  of 
thepomi  b,  referred  to  the  two  linet  OA  and  oa',  a$  <ibo  rectangular  unit-axet,  of 
the  ordtMory  (or  Cartesian)  kind.  And  since  every  other  quaternion,  gf^x'-^iy', 
in  the  given  plane,  can  be  reduced  to  the  form  y  :  a,  or  00 :  OA,  where  o  is  a  point 
in  that  plane,  which  can  be  projected  into  <f  and  c"  in  the  same  way  (comp.  197, 
206),  we  see  that  the  two  new  eealarBy  or  constituents,  x'  and  y',  are  simply  (for 
the  same  reason)  the  co-ordmafe«  of  the  new  point  o,  refened  to  the  same  pair  of 


(4.)  It  is  evident  (from  the  principles  of  the  foiegoing  Chapter),  that  if  we  thus 
express  as  ecnplee  (2.)  any  two  complanar  quaternions,  q  and  q\  we  shsll  have  the 
following  general  transformations  for  their  sum,  difference,  and  product : 

VIL..^'±9  =  (*'±a:)  +  t(y'+y); 
VIIL  .  .  ^'.g  =  (a?'*-y'y)+t(iFy  +  y'ar). 
(6.)  Again,  for  any  one  such  couple,  q,  we  have  (comp.  222)  not  only  Sg  =  »,  and 
yq  ssiy^  as  above,  but  also,  ^ 

IX. .  .  Kq=x-iy;        X. .  .  N9  =  x«+y«;        XL  .  .  Tg=V(aj»+y»); 

XIL..U^=^;^,;         XIIL..i=;^,;&c 
V(*"+y*)  q     a^  +  y** 

(6.)  Hence,  for  the  quotient  of  any  two  such  couples,  we  have, 

XIV...  \^^TTii;-liflT?'      '^■^"'^  =^^^' 

L  jp"  =  af'a;  +  y'y,        y"  =  yx-x'y. 

*  Compare  the  second  Note  to  page  108. 
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(7.)  Tlia  imo  oftke  mohm  (191,  (8.)  ),  or  tilie  fiffmnk,  Nf '9  ~N^- Ng,  is  ex- 
prened  hoe  (comp.  22S,  (8.)  )  by  tiie  weU-knovn  jlgebtaic  eqoatioii,  or  iSxtOitj, 

in  which  xyxy  may  be  any  four  icalan. 

Section  2. —  On  Continued  Proportion  of  Four  or  more  Vec- 
tors ;  Whole  Powers  and  Roots  of  Quaieraions  ;  and  Roots 
of  Unity. 

229.  The  conception  of  contmtted  proportion  (^7)  may 
easily  be  extended  from  the  case  of  three  to  that  of  four  or 
more  (complanar)  vectors ;  and  thus  a  theory  may  be  formed 
of  cubes  and  higher  whole  powers  of  quaternions ^  with  a  corre- 
spondingly extended  theory  of  roots  of  quaternions,  including 
roots  of  scalars^  and  in  particular  of  unity.  Thus  if  we  sup- 
pose that  the /our  vectors  ajSyS  form  a  continued  proportion, 
expressed  by  the  fi>rmal», 

L.J  =  ^  =  e.     whence     11. .  .l^il^J&^, 

(by  an  obyious  extension  of  usual  algebraic  notation,)  we  may 
say  that  the  quaternion  S:  a  is  the  cube,  or  the  third  power ^  of 
/3 :  a ;  and  that  the  latter  quaternion  is,  conversely,  a  cube* 
root  (or  third  root)  of  the  former;  which  last  relation  may  na- 
turally be  denoted  by  writing, 

III.  .  .  ^  =  [^Y,    or     Iir. .  .  /3  =  Q*a  (oomp.  227,IV., V.). 

230.  But  it  is  important  to  observe  that  as  the  equation 
9^  =  Q,  in  which  </  is  a  sought  and  Q  is  a  given  quaternion, 
was  found  to  be  satisfied  by  two  opposite  quaternions  9,  of  the 
form  ±  V  Q  (comp.  227,  VII.),  so  the  slightiy  less  simple 
equation  q^-  Q  is  satisfied  by  three  distinct  and  real  quater- 
nions, if  Q  be  actual  and  real;  whereof  each^  divided  by  either 
of  the  other  two,  gives  for  quotient  a  real  quaternion,  which 
is  equal  to  one  of  the  cube-roots  of  positive  unity.  In  fact,  if 
we  conceive  (comp.  the  annexed  Fig.  54)  that  j3'  and  /3''  are 
two  other  but  equally  long  vectors  in  the  given  plane,  ob- 
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tabled  from  /3  by  two  Buceeseiye  and  positire  rota1ioii9»  eacb 

through  the  third  part  of  a  circumference^ 

80  that  /x  \R 

0"     /3'     0* 


or 


and  therefore 


IV'   g-^.e: 

3'     ji'     fi' 


-•(i)"-(f)-— -f-dy.f-d)- 


or 


we  shall  have 

v.-(!J-(l)(?)'-'' --■•(?)■-!• 

80  that  we  are  equally  entitled,  at  this  atage»  to  wiite^  instead 
of  III.  or  III'.,  these  other  equations : 

231.  A  (real  and  actual)  quaternion  Q  may  thus  be  said 
to  have  three  (real,  actual,  and)  distinct  cube-roots  ;  of  which 
howeyer  only  one  can  have  an  angle  less  than  sixty  degrees  ; 
while  none  can  have  an  angle  equal  to  sixty  degrees,  unless  the 
proposed  quaternion  Q  degenerates  into  a  negative  scalar.  In 
every  other  case,  one  of  the  three  cube^roots  of  Q,  or  one  of  the 
three  values  of  the  symbol  Qi,  may  be  considered  as  simpler 
tiian  either  of  the  other  two,  because  it  has  a  smaller  angle 
(comp.  199,  (1.)  )  >  <^^  ^  ^6*  ^<>^  the  present,  denote  this  oncj 
which  we  shall  call  the  Principal  Cube-Root  of  the  quaternion 
Q,  by  the  symbol  ^Qy  we  shaU  thus  be  enabled  to  establish 
the  formula  of  inequality, 

Vni.  ..Z^Q<|,     if    LQ<ir. 

232.  At  the  limit,  when  Q  degenerates,  as  above,  into  a  negative 
Bcalar,  one  of  its  cube-roots  is  itsd/9,  negative  scalar,  and  has  there- 
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fore  its  angle  air;  ^hile  9ach  of  the  two  other  roots  has  its  angle 

=~.    In  ihia  case,  among  these  two  roots  of  which  the  angles  are 
o 

equal  to  each  other,  and  are  less  than  that  of  the  third,  we  shall 
consider  as  simpler^  and  therefore  as  principal^  the  one  which  an- 
swers (comp.  227,  (2.)  )  to  a  positive  rotation  through  sixty  degrees  ; 
and  so  shall  be  led  to  write, 

EL..y-l  =  l±i^;     and    X.../V-l=|; 

using  thus  the  positive  sign  for  the  radical  v^3,  by  which  t  is  multi- 
plied in  the  expression  IX.  for  2(/- 1 ;  with  the  connected  for- 
mula, 

IX'.  ..y(-a»)  =  ?(l+tV3),     if    a>0; 

although  it  might  at  first  have  seemed  more  natural  to  adopt  as 
principal  the  scalar  value,  and  to  write  thus, 

y-l=-l; 
which  latter  is  in  fact  one  value  of  the  symbol,  (~  1)*. 

(1.)  We  have,  however,  on  the  present  pUn,  as  hi  arithmetic, 

XI...>^1  =  1;    and   Xr...^(a')=:a,  if  a>0. 
(2.)  The  eqnationa, 

can  be  verified  in  ealeulatioHy  by  actual  euhinff,  exactly  as  in  algebra ;  the  only  dif- 
ference being,  as  regards  the  eonceptum  of  the  subject,  that  althoogh  i  satisfies  the 
equation  t*  s  —  1,  it  is  regarded  here  as  altogether  real;  namely,  as  a  real  riffht  ver- 
9or«  (181). 

233.  There  is  no  difficulty  in  conceiving  how  the  same  general 
principles  may  be  extended  (comp.  229)  to  a  continued  proportion 
of  n  + 1  complanar  vector6> 

I.  .  .  a,  ai,  as,  .  .  .  a^, 

*  7%i9  conception  differg  fkndamentally  from  one  which  had  occurred  to  seve- 
ral able  writers,  before  the  invention  of  the  quaternions ;  and  according  to  which 
the  symbols  1  and  V  -  1  were  interpreted  as  representing  a  pair  of  equally  long  and 
mntuaUy  rectangular  right  lineif  in  a  given  plane.  In  Quatemione,  no  Kne  is  repre- 
sented by  the  number^  One,  except  as  regards  its  length  ;  the  reaton  being,  mainly, 
that  we  require,  in  the  present  Calculus,  to  be  able  to  deal  with  aUpouibU  planet  ; 
and  that  no  one  right  line  it  common  to  all  tuch. 
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when  » is  a  whole  number  greater  than  three;  nor  in  interpreting^ 
in  oonnenon  therewith,  the  equations, 

n..^.{^)-:  m...l'.(5|;    .v....,.(5)f. 

Denoting,  for  the  moment,  what  we  shall  call  the  principal  n^  rod 
of  a  quaternion  Q  by  the  symbol  ^Q,  we  have,  on  this  plan  (comp. 
231,  VIIL), 

V.  ..iiyQ<-,    if    ZQ<*'; 

VI.  .  .  ^  (-/-  1)  =  ^;        VII. .  .  V(y-  l):t>0; 

tliis  last  condition,  namely  that  there  shall  be  tLpoeitive  (scalar)  co- 
^ficiaU  y  of  t,  in  the  binomial  (or  couple)  farm  xi-iy  (228),  for  the 
quaternion  Jiy^--  I,  thus  serring  to  complete  the  determination  of 
^^•'t  principal  «**  root  of  negative  nnUy ;  or  of  any  oUier  negative  sca- 
^»  since  -  1  may  be  changed  to  -a,  if  a>0,  in  each  of  the  two  last 
fotmulse.  And  as  to  the  general  n**  root  of  a  quaternion^  we  may 
^^te,  on  the  same  principles, 

V1IL..Q5-=1s:.j;/Q; 
i 
where  the  factor  1»,  representing  the  general  n**  root  of  positive 
**^f  has  n  different  valueSj  depending  on  the  diTision  of  the  cir- 
^^^unference  of  a  circle  into  n  equal  parts,  in  the  way  lately  illus« 
teted,  for  the  case  n  a  3,  by  Figure  54 ;  and  only  differing  from 
ordinary  sJgebra  by  the  reality  here  attributed  to  t.  In  fact,  each 
of  these  «*  roots  of  unity  is  with  us  a  real  vereor;  namely  the  quo- 
tient of  two  radii  of  a  drde^  which  make  with  each  other  an  angle^ 
m^Bl  to  the  n*^part  of  some  whole  number  of  circumferences, 

(1.)  We  propose^  howorer,  to  interpret  the  puticiilAr  symbol  t",  as  always  da- 
aotiiig  the  principal  value  of  the  it<*  root  of  t ;  thus  wiitiog, 

^^MDoe  it  will  follow  that  when  this  root  is  expressed  under  the  form  of  a  couple 
(228),  the  two  constituents  x  and  y  shall  both  be  positive,  and  the  quotient  y :  x 
*lut]l  have  a  smaller  yalne  than  for  any  other  eottple  x  +  iy  (with  constitnents  thns 
positive),  of  which  the  n^  power  equals  L 
(2  )  For  example,  although  the  equation 

«  satisfied  by  the  two  yalues,  ±  (1  +  0 :  V2,  we  shall  write  definitefy^ 

2r: 
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.......v.-tti 

(8.)  And  although  the  equation, 

is  satiBfied  by  the  three  distinct  and  real  couples,  (t  ±  V8) :  2,  and  - 1,  we  shall  adopt 
only  the  one  value, 

XI.  .  .  i*  =  v  t= — 5 — 
(4.)  In  general,  we  shall  thus  have  the  expression, 

XII.  .  .  t»  =  COS  --  + 1  sin  TT-  ; 
which  we  shall  occasionally  ahridge  to  the  following : 

Xir.  ..t-  =  ci8~; 

I 

and  this  root^  t",  thus  interpreted,  denotes  a  vereor^  which  iwme  any  line  on  which  It 
operates,  through  an  angle  equal  to  the  ii<^  part  of  a  right  angle,  in  the  positive  di- 
rection of  rotation,  round  the  given  axis  of  L 

234.  If  m  and  n  be  any  two  positive  whole  numbers^  and  q 
any  quaternion,  the  definition  contained  in  the  formula  233, 
II.,  of  the  whole  power,  q\  enables  us  to  write,  as  in  algebra, 
the  two  equations : 

I«  .  .  q^q^  =  f^ ;         II.  .  .  (3^)*  =  j"^ ; 

and  we  propose  to  extend  the  former  to  the  case  of  null  and 
negative  whole  exponents,  writing  therefore, 

III.  .  .  y«>=  1  ;         IV.  .  .  q^^^q^i  ^  ; 

and  in  particular, 

V.  .  .  J"*  =  1 :  y  =  -  «  reciprocal*  (134)  of  y. 

We  shall  also  extend  the  formula  II.,  by  writing 

whether  m  be  positive  or  negative ;  so  that  this  last  symbol, 
if  m  and  n  be  still  whole  numbers,  whereof  n  may  be  supposed 
to  be  positive,  has  as  many  distinct  values  as  there  are  units  in 
the  denominator  of  \\b  fractional  exponent,  when  reduced  to  its 

*  Compare  the  Note  to  page  121. 
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least  terms;  among  which  values  of  }*,  we  shall  naturally 
oonader  as  the  principal  one,  that  which  is  the  m**  power  of 
the  principal  it'*  root  (233)  of  j. 

(!•}  For  example,  the  Bymbol  9I  denotes,  on  Uiis  plan,  the  igvare  of  any  eube- 
rooi  of  9 ;  it  has  therefore  three  distinct  yaluee,  namely,  the  three  values  of  the  cube- 
not  of  the  square  of  the  same  quaternion  q ;  hat  among  these  we  regard  as  principal, 
the  square  of  the  principal  cube-root  (231)  of  that  proposed  quaternion. 

(2.)  Again,  the  symbol  q^  is  interpreted,  on  the  same  plan,  as  denoting  the 
square  of  any  fourth  root  of  9 ;  but  because  {Uy  =  li  =  f  1,  this  tquare  has  only 
Apo  distinct  Talaes,  namely  those  of  the  square  root  9^,  the  fractional  exponent  | 
li«ing  thns  reduced  to  its  least  terms ;  and  among  these  the  principal  value  is  the 
aquore  of  the  prine^Hil  fourth  root^  which  square  is,  at  the  same  time,  the  princq»al 
square  root  (199,  ^1.),  or  227)  of  the  quaternion  q. 

(3.)  The  synabol  q-^  denotes,  as  m  algebra,  the  reciprocal  of  a  square-root  of  q  \ 
while  9-*  denotes  the  reciprocal  of  the  square,  &c. 

(4.)  If  the  exponent  /,  in  a  symbol  of  the  form  ^,  be  still  a  tcalar,  but  a  turd  (or 
uicoounensarable),  we  may  consider  this  turd  exponent,  ^,  as  a  limit,  towards  which 
a  variable  fractioM  teudt :  and  the  symbol  itself  may  then  be  interpreted  as  the  corre- 
sponding Umit  o(tijractional  power  of  a  quaternion,  which  has  however  (m  this  case) 
^definOefy  many  vahtety  and  can  therefore  be  of  little  or  no  ute,  until  a  telection 
shall  have  been  made,  of  one  valne  of  this  turd  power  uprineipal,  according  to  a  law 
which  will  be  best  understood  by  the  inlrodaction  of  the  conception  of  the  amplitude 
of  a  qaaternion,  to  which  in  the  next  Section  we  shall  proceed. 

(5.)  Meanwhile  (comp.  283),  (4.)  ),  we  may  already  definitely  interpret  the  sym- 
bol t>  as  denoting  a  vertor,  which  tumt  any  line  in  the  given  plane,  through  t  right 
<>"9^  round  Ax.  t,  in  the  positive  or  negative  direction,  according  as  this  tcolar  ex- 
poneui^  f,  whether  rational  or  irrational,  is  itself  positive  or  negative ;  and  thus  may 
establish  the  formula, 

VH...»'  =  coeyttsmy; 

or  briefly  (comp.  238,  XII'.), 

VIII.  ..t'  =  ds5. 
2 

Sbction  3.—^  On  the  Amplitudes  of  Quaternions  in  a  ffiven 
Plane;  and  on  Trigonometric  Expressions  for  such  Quater- 
nions^  and  for  their  Powers. 

235.  Using  the  binomial  or  couple  form  (228)  for  a  qua- 
ternion in  the  plane  of  t  (225),  if  we  introduce  two  new  and 
real  scalars,  r  and  z,  whereof  the  former  shall  be  supposed  to 
be  positive,  and  which  are  connected  with  the  two  former  sea- 
lars  X  and  y  by  the  equations, 

I. .  .  a?s=rcos2:,        y  =  r8inz,         r>0, 
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we  shall  then  eyidently  have  the  formulas  (comp.  228,  (6.)  y  z 
n.  .  .Ty  =  T(a5  +  iy)=.r; 
III. .  •  ITy«=U(a5  + ty)«co82r  +  tsmz; 
which  last  expression  may  be  conveniently  abridged  (comp. 
233,  Xir.,  and  234,  VIII.)  to  the  following : 

IV.  .  .  U^  «  CIS  2? ;     so  that    V.  .  .  j  «  r  cis  z. 

And  the  arcual  or  angular  quantity,  z,  may  be  called  the  Am^ 
plitude*  of  the  quaternion  q ;  this  name  being  here  preferred 
by  us  to  ^^Afiffle*'  because  we  have  already  appropriated 
the  latter  name,  and  the  corresponding  symbol  /.  9,  to  denote 
(130)  an  anffk  of  the  Euclidean  hind^  or  at  least  one  not  ex- 
ceeding, in  either  direction,  the  limits  0  and  ir ;  whereas  the 
amplitude^  2r,  considered  as  obliged  only  to  satisfy  the  equa- 
tions I.,  may  have  any  real  and  scalar  value.  We  shall  denote 
this  amplitude,  at  least  for  the  present,  by  the symbolf\  Bxn.g^ 
or  simply,  am  q ;  and  thus  shall  have  the  following  formula, 
of  connexion  between  amplitude  and  angle, 

VI.  .  .  (z=)am.y«2»jr±Z5'; 

•  Compare  the  Note  to  Art  180. 

t  The  Sjrmbol  V  was  spoken  of,  in  202,  as  completing  the  tytitm  ofnoiaHomw 
pecnUar  to  the  present  Calculus  $  and  in  fact,  besides  the  three  htten^  i,  jy  k,  of  which 
the  laws  are  expressed  by  thefimdamentalfirmuJa  (A)  of  Art  188,  and  which  were 
originally  (namely  in  the  year  1848,  and  in  the  two  following  years)  the  onfypeeu- 
Bar  sifmboi»  of  qtudentiwtM  (see  Note  to  page  160),  that  Calcnlns  does  not  hoH- 
ttuiijf  employ,  with  peculiar  significations,  any  more  than  the^e«  ehmraeteritHc&  of 
operaUoHj  K,  S,  T,  U,  Y,  for  eo^fugatey  tcmlar,  tenaor^  verMotf  and  vector  (or  rij^hi 
part) :  although  perhaps  the  mark  N  for  norm,  which  in  the  present  work  has  been  • 
adopted  from  the  Theory  of  Numbert,  will  gradually  come  more  into  use  than 
It  has  yet  d(»e,  in  connexion  with  quaternions  also.  As  to  the  iflarks,  Z,  Ax.,  I,  R, 
and  now  am .  (or  am^),  for  <m^,  axis,  indeXy  reeiproeal,  and  amplitude^  they  are  to 
be  considered  as  chiefly  available  for  the  present  expotiHon  of  the  system,  and  as  not 
often  wanted,  nor  employed,  in  the  subsequent  practice  thereof ;  and  the  same  remark 
applies  to  the  recent  abridgment  ds,  for  cos  + 1  sin ;  to  some  notatk>ns  in  the  present 
Section  for  powers  and  rootsy  serving  to  express  the  conception  of  one  «<*  root,  &c^ 
as  disHnguished  from  another ;  and  to  the  characteristic  P,  of  what  we  shall  call  hi  the 
next  section  the  ponential  of  a  quaternion,  though  not  requiring  that  notation  after- 
wards. No  apology  need  be  made  for  employing  the  purely  gsomeirieal  signs,  -t, 
II,  III*  for  perpendieuUxriiy,  paraUelism,  and  eompianaritg :  although  the  last  of 
them  was  perhaps  first  introduced  by  the  present  writer,  who  has  found  it  frequently 
useful. 
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the  upper  or  the  lower  siffn  being  taken,  aocording  as  Ax.  q 
»±  Ax.  t ;  and  n  being  any  whole  number j  positive  or  negative 
or  noli.  We  may  then  write  also  (for  anj  quaternion  q  |||  t) 
the  general  transformations  following : 

Vn. .  .  TJq  =  ds  am  7 ;        VlII,  •  •  ;  «  Tj  .cis  am  ;. 

(L)  Wxiting  9  =  /3  : «,  the  amplitiide  am.f,  or  am  (/3 :  a),  is  thoBa  lealAr qoan* 
titf,  niumuing  (wUh  U»  proper  aigm)  the  ommMi  ofrotoHom^  roimd  Az.  t,  from  the 
Boe  a  to  the  line  /3  ;  and  admitting,  in  gtneral,  of  being  increased  or  diminished  by 
n§  itkeiM  mmiber  of  ciremi^en^et^  ta  if  entire  revolutioiUj  when  only  the  diree* 
iioma  of  tie  two  Imea,  a  and  j3,  in  tlie  giTen  plane  of  <,  are  giTen. 

(2.)  Bnt  the  parHetdar  quateinion,  or  right  versor,  i  iteelf  shall  be  considered 
ss  having  defimiUly^  for  tte  amplitude,  one  right  angle;  so  that  we  shall  establish  the 
paztidilar  Cannula, 

IX.  ..am.tr>zt=^. 

(a.)  Wbeii,  for  any  other  giren  qnaternion  9,  the  generally  arbitrary  integer 
s  m  VL  receives  any  one  determined  value,  the  corresponding  value  of  the  ampli- 
tude may  be  denoted  by  dther  of  the  two  following  temporary  symbols,*  which  we 
l>oe  treat  as  equivalent  to  each  other, 

amn-q,    or    Uq\ 

M  that  (with  the  same  rule  of  signs  aa  before)  we  may  write,  as  a  more  definite  for- 
mulathsn  YL,  the  equsti<m  : 

X.  ..tm»,q=Lnq  =  2nir±lq; 

and  may  say  that  Uus  last  quantity  is  the  n^  vahuofthe  ampUiude  of  q;  while  the 
**ro-vaiu€,  eaDoqt  may  be  called  th»prineipal  amplitude  (or  the  principal  value  of 
^  ampUtnde> 

(i-)  With  these  notations,  and  with  the  convention,  amo  (~  1)  =  +  ir,  we  may 
mite, 

XI. .  .  amo9=Zo9=±Zg; 

XII. .  .  amMa=amMls=2lMl  =  2sir,    if    a>0; 
■Bd 

XIII.  . .  am» (- a)  =  am„(- 1)  =  Z» (- 1)  =  (2s  + 1)  ir, 

if  a  be  still  a  posittve  scalar. 

236.  From  the  foregoing  definition  of  amplitude,  and  from 
the  formerly  established  connexion  of  multiplication  o/versora 
with  composition  of  rotations  (207),  it  is  obvious  that  (within 
the  given  plane^  and  with  abstraction  made  of  tensors)  multi" 
plication  and  division  of  quaternions  answer  respectively  to 

*  Compare  the  recent  Note,  respecting  the  notaiione  employed. 
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(algebraical)  addition  and  subtraction  of  amplitudes :  so  that, 
if  the  symbol  am.  jr  be  interpreted  in  the  general  (or  indefinite) 
sense  of  the  equation  235,  VI.,  we  may  write : 
I.  .  .  am(y'.5r)=samy'+amy;  II.  .  .  am(y':y)=am  j'-amy; 
implying  hereby  that,  in  each  formula,  one  of  the  values^of  the 
first  member  is  among  the  values  of  the  second  member;  but 
not  here  specifying  which  value.  With  the  same  generality 
of  signification,  it  follows  evidently  that,  for  a  product  of  any 
number  of  (complanar)  quaternions,  and  tor  a  whole  power  of  any 
one  quaternion,  we  have  the  analogous  formulss : 

III.  ..  am  rig  =  2  am;;         IV.  .  .  B.m.qf  -p,9jnq  ; 

where  the  exponent  p  may  be  any  positive  or  negative  integer, 
or  zero. 

(1.)  It  was  proved,  in  191,  II.,  that  for  any  two  quaternions,  the  formula  Vq'q 
=  Vq*.  JJq  holds  good ;  a  result  which,  by  the  associaUve  principle  of  multiplicatioa 
(223),  is  easily  extended  to  any  number  of  quaternion  factors  (complanar  or  dipla> 
nar),  with  an  analogous  result  for  tensors :  so  that  we  may  write,  generally, 
V.  .  .  Vnq=nVq]        VL  . .  TUq^UTq. 

(2.)  Confining  ourselves  to  the  first  of  these  two  equations,  and  combining  it  with 
III.,  and  with  285,  VII.,  we  arrive  at  the  important  formula : 

VII. . .  ncisam9(=nU9  =  Un9=cisamIl9)  =  cisSam9; 
whence  in  particular  (comp.  IV.), 

VIII.  .  .  (ds  am  q)p=  cis(p  .  am  q), 
at  least  if  the  exponent  p  be  still  any  whole  number. 

(3.)  In  these  last  formuln,  the  amplitudes  am.  9,  am.  9',  &c.,  may  represent  an^ 
angular  quaniiiiet,  z,  z\  &c. ;  we  may  therefore  write  them  thus, 

IX.  .  .  n  cisz=  CIS  2z ;        X. . .  (cis z)p  =  aapz ; 

including  thus,  under  abridged  fortM,  some  known  and  useful  theorems,  respecting 
cosines  and  tines  of  sums  and  multiples  of  arcs. 

(4.)  For  example,  if  the  number  of  factors  of  the  form  cis  2  be  two,  we  have 

thus, 

IX'.  ..  cis  2'.  cis  «  =  018(2* +  2);         X'.  .  .  (cis  2)*  =  cis  2z ; 
whence 

cos(2'  +  2)  =  S(cis  «'.  cis  2)  =  cos  «'  cos  2  -  sin  2'  sin  2 ; 

sin  («'  +  2)  =  t-i  V  (cis  2' .  cis  2)  =  cos  2'  sui  2  +  sin  2'  cos  2 ; 
cos  22  =  (cos  ty  -  (sin  2)* ;        sin  22  =  2  cos  «  sin  s ; 

with  similar  results  for  more  factors  than  two. 

(5.)  Without  expressly  introducing  the  conception,  or  at  least  the  notation  of 
amplitude,  we  may  derive  the  recent  formuUe  IX.  and  X.,  from  the  consideration  of 
the  power  i'  (234),  as  follows.     That  power  ofi,  with  a  scalar  exponent^  t,  hasbeea 
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interpreted  in  234,  (5.)i  as  a  symbol  satisfying  an  equation  which  may  be  written 
thus: 

XI.  .  .  t«=ci8«,    if    «  =  J*ir; 

or  geometrically  as  a  venor,  which  turiu  a  line  through  t  right  emgUt^  where  t  may 
be  any  Ktdar.  We  see  then  at  once,  from  this  interpretatioHj  that  iff'  be  either  the 
same  or  any  other  scalar,  the  fonnnla, 

XII.  ..t't«'=t«^,    or    XIIL..n.t^=t*', 
most  hold  good,  as  in  algebra.    And  because  the  number  of  the  fiictors  t<  is  easily 
seco  to  be  uijitrarj  in  this  last  formula,  we  may  write  also, 

XIV.  ..(*OP=tP«; 

if  p  be  any  whole*  number.  Bat  the  two  last  formala  may  be  changed  by  XI.,  to 
the  eqnations  IX.  and  X.,  which  are  therefore  thus  again  obtained ;  although  the 
la.ter forms,  namely  XIII.  and  XIV.,  are  perhaps  somewhat  simpler:  having  in- 
deed the  appearance  of  being  mere  algebraical  identities,  although  we  see  that  their 
geometrical  interpretations,  as  given  above,  are  important 

(6.)  In  connexion  with  the  same  interpretation  XI.  of  the  same  nseful  symbol  t^ 
it  may  be  noticed  here  that 

XV.  ..K.i«=t-'; 
and  that  therefore^ 

XVI.  ..cosy  =  S.I' =  }(t« +  •-*); 

XVII. . .  sui~  =  »-»V.t«=Jt-i(t<-i-0. 

(7.)  Hence,  by  raising  the  double  of  each  member  of  XVI.  to  any  positive  whole 
power  p,  halving,  and  substituting  z  for  }#7r,  we  get  the  equation, 

XVIIL  .  .  2f^»(cos«)P==J(t«+t-<)p=J(t>+^pO+|j9(tfiHi)<+t(>-p)«)  +  &c. 

=  cosp«+pcos(p-2)«+?^5^^cos(p-4)«+&c., 

with  the  nsnal  rule  Ibr  halving  the  coefficient  of  cos  Oz,  itp  be  an  even  integer ;  and 
with  analogous  processes  for  obtaining  the  known  expansions  of  2i*~i  (sin  zy,  for  any 
positive  whole  value,  even  or  odd,  of  p ;  and  many  other  known  results  of  the  same 
kind. 

237.  If />  be  still  a  whole  number,  we  have  thus  the  transforma- 
tioiiy 

I.  .  .  f^(rciszy^f*'ci8pz  =  (Tqycis{p»BtDiq)\ 

in  which  (comp.  190,  161)  the  two  factors,  of  the  tensor  and  versor 
kinds,  maj  be  thus  written : 

II. . .  T{qy^{Tqy==Tq^i     III. . .  \Jir)=(^&^^ri 

and  antf  value  (235)  of  the  amplitude  am.g  may  be  taken,  since  all 

*  It  will  soon  be  seen  that  there  is  a  sense,  although  one  not  quite  so  definite,  in 
which  this  formula  holds  good,  even  when  the  exponent  p  is  fractional,  or  surd ; 
namely,  that  the  second  member  is  then  one  of  the  values  of  the  first 
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will  conduct  to  one  common  value  of  this  tohcie  power  ^.  And  if, 
for  1.9  we  substitute  this  slightly  different  formula  (comp.  235* 
(3.)X 

IV. . .  (3«')«=T3«'.cis(;>.am»g'),  with|)=  — ,  n'>0, 

m',  n',  n  being  whole  numbers  whereof  the  first  is  supposed  to  be 
prime  to  the  second,  so  that  the  eaponent  p  is  here  d^  fraction  in  Us 
least  termsy  with  a  positive  denominator  n\  while  the  factor  T^  is 
interpreted  as  expositive  scaler  (of  which  the  positive  or  negative 
logarithm,  in  any  given  system,  is  equal  to  p  x  the  logarithm  of  T^), 
then  the  expression  in  the  second  member  admits  of  n'  distinct  vo- 
lues,  answering  to  different  values  of  n;  which  are  precisely  the  nf 
values  (comp.  234)  of  the  fractional  power  ^,  on  principles  already 
established:  ihe principal  value  of  that  power  corresponding  to  the 
value  n=0. 

(1.)  For  any  value  of  the  integer  »,  we  maj  say  that  the  ssrmbol  (^f^n,  defined 
by  the  fbnnula  IV.,  repreflentB  the  11^  vahu  of  the  fewer  ^ ;  sach  Talne8|  however, 
reeurrimg  periodically,  whenp  is,  as  above,  afraeHtm. 

(2.)  Abridging  {V%  to  I^n,  we  have  thne,  sfeneraUyj  by  285,  XII., 
v.  . .  iPn-ds  2pfix,  Up  be  any  fraction, 
a  restriction  which  however  we  shall  soon  remove ;  and  in  particular, 
VI. . .  JMncipal  value  o/lPs=  iPo  =  1. 
(8.)  Thus,  making  wocessively  ;» »  i,  p  =  i,  we  have 

Vn.  ..ll„=cismr,        1»6=+1.        l*i=-l,        1»2=+1,  &c; 

xTJTt       ^1       -  2iiir      ^.      ^      ,.      -l  +  iV8       ..      -l-tV8     ,.      ^   ^ 
VIII.  ..Ii„=ci8— ,     1*0=1,     l»i= 2 ,     1»»=» 1 f    li3=l,  4a 

(4.)  Denoting  hi  like  manner  the  w^  valne  of  (-  1)f  by  the  abridged  symbol 
(-  l)i>n,  we  have,  on  the  same  plan  (comp.  236,  XIII.),  for  any  i^tional*  value 
ofp, 

IX. . .  (-  l>M=cisi>(2n+  l)ir;  whence  (comp*  232), 

X...(-l)»o  =  cU|=+i,    (-l)»x«d«^«-i,    (-.l)^=+i,&c; 
and 

these  three  values  of  (~  l)i  recnning  periodically. 

(5.)  The  formula  IV.  g^ves,  generally,  by  V.,  the  transfoimaUon, 
XII. . .  (^)«  =  (jf)o  CIS  2imir  =  1^«(9p)o  5 
so  that  the  nP*  value  of  9P  is  equal  to  the  principal  value  of  that  power  of  ^,  mnlti- 


*  As  before,  this  restriction  is  only  a  temporaiy  one. 
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plied  bj  the  eorreapondiMff  vaime  of  tho  aamepoiaer  ofponHoe  mmity;  and  it  m«y  be 
reourked,  that  if  the  base  a  be  taiypotUioe  scalar,  the  priatcipai  p^pcwer^  i^)ot 
is  amply,  hy  our  definitions,  the  arithmeUeal  value  of  aP, 

(6.)  The  n*^  yalne  of  the  p^  power  of  any  nepaiioe  tedlar^  —  a,  is  in  like  man- 
ner eqnal  to  the  arithmeUeal  p*^  power  of  the  pesitlye  opposite,  +  a,  mnltiplied  by 
the  eoneaiionding  yakn  of  the  same  power  ofneffative  unitif;  or  in  eymbolfly 
Xm. . .  (-a)^,«(-  lyPn  (af)oc=^af)odBp(2n+l)v. 

(7.)  The  fonnala  lY.,  with  iu  oonseqnencee  Y.  YI.  IX.  XII.  XIII.,  may  be 
extemded  so  aa  to  indode^  as  a  limit,  the  caee  when  the  exponent  p  being  still  scalar, 
becomea  ineommauMrahUt  or  sard ;  and  although  the  nimber  of  values  of  the  power 
f^  beoomea  thw  unlimited  (comp.  234,  (4.)),  yet  we  can  still  consider  one  of  them 
as  the  j»rme4pol  value  of  this  (now)  surd  power:  namely  the  valne, 

XI Y.  . .  (5»')oaT9i».  d8(pamo9), 
which  anawera  to  the  principal  amplitude  (285,  (3.) )  of  the  proposed  quaternion  q, 

238.  We  may  therefore  consider  the  symbol^ 

?^ 
in  which  the  hase^  q^  is  any  quaternion^  while  the  eaponent^p, 
is  any  scalar^  as  being  now  fully  interpreted;  but  no  interpre- 
tation has  been  as  yet  assigned  to  this  other  symbol  of  the 
same  kind^  q^^ 

in  which  both  the  base  q,  and  the  exponent  q\  are  supposed 
to  be  (generally)  quaternions^  although  for  the  purposes  of  this 
Chapter  complanar  (225).  .  To  do  this,  in  a  way  which  shall 
be  completely  consistent  with  the  foregoing  conventions  and 
conclusions,  or  rather  which  shall  include  and  reproduce  them, 
for  the  case  where  the  new  quaternion  exponent^  q\  degenerates 
(131)  into  a  scalar y  will  be  one  main  object  of  the  following 
Section :  which  however  will  also  contain  a  theory  of  loga- 
rithms  qfquatemionsy  and  of  the  connexion  of  both  logarithms 
and  powers  with  the.  properties  of  a  certain  function,  which 
we  shall  call  the  ponential  of  a  quaternion,  and  to  consider 
which  we  next  proceed. 

Sbction  4. — On  the  Ponential  and  Logarithm  of  a  Quater^ 
temion;  and  on  Poioers  of  Quaternions^  with  Quaternions 
for  their  Exponents, 

239.  If  we  consider  the  polynomial  function, 

I.  .  .P(^,  TO)=l+gi  +  9a  +  ..$^„, 

2  L 
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in  which  q  is  any  quaternion,  and  m  is  any  positive  whole  number, 
while  it  is  supposed  (for  conciseness)  that 

TT        n  ^       ^        (:=      ^      \ 
••^•"     1.2.3..m\,    r(m+l)/ 

^^  f>'    then  it  is  not__diflScplt  to  prove  that  hawetm-  great,  but^ilf«  and 

*''^  given^  the  tensor  Tq  may  be,  a  finite  number  m  can  be  assigned,  for 

which  the  inequality 

III.  .  .  T(P(^,  m+n)-P(^,  m))<a,    if    a>0, 

shall  be  satisfied,  however  large  the  (positive  whole)  number  n  may 
be,  and  however  small  the  (positive)  scalar  a,  provided  that  this  last 
is  given.     In  other  words,  if  we  write  (comp.  228), 

IV.  .  .  q^x  +  i^,         P(j,  m)  =  X^  +  ir«, 
a  finite  value  of  the  number  m  can  always  be  assigned,  such  that  the 
following  inequality, 

V. . .  (A'^-jrj«+(r,.,-r^)»<a«, 

shall  hold  good,  however  large  the  number  %  and  however  small 
(but  given  and  >  0)  the  scalar  a  may  be.  It  follows  evidently  that 
each  of  the  two  scalar  series,  or  succession  of  scalar  functions, 

VI.  ..Jro=l,         X,=  Ua:,         X«=l+a:+-^,..         X^, . . 

vii.,.ro=o,      r,=y,      r,=y+a?y,..      r^,.., 

converges  ultimately  to  a  fixed  and  finite  limit,  whereof  the  one  may  be 
called  Xoo,  or  simply  X,  and  the  latter  Foo*  or  F,  and  of  which  each 
is  a  certain  Junction  of  the  two  scalars,  x  and  y.    Writing  then 

VIII.  .  .  Q  =  Xoo+tFoo=X+tF, 
we  must  consider  this  quaternion  Q  (namely  the  limit  to  which  the 
following  series  of  quaternions, 

IX...P(g,0)=l,  P(?,l)  =  i+y,  P(j,2)=l  +  j  +  |,..  V{q,m),... 

converges  ultimately)  as  being  in  like  manner  a  certain/unc^bn,  which 
we  shall  call  the  ponential  function,  or  simply  the  Ponential  of  q,  in 
consequence  of  its  possessing  certain  exponential  properties;  and 
which  may  be  denoted  by  any  one  of  the  three  symbols, 

P(e»oo)»     or    ?(<?),    or  simply     P^. 
We  have  therefore  the  equation, 

X.  . .  Pon^ia/o^g=Q  =  Pj'=l+^i  +  5r,+  ..  +  ^oe, 
with  the  signification  II.  of  the  term  q^. 
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(1.)  In  oonnezlon  with  the  ctmvtrgenet  of  this  ponential  aeries,  or  with  the  in- 
equditf  UI.,  it  may  be  remarked  that  if  we  write  (oomp.  285)  r  s=  T^  and  rm  «=  Tf  m, 
we  shall  bare,  by  212,  (2.X 

XL..T(P(j,m  +  a)-P(j,m))<P(r,ni  +  ii)-P(r,m); 
it  is  sufficient  then  to  prove  tliat  this  last  difference,  or  the  som  of  the  «  positive 
terms,  rm*\, . .  rmm  can  be  made  <  a.    Now  if  we  take  a  number  /» >  2r  - 1,  we 
shall  liave  rp^i  <  j^rp^  rp^<  |rpfi,  &c.,  so  that  a  finite  nnmbcr  m  >p  >  2r -  1  can 
be  assigned,  sach  that'>ifr<^;  and  then,  ^         ^   r«-  — 

XII...P(r,«i+a)-P(i^,-»i>«i(ft:^JH-**+./+2-)<a;  /*' 

the  asserted  inequality  is  therefore  proved  to  exist.  ^ 

(2.)  In  general,  if  an  ascending  series  with  positive  coeffldents,  such  as  ^ 

XIIL  . .  Ao  +  Aij  +  Ajg"  +  &&,     where    a«  >  o,  Ai  >  o,  &c. , 

be  cfrnvergent  when  9  is  changed  to  a  ponHve  eealar,  it  will  i  fortiori  convergei 
when  9  is  a  ^vo/cmioii.  " 


y    / 


/ 


240.  Let  q  and  q^  be  any  two  complanar  quaternions,  and  let  q'^ 
be  their  snm,  so  that 

!...?''«?'+?,      (Z'lll^lll?; 

then,  as  in  algebra^  with  the  signification  239«  IL  of  g^,  and  with 
corresponding  significations  of  ^^  and  ^'^^i  ^^  haye 

where  go  =  9'o  =  l«  Hence,  writing  again  r  =  Tg,  »'ii.«=Tg>„  and  in 
like  manner  r'  =  Tg^,  r"=  Tg^',  &c.,  the  two  differences,      ,  ^ 

IIL..P(r',m).P(r,m)-P(r'',m),    ^ '{7i-^ /".  .    ^  I-.?- 
&nd  5.  /wv  #  • 

IV.  .  .  P(r",  2m) -?(/,  m).P(r, m),         .        •       .    ^  •  ^ 

can  be  expanded  as  sums  of  positive  terms  of  the  form  f^Vp  (one'  ^  '  '^ 
snm  containing  ^(m  +  1),  and  the  other  containing  m(m+  1)  such      ^ , ' 
terms);  but,  by  2d9i  HI-*  the  «um  of  these  two  positive  differences 
can  be  made  less  than  any  given  small  positive  scalar  a,  since  -       ^^  ^  * 

V.  .  .  V{/',  2m)-P(r",m)<a,     if    a>0, 

provided  that  the  number  m  is  taken  large  enough ;  each  difference, 
therefore,  separately  tends  to  0,  as  m  tends  to  00 ;  a  tendency  which 
must  exist  d  fortiori,  when  the  tensors,  r,  r',  r'',  are  replaced  by  the 
quatemionSf  5,  g',  ^'.  The  function  Vq  is  therefore  subject  to  the 
Eocponeniial  Law, 

VI...P(g'  +  9)  =  P5'-P?  =  P(7-P?'.     if    5Mlk.  // 
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(1.)  If  we  write  (comp.  2d7,  (5.)  ), 

VII.  ..Pl  =  «,    then    VIII.  ..  Pa?  =  (€•>)  =  fln*A«M«ca/ twfae  «f«*; 
where  f  U  the  known  base  of  the  natural  system  of  logarithms,  and  x  is  any  scalar. 
We  shall  henceforth  write  simply  c«  to  denote  this  prtnc^d  (qt  arithmetical)  value  of 
the  si^  power  of  f ,  and  so  shall  have  the  simplified  equation, 
Vlir.  ..Par  =  f». 
(2.)  Akeady  we  have  thus  a  motiye  for  writing,  ^eneroZ/y, 
IX.  .  .  Pg  =  e*; 
but  this  fonnola  is  here  to  be  considered  merely  as  a  definiticn  of  the  sense  in  which 
we  interpret  this  exponential  eymhol,  cff;  namely  as  what  we  have  lately  called  the 
panential  Jknetion,  Fq,  considered  as  the  sum  of  the  infinite  but  converging  eeriet^ 
289,  X     It  will  however  be  soon  seen  to  be  included  in  a  more  general  definition. 
(comp.  238)  of  the  symbol  9^'. 

(8.)  For  any  scalar  0,  we  have  by  VUI.  the  transformation  : 

X.  .  .  x^^Wx^natKral  logarithm  ofponential  ofx, 

241.  The  exponential  law  (240)  gives  the  following  general  de- 
composition  ofaponetUial  into  factors^ 

I.  .  .  P2'  =  P(a;  +  ty)  =  Pic.Piy; 

in  which  we  have  just  seen  that  the  factor  Vx  is  a  positive  scalar. 
The  other  factor,  Pty,  is  easily  proved  to  be  a  versor,  and  therefore 
to  be  the  versor  of  Pj,  while  Pa?  is  the  tensor  of  the  same  ponen-  - 
tial ;  because  we  have  in  general, 

II.  .  .  Pg'.P(-2')  =  P0=  1,    and    III. . .  PKy  =  KPj?, 
since      IV.  .  .  (Kj)-  =K(j-)  =  (8ay)  Kj-  (comp.  199,  IX.); 

and  therefore,  in  particular  (comp.  150,  158),   ^  ^J  i  -  %^'\  "^  j 

V. . .  1 : Piy = P(-  iy)  =  KPty,    or    VL*. .  HiViy  =  1.  -  '^^     ' 

We  may  therefore  write  (comp.  240,  IX.,  X.),  ^^.3       -^"^ 

VII. . .  TPy  =  PSg  =  Pa?=e«;         VIIL  •  .  aj=S^=lTP^; 
IX.  . .  UP$'=PV$'=Piy  =  €^=cisy(comp.235,  IV.); 
this  last  transformation  being  obtained  from  the  two  series. 


SPf>=l-^  +  &c.= 


2  ■— -cos^f; 
XL.  .r>VPiyey-j|f--+&c.=siny. 

16.  o 

Hence  the  ponential  P^  may  be  thus  transformed  : 
XII. .  .  P^=  P(a;  +  ly)  =  €' cisy. 
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(1)  If  we  had  not  chosen  to  aantme  om  known  the  »ene9  for  eotine  and  $ine<,  nor 
to  aeUet  (at  first)  any  one  tmit  ofangle^  sach  as  that  known  one  on  which  their  va- 
lidity depends,  we  might  then  have  proceeded  as  follows.    Writing 

we  shonld  have,  by  the  exponential  law  (240), 

xnr. .  ./(y  +  yO=S(P<y.P<y')=^.^'-^y.^'; 

and  thea  iih»  Junctional  equation^  which  resolts,  namely, 

XVI. . .  /(y  +  /)  +/(y  -y')  =  2/y ./y', 
would  show  that 


XVII.  ..>^=C0Bf-xa»vA/  angle\ 


whatever  mmU  of  angle  may  be  adopted,  provided  that  we  determine  the  eomtant  e 
by  the  condition, 

XVIII.  . .  c  =  least  poritive  root  of  the  equation  fy(=  SP^)  =  0 ; 
or  nearly, 

XVIir. . .  c=  1'6708,  as  the  study  of  the  series*  woold  show. 
(2.)  A  motive  would  thus  arise  for  repretenting  a  right  angle  by  this  numerical 
conetatUj  e;  or  for  so  eelecting  the  angular  unit,  as  to  have  the  equation  (ir  still  de- 
noting two  right  angles), 

XIX  . .  n-  =  2c  =  least  positive  root  of  ike  equation  fysi-1* 

giving  nearly, 

XIX'.  .  .  w  =  3-14159,  as  usual  ; 

for  thns  we  should  reduce  XVII.  to  the  simpler  form, 

XX.  .>5r  =  oosy. 
(8.*)  As  to  the  function  fy,  since 

XXI. . .  ifyy  +  (it^yy  =  Piy . P(- iy)  =  1, 
it  is  evident  that  ^  =  +  sin  y ;   and  it  is  easy  to  prove  that  the  upper  sign  is  to  be 
taken.     In  fact,  it  can  be  shown  (without  supposing  any  previous  knowledge  of  co- 
pies or  sines)  that  0c  is  positive,  and  therefore  that 

XXIL  . .  0c  =  +  l,    or    XXIII. . .  Pic=t; 
whence 

XXIV.  .  .  ^  =  S.t-»Ky  =  SPt(y-c)=/(y-c), 
and 

XXV.  .  .  Viy=fy-\-if{y-c), 

If  then  we  replace  c  by  •-,  we  have 
2 


*  In  fact,  the  value  of  the  constant  c  may  be  obtained  to  this  degree  of  accuracy, 
by  simple  interpolation  between  the  two  approximate  values  of  the  function/ 

r    /(l-5)=+0'0707S7,       /(I -6)  =  -0029200; 

and  of  oouise  there  are  artifices,  not  necessary  to  be  mentioned  here,  by  which  a  far 
more  accurate  value  can  be  found. 
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'HY 


XXYI. .  .  ^ysoosf  y----]  =  8i]iy;    and    XXYII.  ..  Pty=dsy,  aBin  IX. 

I  (4.)  The  series  X.  XI.  for  comne  and  sine  migbt  thus  be  deduced,  instead  of  bcin^: 
atsumed  aa  known :  and  since  we  have  the  limiUng  yalue, 

XXIX  .  .  lim.y-i  8iny=rim.y-U*  >  VPtys=l, 

r-o  r-o 

it  follows  that  the  umit  of  angle,  which  thus  giyes  Pjy  s  cis  y,  is  (as  usual)  the  angle 
subtended  at  the  centre  by  the  arc  equal  to  radiue  ;  or  that  the  number  ir  {or  2c)  is 
to  1,  as  the  circumference  is  to  the  diameter  of  a  circle. 

(5.)  If  any  other  angular  unit  had  been,  for  any  reason,  chosen,  then  a  right 
angle  would  of  coarse  be  represented  by  a  different  number,  and  not  by  1*5708  nearly  ; 
but  we  should  ttUl  have  the  transformation^ 

XXX.  .  .  Pty=  CIS  f  - X  a  right  angle  Y 

thoDgh  not  the  same  teries  as  before,  for  cos  y  and  siny. 

242.  Tbe  usual  unit  being  retained,  we  see,  by  241,  XII.,  that 

I.  . .  P.2tn9r=l,     and     11. .  .  P{q  +  2inir):='Pq, 

if  n  be  any  whole  number;  it  follows,  then,  that  the  inverse panen- 
tied  Junction^  F'^q,  or  what  we  may  call  the  Imponenticd,  of  a  given 
quaternion  q,  has  indefinitely  many  values^  which  may  all  be  repre- 
sented by  the  formula, 

III.  . .  P„-»2'=lTj+t  am«y;      t       .  -/    :  / 
and  of  which  each  satisfies  the  equation,  -  T^    f    ^  P[yi  *  . 

IV...PP,-'g  =  g;  ',-f"^-j? 

while  the  one  which  corresponds  to  n  =  0  may  be  called  the  Princi-- 
pal  ImponentiaL  It  will  be  found  that  when  the  exponent  p  is  any 
scalavy  the  definition  already  given  (237,  IV.,  XII.)  for  the  n**  value 
of  the  p^  power  of  q  enables  us  to  establish  the  formula, 

V...(g').=  PO>P,->j); 

and  we  now  propose  to  eoctend  this  last  formula,  by  a  new  definition, 
to  the  more  general  case  (238),  when  the  eocponent  is  a  quaternion  q': 
thus  writing  generally,  for  any  two  complanar  quaternions^  q  and  q\ 
the  Oeneral  Exponential  Formula, 

vi...(gO.=P(?'P,.-'?); 

the  principal  value  of  5^'  being  still  conceived  to  correspond  to  n  =  0, 
or  to  the|>rtm;^a/  amplitude  of  q  (comp.  236,  (3.)  ). 
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(L)  For  example, 

rn.  .  .  (f«)o  =  P(^Po-»«)  =  Tq,    because    Po'U  =  li  =  1 ; 

ih6  pomejtiial  P9,  which  we  agreed,  in  240,  (2.)>  to  denote  aiinply  by  c4,  is  therefore 
now  seen  to  be  m  fact,  by  oar  general  definition,  theprineipal  taltte  of  that  power, 
or  expooeotiaL 

(2.)  With  the  same  notations, 

VIH.  .  .  iV  =  d8y,        co8y  =  J(«<r  +  f-*r),        smy=i  («*i'-«"^)j 

these  two  last  only  differing  from  the  nsnal  imaginary  expressions  for  cosine  and  sine, 
by  the  geometrical  reality*  of  the  yersor  t. 

(3.)  The  costn^  and  tine  of  a  quatemum  Qn  the  giyen  plane)  may  now  be  defined 
bj  the  eqnationa : 

IX.  .  .coe9B|(£<v  +  c-^);        X.  . .  sin <y  =  —  («** -«"'"); 

wd  we  may  write  (comp.  241,  IX.), 

XI.  ..cisg  =  €<ff  =  Pij. 

(4.)  With  this  interpretation  of  els  9,  the  exponential  properties,  236,  IX.,  X., 
continne  to  hold  good ;  and  we  may  write, 

XIL  . .  (^n  =  P(9'lT9).P(tVam.9)  =  (T^)o«'cis(«'amny); 

a  formula  which  evidently  indades  the  corresponding  one,  287,  IV.,  for  the  n^  yalue 
of  the  p«  power  otg,  when  p  is  scalar. 

(0.)  The  definitions  III.  and  YI.,  combhied  with  285,  XII.,  give  generally, 

XUI.  .  .  Uf  =  (lO«  =  P .  2inirq' ;         XIV. .  .  {q9%  =  Ufl*.  (^)o ; 

tbis  last  equation  inclading  the  formula  287,  XII. 
(6.)  The  same  de6nition8  give, 

XV.  . .  Po-«  =  y ;        XVI.  . .  (tOo  =  «"i^ ; 

which  last  equation  agrees  with  a  known  interpretation  of  the  symbol, 


^^'QBidered  as  denoting  in  algebra  a  real  quantity. 

(7.)  The  formula  VI.  may  oven  be  extended  to  the  case  where  the  exponent  q*  is 
^  Tvotenium,  which  is  not  in  the  given  plane  oft,  and  therefore  not  eomplanar  with 
the  hate  q  •  thus  we  may  write, 

xvii...(iOo=PC/Po-»0  =  p[--Y]=-*j 

^^^  it  would  be  foreign  (226)  to  the  plan  of  this  Chapter  to  enter  into  any  further  de- 
^\  on  the  subject  of  the  interpretation  of  the  exponential  symbol  q9\  for  this  case 
^  ^planar  quatemione,  though  we  see  that  there  would  be  no  difficulty  in  treating 
^  sfter  what  has  been  shown  respectuig  complanars, 

*  Compare  282,  (2.),  and  the  Notes  to  pages  248,  248. 
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243.  As  regards  the penerallogarithm  q'qfa  quaternion  q  (in  the 
given  plane),  we  may  regard  it  as  any  qnat^nion  whicli  satisfies  tbe 
equation, 

I.  .  .  €«'  =  P5'  =  j; 

and  in  this  view  it  is  simply  the  Imponential  P~^g,  of  which  the  n** 
value  is  expressed  by  the  formula  242,  III.  But  the  princqkil  mpa- 
nentialy  which  answers  (as  above)  to  n  =  0,  may  be  said  to  be  the  prin- 
cipal logarithm^  or  simply  the  Logarithm,  of  the  quaternion  q,  and  may 
be  denoted  by  the  symbol, 

so  that  we  may  write, 

I.  .  .  lg=Po"'^=lTg  +  iamog; 
or  still  more  simply, 

II.  .Aq  =  \{Tq.TJq)  =  ITq-^-  lUq, 
because  lTn^  =  ll  =0,  and  therefore, 

III.  . .  lU^  =  t  amo  q. 
We  have  thus  the  two  general  equations, 

IV.  . .  %  =  1T(?;         V.  . .  Ylq^lUq; 
in  which  IT^  is  still  the  scalar  and  natural  logarithm  of  the  positive 
scalar  Tq* 

(1.)  As  examples  (comp.  235,  (2.)  and  (4.)  ), 

VI. . .  K  =  JtV;        VII. .  .  l(-l)=tir. 

(2.)  Tbe  ffeneral  logarithm  of  q  may  be  denoted  by  any  one  of  the  symbols, 

log.^,  or  logg,  or  Qogq^, 

this  last  denoting  the  n^  value  ;  and  then  we  shall  have, 

VIIL  . .  Gog  «)»=^  +  2««ir. 
(3.)  The  formula, 

IX.  ..log.j'9=logg'  +  logy,     if    q'lWq, 

holds  good,  in  the  sense  that  every  value  o{  the  first  member  is  oim  of  the  values  of 

the  second  (comp.  286). 

(4.)  Principal  value  oftfn'^  ««'>« ;  and  <me  value  of  log .  j**  s=  SL^q. 

(6.)  The  qwxdeKt  of  two  general  logarithms, 

may  be  said  to  be  the  ^mero/  logarithm  of  the  quaternion,  q',  to  the  complanar  qua- 
temion  bate,  q ;  and  we  see  that  its  expression  involves*  two  arbitrary  dndindepeu" 
dent  integers^  while  Its  principal  value  may  be  defined  to  be  \q' :  \q. 

•  As  the  oorresponding  expression  in  algebra,  aocording  to  Graves  and  Ohm. 
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Sbctioit  6.— On  Finite*  (or  Polynomial)  Equations  of  Alge^ 
braic  Fornix  involving  Complanar  Quaternions;  and  on  the 
Jkistenee  cfn  Real  Quaternion  Boots,  of  any  such  Equo' 
tion  of  the  n**  Degree. 

244.  We  have  seen  (233)  that  an  equation  of  the  foim, 

where  n  is  any  given  positive  integer^  and  Q  is  any f  given, 
real,  and  actual  quaternion  (144),  has  always  n  real^  actual, 
and  unequal  quaternion  roots,  q,  complanar  with  Q ;  namely^ 

the  II  distinct  and  real  values  of  the  symbol  Q"  (233,  VIII.), 
determined  on  a  plan  lately  laid  down.  This  result  is,  how- 
ever, included  in  a  much  more  general  Theorem,  respecting 
Quaternion  Equations  of  Algebraic  Form;  namely,  that  if 
9i9  9t>  '•qnbe  any  n  given,  real^  and  complanar  quaternions, 
then  the  equation, 

II.  .  .  J"  +  y,y**->  +  y,y"-*  +  • .  +  jn  -  0, 
has  always  n  real  quaternion  roots,  q\  q', . .  y<"J,  and  no  more 
in  the  given  plane;  of  which  roots  it  is  possible  however  that 
some,  or  all  may  become  equal,  in  consequence  of  certain 
relations  existing  between  the  n  given  coefficients, 

245.  As  another  statement  of  the  same  Theorem,  if  we 
write, 

I.  .   .  F„5r  =  j»  +  j,5»«-l+..+  y„, 

the  coefficients  yi . .  y«  being  as  before,  we  may  say  that  every 
such  polynomial  function,  ¥nq,  is  equal  to  a  product  ofn  real, 
complanar,  and  linear  {or  binomial)  factors,  of  the  form  J-y'; 
or  that  an  equation  of  the  form, 

11.  ..Fny«(y-y') (?-/). .(y-?^-^), 
can  be  proved  in  all  cases  to  exist :  although  we  may  not  be 

*  By  Baying  faUU  eqwxiunu^  we  merely  intend  to  ezdade  here  equations  with 
trnfiidiefy  many  Urmgy  saoh  as  P^^  1,  which  has  been  seen  (242)  to  have  inJinUefy 
immjr  roots,  repreaented  by  the  expresaion  9=  2wir,  where  n  may  be  any  whole 
number. 

t  It  is  true  that  we  have  supposed  QUI*  (226);  but  nothing  hinders  os,  in  any 
other  case^  firom  snbstitating  for  t  the  Tenor  UVQ,  and  then  proceeding  as  before. 

2  M 


266  BLEMBNTS  OF  QUATBRNIOKS.  [BOOK  II. 

able,  with  our  present  methods,  to  assign  expressions  for  the 
roots,  q\  . .  y^">,  in  terms  of  the  coefficients  Ji,  • . .  jn- 

246.  Or  we  may  say  that  there  is  always  a  certain  system 
ofn  real  quaternions,  q\  &c.,  {||  t,  which  satisfies  the  system  of 
equations,  of  known  algebraic  form, 

III  ..  ^yV'  +  yy+jV+'-^  +  S*; 
[?'/?"'+..  =  -?,;  &c. 

247.  Or  because  the  difference  F^y  -  F«y'  is  divisible  by 
q-q'^na  in  algebra,  under  the  supposed  conditions  of  compla- 
narity  (224),  it  is  sufficient  to  say  that  at  least  one  realquater-- 
nion  4  always  exists  (whether  we  can  assign  it  or  not),  which 
satisfies  the  equation, 

IV.  ..F.J^  =  0, 

with  the  foregoing  form  (245, 1.)  of  the  polynomial  function  f. 

248.  Or  finally,  because  the  theorem  is  evidently  true  for 
the  case  n  <=  I,  while  the  case  244, 1.,  has  been  considered,  and 
the  case  9*  e=  o  is  satisfied  by  the  supposition  q-(^,  we  may, 
without  essential  loss  of  generality,  reduce  the  enunciation  to 
the  following: 

Every  equation  of  the  form,* 

in  which  q',  gf\  • .  and  Q  are  any  n  real  and  given  quaternions 
in  the  given  plane,  whereof  at  least  Q  and.^  may  be  supposed 
actual  (144),  is  satisfied  by  at  least  one  real,  actual,  and  corn- 
planar  quaternion,  q. 

*  The  oorresponding /brm,  of  the  algebraical  eguaiion  of  the  n^  degree,  was  pro- 
poied  by  Mourey,  in  his  TB17  ingeniouB  and  original  little  work,  entitled  La  vraie 
thiorie  dee  QuantUie  NSgativee,  ei  dee  QuantUie  pretendnee  Imaginairee  (Paris, 
1828).  SuggeetUme  also,  towards  the  geometrical  proof  c^  the  theorem  in  the  text 
have  been  talcen  from  the  same  work ;  in  which,  however,  the  curve  here  called  (in 
251)  an  owd  is  not  perhaps  defined  with  safficient  precision :  the  inequaUtg,  here 
numbered  as  251,  XII.,  being  not  employed.  It  is  to  be  observed  that  Moiirey*s 
book  contains  no  hint  of  the  preeent  caleulue,  being  eonjinedj  like  the  Double  Alge^ 
hra  of  Prof.  De  Morgan  (London,  1849),  and  like  the  earlier  work  of  Mr.  Warren 
(Cambridge,  1828),  to  questions  wUhin  the  plane  :  whereas  the  veiy  conception  of  the 
Quaternion  inyolves,  as  we  have  seen,  a  reference  to  Dridimeneional  Spacb. 
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249.  Sapposing  that  the  m-l  last  of  the  n-  1  giyen  quater- 
nions 3^ . .  ^""*>  vanish,  but  that  the  »  - 1»  first  of  them  are  actual, 
where  m  may  be  anj  whole  number  from  1  to  n  -  1,  and  introduc- 
ing a  new  real,  known,  complanar,  and  actual  quaternion  qo,  which 
satisfies  the  condition, 

ir        n"  Q 

we  may  write  thus  the  recent  equation  I., 

-••/-ar(-j--)(^.->)-(jfc,-)-= 

and  may  (by  187,  159,  235)  decompose  it  into  the  two  following: 
IV.  .  .  Tfq=  1 ;     and     V.  .  .  Vfq=  1,     or    VI.  .  .  am/j  =  2pflr; 

in  which  p  is  some  whole  number  (negatives  and  zero  included). 

250.  To  give  a  more  geometrical  farm  to  the  equation,  let  X  be 
any  given  or  assumed  line  |||  t,  and  let  it  be  supposed  that  a,  p,  •  • 
and  p,  <r,  or  OA,  OB, . . .  and  op,  os,  are  n  -  m  +  2  other  lines  in  the 
same  planes,  and  that  ^p  is  a  known  scalar  function  of  ^,  such  that 

YU...a=q'k,         /8  =  g"X, ..         p=q\         ff=qoK 


and 

*        AP    BP 
OA    OB 


™i...^./,.(j)-.£^.£^....0 


the  theorem  to  be  proved  may  then  be  said  to  be,  that  whatever  eye- 
tern  of  real  points^  o,  a,  b,  . .  and  s,  in  a  given  plane,  and  whatever 
positive  whole  number  m^  may  be  assumed,  or  given,  there  is  always  at 
least  one  real  point  p,  in  the  same  plane,  which  satisfies  the  two  condi* 
tions: 

IX.  .  •  T0p=  1 ;         X.  . .  am  ^p^2p7r, 

251.  Whatever  value  c|||i  we  may  assume  for  the  versor  (or 
unit- vector)  XJp,  there  always  exists  at  least  one  value  of  the  tensor 
T/>,  which  satisfies  the  condition  IX. ;  because  the  function  T^p  va- 
nishes with  T/>,  and  becomes  infinite  when  Tp  =  oo,  having  varied 
continuously  (although  perhaps  with  fluctuations)  in  the  interval. 
Attending  then  only  to  the  least  value  (if  there  be  more  than  one) 
of  T/>,  which  thus  renders  T^p  equal  to  unity,  we  can  conceive  a  real, 
unambiguous,  and  scalar  function  yrt,  which  shall  have  the  two  fol- 
lowing properties: 

XI.  . .  T0(i^*)=  1 ;        XII. . .  T0(a?«^O <  1,  if  x>Q,  <  1. 
And  in  this  way  the  equation,  or  system  of  equations. 
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XUI...p^i^t,  or  KIV.  ».U/>  =  i,  Tp^in, 
may  be  conceived  to  determine  a  real,  finite^  and  plane  closed  curve^ 
which  we  shall  call  generally  an  Oval,  and  which  shall  have  the  two 
following  properties :  Ist,  every  right  line,  or  ray,  drawn^om  the  oHr 
gin  o,  in  any  arbitrary  direction  within  the  plane,  meets  the  curve 
once,  but  once  only;  and  Ilnd,  no  one  of  the  n-m  other  given  points 
Ay  B, ..  is  on  the  oval,  because  ^a  =  ^^3  = . .  =  0, 

252.  This  being  laid  down,  let  us  conceiye  a  point  p  to  perform 
one  circuit  of  the  oval,  moving  in  the  positive  direction  relatively  to  the 
given  interior  point  o ;  so  that,  whatever  the  given  direction  of  the 
line  08  may  be,  the  amplitude  am(/»:a),  if  supposed  to  vary  eonti- 
nuowly,*  will  have  increased  by  four  right  angles,  or  by  2flr,  in  the 
course  of  this  one  positive  circuit ;  and  consequently,  the  amplitude 
of  the  left-hand  factor  (j>:  a)"*,  of  0p,  will  have  increased,  at  the  same 
time,  by  2m9r.  Then,  if  the  point  ▲  be  also  interior  to  the  oval,  so 
that  the  line  oa  must  be  prolonged  to  meet  that  curve,  the  ray  ap  will 
have  likewise  made  one  positive  revolution,  and  the  amplitude  of  the 
factor  (p-ajia  will  have  increased  by  2v.  But  if  a  be  an  exterior 
point,  80  that  the  Jinite  line  oa  intersects  the  curve  in  a  point  M,  and 
therefore  never  meets  it  again  if  prolonged,  although  the  prolonga- 
tion of  the  opposite  line  ao  must  meet  it  once  in  some  point  n,  then 
while  the  point  P  performs  first  what  we  may  call  the  positive  half- 
circuit  from  h  to  N,  and  afterwards  the  other  positive  half-circuit 
from  N  to  M  again,  the  ray  ap  has  only  oscillated  about  its  initial  and 
final  direction,  namely  that  of  the  line  ao,  without  ever  attaining  the 
opposite  direction  ;  in  this  case,  therefore,  the  amplitude  am(AP:  oa), 
if  still  supposed  to  vary  continuously,  has  only /«cfi/atec?  in  its  value, 
and  has  (upon  the  whole)  undergone  no  change  at  all.  And  since 
precisely  similar  remarks  apply  to  the  other  given  points,  B,  &c., 
it  follows  that  the  amplitude,  am  ^p,  of  the  product  (VIII.)  of  all 
these  factors,  has  (by  286)  received  a  total  increment  =:2{mft)v,  if 
t  be  the  number  (perhaps  zero)  of  given  internal  points.  A,  b,  . . ; 
while  the  number  m  is  (by  249)  at  least  =  1.  Thus,  while  p  per- 
forms (as  above)  one  positive  circuit,  the  amplitude  am  ^  lias  passed 
at  least  m  times,  and  therefore  at  least  once,  through  a  value  of  (he 
form  2pv;  and  consequently  the  condition  X.  has  been  at  least  once 
satisfied.     But  the  other  condition,  IX.,  is  satisfied  throughout,  by  the 

*  That  19,  80  as  not  to  receive  any  wdden  increment,  or  decrement,  of  one  or 
more  whole  circumferences  (comp.  235,  (1.)). 
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I. 


supposed  construction  of  the  oval:  there  is  therefore  al  least  one  real 
position  p,  upon  that  curre,  for  which  ^p  or /^  - 1 ;  so  that, /or  this 
position  of  that  point,  the  equation  249,  IIL,  and  therefore  also  the 
equation  248,  I.,  is  satisfied.  The  theorem  of  Art.  248,  and  conse- 
quently also,  hy  247,  the  theorem  of  244,  with  its  transformations 
246  and  246,  is  therefore  in  this  manner  proved, 

253.  This  conclusion  is  so  important,  that  it  may  be  use- 
ful to  illustrate  the  general  reasomng,  by  applying  it  to  the 
case  of  a  quadratic  equation,  of  the  form, 

i...y^.ifi_iVi;orii...«p-efe_i).2r.i£ 

9o\q        J  ^^    a\a       J     OS    OA 

We  have  now  to  prove  (comp.  260,  VIII.)  that  a  (real)  point  p 

exists,  which  renders  the  fourth 

proportional  (226)  to  the  three 

lines   OA,    op,  ap   equal  to  a  ^ 

given  line  os,  or  ab,  if  this  lat-  pj^  ^^ 

ter  be  drawn  =  os ;  or  which 

satisfies  the  following  condition   of  similarity  of  triangles 

(118), 

III.  .  .  A  AOP  a  PAB ; 
which  includes  the  equation  of  rectangles, 

I V.  .   .  OP-AP  =  OA-AB*  N|- 

(Compare  the  annexed  Figures,  56,  and 
55,  bis,)    Conceive,  then,  that  a  conti- 
nuous curve*  is  described  as  a  locus  (or  ^^'  ^^'  ***• 
Bspart  of  the  locus)  of  p,  by  means  of  this  equality  IV.,  with 
the    additional    condition 
when   necessary,    that    o 
shall  be  within  it ;  in  such 
a  manner  that  when  (as  in 
Fig.  56)  a  right  line  from 
o  meets  the  general  or  total 
locus  in  several  points,  m, 


Fig.  66. 


•  Thla  carve  of  the  fourth  degree  is  the  wdl-known  Cautnian;  but  when  it 
breaks  up,  aa  in  Fig.  56,  into  two  separate  owih,  we  here  retain,  as  the  oval  of  the 
proof,  onfy  the  one  round  o,  rejecting  for  the  present  that  round  a. 
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m',  N'y  we  reject  all  but  the  point  m  which  is  nearest  to  o,  as  not 
belonging  (comp.  25 1 ,  XII.)  to  the  oval  here  considered.  Then 
while  p  moves  upon  that  oval,  in  the  positive  direction  rela- 
tively to  o,  from  M  to  n,  and  from  n  to  m  again,  so  that  the 
ray  op  performs  one  positive  revolution,  and  the  amplitude  of 
the  factor  op  :  os  increases  continuously  by  2ir,  the  ray  ap 
performs  in  like  manner  one  positive  revolution,  or  (on  the 
whole)  does  not  revolve  at  all,  and  the  amplitude  of  the  factor 
AP :  OA  increases  by  27r  or  by  0,  according  as  the  point  a  is  in- 
ferior or  exterior  to  the  oval.  In  the  one  case,  therefore,  the 
amplitude  am  ipp  of  the  product  increases  by  Aw  (as  in  Fig.  55^ 
bis)  ;  and  in  the  other  case,  it  increases  by  2t  (as  in  Fig.  56) ; 
so  that  in  each  case,  it  passes  at  least  once  through  a  value  of 
the^nw  2pir,  whatever  its  initial  value  may  have  been.  Hence, 
for  at  least  one  real  position^  p,  upon  the  oval,  we  have 
Y.  .  .  am  ^/9  a  1,  and  therefore  VI.  .  .  Uipp  =  1 ; 
but  VII.  .  .T^|o  =  l, 

throughout^  by  the  construction^  or  by  the  equation  of  the  locus 
IV. ;  the  geometrical  condition  ^/)  =  1  (II.)  is  therefore  satisfied 
by  at  least  one  real  vector  p ;  and  consequently  the  quadratic 
equation  Jq  =  1  (I.)  is  satisfied  by  at  least  one  real  quaternion 
root^  q=^pi\  (250,  VII.).  But  the  recent  form  I.  has  the  same 
generality  as  the  earlier  form, 

VIII.  .  .  Fjj  -  J*  +  jij  +  ya  =  0  (comp.  245), 
where  qi  and  q%  are  any  two  ^ven,  real,  actual,  and  complanar 
quaternions ;  thus  there  is  always  a  real  quaternion  ^  in  the 
given  plane,  which  satisfies  the  equation, 

Vlir.  .  .  Faj^'  =  g'»  +  q^q'  +  J,  =  0  (comp.  247)  5 
subtracting,  therefore,  and  dividing  by  q-q\  as  in  algebra 
(comp.  224),  we  obtain  the  following  depressed  or  Ibiear  equa- 
tion g, 

IX.  .  .  g'  +  j'+9i  =  0,  or  IX'.  . .  j  =  /=-5^-yi(comp.246). 
The  quadratic  VIII.  has  therefore  a  second  real  quaternion  root^ 
g",  related  in  this  manner  to  the^r*^  ;  and  because  the  qua- 
dratic Junction  v%q  (comp.  again  245)  is  thus  decomposable 
into  two  linear  factors^  or  can  be  put  under  the  form, 
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it  cannot  vanish  for  any  third  real  quatemianj  q ;  so  that 
(comp.  244)  the  quadratic  equation  has  no  more  than  two  such 
real  roots. 

(1.)  The  cuUe  egiuatiom  may  tbenfore  be  pnt  under  the^brm  (oomp.  248), 

HhMB  therefore  one  real  root,  say  q\  by  the  genera/ proof  (252),  which  has  been 
above  illiiatrated  by  the  caae  of  the  quadratic  equation ;  sabtracdng  therefore  (com- 
pare 247)  the  eqnation  w^q*  «=  0,  and  dividing  by  g—  9',  we  can  depreu  the  cubic  to 
a  qnadratic,  which  will  have  two  new  real  rootSi  q'  and  9*'* ;  and  thua  the  eubie 
fknetum  may  be  pat  under  the  form, 

XI. . .  W2q=(q - q") (s - q") (g -g*"), 

which  cannot  Tanieh  for  bjdj  fourth  real  Valne  of  9 ;  the  cnbic  eqnation  X.  has  there- 
fore no  more  tkan  three  real  quaternion  roots  (comp.  244)  :  and  similarly  for  eqna- 
tiona  of  higher  degrees, 

(2.)  The  existence  of  two  real  roots  q  of  the  quadratic  I.,  or  of  two  real  vectors, 
p  and  p',  which  satisfy  the  equation  II.,  might  have  been  geometrically  anticipated, 
from  the  recently  proved  increase  =  4x  of  amplitude  0p,  in  the  course  of  one  circuit, 
Ibr  the  case  of  Fig.  56,  6i«,  in  consequence  of  which  there  must  be  two  real  positions, 
p  and  p',  on  the  one  oval  of  that  figure,  of  which  each  satisfies  the  condition  of  si- 
milarity III. ;  and  for  the  case  of  Fig.  66,  from  the  consideration  that  the  j«eo»J  (or 
lighter)  oval,  which  in  this  case  exists,  although  not  employed  above^  is  related  to  A 
exactly  as  the  first  (or  darh)  oval  of  the  Figure  is  related  to  o ;  so  that,  to  the  real 
posidon  p  on  the  first,  there  must  correspond  another  real  position  p',  upon  the  se- 
cond. 

(8.)  As  regards  the  law  of  this  correspondence,  if  the  eqnation  II.  be  put  under 
tbe  form, 

md  if  we  now  write 

XIII.  ..p  =  9a,    we  may  write    XIY.  ..91  =  — 1,        93 =-9:  a, 

for  comparison  with  the  form  VIII. ;  and  then  the  recent  relation  IX'.  (or  246)  be- 
tween the  two  roots  will  take  the  form  of  the  following  relation  between  vectors, 

XV.  ..p+p'=a;    or    XV'.  .  .  OP'  =  p'  =  a- p  =  PA; 

■0  that  the  point  v^  completes  (as  in  the  dted  Figures)  the  parallelogram  opap',  and 
the  line  pp*  is  bisected  by  the  middle  point  c  of  OA.    Accordingly,  with  this  position 
of  p',  we  have  (oomp.  III.)  the  similarity,  and  (comp.  II.  and  226)  the  equation, 
XVL  . .  A  AOP'ap'AB;         XVII.  .  .  ^p'=0(a-p)  =  0p  =  l. 
(4.)  The  other  relation  between  the  two  roots  of  the  quadratic  VIII.,  namely 
(comp.  246), 

XVIII. .  .  qq"  =  j2,    gives     XIX.  .  .  ^  p'= -  (T ; 
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and  accordingly,  the  line  9,  or  os,  U  a  foorth  proportional  to  the  three  linefe  oa,  op, 
and  AP,  or  a,  p,  and  -  p. 

(5.)  The  actual  toluHonj  by  calculation,  of  the  quadratic  equaiionYlll.  in  com- 
planar  quatemuma,  la  performed  exactly  ag  in  alffebra  ;  th^  formula  befaig, 

XX.  .  .  g  =-  |gi  ±  V(i9i"  -«2), 
in  which,  however,  the  square  root  is  to  be  interpreted  as  a  rea/  giuifonittm,  on  prin- 
ciplet  already  laid  down. 

(6.)  CMc  and  biqmadraiie  equations,  with  quaternion  coefficients  of  the  land 
considered  in  244,  are  in  like  manner  reio/ved  by  the  known /bnnv/A  of  algebra; 
but  WB  have  now  (as  has  been  proved)  three  real  (quaternion)  roots  for  the  former, 
and /o«r  such  real  roots  for  the  latter. 

254.  The  folIowiDg  is  another  mode  of  presenting  the  geometri- 
cal reasonings  of  the  foregoing  Article,  without  expressly  intro- 
ducing the  notation  or  conception  of  amplUude,  The  equation 
0P=  1  of  253  being  written  as  follows, 

I. .  .  <r  =  x/>= -(/>-«),  or  II. .  .  T<r  =  Tx/>,  and  III. .  .  U4f=Ux/>, 

a 

we  may  thus  regard  the  vector  tf  as  a  knaum /unction  of  the  vector  />, 
or  the  point  s  as  bl  function  of  the  point  P;  in  the  sense  that,  while  o 
and  A  ATefxedy  p  and  s  vary  together :  although  it  may  (and  does)  hap- 
pen, that  s  may  return  to  a  former  position  without  p  haying  similarly 
returned*     Now  the  essential  property  of  the  oval  (253)  may  be  said 
to  be  this:  that  it  is  the  locu9  of  the  points  p  nearest  to  o,  for  which  the 
tensor  Txp  has  a  given  value,  say  b ;  namely  the  given  value  of  T<r,  or 
of  OS,  when  the  point  s,  like  o  and  a,  is  given.     If  then  we  conceive 
the  point  P  to  move,  as  before,  along  the  oval,  and  the  point  s  also  to 
move^  according  to  the  law  expressed  by  the  recent  formula  I.,  this 
latter  point  must  move  (by  II.)  on  the  circumference  of  a  given  circle 
(comp.  again  Fig.  56),  with  the  given  origin  0  for  centre  ;  and  the 
theorem  is,  that  in  so  moving^  8  will  passy  at  least  once,  through  every 
position  on  that  circk^  while  P  performs  one  circuit  of  the  oval.     And 
this  may  be  proved  by  observing  that  (by  III.)  the  angular  motion  of 
the  radius  oa  is  equal  to  the  sum  of  the  angular  motions  of  the  two  rays^ 
OP  and  m:?\  but  this  latter  sum  amounts  to  eight  right  angles  for  the 
case  of  Fig.  55-,  5m„  and  to  four  right  angles  for  the  case  of  Fig.  56 ; 
the  radius  08,  and  the  point  a,  must  therefore  have  revolved  twice  in 
the  first  case,  and  once  in  the  second  case,  which  proves  the  theorem 
in  question. 

(1.)  In  the  first  of  these  two  cases,  namely  when  a  is  an  interior  point,  each  of 
the  three  angular  velocities  is  positive  througfaoat,  and  the  mean  angpilar  velocity  of 
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tJke  radiuM  OB  ia  double  of  that  of  each  of  the  two  raif  op,  ap.  But  in  the  second  case, 
when  A  Is  exterior,  the  mtan  angular  velocity  of  the  ray  ap  is  xtro:  and  we  might 
for  a  moment  doubt,  whether  the  wmetimei  neffoHve  velocity  of  thai  ray  might  not, 
for  parts  of  the  circuit,  exceed  the  alwaye  poeitwe  velodty  of  the  ray  op,  and  so 
eame  tiie  radius  oa  to  move  hackwarde^  for  a  while.  This  oannofc  be,  howeTte;.tfor 
if  we  conceive  p  to  describe,  like  p',  a  drcait  of  the  other  (or  lighter)  onal^  in  Fig.  56, 
the  point  s  (if  still  dependent  on  it  by  the  law  I.)  would  agabi  traverse  the  whole  of 
the  same  drcnmferenoe  as  before ;  if  then  it  could  evet  fluctuate  in  its  motion,  it 
would  pass  more  thorn  twice  through  some  given  series  of  real  positions  on  that  circle, 
daring  the  soccessive  description  of  the  two  ovale  by  p ;  and  thus,  irithin  certain 
limiting  valnes  of  the  ooefllcients,  the  quadratic  equation  would  have  more  than  two 
real  roote :  a  result  which  has  been  proved  to  be  impossible. 

(2.)  While  B  thus  describes  a  circle  round  o,  we  may  conceive  the  e6m»eeted point 
B  to  describe  an  equal  etrde  round  A ;  and  in  the  case  at  least  of  Fig.  56,  it  is  easy 
to  piove  geometricalfy,  from  the  constant  equality  (258,  lY*}  of  the  rectangles  op*  AP 
and  OA.  ABi  that  these  twQ  exrelee  (with  jfu^  4nd  tV  aa  dkmetwe),  and  the  two  otmle 
(with  MS  and  icVas  axee)^  have  two  eommoH  tauffentaf  pantllcl  to  the  lineoAi 
whieh  oonnecta  what  we  may  eall  th^Aiw  gkiemfo^  {otflfeal  pahUe^fO.  and  A  s  the 
new  or  third  cirde,  which  is  described  on  this /oca/  tntewd/^oiA-asdiaaetery  passing 
ikromgh  the  four  points  of  contact  on  the  ovaUy  as  the  Figure  may  serve  to  exhibit 

.  (3.)  Topvove^tlie  same  things  bff  qmatendonM^  we  shall  find- it  convenae&t  to 
ehamge  the  origin  (18),  for  th^  sake  of  symm^iy,  to  theeenthil  poimi  o;  and  tboa 
to  denote  mew  cp  by  p,  and  CA  ,b^  a,  writing  also  CA  =  I'a  =  a,  and  representing  still 
the  nidii|8,of  each  of  the  tw^  equal  circles  by  h,  Y^q  shall  then  have,  as  the>iM/ 
eq[tuaion  of  the  system  of  the  tufo  ovalsj  the  following  : 

IV-  .  .  T(p  +  a).T0)-a)=2a*; 
or 

V.  ..T{9«-l)=2c,    if    9  =  ^'wd     c  =  -.  • 
..a  a 

Bat  because  we  have  ^enera//^  (by  199,  204,  &c.)  the  transformations, 

VI.  ..8.g«  =  2S9«-Tg«=Ta»  +  2y9»  =  2NS^-Nj  =  Ng-2NV^, 
the  square  of  the  equation  V.  may  (by  210,  (8.)  )  be  written  under  either  of  the  two 
following  forms : 

VIL  .  .  (Kg-l)»  +  42SrV4y  =  4c«;         VIII.  .  .  (K5+  i;«^4NS9=4c»; 
whereof  the  first  shows  that  the  maximum  value  of  TVq  is  e,  at  least  if  2c  <  1,  as 
happens  for  this  case  of  Fig.  56 ;  and  that  this  maximum  corresponds  to  the  value 
Tq  =1,  or  Tp  =  a :  results  which,  when  interpreted,  reproduce  those  of  the  preceding 
sub-article. 

(4.)  When  2c  >  1,  it  is  permitted  to  suppose  Sg  =  0,  NVg  =  Ng  =  2c  -  1 ;  and 
then  we  have  only  one  continuous  oval,  as  in  the  case  of  Fig.  5&,  bis;  but  if  c  <  1, 
though  >  I,  there  exists  a  certain  undulation  hi  the  form  of  the  curve  (not  represented 
in  that  Figore),  TVq  being  a  minimum  for  89=  0,  or  for  p -i- a,  but  becoming  (as 
before)  a  nuachnum  when  Tq  =  1,  and  vanishing  when  Sq^  =  2c  +  1,  namely  at  the 
two  summits  M,  N,  where  the  oval  meets  the  axis. 

(5.)  In  the  intermediate  case,  when  2c  =  1,  the  Catsinian  curve  IV.  becomes  (an 
is  known)  a  lemniscata;  of  which  the  quaternion  equation  may,  by  V.,  be  written 
(comp.  200,  (8.)  )  under  any  one  of  the  following  forms: 

2  N 
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IX.  ..T(9«-l)  =  l;    or    X.  .  .  Ng9=2S.g«  ;    or    XI.  . .  T9"  =2SU.  }«  ; 
or  finalljr, 

XII.  ..Tf)«  =  2Ta«coe2^?; 
a 

which  UBt,  when  written  as 

Xir. .  .  cp*  =  2ca".co8  2acp, 

agrees  evidently  with  known  resolta. 

(6.)  Ttiia  corresponds  to  the  case  when 

XIII.  ..(F=^,    and    XIV.  ..p  =  p' =+^,  in  268,  XII., 

that  quadratie  equaium  having  thns  its  roots  equnl;  and  in  general,  for  all  decrees, 
cases  of  equal  roots  answer  to  some  interesting  peeuliariiiet  of  form  of  the  oval*^  on 
which  we  cannot  here  delay. 

(7.)  It  may,  however,  be  remarked,  in  passing,  that  if  we  remove  the  rettrictiom 
that  the  vector  p,  or  op,  shall  be  in  a  given  plane  (225),  drawn  throngh  the  line 
which  connects  the  twofocif  o  and  a,  the  recent  equation  Y.  will  then  represent  the 
Murfaee  (or  mrfaeee^  generated  by  the  revolmtion  ot  the  oval  (or  ovals),  orlemniscatii, 
about  that  line  oa  as  an  axis. 


265.  If  we  look  back,  for  a  moment,  on  the  formula  oiaimilarity^ 
253,  III.,  we  shall  see  that  it  involves  not  merely  an  ^^uo/tVy  ofrect-^ 
angles^  253,  IV.,  but  also  an  equality  of  angles,  aop  and  pab;  so  that 
the  angle  oab  represents  (in  the  Figures  SS)  a  given  difference  of  the 
base  angles  aop,  pao  of  the  triangle  gap:  but  to  eonstrwA  a  triangle, 
by  means  of  such  a  given  difference,  combined  with  a  given  bassy  and 
a  given  rectangle  ofsides,  is  a  known  problem  of  elementary  geome- 
try. To  solve  it  briefly,  as  an  exercise,  by  quaternions^  let  the  given 
base  be  the  line  aa',  with  o  for  its  middle  point,  as  in  the  annexed 
Figure  57 ;  Itit  baa^  represent  the  given  diffe- 
rence of  base  angles,  paa'  -  aa'p  ;  and  let  ol .  ab 
be  equal  to  the  given  rectangle  of  sides,  ap  •  at. 
We  shall  then  have  the  similarity  and  equa« 
tion, 

p  +a      fi-  a 


I. .  .  aoa'p  apAB; 


II. 


whence  it  follows  by  the  simplest  calculations, 
that 

(P    .\  ..     P 


III. 


■(l)•=(^')(; 


1  +r 


or  that  p  is  a  mean  proportional  (227)  between  a  and  /3.  Draw, 
therefore,  a  line  op,  which  shall  be  in  length  a  geometric  mean  be- 
tween the  two  given  lines,  oa,  ob,  and  shall  also  bisect  their  angle 
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AOB;  its  extremity  will  be  the  required  vertex,  p,  of  the  sought  tri-* 
angle  aa'p:  a  result  of  the  quaUmion  analysis,  which  geometrical  syn- 
thuis*  easily  confirms. 

(1.)  TbeeqnatUm  III.  b  howerer  satisfied  also  (comp.  227}  by  the  oppotUevec- 

lor,  OP'=PO,  or  p'=s-p;  and  because  /3  =  (p :  a).p,  we  hare 

p  +  0     p      0      p'  »„,        f'b      op      OB      OP* 

p-\-a      a      p      a  PA      OA      op     oa' 

so  that  the /ow  following  triangles  are  similar  (the  twoftrtt  of  them  indeed  being 

V.  .  .  A  A'OP'  a  AOP  «  POB  aAP^B ; 

as  geometry  again  woald  confirm. 

(2.)  The  angles  ap'b,  bpa,  are  therefore  supplementary^  thdr  sum  being  equal  to 
the  snm  of  the  angles  in  the  triangle  oap  ;  whence  it  follows  that  the  four  potnte  a, 
p  B,  p'  are  coneireuiar  :f  or  in  other  words,  the  quadrUaUral  afbp'  is  hucriptibU 
in  a  eirele,  which  (we  may  add)  passes  through  the  centre  c  of  the  circle  oab  (see 
again  Fig.  57),  because  the  angle  aob  is  double  of  the  angle  ap'b,  by  what  has  been 
already  proved. 

(3.)  Quadratic  equations  in  quaternions  may  also  be  employed  in  the  solution 
of  many  other  geometrical  problems;  for  example,  to  decompose  a  given  vector  into 
two  others,  which  shall  have  a  given  geometrical  mean,  &c. 

Skction  6 On  the  ii*-n  Imaginary  (or  Symbolical)  Roots 

of  a  Quaternion  Equation  of  the  n^  Degree ^  with  Coeffi- 
cients of  the  hind  considered  in  the  foregoing  Section. 

256.  The  polynomial  function  FnQ  (245),  like  the  quaternions 
gy  q\y . .  ?»  on  which  it  depends,  may  always  be  reduced  to  the  form  of 
a  couple  (228) ;  and  thus  we  may  establish  the  transformation  (comp. 

239), 

I.  .  .  F^q=Fn{x+iy)  =  Xn'¥iY^=On(x,y)^iE,,(x,y), 

Xn  and  7„  or  G„  and  H^,  being  two  known,  real,  finite,  and  scalar 
functions  of  the  two  sought  scalars^  x  and  y\  which  functions,  rela- 

•  In  fact,  the  two  triangles  I.  are  simiUr,  ss  required,  because  their  angles  at  o 
and  p  are  equal,  and  the  sides  about  them  are  proportional 

t  Geometrically,  the  construcUon  gives  at  once  the  mmilarity, 
A  AOF  <x  POB,    whence    L  bpa  =  opa + pao = po a'  ; 
and  if  we  complete  the  parallelogram  apa'p',  the  new  similarity, 

A  oA'p  oc  op'b,    gives    I  ap'b  =  oa'p  +  a'po  =  aop  j 
thus  the  opposite  angles  bpa,  ap'b  are  supplementary,  and  the  quadrilateral  apbp' is 
inscriptible.      It  will  be  shown,  in  a  shortly  subswiuent  Section,  that  these  four 
points,  A,  P,  B,  P',  form  a  harmonic  group  upon  their  common  circle. 
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tively  to  them,  are  each  of  the  n'^.dimensioD,  bat  which  inTolve  also, 
though  odIj  in  the^r^  dimensioD,  the  2n  given  and  real  ecahrSf 
^u  yif  •  •  •  a^ni  yn-  And  since  the  one  quaternion  (or  eoupU)  equatiofiy 
^n^  =  Ot  is  eqaivalent  (by  228,  IV.)  to  the  eastern  of  the  two  scalar 
equation^;  ^ 

11.  ..X.  =  0,     r.  =  0,     or     III.  ...(?,(»,  y)*=0,    \tf.(a:,y)=0, 
we  see  (by  what  has  b^n  stated  in  244,  and  proved  in  252)  that 
such  a  eyetem^  of  two  equations  of  the  n^  dimension,  can  always  be 
satisfied  by  n  systems  (or  pairs)  of  real  scalars^  and  by  not  more  than 
n,  such  as  *  '  " 

IV...  a/,/;     a/',5^';..         xO,  y<-); 

although  it  may  happen  th&t  two  or  more  of  these  systems  shall  coin- 
cide with  (or  become  eqtuU  to)  each  other. 

(1.)  If  X  And  y  be  treated  m  eo-ordinfitei  (comp.  228i-  (8.)  ),  the  two  equationa 
11.  or  III.  repreaent  a  tytiem  of  two  eurvetf  in  the  given  plane ;  and  then  the  theo- 
rem  is,  that  these  two  curves  inUneet  each  other  (jfetterally*)  in  n  real  points,  and 
in  no  more :  altboogh  two  or  more  of  theae  n  points  may  happen  to  eoineide  with 
each  other. 

(2.)  Let  h  denote,  as  a  temporaiy  abridgment,  the  old  or  ordinary  imaginary , 

V  —  1,  of  algebra,  considered  as  an  uninterpreted  eymbol^  and  as  not  equal  to  emy 

real  vereor,  such  as  t  (comp.  181,  and  214,  (8.)  ),  but  as  following  the  rtdee  of  tea- 

/ori,  espeoiaUy  as  regards  the  eammmtative  property  of  nia](ip)ication{i26) ;  so  that 

y....A«  +  l=.0,    and    yf. ..  «-i4,    bat    VII.  . .  A  jio*c=±t. 

(8.)  Let  q  denote  still  a  real  quaternion,  or  real  couple,  x  +  iy-,  and  with  the 
meaning  just  now  proposed  of  A,  let  [g]  denote  the  connected  but  imaginary  alge- 
hraie  quantity,  or  bi-$ealar  (214,  (7.)),,sb  +  ^ ;  so  that  . 

VIIL  g  =  ap  +  ty,     but    IX.  .  .  [9]  =  x  + Ay ; 
and  let  any  hiquatemion  (214),  (8.),  or  (as  we  may  here  call  it)  bi-couplb,  of  the 
form  [9']  +  {[9"],  be  said  to  be  eomplanar  with  t;  with  the  old  notation  (123)  of 
Gomplanarity. 

(4.)  Then,  for  the  polynomial  equation  in  real  and  eomplanar  quatemwne, 
J^nq  =  0  (244,  246),  we  may  be  led  to  eubetitute  the  following  connected  algebraical 
equation,  of  the  tame  degree,  n,  and  involving  real  ecalare  wimilarly : 


*  Cases  of  equid  roott  may  cause  points  of  intersection,  which  are  generally  ima- 
ginary, to  become  real,  btit  coincident  with  each  other,  and  ^Ith  fbrmer  real  roots : 
for  instance  the  hyperbola,  a?'  -y«  =  a,  is  intersected  in  two  real  and  distinct  points, 
by  the  pair  of  right  lines  xy  =  0,  if  the  scalar  o  >  or  <  0 ;  but  for  the  case  a  =  0,  the 
two  pairs  of  lines,  a;'  —  y^  =  0  and  xy  =  0,  may  be  considered  to  havcy<iirr  coincident 
intersections  at  the  origin. 
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wliicb,  after  the  TCdactioDS  d^endlDg  on  the  sabstitotlon  V .  of  - 1  for  h\  reoeiTee 

the  form, 

XL..[F.,g]=-X;  +  *n  =  0; 

where  JCm  and  Tn  ■'o  tl>e  same  'real  and  scalar  fknetiame  as  in  I. 

(5.)  Bat  we  have  seen  in  II.,  that  these  two  real  Jkneticns  can  be  made  to  va- 
nish together^  \sj  seteedng  any  oke  of%  real  pairs  IV.  of  scalar  valuesj  x  and  y ;  the 
Gemered  Al^etraiM  Equation  X.,  of  the  n^  Degree,  has  therefore  n  Reed  or  Inuigi- 
emn^  Boats,*  -of  the  Formr-^fy/  —  1 ;  and  it  haa  no  more  than  n  each  roota. 

•(^>  Jgftwfauffaw  of  y,  between  the  two  eqnalioos  II.  or  III.,  conducts  generally 
to  an  algdmic  eqnatiott  in  s,  of  the  degree  n^ ;  which  equation  has  therefore  «*  alye^ 
irate  roots  (6.),  real  or  imaginary ;  namely,  by  what  has  been  lately  proved,  n  real 
and  ocaiar  roots,  aify . .  x(»),  with  real  and  statar  values  y, . .  jK**)  (comp.  IT.)  of  y 
to  eorreepond;  and  »(«-  1)  other  roots,  with  the  same  nunber  of  corresponding 
▼aloea  of  y,  which  may  be  thus  denoted, 

XIL  .  .  [aK»*», . .  [«<»'^]  ; .  XIII. .  .  |>f**i)], .  .  [>(»«^]  ; 
and  which  are  either  themselTes  imayinary  (or  hi-sealar,  214,  (7.)  ),  or  at  least  cor- 
reepondj  by  the  sopposed  elimination,  to  imayinary  or  H-sealar  values  of  y ;  since  if 
s<»»i}  and  y^^\  for  example,  ooold  6of  A  be  real,  the  quaternion  equation  Fnq  —  0 
would  then  hare  an  (« + l)8t  real  root,  of  the  form,  q^*^^)  =  a^*>^i)  +  ty<«^i),  oontnuy 
to  what  has  been  proved  (252). 

257-  On  the  whole,  then,  it  results  that  the  equation  F^q  =  0  in 
complanar  quaternions,  of  the  n^  degree,  with  real  coefficients, 
ivhile  it  admits  of  only  n  real  quaternion  rooU^ 

I.  ..^,  $'',.. g(">  (244,  &c.), 
is  symbolieaUy  satisfied  also  (comp.  214,  (3.))  by  nin-  1)  imaghiary 
quaiemum  roots,  or  by  »•  -  n  hi-qtiatemions  (214,  (8.)  ),  or  bi-couples 
(256,  (3.)  ),  which  may  be  thus  denoted, 

IL.,[^(-»],..[^'^)]; 
and  of  which  the  first,  for  example,  has  the  form, 

where  a?/"**\  «y/'**'^  y/^^\  and  y//***^  are/<n«r  real  scalars,  but  h  is 
the  imaginary  of  algebra  (256,  (2.)  ). 

(1.)  There  must,  for  instance,  be  n(a  -  1)  imaginary  n^  roots  of  unity,  in  the 
plane  oft  (comp.  266,  (3.)),  besides  the  n  rra/ raof«  already  determined  (283, 


*  This  celebrated  7%«orpm(/^^^«6ra  has  long  been  known,  and  has  been  proved 
in  other  ways ;  but  it  seemed  necessary,  or  at  least  useful,  for  the  purpose  of  the  pre- 
sent work,  to  prove  it  anew,  in  connexion  with  Quaternions :  or  rather  to  establish 
the  theorem  (244,  252),  to  which  in  the  present  Calculus  it  corresponds.  Compare 
the  Note  to  page  266. 
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237) ;  and  accordingly  in  the  case  «  =  2,  we  hare  the  four  following  iqttare-rooU 
of  I  I II  i,  two  real  and  two  imaginary  : 

IV.  ..+1,     -1;         +Ai,     -hi; 
for,  by  266,  (2.),  we  hare 

v...(±*o'  =  **«''=(-i)(-i)=+i- 

And  the  two  maginary  roott  of  the  quadratic  equation  F^q  =  0,  which  gemeraUy 
exist,  at  least  aa  tymhoU  (214,  (8.)  ),  may  be  obtained  by  mumpfying  the  Mqware-- 
root  in  the  formula  263,  XX.  by  At ;  so  that  in  the  particular  eo«e,  when  that  radi- 
cal vani$he$t  the^birr  roott  of  the  equation  become  r«a/ and  equal :  zero  having  thus 
o»/y  itself  for  a  square-root . 

(2.)  Again,  if  we  write  (oomp.  287,  (3.)  ), 

VI.  .  .  g=  1*1= ,  g«  =  m  = , 

so  that  1,  9,  9^  are  the  three  real  cube-roots  of  positive  unity^  in  the  giren  plane  ; 
and  if  we  write  also, 

80  that  0  and  ^  are  (as  usual)  the  two  ordinary  (or  algebraical)  imaginary  cube- 
roots  of  unity  ;  then  the  iitii«  cuhe-roots  ofl(\\\%)  are  the  following  : 
VIII.  ..1;     9,9';     0,  0«;     9q,9^q',     fi«g,  0«9«; 
whereof  the  first  is  a  real  eealar  ;  the  two  next  are  real  couples^  or  quaternions  \\\i\ 
the  two  following  are  imaginary  sctilarSf  or  biscalars;  and  the  four  that  remain  are 
imaginary  couplet^  or  bi-couples^  or  biquatemions. 

(8.)  The  sixteen  fourth  roots  of  unity  (|||  t)  are: 

IX.. .±1;     ±f;     ±A;    ±Af;     ±i{l±h)  {l±i); 
the  three  ambiguous  signs  in  the  last  expression  being  all  independent  of  each  other. 

(4.)  Imaginary  rootSy  of  this  sort,  are  sometimes  useful^  or  rather  necessary^  in 
calculations  respecting  ideal  inter$ectionSf*  and  ideal  contacts^  in  geometry:  although 
in  what  remains  of  the  present  Volume,  we  shall  have  little  or  no  occasion  to  employ 
them. 

(6.)  We  may,  however,  here  observe,  that  when  the  restriction  (226)  on  the 
plane  of  the  quaternion  q  is  removed,  the  General  Quaternion  Equation  of  the  n^ 
Degree  admits,  by  tlie  foregoing  principles,  no  fewer  than  n^  Roots^  real  or  imagi" 
nary:  because,  when  that  general  equation  is  reduced,  by  221,  to  the  Standard 
Quadrinomial  Form^ 

X. . .  F„9=  r»+ijr«+iK.+*2;=o, 

it  brealcs  up  (comp.  221,  VI.)  into  a  System  of  Four  Scalar  Equations^  each  (gene- 
rally) of  the  n*^  dimensionj  in  19,  x,  y,  z ;  namely, 

XI...rn=0,         -»r«=0,         n=0,         Z,  =  0; 
and  if  a;,  y,  t  be  eliminated  between  these  four,  the  result  is  (generally)  a  tealar  (or 
algebraical)  equation  of  the  degree  n*,  relatively  to  the  remaining  eonstituentf  w ; 


Comp.  Art.  214,  and  the  Notes  there  referred  to. 
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vhich  therefore  has  n*  (algebraical)  valuet,  real  or  imaginary :  and  similarly  for  the 
three  other  constituents,  z,  v,  z,  of  the  sought  quaternion  q* 

(6.)  It  may  even  happen,  when  no  plane  it  given^  that  the  number  ofroote  (or 
solutions)  of  A  finite*  equation  in  quaternions  shall  become  injinite;  as  has  been 
seen  to  be  the  case  for  the  equation  47*  s—  1  (149,  154),  even  when  we  confine  our- 
selvea  to  what  we  have  oonsidered  as  real  roots.  If  imaginary  roots  be  admitted, 
we  may  write,  etUl  more  generally,  besides  the  two  bitealar  values,  ±  A,  the  expres* 

aion^ 

XII.  ..(-l)i  =  r  +  At;',         6r=8ti'  =  S»»'  =  0,         Nr-No=l; 

V  and  t^  being  thns  any  two  real  and  right  quatemione,  in  rectangular  planet,  pro- 
vided that  the  norm  of  theirs/  exeeedt  that  of  the  teeond\ij  unity, 

(7.)  And  in  like  manner,  besides  the  two  real  and  tealar  valuet,  +  1,  we  have 
this  general  symbolical  expression  for  a  square  root  of  positive  unity,  with  merely 
the  difference  of  the  norma  reversed : 

XIII...  l»=p  +  Ai;',        S»  =  Se'  =  Stw'=0,        N©'-N»  =  l. 

Sbctioh  7- — On  the  Reciprocal  of  a  Vector^  ajid  on  Harmo- 
nic Means  of  Vectors;  with  Remarks  on  the  Anharmonic 
Quaternion  of  a  Group  of  Four  Points^  and  on  Conditions 
of  Concircularity, 

258.  When  two  vectors,  a  and  a\  are  80  related  that 
I.  .  .  a  =  -  Ua :  Ta,     and  therefore     II.  .  .  a  =  -  Ua  :  Ta, 
or  that 

lU.  ..Ta.To'=l,     and     IV.  .  .Ud  +  Ua'-O, 
we  shall  say  that  each  of  these  two  vectors  is  the  Reciprocal^ 
of  the  other ;  and  shall  (at  least  for  the  present)  denote  this 
relation  between  them,  by  writing 

V.  .  .  a'  =  Ra,     or     VI.  .  .  a  =  Ra'; 
eo  that  for  every  vector  a,  and  every  right  quotient  v, 

Vll.  . .  R«  =  -Ua;Ta;         VIIL  •  .  R»a-RRa«a; 
and 

IX.  .  .  RIr  =  IR»  (comp.  161,  (3.),  and  204,  XXXV'.). 

269.  One  of  the  most  important  properties  of  such  reci- 
procals is  contained  in  the  following  theorem : 

*  Compare  the  Note  to  page  265. 

t  Accordingly,  under  these  conditions,  we  shall  afterwards  denote  this  recipro- 
cal 0itk  vector  a  by  the  tymhol  a~^ ;  bot  we  postpone  the  use  of  this  notation,  until 
we  shall  be  prepared  to  connect  it  with  a  general  theory  of  products  and  power t  of 
veetort.  Compare  284,  V.,  and  the  Kote  to  page  121.  And  as  regards  the  tempo- 
rary nse  of  the  characteristic  R,  compare  the  second  Note  to  page  252. 
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If  any  two  vectors  oa,  ob,  have  oa',  ob'  for  their  redpro^ 
cab^  then  (comp.  Fjg.  68)  the  right  line  a'b' 
U  parallel  to  the  tangent  od,  at  the  origin  o, 
to  the  circle  oab  ;  and  the  two  triangles j 
gab,  ob'a',  are  inversely  similar  (118).  Or 
in  symbols, 

I.  .  .  if  oa'«R.oa,     and     ob'«E.ob, 
then 

A  OAB  <x!  OB'a'.  .    Fig.  68. 

(1.)  Of  coane,  under  the  same  conditioiiA,  the  taogent  at  o  to  (he  cirde  oa'b'  is 
parallel  to  the  line  ab. 

(2.)  The  angles  bao  and  ob'a'  or  bod  being  eqna),  the  fourth  proportional  (226) 
to  AB,  AO,  and  ob,  or  to  ba,  oa,  and  ob,  has  the  direction  of  od,  or  the  direeHon  op-; 
po§it€  to  that  of  a'b'  ;  and  its  length  is  easily  proved  to  be  the  reciprocal  (or  inverse) 
of  the  length  of  the  same  line  a'b',  because  the  similar  triangles  give, 

11. .  .  (oa  :  ba) .  OB  =  (ob'  :  a'b'). ob  ss  l :  a'b', 

it  being  remembered  that 

III.  . .  oa.oa'ssob.ob'sI; 
we  may  therefore  write^ 

IV. .  .  (oa : ba).ob  =  R.aV,    or    V.  . .  -f!--/3  =  R(R/3 - Ro), 

whatever  two  veetore  a  and  p  may  be. 

(8.)  Changing  a  and  fi  to  their  reciprocals,  the  last  formula  becomes, 

YI.  ..R(^-a)  =  ^-5±--.R^.    or    VII. . .  (oa':  b'a').ob'  =  R.ab. 

(4.)  The  inverse  similarity  I.  gives  also,  generally,  the  relation, 

p     Ra 

VIII.  .  .  K  —  s:  — -r. 

a      Rfi 

(6.)  Since,  then,  by  195,  II.,  or  207,  (2.), 

rrP  ,  ^      irP±^  u  ▼        Ra  f  R^  Ra 

IX. . .  K-±  1  =  K^-^=^ ,    we  have    X. ,  -  "^  - 


a-^  a    '  R/3  R03±a)' 

the  lower  signs  agreeing  with  VI. 

(6.)  In  general,  the  reciprocaU  of  oppotite  vectors  are  themselves  opposite  ;  or 

in  symbols, 

XI.  ..R(-a)  =  -Ra. 
(7.)  More  generally, 

XII.  ..Rcfl  =  aj-»Ra, 
if  «  be  any  scalar. 

(8.)  Taking  lower  signs  in  X.,  changing  a  to  y,  dividing,  and  taking  conjngstes, 
we  find  for  any  three  vectort  a,  /3,  y  (eomplanar  or  diplanar)  the  formula  : 

^^^^"         Ka-Rfi'     \R(J3-yy       Ra        j  "/3-a'  -  y  "ab^oo' 
if  a  =  oa,  /3  =  OB,  and  y  =  on,  as  usual. 
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(9.)  Uibea^€xtnd,tO€m^fomrpomtM0f$pmeetihbn0i9iiom{2b% 

^^^  ^  .       AB    CD 

XIV. .  .  (abcd)  =  — .  — , 

^  ^      BC    DA 

iaUfpntiaff  each  of  tbme  two  faet4fr'q9UftiemiM  as  a  quaiermony  and  defSmh^  that 
ibarprodmet  (in  tku  order)  is  the  ankamumie  qmUemion  fitnetiomj  or  simply  tk« 
Ankermomiej  of  the  Gnmp  offomrpomts  A,  b,o,  D,  or  of  the(ptoieor^a«cAc)  Qua- 
inUaend  MBcn^  we  shall  have  tiie  fttDowing  genend  and  ^odaXfrnKela  oftroMgfitr^ 


where  OA',  oBf ,  ob^  are  sapposed  to  be  reciprocals  of  OA,  ob,  oc. 

(10.)  "With  this  notation  XIY.,  we  hare  pemeraUgt  and  not  msnlyfor  ooiUnear 
^^Mp*  (86),  the  xeUtions : 

XVL  .  .  (abcd)  +  (acbd)  =  1 ;        XVII. .  .  (abcd).  (adcb)  =  1. 

(11.)  Let  o,  A,  B,  o,  D  be  any  five  poinU^  and  oa',  . .  od'  the  reciprocals  of  oa,  . . 
OB;  we  shall  then  haTe,  by  XV., 

XVHL  .  .  ?^ =K  (ocba),      ^=  K(0ADC) ; 

B  C  ^  '  DA  ^  ^ 

and  therefore, 

XIX.  . .  E  (aVc'd')  a=  (oADo)  (ocba)  =  -  (oadcba), 
if  we  agree  to  write  generally,  for  am^  its  pomis^  the  formula,* 
^^         ^  .      AB   CD   BF 

XX. . .  (abcdkp)  =  — .  —  .  — . 

^  BC    DB    FA 

(12.)  If  then  the  fire  points  o  . .  d  be  eomphmar  (226),  we  have,  by  226,  and 
by  XIV., 

XXL  .  .  K(a'b'c'd')  =  (abod),    or    XXI'. . .  (a^bVp*)  =  K  (abcd)  ; 
the  anharmomic  qvatemion  (abcd)  being  thus  changed  to  its  cot^ugaUy  when  the 
fo»  rojfe  OA, . .  OD  are  changed  to  thdr  redproeaU. 

260.  Another  very  important  consequence  from  the  defi* 
nition  (258)  of  reciprocals  of  vectors,  or  from  the  recent  theo- 
rem (259)9  ^^7  he  expressed  as  follows : 

If  any  three  coinitial  vectors^  oa,  ob,  oc,  be  chords  of  one 
common  circle^  then  (see  again  Fig.  58)  their  three  coinitial  re- 

*  There  u  a  convenience  in  calling,  generally,  MtoAprodu^  of  three  quotients, 
(abodsf),  the  etotudonwry  quatemion,  or  simply  the  Evolutionary ,  of  the  Group 
of  Six  Pomte,  A. .  f,  or  (If  they  be  not  collmear)  of  the  plane  or  gauche  Hexagon 
abcdkf:  becanse  the  equation, 

(abcaVc')=s-  1, 
expresses  either  Ist,  that  the  three  pairt  ofpoint»j  aa',  bb',  cc',  fonn  a  eollinear  in- 
volmtion  (26)  of  a  well-known  kind ;  or  Ilnd,  that  those  threepatrt,  or  the  three  cor- 
retpoodiBg  diagonaU  of  the  hexagon,  compose  a  eomplanar  or  a  homotpherie  Intolu- 
fioM,  of  a  new  kind  Muggetted  by  quatemione  (comp.  261,  (11.)). 

20 
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ciprocalsf  oa',  ob',  oc',  are  terminO'CoUinear  (24) :  or,  in  other 
words,  \£\!tLQ  four  points  o,  a,  b,  c  be  concircular^  then  the  three 
points  a',  b',  c'  are  situated  on  one  right  line. 

And  conversely,  if  three  coinitidl  vectors^  oa',  ob',  oc',  thus 
terminate  on  one  right  line^  then  their  three  coinitial  recipro- 
calSi  OA,  OB,  oc,  are  chords  of  one  circle;  the  ton^^n/ to  which 
circle,  at  the  origin,  is  parallel  to  the  right  line;  while  the 
anhartnonic  function  (269,  (9.)  ),  of  the  inscr^d  quadrilateral 
OABC,  reduces  itself  to  a  scalar  quotient  of  segments  of  that  line 
(which  therefore  is  its  own  conjugate,  by  139) :  namely, 

I.  .  .  (OABC)  =  b'c'  :  b'a'  =  (OO  a'b'c')  e  (O.OABC), 

if  the  symbol  oo  be  used  here  to  denote  the  point  at  infinity  on 
the  right  line  a'b'c'  ;  and  if,  in  thus  employing  the  notation 
(35)  for  the  anhartnonic  ofaplanepencilf  we  consider  the  null 
chord f  00,  as  haying  the  direction*  of  the  tangent^  on. 

(1.)  If  p  =  OP  be  the  variable  vector  of  a  point  p  upon  the  circle  oab,  the  qua^ 
temum  eptation  of  that  circle  maj  be  thuB  written : 

II.  .  .  Bp  =  R/3  +  «(Ra  -  R^),     where    III. .  .  »  =  (oabp)  ; 
the  coefficient  x  being  thus  a  variable  aealar  (comp.  99,  I.),  which  depends  on  the 
variable  poeition  of  the  point  p  on  the  circumference. 

(2.)  Or  we  may  write, 

^  t+u      ' 

as  another  form  of  the  equation  of  the  same  circle  oab  ;  with  which  may  usefully  be 
contrasted  the  earlier  form  (comp.  25),  of  the  equation  of  the  line  ab, 

(S.)  Or,  dividing  the  second  member  of  IV.  by  the  first,  and  taking  conjugates, 
we  have  for  the  cirde, 

VI...fe+!^«,  +  „.    while    VII...*^i!!^  =  *  +  «, 

for  the  right  line. 

(4.)  Or  we  may  write,  by  II., 

this  latter  symbol,  by  204,  (18.),  denoting  any  tcalar. 


*  Compare  the  remarks  in  the  second  Note  to  page  189,  respecting  the  possible 
determinateness  of  signification  of  the  symbol  UO,  when  the  zero  denotes  a  line^ 
which  vaniihet  according  to  a  law. 
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(5.)  Or  stOI  more  brleflj, 

IX...  V(OABP)=:0;    or    IX'. . .  (oabp)  =  V-»  0. 

(&)  If  the/bur  pointa  o,  A,  b,  o  be  still  eoneireulttr,  ftod  if  r  be  any  fifth  point 
t»  their  plane,  while  POi, . .  roi  are  the  redprocala  of  po, . .  PO,  then  by  259,  XXI., 
we  haye  the  relattoD, 

X.  ,  ,  (OiAiBiOi)  «  K(OABO)  =  (OABO)  c=  V-»0 ; 

the^«r  new  pointe  Oi . .  Gi  are  therefore  generaUy  eoneireular, 

(7.)  I^  however,  the  point  p  be  again  placed  on  the  circle  oabc,  thoee  four  new 
points  are  (by  the  present  Article)  coUinear;  being  the  intersectiona  of  the  pencil 
p. OABO  with  tLparailel  to  the  tangent  at  P.  In  this  case,  therefore,  we  have  the 
eqvatioD, 

XI.  .  .  (p.  oabc)  =  (OlAiBiOi)  =  (OABO)  J 

so  that  the  constant  anharmonie  of  the  peneU  (85)  is  thns  seen  to  be  equal  to  what 
we  have  defined  (259,  (9.)  )  to  be  the  anharmonie  of  the  grottp, 

(8.)  And  because  the  anharmonie  of  a  circular  group  is  a  ecalar^  it  is  ecjnal  (by 
187,  (8.)  )  to  its  own  tensor,  either  positively  or  negatively  taken :  we  may  therefore 
write,  for  any  inscribed  quadrilateral  oabc,  the  formula, 

XII. . .  (oabc) =hFT (oabc)  =  T(oa.bc):(ab.co), 
s=  +  a  quotient  of  rectangles  of  opposite  sides  ;  the  upper  or  the  lower  sign  being 
tmken,  according  as  the  point  b'  falls,  or  does  not  fall,  between  the  points  a'  and  o' : 
that  is,  according  as  the  quadrilateral  oabc  is  an  uncroseed  or  a  crosted  one. 

1^(9.)  Hence  it  is  easy  to  infer  that^  any  circular  group  o.  A,  B,  o,  we  have  the 
equation, 

AB      -^       CB 

the  upper  sign  b«ng  taken  when  the  succession  oabc  is  a  direct  one,  that  is,  when 
the  quadrilateral  oabo  is  uncrossed;  and  the  lower  sign,  in  the  contrary  case, 
namely,  when  the  succession  is  (what  may  be  called)  indirect,  or  when  the  quadri- 
lateral is  crossed:  while  conversely  this  equation  XIII.  is  sufficient  to  prove,  when- 
ever it  occurs,  that  the  anharmonie  (oabc)  is  a  negative  or  a  positive  scalar,  and 
therefore  by  (5.)  that  the  group  is  circular  (if  not  linear),  as  above. 

(10.)  If  A,  b,  c,  d,  b  be  any  ^re  homospheric  points  (or  points  upon  the  surface 
of  one  sphere},  and  if  o  be  any  sixth  point  ofapaee^  while  oa',  . .  ob'  are  the  reciprocals 
of  OA, . .  OE,  then  thence  new  points  a'.  .  e'  are  generally  homospheric  (with  each 
other) ;  but  if  o  happens  to  be  on  <Ae  sphere  abcde,  then  a'  . .  b'  are  complanar, 
their  common  plane  being />ara/W  to  the  tangent  plane  to  the  given  sphere  at  o : 
with  resulting  anharmonie  relations,  on  which  we  cannot  here  delay. 

261.  An  interesting  case  of  the  foregoing  theory  is  that 
when  the  generally  scalar  anharmonie  of  a  circular  group  be- 
comes equal  to  negative  unity :  in  which  case  (comp.  26),  the 
group  is  said  to  be  harmonic.  A  few  remarks  upon  such  cir- 
adar  and  harmonic  groups  may  here  be  briefly  made :  the  stu- 
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dent  being  left  to  fill  up  hints  for  himself,  as  what  must  be 
now  to  him  an  easy  exercise  of  calculation. 

(1.)  For  such  A  group  (comp.  again  Fig.  58),  ve  have  thns  the  equation, 
I. . .  (oABc)  =s  -  1 ;     and  therefore    II. .  .  a'b' = b'c'  ; 
or  III.  ..R/3  =  i(R«  +  %)5 

and  under  thiB  condition,  we  shall  say  (comp.  216,  (5.)  that  the  Vector  /3  is  the  Bar- 
momie  Mean  between  the  two  rectors,  a  and  y. 

(2.)  Dividing,  and  taking  conjugates  (oomp.  260,  (3.),  and  216,  (5.)),  we  thus 
obtain  the  equation, 

Y 


IV.  ..^  +  C:=2;     or    V.  .  .  ^3=--- y  =  --^ 
-       "  "^   gy  +  a        y  +  « 


VI..  .i3  =  ^y  =  Ia,     if    VII...€  =  J(y  +  a); 

i  thus  denoting  here  the  rector  oe  (Fig.  58)  of  the  middle  point  of  the  chord  ao. 
We  may  then  say  that  the  harmonic  mean  between  any  two  lines  is  (as  In  algebxm) 
the^air^A  proportional  to  their  semistnn,  and  to  themeelvet, 

(8.)  Geometrically,  we  hare  thus  the  similar  triangles, 

VIII. .  .  A  AOB  a  BOC ;         VIII'. .  .  A  aoB  a  boo  ; 
whence,  either  because  the  angles  oba  and  ooa,  or  because  the  angles  oac  and  obc 
are  equal,  we  may  infer  (comp.  260,  (5.)  )  that,  when  the  eqiuition  I.  is  satisfied, 
the  four  points  o,  a,  b,  c,  if  not  eollinear,  are  eoneircular. 

(4.)  We  have  also  the  similarities, 

IX. . .  A  obc  a  gbb,    and    IX'. .  .  A  oba  oc  abb  ; 


or 

the  equations, 
X. 

p-t       y-i 
y-f        -« 

,    and 

X'. 

a  — I 

in 

fact  we  have,  by 

VI.  and  VII., 

XI.. .5+1= 

e      f 

=  2;        XII... 

^( 

=  1- 

a  f 

■r)= 

(5.)  Hence  the  line  eg,  in  Fig.  58,  is  the  mean  proportional  (227)  between  the 
lines  bo  and  eb  ;  or  in  words,  the  eemitum  (ob),  the  temidifferenee  (bc),  and  the 
ezeeu  (be)  of  the  semittim  over  the  harmonic  mean  (ob),  form  (as  in  algebra)  a 
continued  proportion  (227). 

(6.)  Conversely,  if  any  three  coinitial  vectors,  bo,  eg,  eb,  form  thus  a  continued 
proportion,  and  if  we  take  ea  =  cb,  then  the  four  points  oabg  will  compose  a  circu- 
lar and  harmonic  group ;  for  example,  the  points  apbp'  of  Fig.  57  are  arranged  so 
as  to  form  such  a  group.* 

(7.)  It  is  easy  to  prove  that,  for  the  imeribed  quadrilateral  oabg  of  Fig.  58, 
the  rectangle*  under  oppoeite  aides  are  each  equal  to  half  of  the  rectangle  under  the 

*  Compare  the  Note  to  255,  (2.).  In  that  sub-article,  the  text  should  have  run 
thus :  of  which  (we  may  add)  the  centre  c  is  on  the  circle  oab,  &c.  In  Fig.  58,  the 
centre  of  the  circle  oabg  is  eoneircular  with  the  three  points  o,  e,  b. 
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^SagandUs  frhich  geometrical  raUtion  answers  to  either  of  the  two  anharmonic 
equatioiis  (oomp.  259,  (10.))  : 

Xni.  .  .  (0BA0)=+  2;         Xlir.  .  .  (ocab)  =  +  f 

(8.)  Hence,  or  in  other  ways,  it  may  be  inferred  that  these  diagonals,  ob,  ac,  a^e 
cot^mgate  chordt  of  the  drde  to  which  they  belong :  in  the  sense  that  each  passes 
thromffh  the  pole  of  the  other^  and  that  thus  the  line  db  is  the  eecond  tangent  from 
tlie  point  D,  in  which  the  chord  ao  prolonged  intersects  the  tangent  at  o. 

(9.)  Under  the  same  conditions,  it  is  easy  to  prove,  dtber  by  quaternions  or  by 
geometry,  that  we  have  the  harmonic  equations : 

Xrv. . .  (abgo)  =  (bcoa)  =  (coab)  =  -  1  i 
so  that  AO  is  the  harmonic  mean  between  ab  and  ao  ;  bo  is  such  a  mean  between 
BC  and  BA ;  and  ca  between  co  and  ob. 

(10.)  In  any  sach  gronp,  any  two  oppotite  points  (or  opposite  comers  of  the  qua- 
drilateral), as  for  example  o  and  b,  may  be  said  to  be  harmonically  eot^juyate  to  each 
otlier,  teith  reject  to  the  two  other  points j  A  and  c ;  and  we  see  that  when  these  two 
points  A  and  o  are  given,  then  to  every  third  point  o  (whether  in  a  given  plane,  or 
in  space)  there  always  corresponds  a  fourth  point  b,  which  is  in  this  sense  conju- 
gate to  that  third  point :  this  fourth  point  being  always  complanar  with  the  three 
pcnnts  A,  0,  o,  and  bemg  even  oondrcular  with  them,  unless  they  happen  to  be  eoUi- 
near  with  each  other ;  in  which  extreme  (or  limiting')  c(ue,  ih^  fourth  point  b  is  stUl 
determined,  but  is  now  collinear  with  the  others  (as  in  26,  &c). 

(11.)  When,  after  thus  selecting  two*  points,  a  and  c,  or  treating  them  as  given 
%xe  fixed,  we  determine  (10.)  the  harmonic  conjugates  b,  b',  b",  with  respect  to  them, 
of  any  three  aseumed  points,  O,  o',  o",  then  the  three  pairs  of  points,  o,  b  ;  o',  b'  ; 
o",  b",  may  be  said  to  form  an  Iwoolution,\  either  on  the  right  line  ao,  (in  which 
case  it  will  only  be  one  of  an  already  well-known  kind),  or  in  a  plane  through  that 
line,  or  even  generally  tn  space :  and  the  two  points  A,  c  may  in  all  these  cases  be 
said  to  be  the  two  Bauble  Points  (or  Poet)  of  this  Involution.  Bat  the  field  thus 
opened,  for  geometrical  investigation  by  Quaternions,  is  far  too  extensive  to  be  more 
than  mentioned  here. 

(12.)  We  shall  therefore  only  at  present  add,  that  the  conception  of  the  Aarmonte 
mean  between  two  vectors  may  easily  be  extended  to  any  number  of  such,  and  need 
not  be  limited  to  the  plctne :  since  we  may  define  that  tj  is  the  harmonic  mean  of  the 
n  arbitrary  vectors  ai, . .  €in^  when  it  satisfies  the  equation, 

XV.  ..Rj|  =  -(Rai  +  ..  +  Ran);     or    Xyi.  .  .nBt^^SHa. 

(13.)  finally,  as  regards  the  notation  Ra,  and  the  definition  (258)  of  the  recipro- 
cal of  a  vector,  it  may  be  obeerved  that  if  we  had  chosen  to  define  reciprocal  vectors  as 
having  similar  (instead  of  opposite')  direetions,  we  should  indeed  have  had  the  posi- 
tive sign  in  the  equation  258,  VII. ;  but  should  have  been  obliged  to  write,  instead  of 
258,  IX.,  the  much  less  simple  formula, 

RI»=-  IR». 


*  There  is  a  sense  in  which  the  geometrical  process  here  spoken  of  can  be  applied, 
even  when  the  two  fixed  points,  or  foci,  are  imaginary.  Compare  the  Geometric 
Superieure  of  M.  Cbaslee,  page  136. 

t  Compare  the  Note  to  259,  (11.). 
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CHAPTER  in. 

ON    DIPLANAR    QUATERNIONS,   OR  QUOTIENTS  OF   VECTORS   IN 
SPACE  :   AND  ESPECIALLY  ON  THE  ASSOCIATIVE  PRINCI- 
PLE OF  MULTIPLICATION  OF  SUCH  QUATERNIONS. 


Section  1. — On  some  Enunciations  of  the  Associative  Pro- 
perty ^  or  Principle,  of  Multiplication  of  Diplanar  Quater- 
nions. 

262.  In  the  preceding  Chapter  we  have  confined  ourselves 
almost  entirely,  as  had  been  proposed  (224,  225),  to  the  con- 
sideration of  quaternions  in  a  ffiven  plane  (that  of  i)  ;  alluding 
only,  in  some  instances,  to  possible  extensions*  of  results  so 
obtained.  But  we  must  now  return  to  consider,  as  in  the 
First  Chapter  of  this  Second  Book,  the  subject  of  General 
Quotients  of  Vectors :  and  especially  their  Associative  Multi^ 
plication  (223),  which  has  hitherto  been  only  proved  in  con- 
nexion with  the  Distributive  Principle  (212),  and  with  the 
Laws  of  the  Symbols  iyj^  k  (183).  And  first  we  shall  give  a 
iow  geometrical  enunciations  of  that  associative  principle,  which 
shall  be  independent  of  the  distributive  one,  and  in  which  it 
will  be  suflScient  to  consider  (corap.  191)  the  multiplication  of 
versors;  because  the  multiplication  of  ^^Ti^^^r^  is  evidently  an 
associative  operation,  as  corresponding  simply  to  arithmetical 
multiplication,  or  to  the  composition  of  ratios  in  geometry .f 
We  shall  therefore  suppose,  throughout  the  present  Chapter, 
that  y,  r,  s  are  some  three  given  but  arbitrary  versors^  in  three 
given  and  distinct  planes ;%  and  our  object  will  be  to  throw 

•  As  in  227,  (8.);  242,  (7.);  264,  (7.);  267,  (6.)  and  (7.)  5  269,  (8.).  (9.), 
(10.),  (11.)?  260,  (10.);  and  2G1,  (11.)  and  (12.). 

f  Or,  mora  generally,  for  any  three  pairs  of  magnllndes,  each  pair  separately 
being  homogoneons. 

X  If  the  factors  9,  r,  »  were  complanar^  we  could  always  (by  120)  put  them 
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some  additional  light,  by  new  enanciations  in  this  Section, 
and  by  new  demonstrations  in  the  next,  on  the  very  impor- 
tant, although  very  simple.  Associative  Fortmda  (223,  II.)) 
which  may  be  written  thus : 

I.  .  .  sr,q=»s.rq; 
or  thus,  more  fully, 

11.  ..y'y  =  ^,    if    q'^sTy     s'  =  rq^     and     t^sJ; 
g'y  s\  and  t  being  here  three  new  and  derived  versors^  in  three 
new  and  derived  planes, 

263.  Already  we  may  see  that  this  Associative  Theorem 
of  MuUiflication^  in  all  its  forms,  has  an  essential  reference  to 
a  System  of  Six  Planes^  namely  the  planes  of  these  six  ver* 
sors^ 

IV.  .  .  g,  r,  *,  ry,  w,  srq^  or  IV'.  .  .  j,  r,  ^,  /,  j',  t\ 
on  the  judicious  selection  and  arrangement  of  which,  the  clear- 
ness and  elegance  of  every  geometrical  statement  or  proof  of 
the  theorem  must  very  much  depend :  while  the  versor  cha- 
racter of  the  factors  (in  the  only  part  of  the  theorem  for  which 
proof  is  required)  suggests  a  reference  to  a  Sphere^  namely  to 
what  we  have  called  the  unit-sphere  (128).  And  the  three 
following  arrangements  of  the  six  planes  appear  to  be  the  most 
natural  and  simple  that  can  be  considered :  namely,  1st,  the 
arrangement  in  which  the  planes  all  pass  throuffh  the  centre  of 
the  sphere ;  Ilnd,  that  in  which  they  all  touch  its  surface ; 
and  nird,  that  in  which  they  are  the  six  faces  of  an  inscribed 
solid.  We  proceed  to  consider  successively  these  three  ar- 
rangements. 

264.  When  the^r^  arrangement  (263)  is  adopted,  it  is  natural 
to  employ  arcs  of  great  circles^  as  representatives  of  the  versors,  on  the 


under  the  forms, 

a-P  ,-f  .-'. 

«=j     '=^'     '-;' 

and  tben  should  hare  (comp.  188,  (1.)  )  the  fvo  eqval  ternary  produda, 

S  Q     S      9y 

pa      a      y  a 
so  that  m  thi§  case  (comp.  224)  the  assodatiye  property  would  be  proved  without  any 
difBculty. 
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plan  of  Art  162.  Representing  thus  the  factor  q  by  the  arc  ab, 
and  r  by  the  successive  arc  bc»  we  represent  (167)  their  product  rq^ 
or  s^y  by  AC;  or  by  any  equal  arc  (165),  such  as  db,  in  Fig.  59,  may 
be  supposed  to  be.  Again,  representing  s  by  bf,  we  shall  have  df 
as  the  representative  of  the  <6mary  "  *y     /-* 

product  8,rq,  or  ss',  or  ty  taken  in 
one  order  of  aseoeuxtion.  To  repre- 
sent the  other  ternary  product, 
^.  ^,  or  q'q^  we  may  first  determine 
three  new  points,  o,  h,  i,  by  arcual 
equations  (165),  between  oh,  bc,  Big.  69. 

and  between  hi,  bf,  so  that  bc,  ef 

intersect  in  h,  as  the  arcs  representing  a'  and  s  had  intersected  in  e; 
and  then,  after  thus  finding  an  arc  oi  which  represents  sr^  or  q',  may 
determine  three  other  points,  k,  l,  m,  by  equations  between  kl,  ab, 
and  between  lm,  gi,  so  that  these  two  new  arcs,  kl,  lm,  represent  q 
and  q*y  and  that  ab,  oi  intersect  in  l  ;  for  in  this  way  we  shall  have 
an  arc,  namely  km,  which  represents  q'q  as  required.  And  the  theo- 
rem then  is,  that  this  laat  arc  km  is  equcU  to  the  former  arc  df,  in  the 
fuU  sense  of  Art.  165;  or  that  when  (as  under  the  foregoing  condi- 
tions of  construction)  the  Jive  arcual  equations^ 

I. ..  rtAB  =  '^KL,    oBC  =  '^GH,    '^EF=r»HI,    '^AC^ODE,    oGI  =  '*LM, 

exists  then  this  sixth  equation  of  the  same  kind  is  satisfied  also^ 

11.  .  .    ^DF^r^EMl 

the  two  points^  k  and  u,  being  both  on  the  same  great  circle  as  the  two 
previously  determined  points,  d  and  f  ;  or  n  and  m  being  on  the 
great  circle  through  f  and  k:  and  the  two  arcs^  df  and  km,  of  that 
great  circle,  or  the  two  dotted  arcs,  dk,  fm  in  the  Figure,  being 
equally  hng^  and  similarly  directed  (165). 

(1.)  Or,  after  determining  the  nine  points  a  . .  i  so  as  to  satisfy  the  three  middle 
equations  I.,  we  might  determine  the  three  other  points,  k,  L,  m,  without  any  other 
arcual  equations,  as  intersections  of  the  three  pairs  of  arcs  ab,  df  ;  ab,  oi  ;  i>f,  oi  ; 
and  then  the  theorem  would  be,  that  (if  these  three  last  points  be  suitably  dittia- 
gnished  from  their  own  opposites  upon  the  sphere)  the  two  extreme  equations  I.,  and 
the  equation  II.,  are  satisfied. 

(2.)  The  same  geometrical  theorem  may  also  be  thus  enunciated :  Ifthefrst^ 
third,  and  fifth  sides  (kl,  oh,  ed)  of  a  spherical  hexagon  klohed  he  respectioely 
and  areually  equal  (165)  to  the  first,  second,  and  third  sides  (ab,  bo,  oa)  of  a.  sphe- 
rical  triangle  ABC,  then  the  second,  fourth,  and  sixth  sides  (LO,  HB,  dk)  of  the  same 
hexagon  are  equal  to  the  three  successive  sides  (mi,  IP,  fm)  of  another  spherical  tri- 
angUt  mif. 
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(a.)  It  may  alao  be  said,  that  ifJiM  ameeeuJve  ridn  (kL)  . .  kd)  of « 
hexagem  be  teBpecdTelj  and  arcoally  eyiutl  to  the/ve  nweetmw  diopoaalii  (ab,  m, 
Bc,  iF|  ca)  of  another  ntch  hexagon  (ambicf),  tbea  the  tixtk  dde  (dk)  of  ihajb-ai 
Vk  equal  to  the  $ixtk  diagonal  (fm)  of  the  §eeond, 

(i.)  Or,  if  we  adopt  the  conceptioa  mentioned  in  180,  (3.),  of  an  arcual  nan,  and 
denote  such  a  ram  by  inaerting  +  between  the  symbols  of  the  two  sammanda,  that  of 
the  added  are  being  written  to  the  I^Aaatf,  we  may  state  the  tbeorem,  in  oonaaxioB 
with  the  recent  Fig.  59,  by  the  fbnonla : 

IIL  .  .    "DF  +  ''BA=nBF+oBO,      if      nDAsnOO; 

when  B  and  F  may  denote  oiqf  twopointt  npon  the  sphere. 

(5.)  We  may  also  express*  the  same  piindpk^  althoogh  somewhat  less  simply 
as  foUows  (see  again  Ftg.  69,  and  compare  soh-art  (2.)  ) : 

17. .  .if  nsD-(-'«OR-»-««KLsO^    then     odk-|-'«ieb  +  '«i4»»0. 

(€.)  ^  for  a  moment,  we  agree  to  write  (ooa|».  Art  1), 

V,  .  ,    '*AB=B-A, 

we  may  tiwn  express  the  recent  statement  lY.  a  little  more  loddly  thus : 

VI.  ..lfD-«  +  rt-o  +  L-K  =  0,    then    k-d  +  e-h  +  o-l  =  0. 

(7  )  Or  stiU  more  rimply,  if  '^j  »',  '^']|  be  supposed  to  denote  an^f  three  dipla- 
nor  aree^  which  are  to  be  added  according  to  the  rute  (180,  (8.)  )  abore  referred  to, 
the  theorem  may  be  said  to  be,  that 

VII. .  .  (o''+«')  +  -  =  «''+("'+'^); 
or  in  words,  that  Addition  ofAree  on  a  Sphere  it  an  Attoeiative  Operation. 

(8.)  Converedy,  if  any  independent  demonstration  be  given,  of  the  tmth  of  any 
one  of  the  foregirfng  statements,  considered  as  expressing  a  theorem  of  spherical  geo- 
metrg.f  a  new  proof  will  thereby  be  fumiabed,  of  the  associative  property  of  mic/^« 
plication  of  qnatemione. 

265.  In  the  second  arrangement  (263)  of  the  stxpkmeaj  instead 
of  representing  the  three  given  yersors,  and  their  partial  or  total 
products,  by  txrea,  it  is  natural  to  represent  them  (174,  II.)  by  an- 
ffies  on  the  sphere.  Conceiye  then  that  the  two  yersors,  q  and  r, 
are  represented,  in  Fig.  60,  by  the  two  spherical  angles,  bab  and 
ABE;  and  therefore  (175)  that  their  product,  rq  or  y,  is  represented 
by  the  external  vertical  angle  at  b,  of  the  triangle  abe.     Let  the 

*  Some  of  these  formnlsB  and  figures,  in  connexion  with  the  associative  principle, 
are  taken,  though  for  the  most  part  with  modifications,  from  the  author's  Sixth  Leo- 
tare  on  Qnateraions,  in  which  tbat  whole  subject  is  very  fully  treated.  Comp.  the 
Kote  to  page  160. 

t  Such  a  demonstration,  namely  a  deduction  of  the  equation  II.  firom  the  five 
equations  I.,  by  known  properties  of  tpherietd  contcf,  will  be  briefly  given  in  the  en- 
suing Section. 

2p 
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second  versor  r  be  also  represented  by  the  angle  fbc,  and  the  third 
versor  s  by  bcf;  then  the 
other  binary  product,  sr  or 
g',  will  be  represented  by 
the  external  angle  at  f,  of 
the  new  triangle  BCF.  Again, 
to  represent  the  first  ternary 
product,  t=8sf =8.rq^  we  have 
only  to  take  the  external  an- 
gle at  D  of  the  triangle  ecd, 
if  D  be  a  point  determined 


Kg.  60. 


by  the  two  conditions,  that  the  angle  ecd  shall  be  equal  to  bcf, 
and  DEC  supplementary  to  bea.  On  the  other  hand,  if  we  coneeive 
a  point  d'  determined  by  the  conditions  that  d^af  shall  be  equal  toBAB, 
and  afd'  supplementary  to  cfb,  then  the  external  angle  at  d^  of  the 
triangle  afd',  will  represent  the  second  ternary  product,  q^q^sr,  q^ 
which  (by  the  associative  principle)  must  be  equal  to  the  first. 
Conceiving  then  that  ed  is  prolonged  to  o,  and  fd'  to  h,  the 
two  spherical  angles^  one  and  ad'S,  must  be  equal  in  all  respects ;  their 
vertices  d  and  i/  coinciding,  and  the  rotations  (174,  177)  which  they 
represent  being  not  only  equal  in  amount^  but  also  similarly  directed* 
Or,  to  express  the  same  thing  otherwise,  we  may  enunciate  (262)  the 
Associative  Principle  by  saying,  that  when  the  three  angular  equations, 

I.  .  •  ABE  =  FBC,      BCF  =  ECD,      DEC  =  ir  -  BEA, 

are  satisfied,  then  these  three  other  equations, 

II.  •  .  DAF  =  BAB,      FDA  =  CDE,      AFD  =  9r  -  CFB, 

are  satisfied  also*  For  not  only  is  this  theorem  of  spherical  geometry  a 
consequence  of  the  associative  principle  of  multiplication  of  quaJtermom, 
but  conversely  any  independent  demonstration*  of  the  theorem  is, 
at  the  same  time,  a  proof  of  the  principle. 
266.  The  third  arrangement  (263)  of 
the  six  planes  may  be  illustrated  by  con- 
ceiving a  gauche  hexagon,  ab'ca^bc^  to  be 
inscribed  in  a  sphere,  in  such  a  manner  that 
the  intersection  d  of  the  three  planes,  c'ab^ 
b'ca',  a'bc',  is  on  the  surface;  and  there- 
fore that  the  three  smaU  circles,  denoted  by 
these  three  last  triliteral  symbols,  concur  j..    ^^^ 

*  Sach  as  we  shall  sketch,  in  the  following  Section,  with  the  help  of  the  known 
properties  of  the  tpherieal  conies.    Compare  the  Note  to  the  foregoing  Article. 
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in  one  point  d;  while  the  second  intersection  of  the  two  other  small 
circles,  ab^c,  ca'b,  may  be  denoted  bj  the  letter  i/,  as  in  the  annexed 
Pig.  61.  Let  it  be  also  for  simplicity  at  first  supposed,  that  (as  in 
the  Figure)  ihefve  circular  auccenionSy 

L  .  .  C'AB'D,      AB'CI/,      B'CA'd,      OA'BD'i      A'BC'D, 

are  all  direct ;  or  that  the  Jwc  inacribed  qtiadrilaierais^  denoted  by 
these  symbols  L,  are  all  uncrosied  ones.  Then  (by  260,  (9.)  )  it  is 
allowed  to  introduce  three  verscrs^  q^  r,  «,  each  having  two  escpree- 
seonSj  as  follows: 

IL  .  .  ?=U— ;  =  +  U— .;     r=U-— =+U— ,; 

^  DO'  AO'  B'D  Cb' 

-_.  CD'         _  BD' 

ca'  a'b 

although  (by  the  cited  sub-article)  the  last  members  of  these  three 
formulso  should  receive  the  negative  sign,  if  the  first,  third,  and 
fourth  of  the  successions  I.  were  to  become  indirect^  or  if  the  corre- 
sponding quadrilaterals  were  crossed  ones.  We  have  thus  (by  191) 
the  derived  expressions, 

IIL  .  *s^=rq  =  TJ — ■  =U — ;;         g'  =  *r=U — ;«U — ■; 

^  DC'  BC'  ^  CB'  AB' 

whereof,  however,  the  two  versors  in  the  first  formula  would  differ 
in  their  signs,  if  the  fifth  succession  I.  were  indirect;  and  those  in 
the  second  formula,  if  the  second  succession  were  such.    Hence, 

bd'  d'a 

IV...<  =  M'  =  5.r^=U  — ;        q'q-^sr.q^JJ  —  i 

and  since,  by  the  associative  principle,  these  two  last  versors  are  to 
be  equalj  it  follows  that,  under  the  supposed  conditions  of  construc- 
tion, the  four  points,  B,  c',  A,  d',  compose  a  circular  and  direct  suc- 
cession ;  or  that  the  quadrilateral^  bc'ad',  is  plane^  inscriptible^^  and 
uncrossed, 

267.  It  is  easy,  by  suitable  changes  of  sign,  to  adapt 
the  recent  reasoning  to  the  case  where  some  or  all  of  the  suo- 
cessioDB  I.  are  indirect;  and  thus  to  infer y  from  the  associa- 
tive principle,  this  theorem  of  spherical  geometry :  -(/"ab'ca'bc' 

*  Of  oonne,  linoe  the  foor  points  bo'ao'  are  known  to  be  homotpherie  (comp. 
260.  (10.)),  the  inucnpttbUity  of  the  quadrilateral  in  a  eireh  would  follow  ftom  its 
being  |»2afie,  if  the  latter  were  otherwise  proved :  but  it  is  here  deduced  from  the 
€qmaUty  of  the  A0O  vtn&rt  lY.,  on  the  plan  of  260,  (9.J. 
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be  a  spherical  hexagany  such  thai  the  three  small  circles  c'ab', 
b'ca',  a'bc'  concur  in  one  point  d,  then,  Ist,  the  three  other  small 
drelesy  ab'c,  ca'b,  bc'hj  concur  in  another  pointy  d';  and  Ilnd, 
of  the  six  circular  successions,  266,  I.,  and  bc'ad',  the  number 
of  those  which  are  indirect  is  always  even  (including  zero). 
And  conversely,  any  independent  demonBtration*  of  this  geo* 
metrical  theorem  will  be  a  new  proof  o{  the  associative  prin- 
ciple. 

268.  The  same  fertile  principle  of  assodaiive  multiplication  may 
be  enunciated  in  other  ways,  without  limiting  the  factors  to  be  ver- 
sorsy  and  without  introducing  the  conception  of  a  sphere.  Thus  we 
may  say  (comp.  264,  (2.)),  that  if  o.ABcnEF  (comp.  35)  be  any 
pencU  of  six  rays  in  space,  and  o.a'b'c'  any  pencil  of  three  rays^  and 
if  the  three  angles  aob,  cod,  eof  of  the  first  pencil  be  respectively 
equal  to  the  angles  b'oc^  c^oa',  a'ob'  of  the  second,  then  another 
pencil  of  tliree  rays,  o .  a'^b^'&\  can  be  assigned,  such  that  the  three 
other  angles  boc,  doe,  foa  of  the^r^  pencil  shall  be  equal  to  the 
angles  b"oc",  c"oa",  A^OB^ofthe  third:  equality  of  angles  (with 
one  vertex)  being  here  understood  (comp.  165)  to  include  complanor 
rity,  and  similarity  of  direction  of  rotations, 

(1.)  Again  (comp.  264,  (4.)),  we  ma^  establish  the  following  fonnola,  in  whidi 
the  four  vectors  afiyd  form  a  oomplanar  proportion  (226),  bat  e  and  Z  &ra  aoy  two 
lines  in  space : 

1    "-^^  if  '-^. 

*•  •  • »    "    ~"^~» 

ye       a  c  7      ^ 

for,  ander  this  last  ooaditioa,  we  have  (comp.  125), 

II       ^?=?*  ?  =  ?  ^? 
'ye      ay'  e      a'  it' 

(2.)  Another  eDundatton  of  the  associative  prindple  is  the  following : 

lU...if*^  =  ^.    th«    i^  =  i 
ya      i  ay      c 

for  if  we  determine  (120)  six  new  vectors,  riBt,  and  icX/i,  so  that 


J 


-,     -  =  -,     whence     -  =  -, 
fl      y      I      a  I      c 


IV.  .  .  i  and 

I  X     i      «      /3 

*  An  elementary  proof,  by  tter^ojpraphie  projection,  will  be  proposed  in  the  foU 
lowing  Section. 
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va  ahall  bare  the  tranafarnuitioiia, 

I      €$     t    ri9      tn   0      pS      d'  II      i 

(3.)  Conrendj,  the  aasertioo  that  thU  last  equation  or  proportion  YI.  is  troa^ 
wbenerer  the  twelve  vectors  a  . .  /«  aie  connected  by  the  five  proportions  lY.,  is  a 
form  of  eoandation  of  the  associative  principle ;  for  it  conducts  (oomp.  lY.  and  Y.) 
to  the  eqoation, 

tost,  era  with  this  last  restiicti<»,  the  three  flMtor^qnotieiita  in  YIL  may  represoiit 

Sbction  2. —  On  same  Geometrical  Proofs  of  the  Associative 
Property  of  Multiplication  of  Quaternionsy  which  are  inde^ 
pendent  of  the  Distributive*  Principle. 

269.  We  propose,  in  this  Section,  to  furnish  three  geome* 
trical  Demonstrations  of  the  Associative  Principle,  in  con- 
nexion with  the  three  Figures  (69-61)  which  were  employed 
in  the  last  Section  for  its  Enunciation ;  and  with  the  three  ar- 
rangements  oi  six  planes,  which  were  described  in  Art.  263. 
The  two  first  of  these  proofs  will  suppose  the  knowledge  of  a 
few  properties  oi  spherical  conies  (196,  (11.));  but  the  third 
will  only  employ  the  doctrine  of  stereographic  projection^  and 
will  therefore  be  of  a  more  strictly  elementary  character.  The 
Principle  itself  is,  however,  of  such  great  importance  in  this 
Calculus,  that  its  nature  and  its  evidence  can  scarcely  be  put 
in  too  many  different  points  of  view. 

270.  The  only  properties  of  a  spherical  conic,  which  we  shall  in 
this  Article  assume  as  known,t  are  the  three  following:  Ist,  that 
through  any  three  given  points  on  a  given  sphere,  which  are  not  on  a 
great  circle,  a  conic  can  be  described  (consisting  generally  of  two  oppo^ 
site  oval8)y  which  shall  have  a  given  great  circle  for  one  of  its  two  cyclic 
arcs;  Ilnd,  that  ff  a  transversal  arc  cut  both  these  arcs,  and  the  conic, 
the  intercepts  (suitably  measured)  on  this  transversal  are  equal;  and 
Ilird,  that  if  the  vertex  of  a  spherical  angle  move  along  the  conic, 
while  its  legs  pass  always  through  two  ficed  points  thereof,  those  legs 

*  Compare  224  and  262  $  and  the  Note  to  page  286. 

t  The  reader  may  consult  the  Translation  (Dublin,  1841,  pp.  46,  50,  55)  by  the 
present  Dean  Graves,  of  two  Memoirs  by  M.  Chaslcs,  on  Conet  of  the  Second  De- 
gree^  and  Spherical  Conies. 
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intercept  a  cansUnU  interval^  upon  each  cyclic  arc,  separateljr  taken. 
Admitting  these  three  properties,  we  see  that  if,  in  Fig.  59,  we  con- 
ceive  a  spherical  conic  to  be  described,  so  as  to  pass  through  the 
three  points  b,  f,  h,  and  to  have  the  great  circle  daec  for  one  cyclic 
arc,  the  second  and  third  equations  t.  of  264  will  prove  that  the  arc 
OLD!  is  the  other  cyclic  arc  for  this  conic ;  the  first  equation  L  proyea 
next  that  the  conic  passes  through  k;  and  if  the  arcual  chord  fk  be 
drawn  and  prolonged,  the  two  remaining  equations  prove  that  it 
meets  the  cyclic  arcs  in  d  and  m;  after  which,  the  equation  IL  of 
the  same  Art.  264  immediately  results,  at  least  with  the  arrange- 
ment* adopted  in  the  Figure. 

(1.)  The  Ist  property  b  eatSiy  seen  to  oorreepond  to  the  poedbility  of  dream- 
Bcribing  a  circle  abont  a  given  plane  triangle,  namelj  that  of  irhich  the  oomerB  are 
the  intersections  of  a  plane  parallel  to  the  plane  of  the  given  cyclic  arc,  with  the 
three  radii  drawn  to  the  three  given  points  upon  the  sphere :  but  it  may  be  worth 
while,  as  an  exercise,  to  prove  here  the  Ilnd  property  5y  quaiemwni. 

(2.)  Take  then  the  equation  of  a  eyeUe  cone,  196,  (8.),  which  may  (by  196, 
XXL)  be  written  thus : 

I...S^S|=N^;     andlet     II.  .  .  S^L  S^  =  n|', 

p  and  p'  being  thus  two  rayi  (or  tidei)  of  the  cone,  which  may  also  be  considered  to 
be  the  vectors  of  two  pointa  p  and  p'  of  a  tpherieal  eonie^  by  supposing  that  their 
lengths  are  each  unity.  Let  r  and  r*  be  the  vectors  of  the  two  points  t  and  t'  on 
the  two  cyclic  arcs,  in  which  the  arcual  chord  pp'  of  the  conic  cuts  them ;  so  that 

ni...S-  =  0,      8^  =  0,    and    IV. .  .  TreTr'^l. 

The  theorem  may  then  be  stated  thus :  that 

V.  .  .  if  p=:«r+«V,    then    VI.  . .  p' =  aj'r  +  »r' ; 
or  that  this  expression  VI.  satisfies  II.,  if  the  equations  L  III.  IV.  V.  be  satisfied. 
Now,  by  IIL  V.  VI.,  we  have 

vii...se-x'sr:=?:s^',    Bg=«si=ise; 

a  a      X      a  p  P     af     fi' 

whence  it  follows  that  the  first  members  of  I.  and  It.  are  equal,  and  it  only  remains 
to  prove  that  their  second  members  are  equal  also^  or  that  Tp'sTp,  if  Tr'e  Tr. 
Accordingly  we  have,  by  V.  and  VI., 

and  the  property  in  question  is  proved* 


*  llodiflcadons  of  that  arrangement  may  be  conceived,  to  which  however  it  would 
be  easy  to  adapt  the  reasoning. 
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271-  To  prore  the  associfliiye  principle*  with  the  help  of  Fig.  60, 
three  other  properties  of  a  spherical  conic  shall  be  supposed  known  :* 
1st,  that  for  every  such  conre  two  focal  points  exist,  possessing  seve- 
ral important  relations  to  it,  one  of  which  is,  that  if  these  two  foci, 
and  one  tangent  arc  be  given^  the  conic  can  be  constmcted;  Ilnd, 
that  if,  from  any  point  upon  the  sphere,  two  tangents  be  drawn  to  the 
conic,  and  also  two  ares  to  thefociy  then  one  focal  arc  makes  with  one 
tangent  the  same  angle  as  the  other  focal  arc  with  the  other  tangent; 
and  Ilird,  that  if  a  spherical  quadrilateral  be  circumscribed  to  such 
a  conic  (supposed  here  for  simplicity  to  be  a  spherical  ellipse,  or  the 
cpposite  ellipse  being  neglected),  opposite  sides  subtend  supplementary 
angleSf  at  either  of  the  two  (interior)  foci  Admitting  these  known 
properties,  and  supposing  the  arrangement  to  be  as  in  Fig.  60,  we 
may  conceive  a  conic  described,  which  shall  have  k  and  F  for  its  two 
focal  points,  and  shall  touch  the  arc  bc;  and  then  the  two  first  of  the 
equations  I.,  in  265,  will  prove  that  it  touches  also  the  arcs  ab  and 
CD,  while  the  third  of  those  equations  proves  that  it  touches  ad,  so 
that  ABCD  is  a  drcumscribedf  quadrilateral:  after  which  the  three 
equations  II.,  of  the  same  article,  are  consequences  of  the  same  pro- 
perties of  the  curve. 

272.  Finally,  to  prove  the  same  important  Principle  in  a 
more  completely  elementary  way,  by  means  of  the  arrangement 
represented  in  Fig.  61,  or  to  prove  the  theorem  of  spherical 
geometry  enunciated  in  Art.  267»  we  may  assume  the  point  d 
as  the  pole  of  a  stereographic  projectioUj  in  which  the  three 
small  circles  through  that  point  shall  be  represented  by  right 
lineSflmt  the  three  others  by  circ/6*, 
all  being  in  one  common  plane.  And 
then  (interchanging  accents)  the 
theorem  comes  to  be  thus  stated : 

ijf  a',  b',  c'  be  any  three  points 
(comp.  Fig.  62)  an  the  sides  bc, 
CA,  AB  of  any  plane  triangle^  or  on 
those  sides  prolonged,  then^  Ist,         ^^         Fig.  62? 
the  three  circles^ 

•  The  raider  may  again  consult  pagee  46  and  50  of  the  Tnuulation  lately  dted. 
In  stiictneH,  there  are  of  ODUi8e/o«i*/oc»,  opposite  two  by  two. 

t  The  writer  has  ebewbere  piopoeed  the  notatum,  bf(.  .;  abcd,  to  denote  the 
relation  of  the  focal  points  b,  f  to  this  ciicwnscribed  qnadiilateraL 
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I.  .  .  c'ab',  a'sc*,  b'ca', 

Will  meet  in  one  point  D ;  and  Ilnd,  an  even  number  (if  any) 
of  the  six  (linear  or  circular)  successions^ 

II.  .  .  ab'c,  bc'a,  ca'b,    and    ir.  .  .  c'ab'o,  a'bc'd,  b'cad, 
will  be  direct;  an  even  number  therefore  also  (if  any)  being 
indirect.    But,  under  this  ybrm,*  the  theorem  can  be  proved 
by  very  elementary  considerations,  and  still  without  any  em- 
ployment of  the  distributive  principle  (224,  262). 

(1.)  The/rjf  poH  of  the  theorem,  as  ihiiB  stated,  is  evident  fit>m  the  Third  Book 
of  Bnclid ;  bat  to  prove  hctk  parU  together,  it  may  be  asefal  to  proceed  as  foUowa, 
admittiug  the  oonoeptiou  (285)  of  amplitudes^  or  of  angles  as  repreaenting  rofolioiM, 
whicB  may  have  any  vo/aef »  positive  or  negative,  and  are  to  be  added  with  attention 
to  their  ngna, 

(2.)  We  may  thus  write  the  three  equations^ 

III.  . .  ab'c  =  nir,    bc'a  =  »V,    ca'b  =  «"ir, 
to  express  the  three  eoUineatiotUy  ab'c,  &c.  of  Fig.  62  ;  the  integer^  n,  being  odd  or 
«oen,  according  as  the  point  b'  Is  on  the  finite  line  ao,  or  on  a  prolongation  of  that 
line ;  or  in  other  words,  according  as  the  first  eneeeuum  II.  is  <firectf  or  indireet  : 
and  similarly  for  the  two  other  coefiicients,  n'  and  »". 

(8.)  Again,  if  opqr  be  any  four  point*  in  one  plane,  we  may  establish  the  for- 
mula, 

IV.  .  .  POQ  +  QOB  =  POR  +  2mir, 

with  the  same  conception  of  addition  of  amplitudes ;  if  then  D  be  any  point  in  the 
plane  of  the  triangle  abc,  we  may  write, 

V. .  .  ab'd  +  db'o  ^ntr^    bc'd  +  dc'a  =  »V,     ca'd  +  da'b  =  n"*- ; 
and  therefore, 

VI. .  .  (ab'd  +  dc'a)  +  (bc'd  +  da'b)  4  (ca'd  +  db'o)  =-(«+»•'  4  »")  v. 
(4.)  Again,  if  any  four  points  ofqb  be  not  merely  eomplanar  bot  eomtiretdary 
we  have  the  general  formula, 

VII. . .  OPQ  4  QBO  sBpir, 
the  integer/)  being  odd  or  eeex,  according  as  the  succession  opqb  is  direct  or  in/^^ 

*  The  Associative  Principle  of  Multiplication  was  stated  nearly  under  tbis>bnii, 
and  was  illustrated  by  the  same  simple  diagram^  in  paragraph  XXII.  of  a  commu- 
nication by  the  present  author,  which  was  entitled  Letten  on  Quaternions^  and  has 
been  printed  in  the  First  and  Second  Editions  of  the  late  Dr.  Nichol's  Cyclopadia  of 
the  Physical  Sciences  (London  and  Glasgow,  1857  and  1860).  The  same  commu- 
nication contained  other  illustrations  and  consequences  of  the  same  principle,  which  it 
has  not  been  thought  necessary  here  to  reproduce  (compare  however  Note  C) ;  and 
others  may  be  found  in  the  Sixth  of  the  author's  already  cited  Lectures  on  Quater- 
nions (Dublin,  1863),  from  which  (as  already  observed)  some  of  the  formulae  and 
figures  of  this  Chapter  have  been  taken. 
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reet  i  if  then  ire  denote  by  d  thABtamduitertttiUm  of  the  6itt  and  aeoond  circles  I., 
whereof  c'  is  hjirtl  faitenection,  we  shall  have 

VIII. . .  ab'd + dC'a  »|»ir,        bo'd  +  da'b  =  p'lr, 
p  mod  p'  being  odd;  when  the  two  flnt  tncoeesions  11'.  are  direct,  bat  ettn  in  the  con- 
tmy  case. 

(5.)  Hence,  by  VI.,  we  have, 

IX.  .  .  OA^  +  DB o  =p''ir,  where  X.  ..  p  +/>'  +  />"=»  +  n'  +  n"; 
the  Hard  neceuiom  IV,  is  therefore  alwayi  eireukoTj  or  the  third  etreie  I.  paasee 
ikramgk  the  inieneetion  d  of  the  two/rsts  and  it  is  direct  or  tadtreel,  tbat  is  to 
aajy  p"  is  odd  or  evtM,  according  as  the  number  of  even  eoeficuMie^  among  thejfoe 
pre-vionaly  considered,  is  itself  even  or  odd ;  or  in  other  words,  according  as  the 
number  of  indirect  tueeesnomt,  among  the  Jive  previously  considered,  is  even  (includ- 
ing zero^j  or  otid. 

(6.)  In  every  case,  therefore,  the  total  number  of  successions  oteach  kindU  even^ 
and  both  parts  of  the  theorem  are  proved  :  the  importance  of  the  teeond  part  of  it 
(reepectmg  the  even  partition,  if  any,  of  the  na?  eucceteions  II.  ir.)  arising  from 
the  necessity  of  proving  that  we  have  alwayt,  as  in  algebra, 

XI  .  .  er.q=-\-e,rq,     mjoA  never    XII.  .  .  «r.  ^ss-^.rg, 
if  9,  r,  «  be  amy  three  aetmal  quaiemions, 

(7.)  The  aaeodoHve  principle  of  moltiplication  may  also  be  proved,  without  the 
ditiribtitioe  principle,  by  certain  considerations  of  rotedUms  of  a  eyttem,  on  which  we 
csnnot  enter  here* 

Section  3. — (hi  some  Additional  Formulcs. 

273.  Before  conclading  the  Second  Book,  a  few  additional  re- 
marks may  be  made,  as  regards  some  of  the  notations  and  transfor- 
mations which  have  already  occurred,  or  others  analogous  to  them. 
And  first  as  to  notatwn^  although  we  have  reserved  for  the  Third 
Book  the  interpretation  of  such  expressions  as  /3a,  or  a\  yet  we  have 
agreed,  in  210,  (9-))  ^  abridge  the  frequently  occurring  symbol  (Ta)' 
to  Ta';  and  we  now  propose  to  abridge  it  still  further  to  Na,  and  to 
call  this  square  of  the  tensor  (or  of  the  length)  of  a  vector^  a,  the  Norm 
of  that  Vector:  as  we  had  (in  190,  &c.),  the  equation  Tg^sN^^,  and 
called  Ng  the  norm  of  the  quaternion  q  (in  145,  (11.)  ).  We  shall 
therefore  now  write  generally,  ybr  any  vector  a,  the  formula, 

L.  .(Ta)"=Ta«  =  Na. 

(1.)  The  equaUons  (comp.  186,  (1.)  (2.)  (3.)  (4.)  ), 

II.  . .  Np  =  l;        III.  ,  .  Np  =  Noj        IV. .  .  NO>-o)  =  Na; 

V...N(p-«)=N(^-.a), 

represent,  respectivdy,  the  unit-ephere;  the  sphere  through  A,  with  o  for  centre  ; 

the  sphere  through  o,  with  a  for  centre ;  and  the  sphere  through  b,  with  the  same 

centre  A. 

2<i 
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(2.)  The  equations  (comp.  186,  (6.)  (7.)  ), 

VI.  ..N(p  +  a)  =  N(p-a);        VII.  . .  N(p-^)=NO)-a), 
represent,  respectively,  (he  plane  throogh  o,  perpendicular  to  the  line  oa;  and  the 
plane  which  perpendicularly  hitecti  the  line  AB. 

274.  As  regards  transformations,  the  few  following  may  here  be 
added,  which  relate  partly  to  the  quaternion  forms  (204,  216,  &c.) 
of  the  Equation*  of  the  Ellipsoid, 

(1.)  Changing  K(c :  p)  to  Rp :  Ric,  by  269,  VIII.,  in  the  equation  217,  XVI. 
of  the  ellipsoid,  and  observing  that  the  three  vectors  p,  Rp,  and  Re  are  complanar, 
while  I :  Tp  =  TRp  by  258,  th&t  equation  becomes,  when  divided  by  TRp,  and  when 
the  value  217,  (6.)  for  <■  is  Uken,  and  the  notation  273  is  employed  : 


^•••'^(^+5^)=^-''" 


of  which  the  first  member  will  soon  be  seen  to  admit  of  being  writtenf  asT(cp  -(-  pic), 
and  the  second  member  as  ic'  —  i'. 

(2.)  If,  in  connexion  with  the  earlier  forms  (204,  216)  of  the  equation  of  the 
same  surface,  we  introduce  a  nev  atfxtViaiy  twc^or,  a  or  os,  such  that  (comp.  216, 
VIII.)  • 

n....  =  (s?-fVj)/3=p  +  2/3S^, 

the  equation  may,  by  204,  (14.),  be  reduced  to  the  following  extremely  simple  form  : 

III.  ..T(T=Tj3; 
which  expresses  that  the  locue  of  the  new  auxiliary  point  s  is  what  we  have  called 
the  mean  sphere^  216,  XIV. ;  while  the  line  fs,  or  ff  —  p,  which  eonnecU  any  two 
ccrretponding  pointtj  p  and  s,  on  the  ellipsoid  and  sphere,  is  seen  to  be  parallel  to 
the  fixed  line  /3;  which  is  one  element  of  the  homology,  mentioned  in  216,  (10.). 
(8.)  It  is  easy  to  prove  that 

IV...S^  =  S^  S?,    and  therefore    V.  .  .  S^':S^  =  S^':S^ 

if  p'  and  a'  be  the  vectors  of  two  new  but  corresponding  points,  p'  and  s',  on  the 
ellipsoid  and  sphere ;  whence  it  is  easy  to  infer  this  other  element  of  the  homology, 
that  any  two  corretpondiny  chords,  pp'  and  as',  of  the  two  surfaces,  intereect  each 
other  on  the  cyclic  plane  which  has  d  for  its  cyclic  normal  (comp.  216,  (7.)  )  :  in 
£sct,  they  intersect  in  the  point  t  of  which  the  vector  is, 

___  a?p  +  a;'p'     xo^afo'  p'  p 

VI. .  .  r  =       .    r  = r-7-»     if    «  =  St»    and    a:'  =  -S^; 

aj  +  a<  z-\-x  i  8' 


*  In  the  verification  216,  (2.)  of  the  equation  216,  (1.),  considered  as  repre- 
senting a  Murface  oftheteeond  order,  V—  and  V^  ought  to  have  been  printed,  in- 

X  u 

stead  of  V  -  and  V  - ;  but  this  does  not  affect  the  reasoning. 


a 

t  Compare  the  Note  to  page  ! 
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and  this  point  is  on  the  plane  jiut  mentioned  (comp.  216,  XI.)i  becauae 
VIL  ..8^=0. 

0 

(4.)  Quite  mmilar  resnltB  would  have  followed,  if  we  bad  assumed 

vliich  would  have  given  again,  as  in  111., 

IX.  .  .T<r  =  Tj3,     but  with    X.  . .  8- =-S^  S^  ; 

7        «     y 

the  other  eyeKe  plane.,  with  y  instead  of  J  for  its  normaly  might  therefore  have  been 
taken  (as  asserted  in  216,  (10.)  ),  as  another  plane  of  homology  of  ellipsoid  and 
sphere,  with  the  »ame  centre  of  homology  as  before :  namely,  thepotnf  at  infinity  on 
the  Hue  /3,  or  on  the  €uns  (204,  (15.)  )  of  one  of  the  two  eireumseribed  cylinders  of 
revoltaion  (comp.  220,  (4.)). 

(5.)  The  same  ellipsoid  is,  in  two  other  wayM,  homologous  to  the  same  mean 
sphere,  with  the  same  two  cyclic  planes  as ;i/a»e«  of  homology,  bat  with  a  new  centre 
of  homology,  which  is  the  infinitely  distant  point  on  the  axis  of  the  second  eircum- 
tcribed  cylinder  (or  on  the  line  ab'  of  the  sub-article  last  cited). 

(6.)  Although  not  specially  connected  with  the  ellipsoid^  the  following  general 
transformations  may  be  noted  here  (comp.  199,  XIL,  and  204,  XXXIV.) : 

XL  .  .  TVVi?  =  V{KTg-Sy)}  ;     XIL  .  •  tan  JZg  =  (TV:S)  V^^  J|^^. 

(7.)  The  equations  204,  XVI.  and  XXXV.,  give  easily, 
XIIL  .  .  UV9  =  UVUg;        XIV.  .  .  UIVg  =  Ax.  q\        XV. . .  TIV^  =  TVy  ; 
or  the  more  symbolical  forms, 

Xlir.  .  .  UVU  =  UV ;        XIV'.  .  .  UIV  =  Ax.  J         XV'.  .  .  TIV  =  TV ; 
Bod  the  identity  200,  IX.  becomes  more  evident,  when  we  observe  that 
XVL..g~Ng=5(l-Kg). 
(8.)  We  have  also  generaUy  (comp.  200,  (10.)  and  218,  (10.)), 
XVII        y-l^(y-l)(Ky4l)_Ng~l  +  2Vg 
"•9  +  1      (g  +  l)(Kg+l)      Ng+l  +  2Sg* 
(9.)  The  formula,* 

XVIIL  .  .  U(rg  +  Kjr)  =  U(Sr.  S9  +  ^r.Yq)  =r-» (i^«)» q-\ 
in  which  q  and  r  may  be  €my  two  qwUemionSf  is  not  perhaps  of  any  great  importance 
in  itself,  but  will  be  found  to  furnish  a  student  with  several -useful  exercises  in  trans- 
formation. 

(10.)  When  it  was  said,  in  267,  (1.),  that  zero  had  only  itself  for  a  square-root^ 
the  meaning  Was  (comp.  225),  that  mo  hiiumial  expression  of  the  form  a;+  ly  (228) 
co^  satisfy  the  eqtuUiony 

XIX.  .  .  0  =  g«=(x  +  iy)«=(ar«-y«)  +  2»a?y, 


•  This  formula  was  given,  but  in  like  manner  without  proof,  in  page  687  of  the 
authors  Lectures  on  Quaternions. 
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for  any  real  or  imaginary  values  of  the  two  scalar  ooeffidenta  x  and  y,  different 
from  aero  ;*  for  if  kiquatermiong  (214,  (8.)  )  be  admitted,  and  if  A  again  denote,  as 
in  256,  (2.))  the  imaginary  ofalfftbra^  then  (oomp.  267,  (6.)  and  (7.)  )  we  may 
write,  generally,  betidea  the  real  value  Oi  =-  0,  the  imoffinaij  expreetUm^ 

XX.  .  .  0»=©4  Ar*,     if    Sv  =  S»'  =  Sw'  =  Nv'-N»  =  0; 
V  and  v'  being  thus  any  two  real  ripht  quatemione,  with  equal  norms  (or  with  equal 
tentort)t  in  planes  perperpendicnlar  to  each  other. 

(11.)  For  example,  by  266,  (2.)  and  by  the  laws  (188)  of  y'A,  we  have  the  trans- 
formations, 

XXI.  ..(t  +  A;)«  =  t«-j«  +  A(v+jt)  =  0  +  AO  =  0} 

so  tliat  the  bi-quatemion  i  +  V  ^  one  of  the  imaginary  values  of  the  symbol  (H. 

(12.)  In  general,  when  bi-guatemionM  are  admitted  into  calculation,  not  only  the 
equare  of  one,  bat  the  product  of  two  such  ftctors  may  oaaitA,  without  «iifA«r  of  them 
eeparatehf  vanishing!  a  circumstance  which  may  tlirow  some  light  on  the  existence 
of  those  imaginary  (or  aymholieal)  roote  ofequoiions^  which  were  treated  of  in  257. 

(18.)  For  example,  although  the  equation 

XXII.  .  .9»-l  =  (9-l)(9+l)  =  0 
has  no  real  roote  except  ±  1,  and  therefore  cannot  be  verified  by  the  snAfftfetiMt  of 
any  other  real  ecalar,  or  real  quaiemionf  for  9,  yet  if  we  substitute  for  q  the  bi-^tta- 
temionf  v  +  hvT,  with  the  conditions  267,  XIII.,  this  equation  XXIL  is  verified. 

(14.)  It  will  be  found,  however,  that  when  two  imaginary  but  non-evanewcent 
fsictore  £^ve  thus  a  nullproduct^  the  norm  of  each  in  zeros  provided  that  we  agree 
to  extend  to  bi-quatemione  the  formula  ^q^Sq^  -Yf*  (204,  XXII.)  ;  or  to  defSne 
that  the  Norm  of  a  Biquaternion  (like  that  of  an  ordinary  or  real  quaternion)  is 
equal  to  tiie  Square  of  the  Scalar  Part,  minus  the  Square  of  the  Hight  Part:  each 
of  these  two  parte  being  generally  imaginary ,  and  the  former  being  what  we  have 
called  a  Bi-eoalar. 

(16.)  With  this  definition,  if  q  and  q  be  any  two  real  quaiemionSf  and  if  A  be, 
as  above,  the  ordinary  imaginaiy  of  algebra^  we  may  establish  the  formula : 

XXIII.  . .  N(5  +  Aff*)  =  (S9  +  AS^O'  -  (Vj  +  AV^)« ; 
or  (comp.  200,  VII.,  and  210,  XX.), 

XXIV. .  .  N(9  +  Ag')  =  Nj  -  W  +  «*S .  qKq\ 

(16.)  As  regards  the  aonw  of  the  sum  of  any  two  real  quaternions,  or  real  Tec- 
tors  (278),  the  following  transformations  are  occssionally  useftd  (oomp.  220,  (2.)  ): 

XXV. .  .  N(9'  +  9)  =  N(T9'.Ug  +  Ti7.Ug'); 
XXVI.  ..N(/3  +  a)=N(Ti3.Ua  +  Ta.Uj3); 
in  each  of  which  it  is  permitted  to  change  the  norms  to  the  tensors  of  which  they  are 
the  squares^  or  to  write  T  for  K. 


*  Compare  the  Note  to  page  276. 

t  This  ineludes  the  expression  +  At,  of  267,  (1.),  for  a  symbolical  square-root  o( 
positive  unity.    Other  such  roots  are  +  A^,  and  +  AA. 


BOOK  III. 

ON  QUATfiBNIONS,  CONSIDEBED  AS  PBODUCTS  OB  POWEBS  OF 
YECTOBS;  AND  ON  SOME  APPLICATIONS  OF  QUATEBNIONS. 


CHAPTER  I. 


ON  THE  INTBBPBBTATION  OF  A  PBODUCT  OP  VECTORS,  OR 
POWER  OF  A  VECTOR)  AS  A  QUATERNION. 


SscTioN  1. — On  a  FirH  Method  of  interpreting  a  Product  of 
Two  Vectors  as  a  Quaternion. 

Art.  275.  In  the  First  Book  of  these  Elements  we  inter- 
preted, Ist,  the  difference  of  any  two  directed  right  lines  in 
8pace(4);  Ilnd,  the  mm  oftwo  or  more  such  lines (5-9);  Ilird, 
the  product  of  one  such  line,  multiplied  by  or  into  a  positive 
or  negative  number  (15) ;  IVth,  the  quotient  of  such  a  line, 
divided  by  such  a  number  (16),  or  by  what  we  have  called 
generally  a  Scalar  (17) ;  and  Yth,  the  sum  of  a  system  of 
such  lines,  each  affected  (97)  with  a  scalar  coefficient  (99),  as 
bemg  in  each  case  itself  (genevBlly)  a  Directed  Line*  in  Space ^ 
or  what  we  have  called  a  Vector  (1). 

276.  In  the  Second  Book,  the  fundamental  principle  or 
pervading  conception  has  been,  that  the  Quotient  of  two  such 
Vectors  is,  generally,  a  Quaternion  (112,  116).  It  is  how- 
ever to  be  remembered,  that  we  have  included  under  this  ge- 
neral conception,  which  usually  relates  to  what  may  be  called 
an  Oblique  Quotient,  or  the  quotient  of  two  lines  in  space 
making  either  an  acute  or  an  obtuse  angle  with  each  other 

*  The  Fourth  Proportional  to  any  three  eomplanar  lines  has  also  been  since  in- 
terpreted (226),  as  being  another  line  in  the  eame  plane. 


302  ELEMENTS  OF  QUATERNIONS.       [bOOK  III. 

(130),  the  three  following  particular  cases:  Ist,  the  limiting 
casCy  when  the  angle  becomes  nuUy  or  when  the  two  lines  are 
similarly  directed^  in  which  case  the  quotient  degenerates  (131) 
into  2i  positive  scalar;  Ilnd,  the  other  limiting  case,  when  the 
angle  is  equal  to  two  right  angles^  or  when  the  lines  are  oppo- 
sitely  directed^  and  when  in  consequence  the  quotient  a^ain 
degenerates,  but  now  into  a  negative  scalar ;  and  lUrd,  the 
intermediate  case,  when  the  angle  is  rights  or  when  the  two 
lines  are  perpendicular  (132),  instead  of  being  parallel  (15), 
and  when  therefore  their  quotient  becomes  what  we  have 
called  (132)  a  Right  Quotient^  or  a  Bight  Quaternion: 
which  has  been  seen  to  be  a  case  not  less  important  than  the 
two  former  ones. 

277.  But  no  Interpretation  has  been  assigned,  in  either  of 
the  two  foregoing  Books,  for  a  Product  of  two  or  more  Vec- 
tors ;  or  for  the  Square,  or  other  Power  of  a  Vector :  so  that 
the  Sgmbolsy 

I.  .  .  /3a,  7J3a,  .  .     and     II.  .  .  a*,  a', .  .  a*,  ...  a', 

in  which  a,  j3,  7  . .  denote  vectors^  but  t  denotes  a  scalar^  re- 
main as  yet  entirely  uninterpreted;  and  we  are  therefore ^e^ 
to  assign,  at  this  stage,  ang  meanings  to  these  new  symbols^  or 
new  combinations  of  symbols,  which  shall  not  contradict  each 
other^  and  shall  appear  to  be  consistent  with  convenience  and 
analogy.  And  to  do  so  will  be  the  chief  object  of  this  First 
Chapter  of  the  Third  (and  last)  Book  o{  these  Elements:  which 
is  designed  to  be  a  much  shorter  one  than  either  of  the  fore- 
going. 

278.  As  a  commencement  of  such  Interpretation  we  shall 
here  define^  that  a  vector  a  is  multiplied  by  another  vector  j3, 
or  that  the  latter  vector  is  multiplied  into*  the  former^  or 
that  the  product  /3a  is  obtained,  when  the  multiplier-line  j3 
is  divided  by  the  reciprocal  Ra  (258)  of  the  multiplicand-line  a ; 
as  we  had  proved  (136)  that  one  quaternion  is  multiplied  into 
another^  when  it  is  divided  by  the  reciprocal  thereof.  In  sym- 
bols, we  shall  therefore  write,  as  a  first  definition,  the  for- 
mula: 

*  Compare  the  Notes  to  pages  146,  159. 
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I.  .  .^a=j3:Ra;  where  II.  .  .  Ila  =  -Ua  :Ta  (268,  VIL). 
And  we  proceed  to  consider,  in  the  following  Section,  some  of 
the  general  consequences  of  this  definition,  or  interpretation,  of 
a  Product  of  two  Vectors^  as  being  equal  to  a  certain  Quotient^ 
or  Quaternion. 

Section  2. —  On  some  Consequences  of  the  foregoing  Inter- 
pretation. 

279.  The  definition  (278)  gives  the  formula : 

I.  .  .  /3a  =  ^  ;     and  similarly,     I'-  •  •  «i3  =  g^  5 

it  gives  therefore,  by  259,  VIII.,  the  general  relation, 

II.  ../3a  =  Ka/3;     or     11.  .  .  a/3  =  K/3a. 
The  Products  of  two  Vectors^  taken  in  two  opposite  orders^  are 
therefore  Conjugate  Quaternions;   and  the  Multiplication  of 
Vectors f  like  that  of  Quaternions  (168),  is  (generally)  a  Non- 
Commutative  Operation. 

(1.)  It  foUowB  from  II.  (by  196,  comp.  228,  (1.)  ),  that 

III. .  .  S/3a  =  +  Sa^  =  i(/3a  +  ai3). 
(2.)  It  follows  also  (by  204,  comp.  again  228,  (1.)  ),  that 

rV.  .  .  V^a  =  -  Vai3  =  \(fia-  a/3). 

280.  Again,  by  the  same  general  formula  259,  VIII.,  we 
have  the  transformations, 

^•••R(a  +  g')"       R/3  '     R/3"^     R/S'Rg'^IW' 
it  follows,  then,  from  the  definition  (278),  that 

II.  ../3(g  +  g')«/3g  +  /3g'; 
whence  also,  by  taking  conjugates  (279),  we  have  this  other 
general  equation, 

III.  ..(g  +  a')/3  =  g/3  +  g'^. 
Multiplication  of  Vectors  is,  therefore,  like  that  of  Quaternions 
(212),  a  Doubly  Distributive  Operation, 

281.  As  we  have  not  yet  assigned  any  signification  for  a 
ternary  product  of  vectors^  such  as  7/30,  we  are  not  yet  pre- 
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pared  to  pronounce,  whether  the  Associative  Principle  (223) 
oi  Multiplication  qf  Quaternions  does  or  does  not  extend  to 
Vector-MuUiplication.  But  we  can  already  derive  several  other 
consequences  firom  the  definition  (278)  of  a  binary  product^  /3a ; 
among  which,  attention  may  be  called  to  the  Scalar  character 
of  a  Product  of  two  Parallel  Vectors;  and  to  the  Right  cha-- 
racter  of  a  Product  of  two  Perpendicular  VectorSy  or  of  two 
lines  at  right  angles  with  each  other. 

(1.)  The  definition  (278)  may  be  thus  written, 

I.../3a  =  -Ti3.Ta.U03:a); 
it  gives,  therefore, 

II.  ..Ti3a=T/3.Ta;        lU. .  .  U/5a  =  -U08:a)  =  Ui3.Ua; 
the  temaor  and  venor  of  the  pradmet  of  two  veeiors  being  thna  equal  (as  for  quater- 
nions, 191)  to  the  prodmet  of  the  tetuorty  and  to  the  prodmet  of  the  venon^  re- 
specdvely. 

(2.)  Writing  for  abridgment  (comp.  208), 

IV.  ..a  =  Ta,        6«Tft        7=Ax.08:«),        «  =  Z03:o), 
we  have  thus, 

V.  .  .  T/3a=(a;        VL  .  ,  SPa^Sap^-bacoBxi 
VIL  ..  SUj3a  =  8Uaj3  =  -coa«;        VIII...  /.Pa^tr-x; 

80  that  (comp.  198)  the  anffle  of  the  product  of  any  two  vectors  is  the  etqfplemeni  of 
the  (ingle  of  the  quotient, 

(8.)  We  liave  next  the  transformations  (comp.  again  208), 

IX. .  .  TVfia^  TVap- ha mnx\        X. . .  TVU/3a  =TVUa/3=8in  *; 

XI.  ..  TVpa^-yhaOnx;        XI'..  .  lYaP^  +  yahBULx; 
XIL  . .  IUV/3a t=  Az. Pa^-y,        Xlf.  . .  IUVa/3= Ax. a/3  =  +  y ; 

so  that  the  rotation  round  the  axis  of  a  prodmet  of  two  vectortf  from  the  multiplier  to 
the  multiplieand,  ie  poaUive. 

(4.)  It  follows  also,  by  IX,  that  the  teneor  of  the  right  part  of  such  k  product, 
Pa,  is  equal  to  the  parallelogram  under  thefsutore;  or  to  the  double  of  the  area  of 
the  triangle  oah,  whereof  those  two  fkctors  a,  jS,  or  OA,  on,  are  two  coinitial  ndee : 
80  that  if  we  denote  here  this  last-mentioned  area  by  the  qrmbol 

AOAB, 

we  may  write  the  equation, 

XIII. .  .  TVPa  =  parallelogram  under  a,  /S,  b2^oab; 
and  the  index,  IV/So,  is  a  right  Une  perpendicular  to  the  plane  of  this  paraUdogram, 
of  which  line  the  length  repreaente  its  area,  in  the  sense  that  they  bear  equal  roHoe 
to  their  respective  unite  (of  length  and  of  area). 
(6.)  Hence,  by  279,  IV., 

XIV.  . .  T(/3a-  a|3)  =  2  x  parallelogram  =  4  ^  oab. 
(6.)  For  any  two  vectors,  a,  j3» 
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XV.  ..fi^=-.Na.S08:o);        XVL  .  .  V/3a  =  -Na.V08:  a); 
or  brfrfly,* 

XVIL../3a=-Na.(^:a), 

with  the  aigmfication  (273)  of  Na,  as  deaoting  (Ta)>. 

(7.)  If  the  two  factor-lineB  be  perpendicular  to  each  other,  so  that  0  is  a  right 
oagiej  then  the  paralleloffrom  (4.)  becomes  a  rectangle,  aDd  the  produd  pa  becomes 
^  r^  qmaierman  il32)\  00  that  we  maj  write, 

XVIII. . .  S^a  «  Sa/3 = 0,    if    jS  -»-  a,  and  reciprocaUy. 

(8.)  Under  the  same  condition  of  peipendicnlarity) 

XIX..  .  Lpa=laP  =  ^;     XX..  ,Ipa  =  -yha;     XXI.  .  .  Iai3  =  +raft. 

(9.)  On  the  other  hand,  if  the  two  foctor-linee  be  parallel,  the  right  pari  of  their 
product  vaniahes,  or  that  product  reduces  itself  to  a  tealar,  which  is  negative  orpo- 
<tfiiw  aecording  as  the  two  vectors  multiplied  have  timilar  or  oppotiie  direetiona  ;  for 
we  may  esUbliah  the  formula, 

XXn.  ..If^la,     then     VjSasO,     Va^»0; 
ind,  under  the  same  condition  ot  pttraHelitm, 

XXIIL  .  .  /3a  =  aj3  =  Sfia  =  Saj3  =  +  6a, 
^  «pp«r  or  the  ^oimt  «{^  bdng  taken,  according  as  a;= 0,  or  =  ir. 

(10.)  We  may  also  write  (by  279,  (1.)  and  (2.)  )  the  following  >fermii7a  of  per- 
pendicularity, asidjbrmula  ofparalUHtm : 

XXIV. .  .  if  /3  4-  a,    then    /3a  «-  a/3,  and  reciprocally ; 
XXV.  .  .  if  ^  I  a,     then    j3a  =  -f  ap,  with  the  converse. 

(11*)  If  Oy  p,  y  be  any  /Arff«  tfnt^-Jmes,  considered  as  vectors  of  the  comers 
^  ^  c  of  a  epherietd  triangle,  with  eidet  equal  to  three  new  positive  scalars,  a,  5,  c, 
tt«n  because,  by  XVIL,  /3a  =  - /3 :  a,  and  r/3  =  -y  :  A  the  sub-articles  to  208  allow 
n>  to  write, 

XXVI.  .  .  S  (Vy/3 . V/3o)  =  sin  a  afai  c  cos  b  ; 

XXVII.  . .  IV(Vyj3.V/3a)  =  ±  /3  sin  a  sin  c  sin  b; 

XXVIII.  . .  (IV:  S)  (Vyp.Vpa)  = + j3  tan  b  ; 

°PP«r  or  lower  «i^«  being  taken,  in  the  two  last  formula,  according  as  the  rotation 
found  p  from  a  to  y,  or  that  round  b  firom  a  to  c,  is  positive  or  negative. 
(12.)  The  equation  274, 1.,  of  the  Ellipeoid,  may  now  be  written  thus : 
XXIX...T(ip  +  p/c)  =  T42-Tic«;     or    XXX.  .  .  T(»p  +  pjc)=N4-Nic. 

282.  Under  the  general  head  of  a  product  of  two  parallel 
^ectoTSf  two  interesting  cases  occur,  which  furnish  two  first 
examples  of  Powers  of  Vectors :  namely,  Ist,  the  case  when 

*  All  the  consequences  of  the  interpretation  (278),  of  the  product  /3a  of  two  vec- 
tors, might  be  deduced  from  this  formula  XVII. ;  which,  however,  it  would  not  have 
^0  80  natural  to  have  assumed  for  a  definition  of  that  s}'mboI,  as  it  was  to  assxmie 
the  formuU  278,  I. 

2  R 
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the  two  factors  are  equals  which  gives  this  remarkable  result, 
that  the  Square  of  a  Vector  is  always  equal  to  a  Negative  Sca^ 
lar;  and  Ilnd,  the  case  when  the  factors  are  (in  the  sense 
ahready  defined,  258}  reciprocal  to  each  other,  in  which  case 
it  follows  from  the  definition  (278)  that  ihQir  product  is  equal 
to  Positive  Unity :  so  that  each  may,  in  this  case,  be  consi- 
dered as  equal  to  unity  divided  by  the  othery  or  to  the  Power 
of  that  other  which  has  Negative  Unity  for  its  Exponent. 

(1.)  When  |3  =  a,  the  product  j9a  redaoes  itself  to  what  we  may  call  the  square 
of  a,  and  may  denote  by  a';  and  thus  we  may  write,  aa  a  particular  bat  important 
cote  of  281,  XXIII^  the  formula  (comp.  278), 

I.  .  .  a«=*-a«  =  -  (Ta)«  =  -Na; 
80  that  tbe  square  of  any  vector  a  is  equal  to  the  neffaiive  of  the  norm  (273)  of  that 
vector ;  or  to  the  negative  of  the  square  of  the  number  Ta,  which  expresses  (185) 
the  length  of  tbe  same  vector. 

(2.)  More  immediately,  the  definition  (278)  gives, 

IL  .  .  a«=aas=a:Ras=-(Ta)'  =— Na,  as  before. 

(8.)  Hence  (compare  the  notations  161,  190,  199,  204), 

III.  .  .  S.a«  =  -Na;        IV. .  .  V.a«=0; 
and 

V.  .  .  T.a«  =  T(a«)  =  +  Na  =  (Ta)«=Ta«; 

the  omission  of  the  parenthetee^  or  of  the  point,  in  this  last  symbol  of  a  tensor,*  for 
the  square  of  a  vector,  as  well  as  for  the  square  of  a  quaternion  (190),  being  thus 
Justified:  and  in  like  manner  we  may  write, 

VI.  .  .  U.a«  =  U(aa)  =  -l=(Ua)«=:Ua«; 

the  square  of  an  unit-vector  (129)  being  always  equal  to  negative  unitg,  and  paren- 
theses (or  points)  being  again  omitted. 
(4.)  The  equation 
VII.  .  .  p«  =  a«,    gives    Vir.  . .  Np  =  Na,    or    Vir.  .  .  Tp  =  Ta; 

it  represents  therefore,  by  186,  (2.),  the  sphere  with  o  for  centre,  which  passea 
through  the  point  a. 

(6.)  The  more  general  equation, 

VIII. .  .  (p  -  a)«  =  03  -  a)«,  (comp.t  186,  (4.), ) 

represents  the  sphere  with  a  for  centre,  which  passes  through  the  point  b. 
(6.)  For  example,  the  equation, 

IX. . .  (p  -  o)«  =  a«,  (comp.  186,  (8.),  ) 

represents  the  sphere  with  a  for  centre,  which  passes  through  the  origin  o. 


*  Compare  the  Note  to  page  210. 

t  Compare  also  the  sub-articles  to  278. 
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(7.)  The  equations  (comp.  186,  (6.))  (7.)}i 

X. .  .  &)  +  a)«=0>-a)«;        XL  .  .  (p  - ^)» « (f) - a)«, 
r^tremt,  respectively,  iheplatu  through  o,  perpendicalar  to  the  line  OA;  and  the 
plane  which  perpeudicnlarly  bisects  the  line  ab. 

(8.)  Tho  duiribviwe  prine^Ie  ot  veetoT'mMliiplieaiion  (280),  and  the  formula 
279,  IIL,  enable  as  to  establish  generally  (comp.  210,  (9.)  )  the  formula, 

XII.  .  .  (/3±a)«  =  ^±28/3a  +  o«; 
the  recent  equations  IX.  and  X.  may  therefore  be  thus  transformed : 
IX'. .  .  p«  =  2Sap ;    and    X'.  . .  Sap  :=  0. 
(9.)  The  equations, 

XIII.  .  .  p«+  a«  =  0;         XIV.  . .  p«  + 1  «0, 

represent  the  spheres  with  o  for  centre,  which  have  a  and  1  for  thdr  respective  radii ; 
so  that  this  very  simple  formula,  p*  +  1  =  0,  is  (comp.  186,  (1.)  )  ajbrm  of  the  Bqua-- 
Htm  of  the  Unit' Sphere  (128),  and  is,  as  such,  of  great  importance  in  the  present 
Ctkolus. 

(10.)  The  equation, 

XV..  .p«-2Sap  +  c  =  0, 

nay  be  transformed  to  the  following, 

XVI.  ..N(p-o)=»-(p-a)»  =  c-a»  =  c  +  Na; 

or  XVr...T(p-o)  =  V(c-aa)  =  V(c  +  No); 

it  represents  therefore  a  (real  or  imaginary)  sphere,  with  a  for  cm/re,  and  with  this 
last  radical  (if  real)  for  radnu. 

(11.)  This  sphere  is  therefore  necessarily  reaJj  if  c  be  a  potiiive  scalar ;  or  if  this 
scalar  constant,  c,  though  negative^  be  (algebraically)  greater  than  a*,  or  than  -  Na : 
bat  it  becomes  tnuiginargf  if  c  +  Na  <  0. 

(12.)  The  radical  plane  of  the  two  epheree, 

XVII.  .  .pa-2Sap  +  ceO,        p«-2Sa>  +  c'=0, 

liai  for  equation, 

XVIII. . .  28(o'- a)p  =  c'  -  c ; 

it  is  therefore  aiwage  real,  if  the  given  9eetor9  a,  a*  and  the  given  tealare  i,  e'  be 
BQch,  even  if  one  or  both  of  the  spheres  themselves  be  imaginarg^ 

(18.)  The  equation  281,  XXIX.,  or  XXX,  of  the  Central  EUipsoid  (or  of  the 
^Hpedd  with  its  centre  taken  for  the  origin  of  vectors),  may  now  be  still  further  sim- 
plified,* as  foUows : 

XIX.  ..T(ip  +  p«)=««-i«. 

(14.)  The  definition  (278)  gives  also, 

XX. .  .  aRa  =  a:a  =  l ;    or    XX'. .  .  Ra.asRa  :  Ra=l ; 
whence  it  is  natural  to  write,t 


*  Compare  the  Note  to  page  288. 

t  Compare  the  second  Note  to  page  279. 
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XXI.  ..Ra  =  l:i  =  a-», 
a 

if  we  80  far  anticipate  here  the  general  theory  o!  powers  of  vectors,  above  allnded  to 

(277),  as  to  use  this  laat  symbol  to  denote  the  quoHemtf  of  unity  divided  by  the  vector 

a ;  80  as  to  have  tdenHeally,  or  for  every  vector,  the  equation, 

XXII..  .a.a-»  =  a-».a=l. 

(16.)  It  follows,  by  268,  VII.,  that. 

XXIII.  ..a-i  =  -Ua:Ta;     and    XXI V.  . . /3a  = /3 :  a'J. 

(16.)  If  we  had  adopted  the  equation  XXIII.  a§  a  definition*  ottheeymM  a~>, 
then  the  formula  XXIY.  might  have  been  used,  as  a  formula  of  interpretation  for 
the  symbol  /3a.  But  we  proceed  to  consider  an  entirely  different  method,  of  arriving 
at  the  $ame  (or  an  equtvalenf)  Interpretation  of  this  latter  symbol :  or  of  a  Binary 
Product  ofVeetore,  considered  as  equal  to  a  Quatemum. 

Section  3. — On  a  Second  Method  qf  arriving  at  the  same  In- 
terpretation^ of  a  Binary  Product  of  Vectors. 

283.  It  cannot  fail  to  have  been  observed  by  any  attentive 
reader  of  the  Second  Book,  how  close  and  intimate  a  connexion^ 
has  been  found  to  exist,  between  a  Right  Quaternion  (132),  and 
its  Index^  or  Index- Vector  (133).  Thus,  if  w  and  v  denote  (as 
in  223,  (l.)»  &c*)  c^y  two  rt^A^  quaternions,  andiflv,  Iv  de- 
note, as  usual,  their  indices^  we  have  already  seen  that 

I.  .  .  Iw  =  Iv,    if    v' «  V,  and  conversely  (133) ; 

11.  ..I(t?'±r)  =  It?'±Ii;(206); 

III.  .  .  It;':tt;-t;':r(193); 

to  which  may  be  added  the  more  recent  formula, 

IV.  .  .  Bit?-  IRw  (268,  IX.). 

284.  It  could  not  therefore  have  appeared  strange,  if  we 
had  proposed  to  establish  this  new  formula  of  the  same  kind, 

i.  .  .  IvMu  =  w'.  w  =  V  r, 
as  a  definition  (supposing  that  the  recent  definition  278  had 
not  occurred  to  us),  whereby  to  interpret  the  product  of  any  two 
indices  of  right  quaternions^  as  being  equal  to  the  product  of 
those  two  quatemiorts  themselves.  And  then,  to  interpret  the 
product  j3a,  of  any  two  given  vectors^  taken  in  a  given  order ^ 

*  Compare  the  Note  to  page  305. 
t  Compare  the  Note  to  page  174^ 
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we  shoiild  only  have  had  to  conceive  (as  we  always  may),  that 
the  two  proposed  y£ic<ar#,  a  and  /S^  are  the  indices  of  two  riff  hi 
qvatemians,  v  and  v\  and  to  multiply  these  latter,  in  the  same 
order.  For  thus  we  should  have  been  led  to  establish  the  for- 
mula, 

II,  .  .  j3a  >»  v'v,    if    a  » Iv,     and    fi^Iv; 

or  we  should  have  this  slightly  more  symbolical  equation, 

IIL../3a-/3.a-P/3-r'a; 
m  which  the  symbols, 

I'a  and  1'% 
are  understood  to  denote  the  two  right  quaternions,  whereof 
the  two  lines  a  and  /3  are  the  indices. 

(1.)  To  establish  now  the  sabstsntial  identify  of  these  two  interpreiatioHi^  278  and 
284,  of  a  Umary  product  of  veetore  j3a,  notwithstanding  the  differenee  of  form  of 
the  defitntiomal  equation*  by  which  they  have  been  expressed,  we  have  only  to  ob- 
•erre  that  it  has  been  found,  as  a  theorem  (194),  that 

IV.  .  .  r»  =  Ir':I(l:r)  =  I©':IR©j 
but  the  definition  (358)  of  Ba  gave  us  the  lately  dted  equation,  Bio  =  IRo ;  we  have 
tiMrefore,  by  the  recent  formula  II.,  the  equation, 

V.  .  .  W.lv  =  lo': Rio;     or    VI. .  .  /3.a  =  /3 :  Ba, 
as  in  278,  I. ;  a  and  /3  still  denoting  any  two  vectors.    The  two  interpretations 
therefore  eomctde,  at  least  in  their  results,  although  they  have  been  obtained  by  dif- 
finnt  proeet^es,  or  tuggesHome^  and  are  expressed  by  two  different  ybrinv to. 

(2.)  The  result  279,  II.,  respecting  collate  products  of  vectors,  corresponds 
thus  to  the  result  191,  (2.),  or  to  the  first  formula  of  228,  (1.)* 

(3.)  The  two  formula  of  279,  (1.)  and  (2.),  respecting  the  scalar  and  riffht 
parts  of  the  product  /3a,  answer  to  the  two  other  formulaa  of  the  same  sub-article, 
328,  (1.),  respecting  the  corresponding  parts  of  vv. 

(4.)  The  doubly  dtetrihutive  property  (280),  of  veetor-multipUcation,  is  on  this 
plan  seen  to  be  included  in  the  corresponding  but  more  general  property  (212),  of 
mtdtipKcation  of  quaternions. 

(5.)  By  changing  IV^,  IV/,  t,  f',  and  S,  to  a,  /3,  a,  5,  and  y,  in  those  formula) 
of  Art  208  wliich  are  previous  to  its  Bub-artides,  we  should  obtain,  with  the  recent 
definition  (or  interpretation)  II.  of  jSa,  several  of  the  consequences  lately  given  (in 
sub-arts,  to  281),  as  resulting  from  the  former  definition,  278, 1.  Thus,  the  equa- 
tions, 

VI.,  VII.,  VIII,,  IX.,  X.,  XI.,  XII.,  XXIL,  and  XXIIL, 

of  281,  couespond  to,  and  may  (with  our  last  definition)  be  deduced  from,  the  for- 
mula, 

v.,  VI.,  VIII.,  XL,  XII.,  XXIL,  XX.,  XIV.,  and  XVL,  XVHL, 
of  208.    (Some  of  the  consequences  from  the  sub- articles  to  208  have  been  already 
conadered,  in  281,  (11.)) 
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(6.)  The  geometrical  properties  of  the  line  TVptt,  deduced  from  the  first  de/bU- 
turn  (278)  of  j3a  in  281,  (3.)  and  (4.),  (namely,  the potttew  ro<a<io»  romid  that  line, 
from  pu>  a;  its  perpendieularity  to  their  plane  ;  and  the  repreeentation  hy  the  same 
line  of  the  paraUUogram  under  those  two  factors^  regard  being  had  to  units  oHength 
and  of  area^)  might  alao  have  been  deduced  from  228,  (4.),  by  meana  of  the  second 
definition  (284),  of  the  same  product^  /3a. 

Section  4. — On  the  Symbolical  Identification  of  a  RiffhtQua-- 
temion  with  its  own  Index:  and  on  the  Construction  of  a 
Product  of  Two  Rectangular  Lines^  by  a  Third  Line^  rect^ 
angular  to  both. 

285.  It  has  been  seen,  then,  that  the  recent  formula  284, 
II.  or  III.,  may  replace  the  formula  278, 1.,  as  a  second  definition 
of  a  product  of  two  vectors^  i^hich  conducts  to  the  same  conse- 
quencesy  and  therefore  ultimately  to  the  same  interpretation 
of  such  a  product,  as  the  ^rst.  Now,  in  the  second  formula, 
we  have  interpreted  that  product^  /3a,  by  changing  the  twofac^- 
tor-linesy  a  and  /3,  to  the  two  right  quaternions^  v  and  v ,  or 
r*a  and  I">j3,  of  which  they  are  the  indices;  and  by  then  de^ 

fining  that  the  sought  product  j3a  is  equal  to  the  product  v'r, 
of  those  two  right  quaternions.  It  becomes,  therefore,  impor- 
tant to  inquire,  at  this  stage,  how  far  such  substitution^  of  I'^a 
for  a,  or  of  v  for  Iv^  together  with  the  converse  substitution,  is 
permitted  in  this  Calculus,  consistently  with  principles  already 
established.  For  it  is  evident  that  if  such  substitutions  can 
be  shown  to  be  generally  legitimate,  or  allowable,  we  shall 
thereby  be  enabled  to  enlarge  greatiy  the  existing  field  of  inter- 
pretation:  and  to  treat,  in  aZ/ cases,  Functions  of  Vector Sy  as 
being,  at  the  same  time,  Fwnctions  of  Right  Quaternions. 

286.  We  have  first,  by  133  (comp.  283,  I.),  the  equality, 

L..r>/3  =  r»a,     if    /3=o. 

In  the  next  place,  by  206  (comp.  283,  II.),  we  have  the  formula  of 
addition  or  subtraction, 

II...r»(i3±a)=I-'/3±I'a; 

with  these  more  general  results  of  the  same  kind  (comp.  207 

and  99), 

III.  .  .  I-'2a  =  2l-'fl ;  IV.  .  .  1^2xa  =  Sxl^a. 
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In  the  third  place,  by  193  (comp.  283,  UI.),  ve  have,  for  division^ 

the  formnlay 

V...r>/i:I-'a=P:a; 

while  the  second  definition  (284)  of  mtiUiplication  of  vectors,  which  has 
been  proved  to  be  consistent  with  the^r^  definition  (278),  has  giyen 
US  the  analogous  equation, 

It  would  seem,  then,  that  we  might  at  once  proceed  to  define^  for  the 
purpose  of  interpreting  any  proposed  Function  of  Vectors  as  a  Quater- 
temion^  that  the  following  general  Equation  exists : 

VII.  .  .  l-^a  =  a;     or     VIII. .  .  I©  =  V,     if     r  =  5 ; 

or  still  more  briefly  and  symbolically^  if  it  be  understood  that  the 
stdtject  of  the  operation  I  is  always  a  right  quaternion, 

IX.  ••1=1. 

But,  before  finally  adopting  this  conclusion,  there  is  a  case  (or  rather 
a  dass  of  cases),  which  it  is  necessary  to  examine,  in  order  to  be  cer- 
tam  that  no  contradidion  to  former  results  can  eyer  be  thereby  caused. 
287.  The  most  general  form  of  a  vector-Junction^  or  of  a  vector 
regarded  as  a  function  of  other  vectors  and  of  scalars,  which  was 
considered  in  the  First  Book,  was  the  form  (99,  comp.  275), 

I.  .  .  p  =  2xa; 

And  we  have  seen  that  if  we  change^  in  this  form,  each  vector  a  to  the 
corresponding  right  quaternion  l~^a,  and  then  take  the  index  of  the 
new  right  quaternion  which  resuUsj  we  shall  thus  be  conducted  to 
precisely  the  same  vector  p,  as  that  which  had  been  otherwise  ob- 
tained before;  or  in  symbols,  that 

11.  .  .  2a?a  =  I2a?r»a  (comp.  286,  IV.). 
But  another  form  of  a  vector-function  has  been  considered  in  the  Se- 
cond Book ;  namely,  the  form, 

111...^=..  J|«(226,III.); 

in  which  a,  A  7)  ^f  '  •  •  •  ^'e  any  odd  number  of  complanar  vectors. 
And  before  we  accept,  as  general^  the  equation  VII.  or  VIII.  or  IX. 
of  286,  we  must  inquire  whether  we  are  at  liberty  to  write,  under 
the  same  conditions  of  complanarityy  and  with  the  same  signification 
of  the  vector  ^,  the  equation, 
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288.  To  examine  this,  let  there  be  at  first  only  three  given  com- 
planar  vecfatVj  7|||«>  P'j  '^^  which  case  there  will  always  be  (by 
226)  tL  fourth  vector  />,  in  the  same  plane,  which  will  represent  or 
construct  the  function  (7:/9).a;  namely,  the  fourth  proportioned  to 
A  7»  «•  Taking  then  what  we  may  call  the  Inverse  Index-Functions^ 
or  operating  on  these  four  vectors  o,  /3,  7,  p  by  the  characteristic  I"*, 
we  obtain/(mr  coUinear  and  right  quaternions  (209),  which  may  be 
denoted  by  v,  r',  r'',  v"';    and  we  shall  have  the  equation, 

V. .  .  v''':  t;  =  (/>:  a=  7: /3  =)r'':  t;^ 
or  VI.  ..!/''  =  (v^'ivO-v; 

which  proves  what  was  required.     Or,  more  symbolically, 

VII       ^-P.^1^^. 
I-»a~a    /8"I-»/8' 

VlIL..|.a  =  ^  =  I(I-V)  =  l(^.I-ia). 

And  it  is  so  easy  to  extend  this  reasoning  to  the  case  of  any  greater 
odd  number  of  given  vectors  in  one  plane,  that  we  may  now  consi- 
der the  recent  formula  lY.  as  proved. 

289.  We  shall  therefore  adopts  as  general^  the  symbolical 
equations  VU.  VIII.  IX.  of  286 ;  and  shall  thus  be  enabled, 
in  a  shortly  subsequent  Section,  to  interpret  ternary  (and  other) 
products  qfvectorsf  as  well  as  powers  and  other  Functions  of 

Vectors f  as  h^mg  generally  Quaternions;  although  they  may, 
in  particular  cases^  degenerate  (131)  into  scalar s^  or  may  be- 
come right  quaternions  ( 1 32)  :  in  which  latter  event  they  may, 
in  virtue  of  the  same  principle,  be  represented  by  ^  and  equated 
to,  their  ovm  indices  (133),  and  so  be  treated  as  vectors.  In 
symbols,  we  shall  wnie  generally,  for  any  set  of  vectors  a,  /3, 
y, . . .  and  any  function  fi  the  equation, 

I.  .  .  /(a,  0, 7, . . .)  =  /(!■'«.  ^'%  I-^y.  •••)  =  ?, 
q  being  some  quaternion;  while  in  the  particular  case  when 
this  quaternion  is  right,  or  when 
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we  shall  write  aho,  and  usually  by  preference  (for  thai  case), 
the  formula, 

II.  •  ./(a, ^, y, . . .)  -  I/(I-'«>  I"^.  I-"7>  •  •  •)  =P» 
p  being  a  vector. 

290.  For  example,  instead  of  saying  (as  in  281)  that  the 
Product  of  any  two  Rectangtdar  Vectors  is  a  Right  Quaternion^ 
with  certain  properties  of  its  Index^  already  pointed  out  (284, 
(6.)  ),  we  may  now  say  that  such  a  product  is  equal  to  that  tVi- 
dex.  And  hence  will  follow  the  important  consequence,  that 
the  Product  of  any  Two  Rectangular  Lines  in  Space  is  equal 
to  (or  may  be  constructed  by)  a  Third  Line,  rectangular  to 
both  ;  the  Rotation  round  this  Product-Lincy  from  the  Multi- 
plier-Ltine  to  the  Multiplicand- Line^  being  Positive :  and  the 
Length  of  the  Product  being  equal  to  the  Product  of  the 
Lengths  of  the  Factors ^  or  representing  (with  a  suitable  refe- 
I'cnce  to  units)  the  Area  of  the  Rectangle  under  them.  And 
generally  we  may  now,  for  all  purposes  of  calculation  and  ex- 
pressionj  identify*  a  Right  Quaternion  with  its  own  Index, 

Sbction  6. —  On  some  Simplifications  of  Notation,  or  of  E^ 
pression,  resulting  from  this  Identification  ;  and  on  the  Con^ 
ception  of  an  Unit'Lvne  as  a  Right  Versor* 

291.  An  immediate  consequence  of  the  symbolical  equa- 
tion 286,  IX.,  is  that  we  may  now  suppress  the  Characteristic 
I>  of  the  Index  of  a  Right  Quaternion^  in  all  the  formulae  into 
"v^hich  it  has  entered;  Q,nd  so  meij  sin^lify  the  Notation.  Thus, 
instead  of  writing, 

Ax.j  =  IUVj,     or    Ax.  =  IUV,     as  in  204,  (23.), 
or         Ax.y  =  UIV(7,  Ax.  =  UIV,        as  in  274,  (7.), 

we  may  now  write  simplyf, 

L..Ax.y-UVy;    or    11.  ..Ax.-UV. 

TTle  Characteristic  Ax.,  of  the  Operation  oftahing  the  Axis  of 
a  Quaternion  (132,  (6.)  ),  may  therefore  hemeforth  be  replaced 

*  Compare  the  Notes  to  pages  119, 186,  174,  191,  200. 
t  Compare  the  first  Note  to  page  118,  and  the  second  Note  to  page  200. 
28 
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whenever  we  may  think  fit  to  dispense  with  it^  by  this  combma- 
Hon  of  two  other  characteristics^  U  and  V,  which  are  of  greater 
and  more  general  utility,  and  indeed  cannot*  be  dispensed  with, 
in  the  practice  of  the  present  Calculus. 

292.  We  are  now  enabled  also  to  diminish^  to  some  extent, 
the  number  of  technical  terms,  which  have  been  employed  in 
the  foregoing  Book.  Thus,  whereas  we  defined,  in  202,  that 
the  right  quaternion  Vq  was  the  Right  Part  of  the  Quater- 
nion J,  or  of  the  sum  Sq  +  Vj,  we  may  now,  by  290,  identify 
that  part  with  its  own  index-vector  IVy,  and  so  may  be  led  to 
call  it  the  vector  part  ^  or  simply  ^AcVector,-}-  of  that  Quater- 
nion g,  without  henceforth  speaking  of  the  right  part:  although 
the  plan  of  exposition,  adopted  In  the  Second  Book,  required 
that  we  should  do  so  for  some  time.  And  thus  an  enuncia- 
tion^ which  was  put  forward  at  an  early  stage  of  the  present 
work,  namely,  at  the  end  of  the  First  Chapter  of  the  First 
Book,  or  the  assertion  (17)  that 

"  Scalar  plus  Vector  equals  Quaternion" 

becomes  entirely  intelligible,  and  acquires  a  perfectly  definite 
signification.  For  we  are  in  this  manner  led  to  conceive  a 
Number  (positive  or  negative)  as  being  added  to  a  Line^t 
when  it  is  added  (according  to  rules  already  established)  to 
that  right  quotient  (132),  of  which  the  line  is  the  Index.  In 
symbols,  we  are  thus  led  to  establish  the  formula, 
I.  .  .  y  =  a  +  a,     when     II.  .  .  17  =  a  +  T'a  ; 

*  Of  conne,  any  one  who  chooses  may  moml  new  tymboh,  to  denote  the  eame 
operations  on  quatemione,  as  those  which  are  denoted  in  these  Elemente,  and  in  the 
elsewhere  cited  Leetvree,  by  the  letters  U  and  V ;  but,  under  Momeform,  sach  sym- 
bols mutt  be  ueed:  and  it  appears  to  have  been  hitheito  thooght  expedient,  by  other 
writers,  not  hastily  to  innovate  on  notations  which  have  been  already  employed  in 
several  published  researches,  and  have  been  found  to  answer  their  purpose.  As  to  the 
type  used  for  these,  and  for  the  analogous  characteristics  E,  S,  T,  that  must  evidently 
be  a  mere  affair  of  taste  and  convenience :  and  in  fact  they  have  all  been  printed 
as  small  italic  capitals,  in  some  examination-papers  by  the  author. 

f  Compare  the  Note  to  page  191. 

X  On  account  of  this  possibility  of  conceiving  a  quaternion  to  be  the  evm  of  a 
number  and  a  line,  it  was  at  one  time  suggested  by  the  present  author,  that  a  Qua- 
ternion might  alto  be  called  a  Grammaritkm,  by  a  combination  of  the  two  Greek 
words,  ypafifiii  and  dptSiAog,  which  signify  respectively  a  Line  and  a  Number, 
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whatever  scalar^  and  whatever  vector^  may  be  denoted  by  a 
and  a.  And  because  either  of  these  two  parts,  or  summands, 
may  vanish  separately,  we  are  entitled  to  say,  that  both  Sea- 
lars  and  Vectors,  or  Numbers  and  Lines,  are  included  in  the 
Conception  of  a  Quaternion,  as  now  enlarged  or  modified. 

293.  Again,  the  same  symbolical  identification  of  Iv  with 
V  (286,  VIII.)  leads  to  the  forming  of  a  new  conception  of  an 
Unit-Line,  or  Unit- Vector  (129),  as  being  also  a  Right  Versor 
(153) ;  or  an  Operator,  of  wliich  the  effect  is  to  turfi  a  line,  in 
a  plane  perpendicular  to  itself,  through  a  positive  quadrant  of 
rotation :  and  thereby  to  oblige  the  Operand-Line  to  take  a 
new  direction,  at  right  angles  to  its  old  direction,  but  mthout 
^j  change  of  length.  And  then  the  remarks  (154)  on  the 
equation  q^--!,  where  q  was  a  right  versor  in  the  former 
sense  (which  is  still  a  permitted  one)  of  its  being  a  right  ra- 
dial quotient  (147),  or  the  quotient  of  two  equally  long  but  mu- 
tually rectangular  lines,  become  immediately  applicable  to  the 
interpretation  of  the  equation, 

p« «  -  1,    or    p»  +  1  =  0  (282,  XIV.) ; 
where  p  ie  still  an  unit-sector. 

(1.)  ThoB  (comp.  Fig.  41),  if  a  be  any  line  peipendicolar  to  such  a  vector  p, 
we  have  the  equations, 

I.  ..pasjS;         II.  .  .  p^a-pfissa^ss-a; 

^  being  another  line  perpendicnlar  to  p,  which  is,  at  the  same  time,  at  right  angles 
to  a,  and  of  the  same  length  with  it ;  and  from  which  a  third  line  a\  or  —  a,  oppth' 
eite  to  the  line  a,  bat  still  eqttally  long^  is  formed  by  a  repetition  of  the  operation^ 
denoted  by  (what  we  may  here  call)  the  characterietic  p ;  or  having  that  vnit-vee- 
tor  p  for  the  opertxtorf  or  inatmmeni  employed,  as  a  sort  of  handle,  or  axie*  of  ro- 
tation. 

(2.)  More  generally  (comp.  290),  if  a,  j3,  y  be  any  three  lines  at  right  angles  to 
each  other,  and  if  the  length  of  y  be  numerically  equal  to  the  product  of  the  lengthe 
of  a  and  /3,  then  (by  what  precedes)  the  line  y  repreeente^  or  eonetrtictM,  or  is  equal 
to,  the  product  of  the  two  other  line;  at  least  if  a  certain  order  of  iimfactore 
(comp.  279)  be  observed:  so  that  we  may  write  the  equation  (comp.  281,  XXI.), 

III...a/8  =  r,     >'    IV.  ..iS-J-o,  yO-a,   yO-ZJ,     and    V.  .  .  Ta.T/3  =  Ty, 


Compare  the  first  Note  to  page  186. 
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provided  that  the  rotation  round  a,  from  /3  to  y,  or  that  ronod  y  from  atop,  fte., 
has  the  direction  taken  as  the  pontiv  one. 

(8.)  In  this  more  general  case,  we  may  ttiU  conottve  that  the  mnUipUtr-lme 
a  has  operated  on  the  mtdtiplieandr-Hne  j3,  so  as  to  produce  (or  generate)  the  pro- 
duct-line y ;  but  not  now  by  an  operation  otvertion  alone,  sinoe  the  teneor  of /3  is 
(generally)  multiplied  by  that  of  a,  in  order  to  form,  by  Y.,  the  teneor  ofthepro^ 
ducty, 

(4.)  And  if  (oomp.  Fig.  41,  bie,  in  which  a  was  first  changed  to  j3,  and  then  to 
a*)  we  repeat  thie  compound  operatioUf  of  teneion  and  vereion  combined  (comp.  189), 
or  if  we  multiply  again  by  a,  we  obtain  a  fourth  line  p,  in  the  plane  of  j8,  y,  but 
with  a  direction  oppoaite  to  that  of  )3,  and  with  a  length  generally  different :  namely 
the  line, 

VI.  ..ay=aa)3  =  a«/3=/8'  =  -a»)3,     if    o  =  Ta. 

(6.)  The  operator  a*,  or  aa,  is  therefore  e^valent,  in  its  effect  on  jS,  to  the  ne- 
gative  eealar,  —  a',  or  -  (Ta)^,  or—  Na>  considered  as  a  coefficient,  or  as  a  (scalar) 
multiplier  (15) :  whence  the  equation, 

VII.  ..a«=-Na(282,  L), 

may  be  again  deduced^  bat  now  with  a  new  interpretation,  which  is,  however,  as  we 
see,  completely  consittent,  in  all  its  coneequeneee,  with  the  one  first  proposed  (282). 

Section  6. — On  the  Interpretation  of  a  Product  of  Three  or 
more  Vectors^  as  a  Quaternion. 

294.  There  is  now  no  diflSculty  in  interpretbg  a  ternary 
product  of  vectors  (comp.  277,  I.),  or  a  product  otmore  vec- 
tors than  three i  taken  always  in  some  given  order;  namely,  as 
the  result  (289,  I.)  of  the  substitution  of  the  corresponding 
right  quaternions  in  that  product:  which  result  is  generally 
what  we  have  lately  called  (276)  an  Oblique  Quotient^  or  a 
Quaternion  with  either  an  acute  or  an  obtuse  angle  (130) ;  but 
may  degenerate  (131)  into  a  scalar ^  or  may  become  itself  a 
right  quaternion  (132),  and  so  be  constructed  (289,  II.)  by  a 
new  vector.  It  follows  (comp.  28 1),  that  Multiplication  of  Vec- 
tors^ like  that  of  Quaternions  (223),  in  which  indeed  we  now 
see  that  it  is  included,  is  an  Associative  Operation :  or  that 
we  may  write  generally  (comp.  223,  II.),  for  any  three  vec- 
tors, a,  j3,  7,  the  Formula^ 

I.  .  .  yjS.asy./Sa. 

(1.)  The  formula  228,  III.  and  IV.,  are  now  replaced  by  the  following : 
II.  .  .  V.yV/3a  =  aS/3y  -PSya; 
III.  .  .  Vy/8tt  =  aSPy  -  jSSya  +  ySa/3 ; 
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'mirhidiYyPa  IswxiUcD,  for  dmpHcity,  imtetd  of  Y  (y/Sa),  or  Y.  y/3a ;  and  with 
whidi,  as  with  the  earlier  equations  refomd  to»  a  atodent  of  thia  Calcolua  will  find 
it  useful  to  render  himaelf  venffismUar, 

(2.)  Another  nsefol  fonn  of  the  equation  II.  ia  the  ftUowing : 

lY. .  .  Y(Vai8.7)  =  aS)37-/3Sya. 

(8.)  The  eqnationa  IX.  X.  XIY.  of  228  enable  na  now  to  write,  for  oi^  ikrf 
weCort,  the  formnla : 

V.  . .  Sr/3a  =  -Sa/3r=  Say/3  =  -8/3ya  =  8i3ay=:-Sya/S 
8±  volume  ai  parallelepqted  Mnder  a,  /3,  y, 
s^  6  X  voiume  of  pyramid  oabo  ; 

upper  or  lower  s£^ii«  being  taken,  according  aa  the  rotation  ronnd  a  fhnn  /3  to  y  ia 
positiTe  <xt  negative :  or  in  other  words,  the  scalar  Sy/3a,  of  the  ternary  prodmct  of 
ttctora  y/3a,  being  posiliae  in  the  first  case,  bnt  neyaiioe  in  the  second. 

(i.)  The  condition  of  eomplanarity  of  three  vector;  a,  j3,  y,  is  therefore  ex- 
prened  by  the  equation  (comp.  228,  XL) : 

YI. ..  Sy/3a«0;     or    YI'. . .  Sa/3y  =  0 ;  Ac 

(5.)  If  a,  /S,  y  be  any  three  eeetore^  complanar  or  diplanar,  the  ezpresaion, 

YII.  . .  ^saS/3y-/3Sya, 

C^TSS  'YIIL..Sya»0,    and    IX. .  .  Sa/S^=0; 

it  represents  therefore  (comp.  IL  and  lY.)  n  fourth  vector  i,  which  \b  perpendicular 

to  y,  but  complanar  with  a  and  /3 :  or  in  symbols, 

X...^j.y,    and    XI. . .  ^|||  a, /3. 
(Compare  the  noUtions  128,  129.) 

(8.)  For  cBKyfimr  vectort,  we  have  by  IL  and  lY.  the  transformationa, 

XII.  ..  Y  (Jap .  YyJ)  =  ^SaPy  -  ySajW ; 
XIII. . .  Y(Yaj5.Yy^)  =  a8^y^-/3Say^; 

and  each  of  these  three  equivalent  expressions  represents  njlfth  vector  c,  which  is  at 
Mice  complanar  with  a,  /3,  and  with  y,  ^;  or  a  line  ob,  which  is  in  the  interteetion 
ofthetufoplanetf  OAB  and  ood. 

(7.)  Comparing  them,  we  see  that  any  arbitrary  vector  p  may  be  ezpresaed  as 
a  Uauar  function  of  any  three  given  diplanar  veetore^  a,  /3,  y,  by  the  formula : 

XIY.  . .  pSajSy  «  aS^yp  +  /SSyap  +  ySo^p ; 
which  ia  found  to  be  one  of  eztendve  utility. 

(8.)  Another  very  useful  formula,  of  the  same  khid,  ia  the  following: 
XY.  .  .  pSa/3y  =  Y/3y . Sop  +  Yya .  8/3p  +  Yaj3.  Syp ; 
in  the  aecond  member  of  which,  the  pointa  may  be  omitted. 

(9.)  One  mode  of  proving  the  correctness  of  this  last  formula  XY.,  is  to  operate 
OQ  both  members  of  it,  by  the  three  tymboU^  or  characterigtiee  ofoperatiouj 

XYI.  ..S.a,    S.ft    S.y; 
the  common  resulta  on  both  sides  behig  reflectively  the  three  scakr  products, 

XYn. .  .  Sap .  Sa/3y,    S)3p .  SajSy,    Syp .  Safiy ; 
where  again  the  points  may  be  omitted. 
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(10.)  We  here  employ  the  principle,  that  if  the  three  veeton  Oy  p,  y  he  actual 
and  diphmar^  then  no  actual  vector  X  can  satisfy  at  once  the  three  eealar  equeUiona^ 

XVIII.  .  .SaX  =  0,     S/3X  =  0,     SyX  =  0; 
hecaaae  it  cannot  he  perpendicular  at  once  to  those  three  diplanar  vectors. 

(11.)  If,  then,  in  any  investigation  with  quaternions,  we  meet  a  system  of  this 
form  XYIII.,  we  can  at  once  infer  that 

XIX.  ..X  =  0,     if    XX.  ..Sa/3y^0; 

while,  conversely,  if  X  (e  an  actual  vector,  then  a,  j3,  y  must  be  compUmar  vectors, 
or  Safiy  =  0,  as  in  VI'. 

(12.)  Hence  also,  under  the  same  condition  XX.,  the  three  scalar  equations, 
XXI.  . .  SaX  =  Safi,     S/3X  =  SP/i,     SyX  =  Sy^, 
give  XXII.  ..X=/A. 

(13.)  Operating  (oomp.  (9.)  )  on  the  equation  XY.  by  the  symbol,  or  eharae- 
teristic,  S.  ^,  in  which  i  is  any  new  vector,  we  find  a  result  which  may  be  written 
thus  (with  or  without  the  points) : 

XXIII.  . .  0  =  Sap .  SPyB  -  S/3p .  Syda  +  8yp .  Sdap  -  SSp .  Safiy  j 

where  a,  /3,  y,  ^,  p  may  denote  any  Jive  vectors. 

(14.)  In  drawing  this  last  inference,  we  assume  that  the  equation  XV.  holds 
good,  even  when  the  three  vectors  a,  /3,  y  are  complanar :  which  in  fact  must  be  true, 
as  a  limit,  since  the  equation  has  been  proved,  by  (9.)  and  (12.),  to  be  valid,  if  y  be 
ever  so  little  out  of  the  plane  of  a  and  (3. 

(15.)  We  have  therefore  this  new  formula : 

XXIV...  Vi3ySap  +  VyaS/3p  +  Va/3Syp  =  0,     if    Sa/Jy^O; 
in  which  p  may  denote  any  fourth  vector,  whether  in,  or  out  of  the  common  plane 
of  a,  ft  y. 

(16.)  If  p  be  perpendicular  to  that  plane,  the  last  formula  is  evidently  true,  each 
term  of  the  first  member  vanishing  separately,  by  281,  (7.) ;  and  if  we  change  p  to 
a  vector  d  in  the  plane  of  a,  ft  y,  we  are  conducted  to  the  following  equation,  as  an 
interpretation  of  the  same  formula  XXIY.,  which  expresses  a  known  theorem  of 
plane  trigonometry,  including  several  others  under  it: 

XXV.  . .  sin  BOO .  cos  aod  +  sin  coa  .  cos  bod  +  sin  aob  .  cos  cod  :=  0, 
for  any  four  complanar  and  co^initial  lines,  OA,  OB,  oo,  OD. 

(17.)  By  passing  from  od  to  a  line  perpendicular  thereto,  but  in  their  conunon 
plane,  we  have  this  other  known*  equation : 

XXYI.  •  .  sin  BOO  sin  A9D  +  sin  coa  sin  bod  +  sin  aob  sin  cod  =  0 ; 

which,  like  the  former,  admits  of  many  transformations,  but  is  only  mentioned  here 
as  offering  itself  natoimlly  to  our  notice,  when  we  seek  to  interpret  the  /brmula 
XXIV.  obtained  as  above  by  quaternions. 

(18.)  Operating  on  that  formula  by  S.^,  and  changing  p  to  c,  we  have  this  new 
equation : 


•  Ck)mpare  page  20  of  the  Oeometrie  SnpSrieure  of  M.  Chasles. 
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XXVII. .  .  0  e  SatSPyi  +  SptSyaB  +  SycSajS^,    if    Safiy  =  0  ; 
which  might  indeed  have  been  at  onoe  deduced  from  XXIII. 

(19.)  Tfae  eqaation  XIY.,  as  well  aa  XY.,  must  hold  good  at  the  limit,  when  a, 
/3,  y  are  eomplanar;  hence 

XXVIII.  . .  aSPyp  +  fiSyap  +  ySafip  =  0,     if    Safiy  =  0. 
(20.)  This  last  formula  is  evidently  true,  by  (4.),  if  p  be  ni  the  common  plane 
of  the  three  other  rectors ;  and  if  we  suppose  it  to  be  perptndimhur  to  that  plane, 
BO  that 

XXIX  .  .  p  II  V^y  II  Yya  ||  Vaft 

and  therefore,  by  281,  (9.)i    since    S  (Sj3y .  p)  =  0, 

XXX.  .  .  S/3r|D  =  S(Vi3y.p)=V/3y.p,  &a, 
we  may  divide  each  term  by  p,  and  so  obtain  this  other  formula, 

XXXI.  ..aV/3y  +  /SVya  +  yVa^  =  0,    if    Sa/3y»0. 
(21.)  In  general,  the  vector  (292)  of  this  last  expression  vaniihea  by  II. ;  the 
ejcpression  is  therefore  equal  to  its  own  ecalar,  and  we  may  write, 

XXXTL  .  .  oV/3y  +  /3Vya  +  y Va/3  =  3Sa/9y, 
wkai€9er  three  vector*  may  be  denoted  by  a,  /3,  y. 

(22.)  For  the  ease  of  eomplanarity,  if  we  suppose  that  the  three  vectors  are 
eqtialfy  long,  we  have  the  proportion, 

XXXIII.  .  .  V/Jy :  Vya :  Vtt/3  =  sin  BOO  i  sin  coA :  sm  aob  ; 
and  the  formula  XXXI.  becomes  thus, 

XXXIV. .  .  OA.  sinsoo  +  OB.sincoA-f  oo.sinAOB  =  0; 
where  oa,  ob,  oc  are  any  three  radii  of  one  circle,  and  the  equation  is  interpreted  as 
in  Articles  10,  11,  &c 

(23.)  The  equation  XXIII.  might  have  been  deduced  from  XIV.,  instead  of 
XY.,  by  first  operating  with  S.^,  and  then  interchanging  i  and  p. 

(24.)  A  vector  p  may  in  general  be  considered  (221)  as  depending  on  three  sea- 
loTB  (the  co-ordinates  of  its  term) ;  it  cannot  then  be  determined  by  fewer  than  three 
gcalar  equations;  nor  can  it  be  eliminated  between  fewer  than  four, 

(25.)  As  an  example  of  such  determination  of  a  vector,  let  a,  /3,  y  be  again  any 
tiree  given  and  diplanar  vectors  ;  and  let  the  three  given  eqwxtions  be, 

XXXV.  .  .  Sap  =  a,     S/3p  =  *,     Syp  =  c; 
in  which  a,  &,  c  are  supposed  to  denote  three  given  scaiars.     Then  the  sought  vector 
p  has  for  its  expression,  by  XV., 

^XXXYI.  .  .p  =  «-»(aY/3y  +  ftVya  +  cVa/5),     if    XXXVII.  ..  c  =  Saj3y. 
(26.)  As  another  example,  let  the  three  equations  be, 

XXXYIII.  ..Si3yp  =  a',     Syap  =  6',     Sa/3p=c'; 
then,  with  the  same  signification  of  the  scalar  e,  we  have,  by  XIV., 
XXXIX.  .  .  p  =  e-»  (a' a  +  Vfi  +  c'y). 

(27.)  As  an  example  of  elimination  of  a  vector,  let  there  be  the /our  scalar 

equations, 

XL.  .  .  Sap  =  o,     S/(?p  =  6,     Syp  =f,     Sfp  =  d; 
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then,  by  XXIII.,  wb  have  this  rauUing  equaHon,  into  whieh  p  doe$  noi  eiUer,  but 
only  the j^btcr  veeton^  a . . ^,  and theybw  tealan,  a.^d: 

XLL..a,BPyi'-b.8ySa-\-e,Sdap^d.SaPy^0. 
(28.)  This  last  equation  may  therefore  be  contidered  as  the  condkum  ofcomeur^ 
renet  of  tJu  four  planet^  represented  by  the^^wr  tealar  eqttatunu  XL.,  In  one  eom- 
wMnpomt;  for,  althongh  it  has  not  been  expressly  stated  before,  it  follows  evidently 
fh>m  the  dotation  278  of  a  Mnary  product  of  vector;  combined  with  196,  (5.), 
that  coerff  tealetr  equation  of  the  linear  form  (comp.  282,  XVIII.), 

XLII.  .  .  Sap  =  a,     or    Spa  >=  a, 
in  which  a  =  OA,  and  p  =  op,  as  nsnal,  repreeenta  a  plane  locua  of  the  point  p ;  the 
vector  ofthefbot  s,  of  the  perpendicular  on  thai  plane  from  the  origin,  bdng 
XLIII.  . .  06»<r==aRa  =  aa-i  (282,  XXL). 
(29.)  If  we  concdve  a  piframidal  vdhtme  (68)  as  having  an  algebraical  (or  eca- 
lar^  character,  so  as  to  be  capable  of  bearing  either  a  poeiHve  or  a  negative  nUio  to 
the  Tolame  of  a  given  pyramid,  with  a  given  order  of  its  points,  we  may  then  omit 
the  ambiguoue  eign,  in  the  last  expression  (3.)  for  the  acalar  of  a  ternary  product  of 
vectors :  and  so  may  write,  generally,  oabo  denoting  snch  a  volume,  the  formola, 

XLIV.  . .  8ai3y  «  6  .  oabo, 
s  a  positive  or  a  negative  scalar,  according  as  the  rotation  ronnd  OA  from  on  to  oo  is 
negative  or  positive. 

(30.)  More  generally,  changing  o  to  d,  and  OA  or  a  to  a  -  ^,  &a,  we  have  thna 
the  formula : 

XLV.  ..6.DABO  =  S(a-a)(/3-^)(y-^)  =  Sai3y-S/3y^  +  Sr^a-S^ai3; 

in  which  it  may  be  observed,  that  the  expresnon  is  changed  to  its  omi  opposite,  or 
negative,  or  is  multiplied  by  —  1,  when  any  two  of  the  four  vectors,  a,  /3,  y,  i,  or  when 
any  two  of  the  four  points.  A,  b,  o,  d,  change  places  vrith  each  other;  and  therefore 
is  restored  to  its  former  value,  by  a  second  such  binary  interchange. 

(81.)  Denoting  then  the  new  origin  of  a,  /3,  y,  ^  by  B,  we  have  first,  by  XLIV., 
XLV.,  the  equation, 

XLYI. . .  dabosbabo-sbgd+bcda-xdab; 

and  mi^  then  write  the  result  (oomp.  68)  under  the  more  symmetricfbrm  (because 
—  bbcd  b  bbcd  s  &c.)  : 

XLYIL  .  •  BCDB-f  ODEA-f  dbab+babo  +  abcdssO; 

in  which  A,  B,  o,  D,  b  may  denote  any  five  points  of  space. 

(82.)  And  an  analogous  formula  (69,  III.)  of  the  first  Book,  for  any  six  pchds 
OABCDB,  namely  the  equation  (comp.  65,  70), 

XLYIII.  .  .  OA . BGDB  +  OB .  GDBA  -f  OO. DBAS  +  OD. EABO  +  OB.  ABC3>  s  0, 

in  which  the  additions  are  performed  according  to  the  rules  of  vectors,  the  «ol«Met 
being  treated  as  scalar  coefficients,  is  easily  recovered  firom  the  foregoing  principka 
and  results.    In  fkct,  by  XLYIL,  this  last  formula  may  be  written  as 

XLIX.  .  .  BD.BABO  =  BA.BBOD-f  BB.BOAD  +  BO.BABD; 

or,  substituting  a,  j3,  y,  Z  tor  ba,  kb,  bc,  bd,  as 
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L. .  .  SSaPy  =  aSpyS  +  /SSya J  +  ySafii ; 
"which  is  only  another  form  of  XIY.,  and  oagfat  to  he  familiar  to  the  student 

(83.)  The  formula  69,  II.  may  be  deduced  from  XXXI.,  by  obeerniig  that,  when 
the  three  vettort  a,  fi,  y  are  complanar,  we  hare  the  proportion, 

LI. .  .  V/3y :  Yya :  Va/3  :  V(/37  +  70  +  tt/3)  =obo  :  oca  :  oab  :  abc, 
ifnffm*  {or  alffebraie  in  ecalar  raiioe)  ofareat  be  attended  to  (28,  63);  and  the 
formala  69,  L,  for  the  case  of  three  eollinear  pmnte  a,  b,  c,  may  now  be  written  aa 
follows : 

LIL..a(/8-y)  +  /3(7-a)  +  r(a-i3)  =  2V03y  +  7a  +  a/3) 
=  2V03-«)(y-a)  =  0, 
if  the  tiree  eoinitiai  vectors  a,  j3,  y  be  termino-eoHinear  (24). 

(34.)  The  case  -when  four  eoifutial  veetorg  a,  /3,  y,  d  are  termino-eomplanar  (64)^ 
or  when  they  terminate  in /dmt  complanar  pointt  a,  b,  c,  d,  is  expressed  by  equating 
to  zero  the  second  or  the  third  member  of  the  formula  XLV. 

(35  )  Finally,  for  ternary  producte  of  vectors  in  general,  we  have  the  formula : 
LIII.  . .  a»i3«y»  +  (Sa/Sy)'  =  (Va/3y)«  =  (oS/Sy  -  jSSya  +  ySa/3)« 
=  a2(Si3y)«  +  i8a(Syo)«+  y«(Sa/3)«-2S/3ySyaSa/3. 

295.  The  identity  (290)  of  a  riffht  quaternion  with  ite  m- 
deXj  and  the  conception  (293)  of  an  unit-line  as  a  right  versor, 
allow  us  now  to  treat  the  three  important  versors,  t,^',  A,  as 
constructed  by^  and  even  as  (in  our  present  view)  identical 
with^  their  own  axes ;  or  with  the  three  lines  oi,  oj,  ok  of  181 » 
considered  as  being  each  a  certain  instrument^  or  operator^  or 
agent  in  a  right  rotation  (293,  (10  )»  '^hich  causes  any  line^  in 
a  plane  perpendicular  to  itself,  to  turn  in  that  plane^  through 
a  positive  quadrant^  without  any  change  of  its  length.  With 
this  conception,  or  construction,  the  Laws  of  the  Symbols  ijk 
are  still  included  in  the  Fundamental  Formula  of  183,  namely, 
t^^f^k^^ijk^-l;  (A) 

and  if  we  now,  in  conformity  with  the  same  conception,  transfer 
the  Standard  Trinomial  Form  (221)  from  Right  Quaternions 
to  Vectors f  so  as  to  write  generally  an  expression  of  the  form, 

I.  .  .  p  «  ia-\-Jy  +  kZj     or     r.  .  .  a  =  ia  -^jb-^  Ac,  &c., 
where  xyz  and  abc  are  scalars  (namely,  rectangular  co^ordi- 
nates)j  we  can  recover  many  ol'the  foregoing  results  with  ease : 
and  can,  if  we  think  fit,  connect  them  with  co-ordinates, 

(1.)  As  to  the  lawe  (182),  included  in  the  Fundamental  Formula  A,  the  law 
t*  =  ~  1,  &c.,  may  he  interpreted  on  the  plan  of  298,  (1.),  aa  representing  the  rever- 
sal which  resnlta  from  two  enccetsive  quadrantal  rotations. 

2t 
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(2.)  The  two  eontroMied  lawt,  or  fbrmobe, 

(/=»  +  *,        >•  =  -*,  (182,  II.  and  III.) 

may  now  be  interpreted  as  ezpreasing,  that  although  a  poritive  rotaium  through  a 
right  angU^  round  the  Umt  tat  tm  axu^  hringa  a  revolving  line  from  the  ponHoHj  to 
the  poeition  k,  or  +  4,  yet,  on  the  contrary,  a  positive  quadrantal  rotation  round  the 
linej,  as  a  new  axigy  brings  a  new  revolving  line  from  a  new  initial  position,  t,  to  a 
new  final  position^  denoted  by  -  k,  or  opposite*  to  the  old  final  position,  -f  A. 

(S.)  Finally,  the  law  iji  =  —  l  (183)  may  be  interpreted  by  conceiring,  that  we 
operate  on  a  line  a,  which  has  at  first  the  direction  of  +j,  hg  the  three  lines,  h,  /,  i, 
in  succession  ;  which  gives  three  new  but  equally  long  lines,  /3,  y,  ^,  in  the  direc- 
tions of  - 1,  +  >(,  -J,  and  so  conducts  at  last  to  a  line  —  a,  which  has  a  direedou  op- 
posite to  the  initial  one. 

(4.)  The  foregoing  laws  ofijk^  which  are  all  (as  has  been  said)  included  (184) 
in  the  Formula  A,  when  combined  with  the  recent  expression  I.  for  p,  giv«  (oomp. 
222,  (1.)  )  for  the  square  of  that  vector  the  ralne : 

XL  . .  p*  =  (ix  +iy  +  A«)»  =  -  (*«+y«  +  ««); 
this  square  of  the  line  p  is  therefore  equal  to  the  negative  of  the  square  of  its  length 
Tp  (186),  or  to  the  negative  of  its  norm  Np  (278),  which  agrees  with  the  former 
resultt  282,  (1.)  or  (2.). 

(5.)  The  condition  of  perpendicularity  of  the  two  lines  p  and  a,  when  they  are 
represented  by  the  two  trinomials  I.  and  I'.,  may  be  expressed  (281,  XYIII.)  by  the 
formnla, 

III.  .  .  Os:Sap  =  -(aa;-f  Ay+es); 

which  agrees  with  a  weU-known  theorem  of  rectangular  oo-ordinatas. 

(6.)  The  condition  of  complanarity  of  three  lines,  p,  p',  p",  represented  by  the 
trinomial  forms, 

IV.  ,  ,  pr=.ix ■\-jy  +  A«,     p'  =  iaj'  +  &c.,     p"  =  *»"  +  &c, 
is  (by  294,  YI.)  expressed  by  the  formula  (comp.  223,  XIII.), 

V.  .  .  0  =  Sp Yp  =  x^iz'y  -  y'z)  +  y'X***  "  *'«^)  +  «"(/«  "  ^V)  ? 
agreeing  again  with  known  resulta. 

(7.)  When  the  three  lines  p,  p',  p",  or  op,  op',  op",  are  not  in  one  plane,  the 
recent  expression  for  Sp"p'p  gives,  by  294,  (3.),  the  volume  of  the  parallelepiped 


*  In  the  Lectures,  the  three  rectangular  unit-lines,  i,j,  k,  were  supposed  (in 
order  to  fix  the  conceptions,  and  with  a  reference  to  northern  latitudes)  to  be  directed, 
respectively,  towards  the  south,  the  west,  and  the  zenith  ;  and  then  the  contraet  of 
the  two  formulsB,  y  =  + j|,ji  =  — ^,  came  to  be  illustrated  by  conceiving,  that  we  at 
one  time  turn  a  moiveahle  line,  which  is  at  first  directed  westward,  round  an  axis 
(or  handle)  directed  towards  the  south,  with  a  right-handed  (or  seretting)  motion, 
through  a  right  angle,  which  causes  the  line  to  take  an  upward  position,  as  lUfinai 
one ;  and  that  at  another  time  we  operate,  in  a  precisely  similar  manner,  on  a  Ime 
directed  at  first  southward,  with  an  axis  directed  to  the  west,  which  obliges  this  new 
line  to  take  finally  a  downward  (instead  of,  as  before,  an  ^^[ward)  direetion, 

t  Compare  also  222,  IV. 
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(oompk  223,  (9.)  )  of  which  they  are  ejgu  :  and  this  tohmt,  thw  ezpreawd,  is  a 
potUm  or  a  mtgtOiM  aemiar,  according  aa  the  rotaUtm  round  p  fnm  p'  to  p"  ia  itaelf 
poniht  or  tugatw^:  that  u,  aocordiiig  aa  it  has  the  «aiii#  directum  as  that  round 
+  X  from  +sr  to  +x  (or  roond  i  from  j  to  A),  or  the  direction  oppo$Ue  thereto. 

(8.)  It  may  be  noticed  here  (oomp.  223,  (13.)  ),  that  if  a,  j3,  y  be  any  three 
vecton,  then  (bj  294,  III.  and  Y.)  we  have  : 

VL  . .  Sfl/3r  =  - Sr/3a  =  I  iaPr-ypa) ; 
VII.  .  .  Va^y«  +  V7/8o«i(ai8r  +  7/3«). 
(9.)  More  generally'  (comp.  223,  (12.)  ),  since  a  vector,  considered  as  represent- 
mg  a  right  quatemwn  (290),  is  always  (by  144)  the  oppotite  ofite  own  eonjttgate,  so 
that  we  have  the  important  formula,* 

Yin. . .  Ka = -  a,    and  therefore    IX. . .  KITa  =  ±  Il'a, 
we  may  write  fbr  any  mtmber  ofveetore,  the  transformations, 

X.  . .  sna  =  ±sn'a=Kiia±n'aX 

XI.  . .  Yna  =  ^Yn'a  =  }(na  +n'a), 
ifiper  or  lower  signs  being  talcen,  according  as  tliat  nomber  is  even  or  odd :  it  being 
understood  that 

XII.  ..  n'a-...7i3a,     if    Has 0)87... 

(10.)  Hie  relations  of  reetauynkiriiy, 

XIII. . .  Ax.t-X-AjE.y;    Ax.jJ-Ax.Aj     Ax.A-X-Ax.t, 
wliich  result  at  once  from  the  definitions  (181),  may  now  be  written  more  briefly,  as 

£dDowb: 

XIY...tJ.ij        i^k,        A^ij 

and  similarly  in  other  cases,  where  the  axee,  or  the  planee,  of  any  two  right  qnater- 
niona  are  at  right  angles  to  each  other. 

(11.)  Bat,  with  the  notadons  of  the  Second  Book,  we  might  alto  have  writtten, 
by  123,  181,  snch  formulsB  of  eomplanarity  as  the  following,  Ax.y  |||  t,  to  express 
(oomp.  225)  that  the  axie  of  J  was  a  line  in  the  plane  of  t ;  and  it  might  cause  some 
confnsion,  if  we  were  now  to  tAridge  that  fonnula  to j  |||  i  In  general,  it  seeme 
con-venient  that  we  should  not  henceforth  employ  the  eign  |||,  except  as  connecting 
either  eymboU  of  three  lines,  ocmsidered  still  as  eomplanar;  or  else  symbols  of  three 
right  quaternions^  considered  as  being  cottinear  (209),  because  their  indices  (or  axes) 
are  eomplanar:  or  finally,  any  two  eomplanar  quaternions  (123). 

(12.)  On  the  other  hand,  no  inconvenience  will  result,  if  we  now  insert  the  sign  of 
pttraUelism,  between  the  symbols  of  two  right  quaternions  which  are,  in  the  former 
sense  (128),  eomplanar :  for  example,  we  may  write,  on  our  present  plan, 

XY...»ili.    MiiJj    «*ll*, 
if  xyx  be  any  three  scalara 


•  If;  in  like  manner,  we  interpret,  on  onr  present  plan,  the  symbols  Ua,  Ta,  Nn 
as  equivalent  to  Ul'^a,  Tl-^a,  Nl'^a,  we  are  reconducted  (eompare  the  Notes  to 
page  186)  to  the  same  signifleatioiis  of  those  symbols  as  before  (155, 185, 278) ;  and 
it  ia  evident  that  on  the  same  plan  we  have  now, 
Sa  =  0,     Va  =  o. 
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296.  There  are  a  few  particular  but  remarkable  cases^  of  ternary 
and  o^ex  products  of  vectors^  which  it  may  be  well  to  mention  here, 
and  of  which  some  may  be  worth  a  student's  while  to  remember: 
especially  as  regards  the  products  of  successive  sides  of  closed  polygons, 
inscribed  in  circles,  or  in  spheres. 

(1.)  If  A,  B,  c,  D  be  any  four  eoneireular  points,  we  know,  by  the  sub-articles  to 
260,  that  their  anharmonic  fitnetion  (abcd),  as  defined  in  259,  (9.)i  hteaiar;  being 
also  poiitive  or  negative,  according  to  a  law  of  tirranffemtnt  of  those  four  pointa, 
which  has  been  already  stated. 

(2.)  But,  by  that  definition,  and  by  the  scalar  (though  negative)  character  of  the 
square  of  a  vector  (282),  we  have  generally,  for  any  plane  or  gauche  qvadriiaieral 
▲BCD,  the  formula : 

I.  . .  e^  (abcd)  =  AB .  BO.  OD.  DA  =  the  continued  product  of  the  four  sides; 

in  which  the  coefiicient  e>  is  a  positive  scalar ^  namely  the  product  of  two  negative 
or  of  two  positive  aqnares,  as  follows : 

II.  .  .  «>  =  bc«.da*=bc'.da'>0. 
(8.)  If  then  abcd  be  a  pUxne  and  inscribed  quadrilateral,  we  have,  by  260,  (8.)i 
the  formula, 

III.  .  .  AB .  BC .  CD .  DA  =  a  positive  or  negative  scalar ^ 

acoording  as  this  quadrilateral  in  a  circle  is  a  crossed  or  an  uncrossed  one. 

(4.)  The  product  afiy  of  ang  three  complanar  vectors  is  a  vector,  because  its 
scalar  peart  Safiy  vanishes,  by  294,  (3.)  and  (4.);  and  if  the  factors  be  three  sue- 
eessive  sides  AB,  Bc,  cd  of  a  quadrilateral  thus  tfMcrt6e</in  a  circle,  their  product  has 
either  the  direction  of  thQ  fourth  successive  side,  DA,  or  else  the  opposite  direction, 
or  in  symbols, 

IV.  .  .  AB.  BO.CD :  DA  >  or  <  0, 

according  as  the  quadrilateral  abod  is  an  uncrossed  or  a  crossed  one. 

(5.)  By  conceiving  the  fourth  point  d  to  approach,  continuously  and  indefinitely, 
to  the  first  point  A,  we  find  that  the  product  of  the 
three  successive  sides  of  ang  plane  triangle,  abc,  is 
given  by  an  equation  of  the  form : 

y.  .  .  AB.B0.CA=  at; 

AT  being  a  line  (comp.  Fig.  63)  which  touches  the 

circumscribed  circle,  or  (more  fully)  which  touches 

the  segment  ABC  of  that  circle,  at  the  point  a  ;  or  re- 

presents  the  inititd  direction  of  motion,  along  the  cu*- 

eumference,  from  A  through  Btoo:  while  the  length 

of  tills  tangential  product-line,  AT,  is  equal  to,  or 

represents,  with  the  usuai  reference  to  an  unit  of  length,  the  product  of  the  lengths 

of  the  three  sides,  of  the  same  inscribed  triangle  Ana 

(6.)  Conversely,  if  this  theorem  respecting  the  product  of  the  sides  of  an  inscribed 
triangle  be  supposed  to  have  been  otherwise  proved,  and  if  it  be  remembered,  then 
since  it  will  give  in  like  manner  the  equation, 
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VL  .  .  AC.CD.DAsAU, 

if  i>  be  any  fomrth  pointy  etmehremlar  with  A,  B,  c,  whiJe  Au  is,  as  in  the  annexed 

Flgmee  68,  a  tangent  to  the  new  tegment  acd^  we  can 

recover  eadly  the  theorem  (3.),  respecting  the  product 

of  the  sideM  of  an  inacrihed  quadrUatertd  ;  and  thence 

can  return  to  the  corresponding  theorem  (260,  (8.)  ), 

xespeeting  the  anharmonic  function  of  any  such  figure 

abcd:  for  we  shall  thus  have,  by  Y.  and  YI.,  the 

equation, 

YII.  .  .  AB.BC.CD.DAa(AT.AU)  :  (CA.Ac), 

in  which  the  divieor  CA.  AO  or  N.  AC,  or  ac*,  is  always 

pogitive  (282,  (1.)  ),  bat  the  dividend  at.  AU  is  nega" 

tioe  (281,  (9.)}  for  the  case  of  an  uncrossed  quadrilateral  (Fig.  63),  being  on  the 

contrary  positive  for  the  other  case  of  a  crossed  one  (Fig.  63,  &t«). 

(7.)  If  p  be  any  point  on  the  circle  through  a  given  point  a,  which  touches  at  a 
given  origin  o  a  given  line  or  =  r,  as  represented  in  Fig.  64,  we  shall  then  have  by 
(5.)  an  equation  of  the  form, 

YIIL  . .  oA.AP.PO  =  a;.OT, 
in  which  x  is  some  scalar  coefficient,  which 
varies  with  the  position  of  p.    Making  then 
OA=  a,  and  op=  jd,  as  usual,  we  shall  have 
IX, . .  fl (p  —  a')p  =  "XT, 


IX'.  .  .  p-*  —  o'*  =  a?r :  a'^p^, 
IX"...  Vrp-i  =  Yra-i; 


Fig.  64. 


and  any  one  of  these  may  be  considered  as  a 
farm  of  the  equation  of  the  circle,  determined  by  the  given  conditions. 

(8.)  Geometrically,  the  last  formula  IX."  expresses,  that  the  line  p'^-a-\  or 
Bp  -Ra»  or  aV  (see  again  Rg.  64),  if  oa'  =  o'  =  Ra  =  R.oA,  and  op'=p-»  =R.op, 
is  parallel  to  the  given  tangent  r  a*  o  ;  which  agrees  with  Fig.  68,  and  with  Art. 
260. 

(9.)  If  B  be  the  pomt  opposite  to  o  upon  the  circle,  then  the  diameter  ob,  or  )3, 
as  being  -i-  r,  so  that  r/3-'  is  a  vector,  is  given  by  the  formula, 

X.  ..  r/3->=Yra->;    or    X'. .  .  j3  =  -r :  Yro-i; 

in  which  the  tangent  r  admits,  as  it  ought  to  do,  of  being  mnltiplled  by  any  scalar 
without  the  value  of  /3  being  changed. 

(10.)  Ab  another  verification,  the  last  formula  gives, 

XL  . .  6B  =  T/3  =  Ta :  TYUra^  =  oa:  sin  aot. 
(11.)  If  a  quadrilateral  oabo  be  not  inscriptible  in  a  circle,  then,  whether  it  be 
plane  or  gauche,  we  can  always  circumscribe  (as  in  Fig.  66)  two  circles,  oab  and  obc, 
about  the  £100  triangles,  formed  by  drawing  the  diagonal  ob;  and  then,  on  the  plan 
of  (6.),  we  can  draw  two  tangents  or,  ou,  to  the  two  segments  oab,  obc,  so  as  to  repre- 
sent the  two  ternary  products. 
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oA..AB,BO^    and    ob.bo.co; 
after  wluch  we  ahall  have  the  quatermay  prodmett 

XII.  .  .  OA .  AB. BO. OO  s  or. OG  :  OB* ; 

where  the  divisor,  oB*t  ^^  ^o  •  OB,  or  N .  OB,  is  a 
positive  Mcalar,  bat  the  dividend  or  »ou,  and  there- 
fore also  the  quotient  in  the  second  member,  or  the 
product  in  the^rff  member,  is  a  qvaternion.. 

(12.)  The  axis  of  this  quaternion  is  perpen- 
dicular to  the  plane  TOU  of  the  two  tangents;  and 
therefore  to  the  plane  itself  of  the  quadrilateral 
OABO,  if  that  be  a  plane  figure  ;  but  if  it  be  gauche^ 
then  the  axis  is  normal  to  the  eireumserihed  sphere 

at  the  point  o :  being  also  in  all  cases  sneb^  that  the  rotation  round  it,  firom  or  to 
ou,  19  positive. 

(13.)  The  angle  of  the  same  qnatornion  is  the  stg^plenkent  of  the  angU  tou  be- 
tween the  two  tangents  aboye  mentioned ;  it  is  therefore  equai  to  the  angle  u'or,  if 
ou'  touch  the  new  segment  ocb,  or  proceed  in  a  new  and  i^tposito  direeiion  from  o 
(see  again  Big.  65) ;  it  may  therefore  be  said  to  be  the  angle  between  the  two  ares, 
oab  and  oob,  along  which  a  point  should  move,  in  order  to  go  from  o,  on  the  two 
circumferences,  to  the  opposite  comer  b  of  the  quadrilateral  oabo,  through  the  two 
other  corners,  A  and  o,  respectively :  or  the  angle  between  the  arcs  ocb,  cab. 

(14.)  These  resalta,  respecting  the  axis  and  angle  of  the  product  of  the  four  suc- 
cessive sides,  of  any  quadrilateral  oabo,  or  abcd,  apply  without  any  modification  to 
the  anharmonic  quaternion  (259,  (9.))  of  the  same  quadrilateral;  and  although, 
for  the  case  of  a  quadrilateral  in  a  circle,  the  axis  becomes  indeterminate,  becanstt 
the  quaternary  product  and  the  anharmonic  function  degenerate  together  into  sea» 
lars,  or  because  the  figure  may  then  be  conceived  to  be  inscribed  in  indefinatelpmanif 
spheres,  yet  the  angle  may  still  be  determined  by  the  mam  rule  aa  in  the  gensrai 
case :  this  angle  being  » ir,  for  the  inscribed  and  uncrossed  quadrilattfal  (Fig.  63) ; 
but  a  0,  for  the  inscribed  and  crossed  one  (Fig.  68,  bis), 

(15.)  For  the  gauche  quadrilateral  oabc,  which  may  always  be  conceived  to  bo 
inscribed  in  a  determined  sphere,  we  may  say,  by  (13.),  that  the  €mgle  of  the  qua^ 
temion  product,  /.(oa.ab.bo.oo),  is  equal  to  the  ai»gle  of  the  lunuie,  bounded 
(generally)  by  the  two  arcs  of  small  circles  oab,  ogb  ;  with  the  same  eonsiruetiom 
for  the  equal  angle  of  the  anharmonic^ 

L  (oabc),    or    L  (OA :  AB .  BC  :  cx)). 

(16.)  It  is  evident  that  the  general  principle  223,  (10.),  of  the  permissibility  of 
cyclical  permutation  of  quaternion  Actors  under  the  sign  S,  must  hold  good  for 
the  case  when  those  quaternions  degenerate  (294)  into  vectors  ;  and  it  is  still  more 
obvious,  that  every  permutation  of  factors  is  allowed,  under  ^e  sign  T :  whence 
cyclical  permutation  is  again  allowed,  under  this  other  sign  SU ;  and  coasequeatiy 
also  (comp.  196,  XYL)  under  the  sign  /.. 

(17.)  Hence  generally,  for  aa^fcmr  vectors,  we  have  the  three  equation^ 
XIIL  .  .  ^afiyi  =  S07&f  ?         XIV.  . .  SUa^y^  =  ^Vfiyla ; 
XV...  laPyS^LpySa; 
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aad  in  paiticolar,  fiv  the  tuetntht  tidetuianj  plane  or  gnicbe  fwtrfrtZatfcro/ABCD, 
we  have  ihtsfomr  eftuU  oap^My 

XVI. . .  ^(ab.bo.cd.da)=£(bc.cd.da.ab)=&c.; 
with  the  conresponding  equality  of  the  amgle$  of  the  four  amhwmonie*, 

XVIL.  .  Z^(ABCD)a:Z(BCDA)  =  £(CDAB)=Z(DABC); 

or  of  thoee  of  the  four  reeiproeai  anhannoDtCB  (259,  XVII.), 

XVn'. . .  z^(ai>cb)=  z  (badc)=  Z(cbad)  =  Z  (dcba). 
'  (18.)  Interpreting  now,  by  (18.)  and  (16.),  theae  last  equations,  we  derive  from 
them  the  following  theorem,  for  the  plane,  or  for  epace  :^~ 

liet  ABGD  h^amiffomr  poimtM,  oennectad  bjfimr  eireUa,  each 
peeing  throogh  three  of  the  points :  then,  not  only  is  the  anjfU 
mi  A,  between  the  orcf  abo,  aog,  eqmmi  to  the  emffU  a<  o,  be- 
tween CDA  and  CBA,  but  also  it  is  equal  (comp.  Fig.  66)  to  the 
auffle  at  b,  between  the  two  other  aret  BCD  and  bad,  and  to 
the  am^  at  d,  between  the  arcs  dab,  dcb. 

(19.)  Again,  let  abode  be  any  p«mtago»y  ttueribed  in  a 
wpkere  ;  and  eonoeive  that  the  two  SagomaU  ag,  ad  are  drawn. 
We  shall  then  have  three  equations,  of  the  forms, 

XVIII.  .  .  AB.BO.GAssAT;     AC.CD.DAsAXJ;  „.       .. 

J!lg.  00. 

ad.db.babat; 
where  at,  Atr,  av  are  three  tangents  to  Che  sphere  at  a,  so  that  their  product  is  a 
fooith  tangent  at  that  point    But  the  equations  XVIII.  give 

XIX. .  .  ab.bo.cd.db.ba=:(at.au.av):(ao*.£&>) 
=  AW  =  a  new  vector^  which  touches  the  sphere  at  A. 

We  have  thenfore  this  Theorem,  which  indodes  several  others'under  U  :.*-. 

*'  Theprodactofthefive  aueeeative  eidee,  ofat^  (generally  gauche)  pentagon 
i$ueribed  in  a  tphere,  ia  equal  to  a  tangential  vector,  drawn  from  the  point  at  which 
ike  pentagon  begins  and  ends." 

(20.)  Let  then  p  be  a  point  on  the  sphere  which  passes  through  o,  and  throagh 
three  given  points  A,  B,  o ;  we  shall  have  the  equation, 

XX...  0  =  S(oA.AB.BC.CP.Po)  =  So(i3-a)(y-/3)  (p-y)(-p) 
=  o«S/3yp  +  fi*Syap  +  y'SajSp  -  p^Sapy, 

(21.)  Comparing  with  294,  XIV.,  we  see  that  the  condition  for  the  four  co-ini- 
tial vectors  a,  /3,  y,  p  thus  terminating  on  one  spheric  sarfiue,  which  passes  th-ough 
their  common  origin  o,  may  be  thus  expressed : 

XXL  ..  if  psmt  4-^/3  + sy,    then    p^  t^  9a* -{■  gp^ -{- MyK 

(22.)  If  then  we  project  (comp.  62)  the  variable  point  p  into  points  a\  b',  o*  on 
the  three  given  chords  OA,  ob,  oc,  by  three  planes  through  that  point  p,  respectively 
paraRel  to  the  planes  boc,  ooa,  aob,  we  shall  have  the  equation : 

XXII.  .  .  op*  =  oa.oa*  +  ob.ob*  +  oc.oc\ 

(23.)  That  the  equation  XX.  does  in  fact  represent  a  spheric  hcug  for  the  pomt 
p,  is  evident  from  its  menfjrm  (comp.  282,  (10.)  ) ;  and  that  this  sphwe  passes 
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through  the  four  given  pointtf  o,  A,  b,  o,  may  be  proved  by  observing  that  the  equa- 
tion 18  satisfied,  when  we  change  p  to  any  one  of  the  four  vectors,  0,  a,  /3,  y. 
(24.)  Intrododng  an  auxiliary  vector^  od  or  B,  determined  by  the  eqaation, 
XXIIL  .  .  iSaPy  =  a*ypy^lPYya  +  r*Ya(3y 
or  by  the  system  of  the  three  scalar  equations  (comp.  294,  (25.)  ), 

XXIV. ..a«=sa«,  ^=s^/3,   r"=s^r» 

or  XXIV.  . .  S^a-»  =  S^^»  =  S^y-»  =  1, 

the  equation  XX.  of  the  sphere  becomes  simply, 

XXV.  ..p«  =  S^p,    or    XXV'.  ..S^p-»=1; 
so  that  D  is  the  point  of  the  sphere  opposite  to  o,  and  ^  is  a  diameter  (comp.  282, 
IX'.;  and  196,  (6.)). 

(25.)  The  formula  XXIIL,  which  determines  this  diameter,  may  be  written,  in 
this  other  way : 

XXVL  . .  ^Sai3y  =  Va03-a)  (r-i3)y; 

or  XXVr.  .  .  6.0ABC.0D  =  -V(0A.AB.BC.C0); 

where  the  symbol  oabc,  considered  as  a  coeffieientf  is  interpreted  as  in  294,  XLIV. ; 
namely,  as  denoting  the  volume  of  the  pyramid  oabo,  which  is  here  an  inecribed 
one. 

(26.)  This  result  of  calculation,  so  far  as  it  regards  the  direction  of  the  axis  of 
the  quaternion  oa.ab.bc.oo,  agrees  with,  and  may  be  used  to  confirm,  the  theorem 
(12.),  respecting  theproduct  of  the  tuecessive  eidee  of  a  gauche  quadrilateral^  oabc  ; 
including  the  rule  ofrotaiiout  which  dietinguiehee  that  axis  from  its  opposite, 

(27.)  The  formula  XXIII.  for  the  diameter  S  may  also  be  thus  written : 
XXVII.  . .  ^ .  Sa-»0-»  y-»  =  V(/3-i  y-J  -f  y'  a'^  +  <ri  /S*) 
=  V(/3-»-a-i)(7-i-a-i); 
and  the  equation  XX.  of  the  sphere  may  be  transformed  to  the  following : 

XXVIIL  .  .  0  =  S(/3-»  -  a-i)  (yi  -  a'l)  (p-»  -  a'*) ; 
which  expresses  (by  294,  (34.),  comp.  260,  (10.)),  that  the  four  reciprocal  vee- 
tore, 

XXIX.  .  .  OA*  =  a'  =  ar\    on'  =  jS*  =  jS*,    oc'  =  y'  =  yS     op'  =  p'  =  p* , 
are  termino-eomplanar  (64) ;  the  plane  a'b'cV,  in  which  they  all  terminate,  beings 
parallel  to  the  tangent  plane  to  the  sphere  at  o :  because  the  perpendicular  let  fall 
on  this  plane  from  o  is 

XXX.  ..^'=^|, 

as  appears  from  the  three  scalar  equations, 

XXXI. . .  Sa'^=Si8'^  =s/^=i, 

(28.)  In  general,  if  d  be  the /oo#  of  the  perpendicular  from  o,  on  the  plane  abc, 

then 

XXXII.  ,,d=  Sapy  :  V(^y  +  ya  +  aj8) ; 

because  this  expression  satisfies,  and  may  be  deduced  from,  the  three  equations, 

XXXIII.  . .  Sa^-l  =  Sp^-}  =  SyS-^  =  1. 
As  a  verification,  the  formula  shows  that  the  length  T^,  of  this  perpendicular,  or 
altitude,  od,  is  eqoal  to  the  sextuple  volume  of  the  pyramid  oabc,  divided  by  the  dou^ 
hie  area  of  the  triangular  base  ABC.     (Compare  281,  (4.),  and  294,  (8.),  (83.).) 
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(^29.)  The  eqtMtkm  XX.,  of  the  tphere  oabo,  might  have  been  obtained  by  the 
ttmnnatiom  of  the  9€etor  i^  between  th^Jimr  scalar  equations  XXIY.  and  XXV.,  on 
the  plan  of  294,  (27.> 

(30.)  And  another  foim  of  equation  of  the  same  sphere,  answering  to  the  deve- 
lopment of  XXVIIL,  maj  be  obtained  by  the  analogous  elimination  of  the  same  vec- 
tor S^  between  the  four  other  equations  ,  XXIY'.  and  XXV. 

(3L)  The  product  otmtjf  even  fmmher  of  cofrnplamar  vectors  is  getuTallp  a  gtca- 
iarwum  with  an  cixit  pcrpcmdicmUar  to  their  plame  ;  but  the  prodact  of  the  eucceeeive 
mdec  of  a  hexagon  abcdbf,  or  any  other  even-eided  figure^  imecribed  in  a  circle,  is 
a  scalar  :  becanse  by  drawing  diagonals  AG,  ad,  ae  from  the^r«<  (or  last)  point  a 
of  tlie  polygon,  we  find%8  in  (6.)  that  it  differs  only  by  a  scalar  coefficient,  or  divisor, 
from  the  prodact  of  an  even  number  of  tangents,  at  the  first  point. 

(32.)  On  the  other  hand,  the  product  of  any  odd  number  of  complanar  vectors  is 
edsoays  a  Uns^  in  the  same  plane;  and  in  particular  (comp.  (19.)),  the  product  of 
the  successive  sides  of  a  pentagon,  or  heptagon^  &c.,  inscribed  in  a  circle,  is  equal  to 
A  tangential  vector,  drawn  f^om  the  Jirst  point  of  that  inscribed  and  odd^sided  poly- 
gon :  becanse  it  differs  only  by  a  scalar  coefficient  from  the  product  of  an  odd  nttm- 
ber  of  snch  tangents, 

(83.)  The  product  of  any  number  of  Hnes  in  space  is  generally  a  quaternion 
(289) ;  and  if  they  be  the  successive  sides  of  a  hexagon,  or  other  even- sided  polygon, 
inacribed  w  a  sphere,  the  axis  of  this  quaternion  (comp.  (12.)  )  is  normal  to  that 
sphere,  at  the  initial  (or  final)  point  of  the  polygon. 

(84.)  Bat  the  prodact  of  the  successive  sides  of  a  heptagon,  or  other  odd-sided 
polygon  in  a  sphere,  is  equal  (comp.  (19.)  )  to  a  vector,  which  touches  the  sphere  at 
the  initial  or  final  point ;  because  it  bears  a  scalar  ratio  to  the  product  of  an  odd 
number  of  vectors,  in  the  tangent  plane  at  that  point. 

(85.)  The  equation  XX,  or  its  transformation  XXVIII.,  may  be  called  the  con- 
dition or  equation  of  homosphericity  (comp.  260,  (10.))  of  tfae^e«potnf«  o,  A,  b, 
c,  P ;  and  the  analogous  equaticm  tot  the  five  points  abgdb,  with  vectors  aPyh 
from  any  arbitrary  origin  o,  may  be  written  thus : 

XXXIV.  .  .  0»S(a-i3)  (/3-r)  (y-a)(a-0  0-a); 
orthosy  XXXV.  .  .  0  »  aa*  +  (/S^  +  eyt  +  d^*  +  «<*, 

six  times  the  second  member  of  this  last  formula  being  found  to  be  equal  to  the  se- 
cond member  of  the  one  preceding  it,  if 

XXXYI.  ..as  BCDS,    b  s  ODXA,    e  b  dbab,    d  »  babo,    e  s  abcd, 
or  more  fhlly, 

XXXVII.  . .  6a  =  S(y-/3)  (^-/3)  (« -i3)  =  S(y^6- ^«)3  +  «/37-/3y^),  &c.; 
eo  that,  by  294,  XLVIII.  and  XLVII.,  we  have  also  (comp.  65,  70)  the  equation, 

XXXVIII...  O«3aa  +  5j3  +  0y  +  (ia+ef, 
with  the  relation  between  the  coefficients, 

XXXIX.  ..  0  =  a  +  5  +  c  +  d  +  e. 
which  allows  (as  above)  the  origin  of  vectors  to  be  arbitrary. 

(86.)  The  equation  or  condition  XXXV.  may  be  obtained  as  the  result  of  an 
eKmination  (294,  (27.)),  of  a  vector  k,  and  of  a  scalar  g,  between yfvtf  scalar  equa^ 
tions  of  the  form  282,  (10.),  namely  the  five  following, 

2d 
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XL.  .  .a*-2SKa-f^sO,    /3«-2S«/3  +  ^  =  0,. .    f*-2Si:<4^~0i 
K  being  the  victor  of  the  eenirg  k  of  the  ^here  abcd,  of  which  the  equation  may  be 
written  as 

XLI. .  .  f)«-2Sicp+^  =  0, 

p  being  some  scalar  constant ;  and  on  whiehy  by  the  amditum  referred  to,  tht  Jifth 
point  B  is  situated. 

(37.)  By  treating  this  fifth  point,  or  its  vector  c,  as  arbitrary,  we  recover  the 
condition  or  equation  of  coneircularity  (3.),  of  ihe  four  points  a,  b,  o,  d;  or  the 
formula, 

xui. . .  0= v(a-  i3)  03-r) (r-a) (a-a). 

(88.)  The  equation  of  the  circle  ABC,  and  the  equation  ^the  sphere  abgd,  may 
in  general  be  written  thus : 

xuii. . .  0= V(o- ^  (^-r)  (r-rt  (p—); 

XLIV.  .  .  0  =  S(a-/3)  (^-r)  (r-*)  (*-p)  (p-a); 
p  being  as  usual  the  vector  of  a  variable  point  p,  on  the  one  or  the  other  locus, 

(39.)  The  equations  of  the  tangent  to  the  circle  Abc,  and  of  the  tangent  plane 
to  the  sphere  abcu,  at  the  point  A,  are  respectively, 

XLV.  .  .  0=V(a-/3)  (/3-y)  (r-«)  (p-a), 
and  XLVL  . .  0  =  S(a-/3)  (/3— y)  (y-^)  (^-a)  (p-a> 

(40.)  Accordingly,  whether  we  combine  the  two  equations  XLIII.  and  XLV., 
or  XLIY.  and  XLVI.,  we  find  in  each  case  the  equation, 

XLVIL  .  .(p-a^'i^  0,     giving    p  =  a,     or    p  =  A  (20) ; 
it  being  supposed  that  the  three  points  a,  b,  c  arc  not  collinear^  and  that  the  four 
points^  A,  b,  o,  d  are  not  complanar. 

(41.)  If  the  centre  of  the  spliere  abcd  be  taken  for  the  origin  o,  so  that 
XLVIII.  .  .a»=j3«  =  7«=^«  =  -r«,    or    XLIX.  . .  Ta  =  T/3  =  Ty=Ta  =  r, 
the  positive  scalar  r  denoting  the  radius^  then  after  some  reductions  we  obtain  the 
transformation, 

L...V(a-/3)(^-y)(y-^)(*-a)  =  2aS(0-a)(y-a)(a-a). 
(42.)  Hence,  generally,  if  k  be,  as  in  (86.),  the  centre  of  the  sphere,  we  have  the 
equation  (comp.  XXVr.)| 

LI.  .  .  y(AB.BC.CD.DA)  =  12KA.ABCD. 

(48.)  We  may  therefore  enunciate  this  theorem : — 

"  I%e  vector  part  of  the  product  of  four  successive  sides,  of  a  gauche  quadrila^ 
teral  inscribed  in  a  sphere,  is  equal  to  the  diameter  drawn  to  the  initial  point  of  the 
polygon,  multiplied  by  the  sextuple  volume  of  the  pyramid,  which  its  four  points  de- 
termine," 

(44.)  In  effecting  the  reductions  (41.),  the  following  general  formula  of  trans- 
formation have  been  employed,  which  may  be  useful  on  other  occasions : 

LII. .  ,  aq-\-qa  =  i  {aSq  +  Sqa) ;         LII'.  .  .  aqa  =  a^Kq  +  2aSqa ; 
where  a  may  be  any  vector,  and  q  may  be  any  quaternion. 
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Sectioh  7. — On  the  Fourth  Proportional  to  Three  Diplanar 

Vectors. 

297.  In  genera],  when  tLnjfour  qtiatemiona^  y,  q%  q'^y  q''\  satisfy 
the  equation  o/quotierUSy 

L^.q^^^iq^'r^q^iq, 
or  the  eqniyalent  formula, 

we  shall  saj  that  they  form  a  Proportion ;  and  that  the  fourth^ 
Bamely  q''\  is  the  Fourth  Proportional  to  the^r^t,  second,  and  third 
quaternions,  namely  to  q,  q%  and  q^\  taken  in  this  given  order. 
This  definition  will  include  (by  288)  the  one  which  was  assigned  in 
226,  for  the  fourth  proportional  to  three  complanar  vectors,  a,  /3,  7, 
namely  that  yburM  vector  in  the  same  plane,  5=  /3a~*7,  which  has  been 
already  considered;  and  it  will  enable  us  to  interpi*et  (comp.  289) 
the  symbol 

III.  .  .  /3a-»7,  when  7  no^  |||  o,  /3, 

as  denoting  not  indeed  a  Vector,  in  this  new  case,  hut  at  least  a  Qua- 
ternion, which  may  be  called  (on  the  present  general  jAsin)  the  Fourth 
Proportional  to  these  Three  Diplanar  Vectors,  a,  /3,  7.  Such  fourth 
proportionals  possess  some  interesting  properties,  especially  with  re- 
ference to  their  vector  parts,  which  it  will  be  useful  briefly  to  consi- 
der, and  to  illustrate  by  showing  their  connexion  with  spherical 
trigonometry,  and  generally  with  spherical  geometry. 

(1.)  Let  a,  P,yhe  (as  in  208,  (1.),  &c.)  the  yectore  of  the  corners  of  a  triangle 
ABC  on  the  uHitsphere,  whereof  the  sides  are  a^bfC;  and  let  us  write, 


IV. 


7  =coso=8y/3->  =  -Si37, 
m  =  cos  6  =  Soy"*  =  -  Sya, 
I  n  =  cose  =  S^a-»  =  -  Sa/3; 
where  it  is  understood  that 

V. ..  a«»/3«c=y«  =  -l,    or    VL  . .  To=T/3  =  Ty  =  1 ; 

it  being  also  at  first  supposed,  for  the  sake  of  fixing  the  conceptions,  that  each  of  these 
three  cosines,  /;  m,  n,  is  greater  than  zero,  or  that  each  side  of  the  triangle  abc  is 
lees  than  a  quadrant. 

(2.)  Then,  introducing  three  new  yectors,  d,  t,  ^,  defined  bj  the  equations, 

Si  =  YI3a-^y=Yyar^(3=^mp  +  ny  -la, 
c  =  Yyp-^a  «  Va/3-»7  =  ny  +la  -  m/3i 
;=Vay-'/3  =  V/37-'a  =  ^a  -^-mp-ny. 
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we  find  that  these  three  derived  teetore  haye  all  one  tommon  length,  wy  r,  because 
they  have  one  eomrnon  norm  ;  namely, 

VIII.  .  .  Na  =  N€  =  N;  =  /*  +  m»  +  ii«-2&in  =  r«; 
so  that  IX. .  .  T^  =  T6  =  Ti|:  =  r  =  V(/«  +  ma+  it>-2/mn). 

(S.)  This  common  length,  r,  is  lees  than  unity;  for  if  we  write, 

X..  .Sa/87  =  8/3a-»y  =  e, 
we  shall  have  the  relation, 

XL  ..e«  +  r«=Ni3o-»7  =  l; 

and  the  scalar  e  is  difierent  finom  zero,  because  the  vectors  a,  /3,  y  are  diplanar. 

(4.)  Diffiding  the  three  lines  ^,  £,  (  by  their  lengthy  r,  we  change  them  to  their 

vereore  (155,  156);  and  so  obtain  a  new  triangle^  def,  on  the  unit-epherej  of  which 

the  comers  are  determined  by  the  three  new  unU-veeiore, 

XII.  .  .  OD  =  U^  =  f-l^;     OB  =  U«  =  r-»€i 

(5.)  The  eidet  opposite  to  d,  B,  f,  in  this  new  or  dc- 
rived  triangle,  are  hieecled,  as  in  Fig.  67,  by  the  oomert 
A,  B,  o  of  the  old  OT given  triangle ;  because  we  have  the  ih 
three  equations, 

XIII.  .  .f  +  C  =  2/a;     C  +  ^=2«/3;     a  +  i^Siiy. 
(6.)  Denoting  the  halves  of  the  new  sides  by  o',  b',  e'  (so  that  the  are  EFsi2a', 
&c),  the  equations  XIII.  show  also,  by  IV.  and  IX.,  that 

XIV.  .  .  cos  a  s  r  cos  a',     cos  5  =  r  cos  6',     cos  c  =  r  cos  «' ; 
the  cosines  of  the  half-sides  of  the  new  (or  bisected)  triangle^  def,  are  therefore  pro - 
portional  to  the  cosines  of  the  sides  of  the  old  (or  bisecting)  triangle  ABC, 
(7.)  The  equations  IV.  give,  by  279,  (1.), 

XV.  .  .2Z  =  -08y  +  yi8),     2m»-(ya  +  a7),    2i.  =  - (« /3 4 /3a) ; 
we  have  therefore,  by  VII.,  the  three  f(41owing  equations  iMtween  quaternions, 

XYI..,  at  =  K(h    /3^  =  %     7^  =  «y» 
which  may  also  be.thus  written, 

XVI'.  .  .  ta  =  aZ,     Kfi  =  pi,     ^y  =  y«, 
and  express  in  a  new  way  the  relations  of  bisection  (5.). 
(8.)  We  have  therefore  the  equations  between  vectors, 

XVII.  ..f  =  aCa-S     K^PBI3-\     a  =  yfy-»} 
or  XVir...  ;  =  a€a-»,     ^=/3^-»,     «  =  yVi. 

(9.)  Hence  also,  by  V.,  or  because  a,  /3,  y  are  unit-veetors, 

XVIII.  .  .«  =  -a?a,     K^-p^Pi     ^  =  -yiy; 
or  XVIir.  .  .  C = -  a«tf ,     ^  *  -  PZpt     €  =s  -  y^y. 

(10.)  In  general,  whatever  the  length  of  the  vector  a  mag  be,  the  first  equation 
XVII.  expresses  that  the  line  c  is  (comp.  188)  the  reflexion  of  the  line  Zj  vith  respect 
to  that  vector  a ;  because  it  may  be  put  (comp.  279)  under  the  form, 

XIX. .  .  ^a-»  =  o-»«  =  K««-»,    or    XIX'.  . .  «o-»  =  KZa'K 
(11.)  Another  mode  of  arriving  at  the  same  interpretation  of  the  equation 
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f  =  alar\  U  to  conoetpe  ^  dccompond  into  two  aainniaiid  Tooton,  C  and  {",  oce  pa- 
rallel and  the  other  perpendiciilar  to  a,  in  snch  a  maoner  that 

xx...^=r+r,  riia,   r-»-cr; 

fbr  then  we  shall  have,  by  281,  (10.),  the  traDsformationa, 

XXI.  .  .  «  =  a^'o-i  +  alTar^  =  K'aa^  -  Caa-^  =  C  -  T ; 
the  parallel  part  of  ^  being  thos  preserved,  bot  thB  perpentUeular  part  being  reverted^ 
by  the  operation  a(     )a~^ 

(12.)  Or  we  may  return  from  e  =  a^a-^  to  the  form  la  =  aKj  that  is,  to  the  flnt 
equation  XT  I'. ;  and  then  this  equation  between  quaternions  will  show,  as  suggested 
in  (7.)*  that  whatever  may  be  the  lenjjih  of  a,  we  must  have, 

XXII.  .  .  T«  =  TJ,     Ax.*  ta  =  Ax.  aZ,     Z  ea  =  LaK ; 
ao  that  the  two  lines  c,  Z  are  equally  lon^y  and  the  rofotton  from  f  to  a  is  equal  to 
that  from  a  to  ( ;  these  two  rotations  being  similarly  direetedj  and  in  one  commoa 
plane. 

(IS.)  We  may  also  write  the  equations  XVII.  XVII'.  under  the  forms, 
XXIIL  . .  c  =  a-^Zot  &c ;         XXIII'.  .  .  Z^a-^a,  &c. 

(14.)  Substituting  this  last  expression  for  (  in  the  second  equation  XYII'.,  we 
derive  this  new  equation, 

XXIV.  . .  a  =  Pa-Uap-^ ;     or    XXIV. .  .  «  «  a/9-ia/3a-«  j 
that  is,  more  briefly, 

XXV.  . .  d  =  qtq'\    and    XXV'.  . .  €  =  q-^dq,    if    XXVI.  .  .  9  =/3a-». 

(15.)  An  expression  of  this/orm,  namely  one  with  such  a  symbol  as 
XXVII.  ..9  (  )9-» 
for  an  operator^  ooconred  before,  m  179,  (1.),  and  in  191,  (6.) ;  and  was  seen  to  in- 
dicate a  eouieal  rotation  of  the  axis  of  the  operand  quaternion  (of  which  the  symbol 
is  to  be  conceived  as  being  written  within  the  parentheses),  round  the  axis  of  q, 
through  an  angle  «  2  21  9,  without  any  change  of  the  angle,  or  of  the  tensor,  of  that 
operand;  so  that  a  vector  must  remain  a  vector,  after  any  operation  of  this  sort,  as 
being  stdl  a  right-angled  quaternion  (290) ;  or  (comp.  223,  (10.)  )  because 

XXVIII.  . .  S9P9-*  =  S9->9p  =  Sp  =  0. 

(16.)  If  then  we  conceive  two  opposite  points,  p'  and  p,  to  be  determined  on  the 
anit-sphere,  by  the  conditions  of  being  respectively  ihe  positive  poles  of  the  two  op- 
posite  ares,  ab  and  ba,  so  that 

XXIX. . .  op'  =  Ax.  /3a-»  =  Ax.  9,    and    op = p'o  =  Ax.  afi- » =  Ax.  9-*, 
we  can  infer  from  XXIV.  that  the  line  OD  may  be  derived  from  the  line  OB,  by  a  eo- 
nical  rotation  round  the  Une  OP'  as  an  axis,  through  an  angle  equal  to  the  double  of 
the  angle  aob  (if  o  be  still  the  centre  of  the  sphere), 

(17.)  And  in  HIlc  manner  we  can  infer  from  XXrV.*  that  the  line  os  admits 

*  It  was  remarked  in  291,  that  this  charaeterititie  Ax.  can  be  dispensed  with, 
because  it  admits  of  being  replaced  by  UV ;  but  there  may  still  be  a  convenience  in 
employing  it  occasionally. 
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of  being  derived  fix)m  od,  by  an  equal  but  opposite  eonxcal  rotation^  round  the  line 
OP  as  a  new  poeitive  axis,  through  an  angle  equal  to  twice  the  angle  boa. 

(18.)  To  illustrate  these  and  other  connected  results,  the  annexed  Figure  68  is 
drawn ;  in  which  p  represents,  as  above, 
the  positive  pole  of  the  arc  ba,  and  aros  are 
drawn  from  it  to  d,  b,  f,  meeting  the  great 
circle  through  a  and  b  in  the  points  b,  s,  r. 
(The  other  letters  in  the  Figure  are  not,  for 
the  moment,  required,  but  their  significa- 
tions will  soon  be  explained.) 

(19.)  This  being  understood,  we  see, 
first,  that  because  the  arcs  vf  and  fd  are 
bisected  (5.)  at  A  and  b,  the  three  areual 
perpendiculars,  Es,  ft,  dr,  let  fall  from  b, 
F,  D,  on  the  great  circle  through  a  and  b, 
are  equally  long:  and  that  therefore  the 
point  p  is  the  interior  pole  of  the  small  cir- 
cle  DBF',  if  f'  be  the  point  diametrically  op- 
posite toF:  BO  that  a  conietd  rotation  round 

this  pole  p,  or  round  the  oxw  op,  would  in  fact  bring  the  point  d,  or  the  line  od,  to 
the  position  B,  or  ob,  which  U  one  part  of  the  theorem  (17.). 

(20.)  Again,  the  quantity  of  this  conical  rotation,  is  evidently  measured  by  the 
arc  B8  of  the  grecU  circle  with  p  for  pok  ;  but  the  bisections  above  mentioned  give 
(comp.  165)  the  two  areual  equations, 

XXX. . .  rt  RB=  "  BT,     "  TA  =  '^  AS ;    whence    XXXI.  .  .  -^  rs  =  2  "  ba, 
and  the  other  part  of  ue  same  theorem  (17.)  is  proved. 

(21.)  Tht  point  f  may  be  said  to  be  the  reflexion,  on  the  sphere,  of  the  point  d, 
with  respect  to  the  point  b,  which  bisects  the  interval  between  them ;  and  thus  we 
may  say  that  two  successive  reflexions  of  an  arbitrary  point  iqum  a  sphere  (as  here 
from  D  to  F,  and  then  from  f  to  e),  with  respect  to  two  given  points  (b  and  a)  of  a 
given  great  circle,  are  jointly  equivalent  to  one  conical  rotation,  round  the  pole  (p)  of 
that  great  circle  ;  or  to  the  description  of  an  are  of  a  small  circle,  round  thatpo/e,  or 
parallel  to  that  great  circle :  and  that  the  angular  quantity  (dpe)  of  this  rotation 
is  double  of  that  represented  by  the  arc  (ba)  connecting  the  two  given  points;  or  is 
the  double  of  the  angle  (bpa),  which  that  given  arc  subtends,  at  the  same  pole  (p)_ 
(22.)  There  is,  as  we  see,  no  difficulty  in  geometrically  proving  this  theorem  of 
rotation :  but  it  is  remarkable  how  simply  quaternions  express  it :  namely  by  the 
formula, 

XXXII.  .  .  a.i3->p/3.a-»=a^».p.j3a-i, 

in  which  a,  /3,  p  may  denote  any  three  vectors  ;  and  which,  as  we  see  by  thBpoints 
involves  essentially  the  cusociative  principle  of  multiplication, 

(23.)  Instead  of  conceiving  that  the  point  d,  or  the 
line  od,  has  been  reflected  into  the  position  f,  or  of, 
unth  respect  to  the  point  b,  or  to  the  line  ob,  with  a  simi-  . 
lar  successive  reflexion  from  F  to  b,  we  may  concdve  that    \ 
a  point  has  moved  along  a  small  semicircle,  with  b  for 
pole,  from  d  to  f,  as  indicated  in  Fig.  69,  and  then  along  Fig.  69. 
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4xnother  small  semicircle,  with  a  for  pole,  from  F  to  b  ;  and  we  see  that  the  retuH,  or 
effedy  of  these  iwo  tuecessive  and  semicirevlar  motiont  is  equivalent  to  a  motion  along 
an  arc  db  of  a  third  small  eirele,  which  is  parallel  (as  before)  to  the  great  circle 
through  B  and  A,  and  has  a  projection  ba  thereon,  which  (still  as  before)  is  double  of 
the  given  arc  ba. 

(24.)  And  instead  of  thus  conceiving  two  iucce$sive  areual  motions  of  a  point  o 
ttpon  a  sphere^  or  two  successive  conical  rotations  of  a  radius  od,  considered  as  com- 
pounding themselves  into  one  remtltani  motion  of  that  point ,  or  rotation  of  that  ra- 
diusj  we  may  conceive  an  analogous  composition  of  two  successive  rotations  of  a 
Molid  body  (or  rigid  system),  round  axes  passing  through  a  point  Oy  which  is/ixed  in 
space  (and  in  the  hodaf) :  and  so  obtain  a  theorem  respecting  such  rotation,  which 
easily  suggests  itself  from  what  precedes,  and  on  which  we  may  perhaps  return. 

(25.)  But  to  draw  some  additional  consequences  from  the  equations  V II.,  &c.,  and 
from  the  recent  Fig.  68,  especially  as  regards  the  Construction  of  the  Fourth  Pro- 
portional  to  three  diplanar  vectors,  let  us  first  remark,  generally,  that  when  we  have 
(as  in  62)  a  linear  equation,  of  the  form 

connecting /ovr  co-initial  vectors  a  ..d,  whereof  no  three  are  complanar,  then  this 

fifth  vector, 

«  =  aa  +  6/3=  -  cy  -  d^, 

is  evidently  complanar  (22)  with  a,  j3,  and  also  with  y,  Z  (comp.  294,  (6.)  ) ;  it  is 

therefore  part  of  the  indefinite  line  of  intersection  of  the  plane  aob,  coo,  of  these 

two  pairs  of  vectors. 

(26.)  And  if  we  divide  this  fifth  vector  c  by  the  two  (generally  unequal)  sea- 

lars, 

a  +  6,     and    -c-d, 

the  two  (generally  unequal)  vectors, 

(aa  +  bp)  :  (a  +  b),     and     (cy  +  dd)  :  (<?  +  d), 
which  are  obtahied  as  the  quotients  of  these  two  divisions,  are  (comp.  25,  64)  the 
vectors  of  two  (generally  distinct)  points  of  intersection,  ot  lines  with  f)2ane«,  namely 
the  two  following : 

AB  *  ocD,    and    cd  *  oab. 

(27.)  When  the  two  lines,  ab  and  cd,  happen  to  intersect  each  other,  the  two 
last-mentioned  points  coincide ;  and  thus  we  recover,  in  a  new  way,  the  condition 
(68),  fi>r  the  complanaritg  of  the  four  points  o.  A,  b,  c,  or  for  the  termino-compla" 
naritg  of  the  four  vectors  a,  /3,  y,  ^ ;  namely  the  equation 
a  +  5  +  c  +  rf=0, 

which  may  be  compared  with  294,  XLY.and  L. 

(28.)  Resuming  now  the  recent  equations  VII.,  and  introducing  the  new  vector, 

XXXIII.  ..\  =  /a-m/3  =  i(f-a), 
which  gives, 

XXXIV. .  .  Sy \  =  0,     and     XXXV.  .  .  TX  =  V(r»  -  a»)  =  r  sin  c', 

we  see  that  the  two  arcs  ba,  db,  prolonged,  meet  in  a  point  l  (comp.  Fig.  68),  for 
which  OL  =  UX,  and  which  is  distant  by  a  quadrant  from  o :  a  result  which  may  be 
confirmed  by  elementary  considerations,  because  (by  a  well-kno  im  theorem  respect- 
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ing  traHt9»t»al  ara)  ths  eomman  hitectar  ba  of  the  two  ttdtc,  db  and  cr,  muft  OMat 
the  tAird  9uU  in  a  point  l,  for  which 

ein  DL  =  sin  bl. 
(29.)  To  proye  By  quaternionM  this  last  equality  oftinet,  and  to  aailgn  their 
common  value,  we  have  only  to  observe  that  by  XXXIII., 

XXXVI.  .  .  vex  =  Vf X  =  iVh ; 
in  which, 

T^X  » TfX  -f»  sin  c\     and    TV^e  =  r*  sin  Itf* ; 

the  Mtncf  in  question  are  therefore  (by  204,  XIX.), 

XXXVr.  .  .  TVmX  =  TVUcX  =^«sin  2c' :  r«  sin  c*  =  cos  c'. 

(80.)  On  similar  principles,  we  may  interpret  the  two  veet9r^§q¥ation$f 

XXXVII.  . .  V/3X  =  lY^    VaX  «»V/3tf , 
in  which 

XXXvni. .  .  TX:TV/3aj=rsiu4?':siBc  =  tanc':tanc, 

an  equivalent  to  the  trigonometric  equationa, 

tan  CD  _  cos  BC  _  cos  AC 
'  tan  AB      sin  bl      rin  al' 
(81.)  Accordingly,  if  we  let  fall  the  perpendicular  eg  on  ab  (see  again  Fig.  68% 
so  that  q  bisects  bs,  and  if  we  determine  two  new  points  m,  n  by  the  arcual  equa- 
tions, 

XL.  .  .   A  1*K  =  -^  ab  B  «  QR,       A  LW  «  ft  OD, 

the  arcs  mr,  hd  will  be  quadrant$  ;  and  because  the  angle  at  b  b  right  by  conatmc- 
tion  (18.),  M  is  the  pole  of  dr,  and  dm  is  a  quadrant;  whence  d  is  the  pole  of  lov 
and  the  angle  lmm  is  right :  conceiving  then  that  the  arcs  ca  and  gb  are  drawn,  we 
have  three  triangles,  right-angled  at  g  and  n,  which  show,  by  elementary  principles^ 
that  the  three  trigonometric  quotients  in  XXXIX.  have  in  fact  a  common  value, 
namely  cos  oq,  or  cos  l. 

(82.)  To  prove  this  last  reeuU  by  quattmioruj  and  taiihwU  employiog  the  auzi- 
Hary  points  m,  k,  q,  b,  ire  have  the  tmnsforaiations, 

XLI. .  .  cosL-SU^^-SU  — -T  — .S-- T— , 

because 

XLII.  .  .  ^  =  *i7-X,     e=n-y  +X,     V^f^SayX,     UWt »UyX, 
and 

XUII.  .  .  S^  =  ^^  =  ~S/3a-»yX'i  =-S*X-i  =1; 
yX       (yX)»  '^      ^ 

it  being  remembered  that  X  -i-  y,  whence  . 

YyX  =  yX  =  -Xy,     (yX)»--7«X»«X»,     8yX'i««. 

(S3.)  At  the  same  time  we  see  that  if  p  be  (as  before)  the  positive  pole  of  ba, 
and  if  k,  k'  be  the  negative  and  positive  poles  of  db,  while  l'  is  the  negative  (as  l 
is  the  positive)  pole  of  eg,  -whereby  all  the  letters  fai  Fig.  68  have  their  significations 
determined,  we  may  write, 

XLIV.  ..!»:;=  UV/9a;     aK'=.yUX;     OK»^yUX;     ♦!-'  =  -.  UX; 
while  oi. »  +  UX,  as  beforow 
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(34.)  Writing  also, 

XLV. . ,  i:  =  -yX,    or    Xa=yic,     and    /*  =  /3a-*X, 
so  that  XLV. . .  OK  es  Uc,    and    oh  =  U/i, 

we  ha^•«  XLVI.  .  .  /3a-».y  =  ;iX->.\«-»  =fi«-» ; 

tbiBfiurtk  praporiitmal^  to  the  three  equoRp  Umg  hut  diplanar  vectore,  a,  /3,  y,  ia 
thereiSare  a  verear^  of  which  the  repreeentaiite  are  (162)  ia  km,  and  the  repreeenta' 
five  amgle  (174)  ia  kdm,  or  l^b,  or  sdp  ;  and  we  may  write  for  thia  veraor,  or  qna- 
feraioiif  the  exprearion : 

XLYII. .  fia'^y  =  ooa  l'ob  +  od .  dn  l'db. 

(35.)  The  demble  of  this  representative  angle  is  the  §um  of  the  two  hcue-anglee  of 
the  Uoeeeiee  triangle  dpb;  and  becaose  the  two  other  triangles,  bpf*,  p'fd,  are  ci/m 
iaoeceleB  (19.),  the  Inne  T^  shows  that  this  sum  ia  what  remaine,  when  we  tubtraet 
the  vertical  angle  r,  of  the  triangle  dsf,  from  the  enm  of  the  euppUmente  of  tlie  two 
baae-angles  d  and  b  of  that  triangle ;  or  when  we  subtract  the  eum  of  the  three  a«- 
glee  of  the  same  triangleyrom  four  right  angles.  We  have  therefore  this  very  elmple 
expression  for  the  Angle  of  the  Fourth  proportional : 

XLVIIL ..  il/3o-»y  =  L'DB  =  ir-J(D  +  B  +  F> 

(36.)  Or,  if  we  introduce  the  area,  or  the  epherieal  exceu^  say  £,  of  the  triangle 
DBP,  writing  thus 

XLIX. .  .  2  =  D  +  B+F-ir, 

we  have  these  other  expressions : 

L...  il^>y=iir-}S;         U.  .  .  pa^y^siniS  +  r-»acos  J2  ; 
because 

OD  =  m=r-i^,byXII. 

(37.)  Having  thus  expressed  /3a->  y,  we  require  no  new  appeal  to  the  Figure,  in 
Older  to  express  this  other  fourth  proportional,  ya'  */3,  which  is  the  negative  of  its 
conjugate^  or  lias  an  oppoeite  icalar,  but  an  equal  vector  part  Qcomp.  204,  (1.),  and 
295,  (9.)  )  :  the  geometrical  difference  being  merely  this,  that  because  the  rotation 
round  a  from  /3  to  y  has  been  supposed  to  be  negative,  the  rotation  round  a  from  y 
to  /3  must  be,  on  the  contrary,  poaitice. 

(38.)  We  may  thus  write,  at  once, 

LII.  . .  ya->/3  =  -  Ki3cri  y  =  -  sin  JS  +  r-i^  cos  jr  ; 

and  we  have,  for  the  angle  of  this  new  fourth  proportional,  to  the  $ame  three  vectors 
a,  /3,  y,  of  which  the  second  and  third  have  merely  changed  places  with  each  other, 
the  formula: 

LIII.  ..  Z^ya->/3  =  BDL  =  |(D  +  B  +  p)=:^w  +  ^2. 

(39.)  But  the  coatMum  vector  part  of  these  <ipo  fourth  proportionals  is  d,  by  VII  ; 
we  have  therefore,  by  XI, 

UV.  . .  r  =  coej2;    e  =  ±8in|S; 

the  upper  sign  being  taken,  when  the  rotation  round  a  from  /3  to  y  is  negative,  as 
above  supposed. 

(40.)  It  foUows  by  (6.)  that  when  the  sides  2a',  2*',  2c',  of  a  spherical  triangle 

2x 
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DEF,  of  which  the  area  is  S,  are  bisected  by  the  cornert  A,  b,  c  of  another  spherical 
triangle,  of  which  the  sides*  are  a,  &,  c,  then. 

LV.  .  .  cos  a :  cos  a'  =  cos  6 :  cos  &'  =  cos  c :  cos  c'  =  cos  ^£. 

(41.)  It  follows  also,  from  what  has  been  recently  shown,  that  the  angie  sdk,  or 
MDN,  or  the  are  mn  in  Fig.  68,  represents  thesemi'orea  of  the  bisected  triangle  drf; 
whence,  by  the  right-angled  triangle  lmn,  we  can  infer  that  the  Mae  of  this«cmt-ar«a 
is  eqaal  to  the  sine  of  a  side  of  the  bisecting  triangle  abc,  multiplied  into  the  sine  of 
the  perpendicular^  let  fall  upon  that  side  from  the  opposite  comer  of  the  latter  Irian- 
gle ;  because  we  have 

LVI. .  .  sin  |S  =  sin  MN  s  sin  LM .  sin  L  =  sin  ab  .  sin  gq. 

(42.)  The  same  conclusion  can  be  drawn  immediately,  by  quaternions,  finom  the 
expression, 

LVII.  .  .  sin  iS  =  e  =  Sa/Jy  =  S (V/3a .  y-»)  =  TV/3a .  SU (V/3a :  7) ; 
in  which  one  factor  is  the  sme  of  ab,  and  the  other  factor  is  the  cosine  of  cr,  or  the 
sine  of  oq. 

(43.)  Under  the  same  conditions,  since 

LVIII. . .  a  =  U(«  +  0  =  K»(«  +  0,  &c., 
we  may  write  also, 

LIX.  ..8in|2=SU(«  +  0(C+^)(^  +  i)  =  SafC:4/mii; 

in  which,  by  IV.  and  XIII., 

LX.  .  .  4imn=-S(a  +  «)  («  +  0  =  r3-S(€i|:+ ^^ +  a«). 

(44.)  Hence  also,  by  LIV., 

LXI.  .  .cosi2;  =  r  =  (r»-rS(«^+^*  +  aO)'4/mn; 

*        r      r«-rS;,£^  +  C*+^0       1  -  SU^C-SU^^-SD^*  ' 
and  under  this  lastform^  we  have  %  general  expression  for  the  tangent  of  half  the 
spherical  opening  at  o,  ofang  triangvlar  pyramid  odbf,  whatever  the  lengths  TS, 
T(,  T(  of  the  edges  at  o  mt^  be. 
(45.)  As  a  verification,  we  have 

LXIII.  .  .  (4/mit)a=- J(f  +  0»  (?:+  ^)'  (^  +  €)» 
=  2  (r>  -  S*;)  (>*  -  SZS)  (r»  -  S^*) ; 
but  the  elimination  of  }S  between  LIX.  LXI.  gives, 

LXIV.  .  .  (4/ma)«  =  (S^«0»  +  (rS  -  r(S«?  +  S;^  +  S^*)  )« ; 
we  ought  then  to  find  that 

LXV.  .  .  {SdiZy^r*  -  r«  {(SfO*  +  (SW+  (S^f)'}  ~  2S«:S^^S;*, 
if  ;i  =  c^  =  ^*  =  -  ra ;  and  in  fact  this  equality  results  immediately  from  the  general 
formula  294,  LIII. 

(46.)  Under  the  same  condition,  respecting  the  equal  leng^s  of  d,  t,  (,  we  hare 
also  the  formula, 


•  These  sides  abe,  of  the  bisecting  triangle  abo,  have  been  hitherto  supposed  fur 
simplicity  (1.)  to  be  each  less  than  a  quadrant,  but  it  will  be  found  that  the  for- 
mula LY.  holds  good,  without  any  such  restriction. 
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LXVI.  .  .  -V(a  +  «)  («+Q  «  +  a)=2J(r«-Sf?-S:^-S^0  =8/mn^; 
whence  other  verifications  may  be  derived. 

(47.)  If  9  denote  the  area*  of  the  hUeetmg  triemgle  abc,  the  general  principle 
LXU.  enables  as  to  infer  that 

Lxvil. . .  un  ? ^^^ '- 


sin  c  sin  p  ^ 

~  1  +  cosa  +  cos  6  +  cos  e' 

Up  denote  the  perpendicular  cq  from  o  on  ab,  so  that 

e  =  sin  c  sinp  =  sin&8inc8inA=&c  (comp.  210,  (21.)  ). 
(48.)  Bat,  by  (IX.)  and  (XL), 

LXVIII. ..  e«  +  (l +  /  +  «  +  !•)«  =2(1 +  /)  (1 +  m)  (1 +») 

«^4cos>cos-cos-j  ; 

henee  the  cosine  and  sine  of  the  new  semi-area  are, 

^„,„  <r      1  ■»- C08  a  4  cos  6  J^  cos  c 

LXIX.  .  .  cos  -  =  ■  ; 

2  ^       a        6        c       ' 

4cos  -  cos -COS - 
2        2        2 

,    «   .    &    . 

SIQ  -  SID  -  SIU  C 

Tw         •    *^  2        2  . 

LXX.  .  .  SID  -  =  =  &c. 

2  c 

coe  - 
2 

(49.)  -Retaming  to  the  bisected  triangle^  def,  the  last  formula  gives, 

.  «.^  w         .    • «     sin  a*  sin  i^  sin  F  ,   . 

LXXI.  .  .  sm  12  = 7 =  smp  sm  c  sec  c , 

"  cose  ' 

if  p' denote  the  perpendicular  from  f  on  the  bisecting  arc  ab,  or  ft  in  Fig.  68; 

but  cos  ^2  =  cos  c  sec  e',  by  LY. ;  hence 

LXXII.  .  .  tan  )  S  =  sinp'  tan  c  =  sin  ft  .  tan  ab. 

Accordingly,  in  Fig.  68,  we  have,  by  spherical  trigonometry, 

■in  ft  =  sin  HS  =  sin  le  sin  l=  cos  ur  sin  mn  cosec  lm  =  tan  aiir  cot  ab. 

(50.)  The  are  Hir,  which  thus  represents  in  quantity  the  semiarea  of  dbf,  has  its 

pole  at  the  point  d,  and  may  be  considered  as  the  repreeentative  arc  (162)  of  a  certain 

new  quaternion^  Q,  or  of  its  vertor^  of  which  the  tuns  b  the  radius  OD,  or  U^ ;  and 

this  new  quaternion  may  he  thus  expressed : 

LXXIII.  .  .  Q  =  iyaP  =  -  ^^  +*^Sa/3y  =  r«  4  «a ; 

ita  tensor  and  versor  being,  respectively, 

LXXIV. .  .TQ=r  =  co8j2;         LXXV.  .  .  DQ=  coe  jS  4  OD.sin  J2. 

(51.)  An  important  transformation  of  this  last  veraor  may  be  obtained  as  fol- 

lows: 


*  The  reader  will  observe  that  the  more  usual  symbol  £,  for  this  area  of  arc, 
U  here  employed  (36.)  to  denote  the  area  of  the  extcribed  triangle  dbf. 
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LXXVI.  .  .  U  Q  =  U(*7-^ .  ar». :/»"')  =  (*€»)»  (i^»>  «a-»)» ; 
80  that 

LXXVII.  ..i^:=LQ=L  dyaP  =  L  (^i*)*  (f  ^0*  (^^"0*  5 
these  poi9<r«  of  quaternions,  with  exponetUM  each  =  },  being  interpreted  as  gqmart 
roots  (199,  (1.)  ),  or  as  equivalent  to  the  qrmbols  V  (^c-i)t  &c. 

(52.)  The  conjugate  (or  redprocat)  vertor^  UQ~i,  which  has  xm  for  its  rtpre- 
wentaHve  arc,  may  be  deduced  from  UQ  by  simply  interchanging  p  and  7,  or  f  and 
( ;  the  corresponding  qwUemum  ie, 

LXXVIII. ..  (y  =  KQ  =  ^^y  =  »*-ea; 
and  we  have 

LXXIX.  .  .  UQ'  =  cos  iS  -  OD .  sin  iS  =  (arO*  (^'O*  («**)« ; 
the  rotation  round  d,  from  b  to  r,  being  still  supposed  to  be  negative. 

(58.)  Let  H  be  any  other  point  upon  the  sphere,  and  let  oh  s  i| ;  also  let  £'  be 
the  araa  of  the  nicw  tpKerical  triangle^  dfh  ;  then  the  same  reasoning  shows  that 

LXXX.  .  .  cos  jr  +OD.Mn  42'=  (^C'^)*  (^i|-»)l  (ly^»)», 
if  the  rotation  round  d  from  f  to  h  be  negative ;  and  therefore,  by  multipiicatiom  of 
the  two  co-axal  ver$ors^  LXXVL  and  LXXX.,  we  have  by  LXXY.  the  aoalogooa 
formula : 

LXXXI. . .  cos  J  (2  +  2')  +  oi> •  «»n  i(s  +  SO = (^«-0*  («^0»  {Zn'^y  (ifo-*)* ; 

where  2  +  S'  denotes  the  area  of  the  epherieal  quadrilateral^  dkfh. 

(54.)  It  is  easy  to  extend  this  result  to  the  area  of  any  epherieal  polygon,  or  to 
the  spherical  opening  (44.)  of  any  pyramid;  and  we  may  even  conceive  an  exten- 
^on  of  it,  as  a  limit,  to  the  area  of  any  closed  curve  upon  the  sphere,  considered  as 
decomposed  into  an  indefinite  number  of  indefinitely  email  triangle;  with  some  com- 
mon vertex,  such  as  the  point  o,  on  the  spheric  surface,  and  with  indefinitely  small 
arcs  Br,  fh,  ,,  of  the  curve,  for  their  respective  basee :  or  to  the  spherical  opening 
of  any  cane,  expressed  thus  as  the  Angle  of  a  Quaternion,  which  is  the  Hrnit*  of  the 
product  of  indefinitely  many  factorSy  each  equal  to  the  squea-e-root  of  a  quaternion, 
which  differs  indefinitely  little  from  unity, 

(55.)  To  assist  the  recollection  uf  this  result,  it  may  be  stated  as  follows  (comp. 
180,  (3.)  for  the  definition  of  an  arcual  ««m): — 

"  The  Arcual  Sum  of  the  Halves  of  the  suceeesive  Sides,  of  any  Spherical  Poly- 
gon, ie  equal  to  an  arc  of  a  Great  Circle,  which  has  the  Initial  (or  FinaT)  Point  of 

*  77»t«  Limit  is  closely  analogous  to  a  definite  integral,  of  the  ordinary  kind ;  or 
rather,  we  may  say  that  it  it  a  Definite  Integral,  but  oue  of  a  newkind^  which  could 
not  easily  have  been  introduced  wi^iout  Quaternions.  In  fact,  if  we  did  not  employ 
the  non-commutcUive  property  (168)  of  quaternion  multiplication,  the  Products  here 
considered  would  evidently  become  each  equal  to  unity :  so  that  they  would  fiir- 
nish  no  expressions  for  spherical  or  other  areas^  and  in  short,  it  would  be  useless  to 
speak  of  them.  On  the  contrary,  when  that  property  or  principle  of  multiplication 
is  introduced,  these  expressions  of  product-form  are  found,  as  above,  to  have  ex- 
tremely useful  significations  in  spherical  geometry  ;  and  it  will  be  seen  that  they  sug- 
gest and  embody  a  remarkable  fAeor^m,  respecting  thereMr/tont  of  rotations  of  a  sys- 
tem, round  any  number  of  successive  axes,  all  passing  through  ome  fixed  point,  but  in 
other  respects  succeeding  each  other  with  any  gradual  or  sudden  changes. 
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ihe  Bofygom/br  tte  PoU^  and  rtpreMetUw  tk§  Semi-ar§a  of  the  Figure:**  it  being  un- 
dentood  that  this  remltani  are  is  revened  in  direction,  when  the  half-ndee  are  (ar- 
cually)  added  io  an  oppceUe  order. 

(66.)  As  regards  the  order  thos  referred  to,  it  may  be  observed  that  in  the  areual 
ad£tion^  which  ooiresponds  to  the  qvatemion  mmltipiieation  In  LXXVI.,  we  con- 
ceive a  point  to  move,firtt,  from  b  to  p,  throogh  half  the  arc  df  ;  which  lialf-nde 
of  the  trian^e  dkf  answers  to  the  right-hand  faekor^  or  square-root,  (Jfi"^^.  We 
then  conceive  the  same  point  to  move  next  from  f  to  A,  throngh  half  the  arc  fb, 
which  answers  to  the  fkctor  placed  immediately  to  the  left  of  the  former ;  having 
thus  moved,  on  the  whole,  eofar,  throngh  the  reeultant  are  ba  (as  a  trantoec' 
<or,  180,  (8.))i  or  through  any  equal  are  (168),  snch  as  ml  in  Fig.  68.  And 
finaUy,  we  conceive  a  moUon  through  half  the  arc  xd,  or  throngh  any  arc  equal  to 
that  half,  such  as  the  arc  ur  in  the  same  Figure,  to  correspond  to  the  extreme  2e^- 
hand  factor  in  the  formnU ;  the  final  reeultant  (or  totid  tranevtetor  arc),  which 
answers  to  the  product  of  the  three  square- roote,  ss  arranged  in  the  formula,  bemg 
thus  represented  by  tbe^Sna/  arc  mr,  which  has  the  point  d  for  itB  poeitive  pole,  and 
the  half-area,  4  2,  for  the  angle  (51.)  of  the  quaternion  (or  vereor)  product  which 
i^rtpreeents. 

(57.)  Now  the  direction  of  positive  rotation  on  the  sphere  has  been  supposed  to 
be  that  round  d,  from  f  to  b  ;  and  therefore  along  the  perimeter^  in  the  order  dfb, 
u  Been*  from  any  point  of  the  surface  within  the  triangle :  that  is,  in  the  order  in 
which  the  eucceeeive  sides  df,  fk,  ed  have  been  taken,  before  adding  (or  compound- 
iug)  their  halves.  And  accordingly,  in  the  conjugate  (or  reciprocal)  formula 
LXXIX.,  we  took  the  opposite  order,  def,  in  proceeding  as  usual  from  right-hand 
to  left-hand  factors,  whereof  tbA  former  are  supposed  to  be  multiplied  5yt  the  latter; 
while  the  result  was,  as  we  saw  in  (52.),  a  new  versor,  in  the  expression  for  which, 
the  ip-ea  S  of  the  triangle  was  simply  changed  to  its  own  negative, 

(58.)  To  give  an  example  of  the  redaction  of  the  area  to  zero,  we  have  only  to 
concave  that  the  three  points  d,  b,  f  are  co-arcual  (165),  or  situated  on  one  great 
cirele  ;  or  that  the  three  lines  8,  c,  Z  are  complanar.  For  this  case,  by  the  lawsj 
of  complanar  quaternions,  wo  have  the  formula, 

LXXXIL  .  .  (^«-i)i  (i^O*  (?^')*  =  1,     if    S^i;  =  0 ; 
thus  cos  ^S  =  1,  and  2  =  0. 


*  In  this  and  other  cases  of  the  sort,  the  spectator  is  imagined  to  stand  on  the 
point  of  the  sphere,  round  which  the  rotation  on  the  surface  is  conceived  to  be  per- 
formed ;  his  body  bdng  outside  the  sphere.  And  similarly  when  we  say,  for  exam- 
ple, that  the  rotation  round  the  line,  or  radius,  OA,  from  the  line  on  to  the  line  oc, 
is  negative  (or  left-handed),  as  in  the  recent  Figures,  we  mean  that  such  would  ap> 
pear  to  be  the  direction  of  that  rotation,  to  a  person  standing  thus  with  hisyire^  on 
▲,  and  with  his  hocfy  in  the  direction  of  OA  prolonged :  or  else  standing  on  the  centre 
(or  origin)  o,  with  his  head  at  the  point  A.  Compare  174,  IT. ;  177;  and  the  Note 
to  page  158. 

t  Compare  the  Notes  to  pages  146,  159. 

X  Compare  the  Second  Chapter  of  the  Second  Book. 
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(59.)  Again,  in  (53.)  let  the  point h be co-arcoal  with  d  and  f,  or  let  S^^iy  =0 ; 
then,  because 

Lxxxir.  ..(:i|-»)Kn^»)*  =  (W-0*.    »f  S^^9=0, 

the  prodact  of  four /detort  LXXXI.  redaces  itself  to  the  prodact  of  three  fiictors 

'  LXXYI. ;  the  geometrical  reaton  being  evidently  that  in  this  case  the  added  area 

£'  vaniekee  ;  so  that  the  quadrilateral  dbfh  has  only  the  eame  area  as  the  triangle 

DEF. 

(60.)  But  this  added  area  (58.)  may  even  have  a  negative*  effect^  as  for  exam- 
ple when  the  new  point  u  falls  on  the  old  side  db.     Accordingly,  if  we  write 

Lxxxiii. . .  Qi  =  (f^o*  {Wy^  {nr^:^, 

and  denote  the  product  LXXXI.  of  four  square-roots  by  Qt,  we  shall  have  the  trans- 
formation, 

LXXXIV.  .  .  Qa  =  («€-')»  0,  (f^-»)»,    if    SStfi  =  0 ; 

which  shows  (comp.  (15.)  )  that  in  this  case  the  angle  of  the  quaternary  product  Q% 
is  that  of  the  ternary  product  Qi,  or  the  half-area  of  the  triangle  bfh  (=  def  —  duf), 
although  the  axi*  of  Qt  is  trangferred  from  the  position  of  the  axis  of  Qi,  by  a  ro- 
tation  round  the  pole  of  the  arc  bd,  which  brings  it  from  os  to  od. 

(61.)  From  this  example,  it  may  be  considered  to  be  sufficiently  evident,  how  the 
formula  LXXXI.  may  be  applied  and  extended,  so  as  to  represent  (comp.  (54.)  )  the 
area  of  any  closed  figure  on  the  tpherCj  with  any  ateumed  point  D  on  the  eurfaee  as 
a  sort  of  spherical  origin  ;  even  when  this  auxiliary  point  is  not  situated  on  the  pe- 
rimeter, but  is  either  external  or  internal  thereto. 

(62  )  A  new  quaternion  Qo,  with  the  same  axie  od  as  the  quaternion  Q  of  (50.), 
but  with  a  double  angle,  and  with  a  tensor  equal  to  unity,  may  be  formed  by  simply 
squaring  theversorUQ  ;  and  although  this  squaring  cannot  be  effected  by  remorimg 
the  fractional  exponents,  f  in  the  formula  LXXVL,  yet  it  can  easily  be  accomplished 
in  other  ways.  For  example  we  have,  by  LXXIII.  LXXIV.,  and  by  VIL  IX.  X , 
the  transformations  4 

LXXXV.  .  .  <3o  =  UQ«  =  r-«(a70i3)»=-  a-«.  yapS.iyap 
=  -  (7a/3)«=-(e-  «J)«  =  r«  -  e«  +  2«^; 

and  in  fact,  because  9-r.OD^hy  XII.,  the  trigonometric  values  LIV.  for  r  and  e 
enable  us  to  write  this  last  result  under  the  form, 

LXXXVI.  ,  .  Qo  =  -  iyapy  =  cos  S  +  od  .  sin  2. 

(63.)  To  show  its  geometrical  signification,  let  us  conceive  that  abc  and  uas 


*  In  some  investigations  respecting  areas  on  a  sphere,  it  may  be  convenient  to 
distinguish  (comp.  28,  68)  between  the  two  symbols  drf  and  dfb,  and  to  consider 
them  as  denoting  two  opposite  triangles,  of  which  the  sum  is  zero.  But  for  the  pre- 
sent, we  are  content  to  express  this  distinction,  by  means  of  the  two  conjugate  qua- 
ternion products,  (51.)  and  (52.). 

t  Compare  the  Note  to  (54.). 

X  The  equation  ^y  a/3  =  yafid  is  not  valid  generally ;  but  we  have  here  ^= — Vya/J ; 
and  in  general,  qp  =  pq,  if  p  \\  Yq. 
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hare  the  same  meuiiogs  in  the  new  Fig.  70,  as  in  Fig.  68;  and  that  ^iBiMi  are 
three  new  points,  determined  by  the  three  arcual  equations  (163), 

LXXXYII.    OAC='*CAi,       «BO='>CBi, 

which  easily  oondnct  to  this  fourth  equation  of 
the  same  kind, 

LXXXVir.  .  .   ft  LMi=  «  BiAi. 

ThisMv  are  uii  reprttenU  thus  (oomp.  1 67,  and 
Fig.  43)  the  product  aiy-*.7/3r>  =  ra-»./37-> ; 
while  the  old  arc  ml,  or  its  equal  ba  (31.),  represents  a/?-* ;  whesce  the  arc  mmi, 
which  has  its  poU  at  d,  and  is  numerically  equal  to  the  whole  area  S  of  dbp  (be- 
cause XN  was  seen  to  be  equal  (50.)  to  ha(f  that  area),  represents  the  product 
yo-i^y-i.  ap-\  or  -  (ya/S)',  or  Qb-  The  formuhi  LXXXVI.  has  therefore  been 
interpreteiLf  and  may  be  said  to  have  been  proved  anew^  by  these  simple  geometri- 
cal consideratioDS. 

(64.)  We  see,  at  the  same  time,  how  to  interpret  the  tymboij 

LXXXVIII.  .  .Qo=l^%; 
o  y /3 

namely  as  denoting  a  vereor^  of  which  the  axU  is  directed  to,  or  from^  the  corner  d 
of  a  certain  auxiliary  spherical  triangle  dep,  whereof  the  «t<if«,  respectively  o/»po«iY« 
to  D,  E,  F,  are  bisected  (5.)  by  the  given  points  A,  b,  o,  according  as  the  rotation  round 
a  from  p  toyia  negative  or  positive;  and  of  which  the  angle  represents,  or  is  numeri- 
cally equal  to,  the  area  S  of  that  auxiliary  triangle :  at  least  if  we  still  suppose,  as 
we  have  hitherto  for  simplicity  done  (1.),  that  the  sides  of  the^'ven  triangle  abc  are 
each  less  than  a  quadrant. 

298.  The  case  when  the  aides  of  the  given  triangle  are  all  greater , 
instead  of  being  aU  less,  than  quadrants^  may  deserve  next  to  be 
(although  more  briefly)  considered;  the  case  when  they  are  all 
equal  to  quadrants,  being  reserved  for  a  short  subsequent  Article : 
and  other  cases  being  easily  referred  to  these,  by  limits,  or  by  passing 
from  a  given  line  to  its  opposite. 

(1.)  Supposing  now  that 

I.  .  .  /<0,     m<0,     n<0, 

wthat  II.  ..«>-.,     fc>-,     c>-, 

2  2  2 

we  may  still  reUin  the  recent  equations  lY.  to  XI. ;  XIII. ;  and  XV.  to  XXYL,  of 
297 ;  but  we  must  change  the  sign  of  the  radical^  r,  in  the  equations  XII.  and  XIY., 
and  also  the  signs  of  the  versors  U^,  Uc,  VHi  in  XIL,  if  we  desire  that  the  sides  of 
the  ouxiHarg  triangle,  DBF,  may  still  be  bisected  (as  in  Figures  67,  68)  by  the  cor- 
^urs  of  the  given  triangle  abc,  of  which  the  sides  a,  6,  c  are  now  each  greater  than 
ft  quadrant.  Thus,  r  being  still  the  common  tensor  of  ^,  i,  (,  and  therefore  being  still 
supposed  to  be  itself  >  0,  we  must  write  now,  under  these  new  conditions  I.  or  II., 
the  new  equations, 
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III..  .  OD  =  -U^  =  -f>a;    OB=-Ui=-r-»«;    OF  =  -UJ  =  -f-->C ; 

I V.  .  .  coe a  —  —  r ooe a',    co8  6=— roosC,    co8e  =  — rcoae'. 

(2.)  The  equAtioDB  lY.  and  VIII.  of  297  still  holding  good,  we  may  now  write, 

y.  .  .  i  2r  cos  a'  COB  6'  ooee'  =  008  a^  +  COS  6's  +  cos  c'«- 1, 

according  as  we  adopt  positive  yalnes  (297),  or  negative  valaes  (298),  for  the  oo- 

sines  ^  m,  «  of  the  sides  of  the  bisecting  triangle ;  the  valne  of  r  being  still  supposed 

to  be  positive. 

(8.)  It  is  not  difficnlt  to  prove  (comp.  297,  LIV.,  LXDL),  that 

VI.  . .  rsf  cosJS,    according  as    l>0,  &c.,    or    /<0,  &c; 
the  recent  formula  V.  may-  therefore  be  written  tmamhiguouMfy  as  follows : 

VII.  .  .  2oo8a'co8yoo8c'cos^S=cosa'2+co6(''  +  oo8e'*~l; 
and  the  formula  297,  LY.  continues  to  hold  good. 

(4.)  In  like  manner,  we  may  write,  withoat  an  ambiguous  sign  (comp.  297,  LL), 
the  following  expretttumfor  thefnarth  proportUmal  fia'^y  to  three  unit-veeton  a,  /3, 
y,  the  rotation  round  the  first  from  the  second  to  the  third  being  negative : 

VIII. .  .  fia-^y  =  sin  ^2  +  OD.  cos  ^S ; 

where  the  scalar  part  changes  sign,  when  the  rotation  is  reversed. 

(5.)  It  is,  however,  to  be  observed,  that  although  tiuBjbrmula  VIII.  holds  good, 
not  only  in  the  cases  of  the  last  article  and  of  the  present,  but  also  in  that  which  has 
been  reserved  for  the  next,  namely  when  /=  0,  &c. ;  yet  because,  in  the  preeent  case 
(298)  we  have  the  area  S  >  ir,  the  rttdiue  od  is  no  longer  the  (positive)  axU  Vd  of 
the  fourth  propordonal  pa-^y ;  nor  is  ^n-  -  ^S  any  longer,  as  in  297,  L.,  the  (posi- 
tive) angle  of  that  versor.  On  the  contrary  we  have  now^  for  this  axis  and  angle, 
the  expressions  : 

IX.  .  .  Ax./3rt-»y  =  DO  =  -OD;         X.  .  .  ^  j3a-iy  =  ^(2 -ir). 

(6.)  To  illustrate  these  results  by  a  construction,  we  may  remark  that  if,  in  Fig. 
67,  the  bisecting  arcs  bc,  oa,  ab  be  supposed  each  greater  than  a  quadrant,  and  if 
we  proceed  to  form  from  it  a  new  Figure,  analogous  to  68,  the  perpendicular  oq  will 
also  exceed  a  quadrant,  and  the  poles  p  and  k  will  fall  between  the  points  c  and  Q ; 
also  H  and  r  will  fall  on  the  arcs  lq  and  ql'  prolonged:  and  although  the  arc  kx, 
or  the  angle  kdm,  or  l'db,  or  bdp,  may  Hill  be  considered,  as  in  297,  (84.),  to  re- 
preeent  the  vereor  Par^y,  yet  the  corresponding  rotation  round  the  point  d  is  now  o' 
a  negative  character. 

(7.)  And  as  regards  the  quantity  of  this  rotation,  or  the  magnitude  of  the  angle 
at  D,  it  is  again,  as  in  Fig.  68,  a  base-angle  of  one 
of  three  isosceles  triangles,  with  p  for  their  common 
vertex ;  but  we  have  now,  as  in  Fig.  71,  a  new  ar» 
rangementf  in  virtue  of  wliich  this  angle  is  to  be 
found  by  halving  what  remains,  when  the  sum  of 
the  supplements  of  the  angles  at  d  and  b,  in  the  tri- 
angle DEF,  is  subtracted /rom  the  angle  at  p,  instead 
of  uur  subtracting  (as  in  297,  (86.)  )  the  latter  angle  fh>m  the  former  sum ;  it  is 
therefore  now,  in  agreement  with  the  recent  expression  X., 
XI.  ..  ^/3a-»7  =  |(D  f  E  f  r)-ir. 
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(8.)  The  n^gatiye  of  the  conjugate  of  the  formula  VIII.  gives, 
XII.  .  .  yar^P  =  -  rin  ^S  +  Od.cos^S  ; 

and  by  taidiig  the  negative  of  the  square  of  this  equation,  we  are  oondacted  to  the 
foUowing : 

XIII. .  .  Z  5  i= -  (yar»/3)2  =  cos  2  +  OD.  sin  S ; 

ay  p 

a  result  which  had  only  been  proved  before  (comp.  297,  (62.)t  (64.)  )  for  the  case 
2  <  «- ;  and  ia  which  it  is  still  supposed  that  the  rotation  round  a  from  /3  to  y  is 
negative. 

(9.)  With  the  same  direction  of  rotation,  we  have  also  the  conjugate  or  reeipro- 
eo/formnla, 

XIV. . .  ^I-  =  -08a-W)i  =  cosS-OD.sin  2. 
apy        ^ 

(10.}  If  it  liappened  that  only  one  side,  as  ab,  of  the^'vat  triangle  abc,  was 
greater,  while  each  of  the  two  others  was  less  than  a  quadrant,  or  that  we  had  />  0, 
>»>0,  but  »  <  0 ;  and  if  we  wished  to  represent  the  fourth  proportional  to  a,  /3,  y  by 
means  of  the  foregoing  constructions :  we  should  only  have  to  introduce  the  point  o' 
oppotite  to  o,  or  to  change  y  to  y'  =  —  y ;  for  thus  the  new  triangle  abo' would  have 
taeh  side  greater  than  a  quadrant,  and  so  would  fall  under  the  case  of  the  present 
Article ;  after  employing  the  construction  for  which,  we  should  only  have  to  change 
the  resulting  versor  to  its  negative. 

(11.)  And  in  like  manner,  if  we  bad  /  and  m  negative,  but  n  positive,  we  might 
>gsin  substitute  for  o  its  opposite  point  c',  and  so  fall  back  on  the  construction  of 
Art.  297 :  and  similarly  in  other  cases. 

(12.)  Ia  general,  if  we  begin  with  the  equations  297,  XII.,  attributing  any  arbi- 
trary (but  positive)  value  to  the  common  temor,  r,  of  the  three  co-initial  vectors 
^i  If  C)  of  which  the  vertorty  or  the  unit-veetore  U^,  &c.,  terminate  at  the  comers  of 
ft  given  or  aesttmed  triangle  dsf,  with  sides  =  2a',  2ft',  2c',  we  may  then  suppose 
(oomp.  Fig.  67)  that  another  triangle  abc,  with  sides  denoted  by  a,  ft,  c,  and  with 
their  cosines  denoted  by  /,  m,  n,  is  derived  from  this  one,  by  the  condition  of  biteet- 
<"^  its  sides;  and  therefore  by  the  equations  (comp.  297,  LYIIL), 

XV.  .  .  OA=a  =  U(€  +  0»    OB  =  /3=U(C  +  0»    oo  =  y=U(a  +  0, 
^th  the  relations  297,  IV.  V.  VI.,  as  before ;  or  by  these  other  equations  (comp. 
297,  XIII.  XIV.), 

XVI.  .  .  f  +  C  =  2raco8a',     C  +  ^  =  2r/3  cos  ft',     ^+€=2ry  cose'. 

(13.)  When  thit  simple  construction  is  adopted,  we  have  at  once  (comp.  297, 
LX),  by  merely  taking  eealart  of  product*  of  vectors^  and  without  any  reference  to 
o''eaf  (compare  however  297,  LXIX.,  and  298,  VII.),  the  equations, 

XVII.  .  .  4  cos  a  cos  ft' cos  e' s  4  cos  ft  cos  o' cos  a' s  4  cose  cos  a' cos  ft' 

=  -r-«S(5+5)(a  +  i)  =  8tc.=  l  +  coe2a'  +  cos2ft'+cos2e'; 
or 

«.,r,*«        «>*«      ^onb      cose      cosa'^  +  cosy'+cose'*- 1 

XVIII.  .  .  ;  a =  ;  s . _ J ; 

cos  a       cos  ft^      cos  e  2  cos  a  cos  ft  cos  e 

which  can  indeed  be  otherwise  deduced,  by  the  known  formulsB  of  spherical  trigo- 
nometry. 

2  Y 
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(14.)  We  see,  then,  that  aeeording  at  the  turn  of  the  equaree  of  the  eonnee  of 
the  half-ridety  of  a  ffiven  or  ateumed  epherieai  triangle^  DEF,  i$  greater  than  unity, 
or  equ€U  to  unify,  or  less  than  wntfy,  the  sides  of  the  inscribed  and  bisecting  triangle, 
ABC,  are  together  less  than  quadrants,  or  together  equal  to  quadrants,  or  together 
greater  than  quadrants. 

(15.)  Conversely,  i/the  sides  of  sl  given  spherical  triangle  abc  be  thns  all  less, 
or  all  greater  than  quadrants,  a  triangle  def,  but  only  one*  such  triangle,  can  be 
exscribed  to  it,  so  as  to  have  its  sides  bisected,  as  above :  the  simplest  process  being 
to  let  fall  a  perpendicular,  such  as  gq  in  Fig.  68,  from  c  on  ab,  &c.  ;  and  then  to  draw 
new  arcs,  through  c,  &c.,  perpendicular  to  these  perpendiculars,  and  therefore  coin- 
ciding in  position  with  the  sought  sides  de,  &c.,  of  def. 

(16.)  The  trigonometrical  results  of  recent  sub-articles,  especially  as  regards  the 
oreaf  of  a  spherical  triangle,  are  probably  all  well  known,  as  certainly  some  of  them 
are ;  but  they  are  here  brought  forward  only  in  connexion  if  ith  quaternion  Jbrmula; 
and  as  one  of  that  class,  which  is  not  irrelevant  to  the  present  subject,  and  includes 
the  formula  294,  LIIL,  the  following  may  be  mentioned,  wherein  a,  /3,  y  denote  any 
three  vectors,  but  the  order  of  the  factors  is  important : 

XIX  .  .  (ai37)«  =  2a«/327«+o«(/37)«  +  /3«(ay)«  +  y«(«/3/-4rtrSai3S/3y. 

(17.)  And  if,  as  in  297,  (1.),  &c.,  we  suppose  that  a,  ft  y  are  three  unit-vee- 
torst  OA,  OB,  oc,  and  denote,  as  in  297,  (47.),  by  o  the  area  of  the  triangle  abc, 
the  principle  expressed  by  the  recent  formula  XIII.  may  be  stated  under  this  appa- 
rently different,  but  essentially  equivalent  form  : 

XX.  .  .  - — -  ,- — -.'^ — -  =cos9  +  atin9; 

i3  +  y   a  +  /3    y  +  a 

which  admits  of  several  verifications. 

(18.)  We  may,  for  instance,  transform  it  as  follows  (comp.  297,  LXVII.)  : 

-(fl  +  j8)(/3+y)(yfa)      -2e+ 2a(l +  /  +  «»  +  «) 


•••K(a+j3)(^+-r)(r  +  «)    +2«+aa(i  +  '+'»  +  ") 

l  +  Z  +  m  +  n-ea 

=  ^cos-+asm-j 

1  —  a  tan  -      cos  -  —  a  sin  - 
2            2              2 

=  cos  <r  +  a  sin  o,  as  above. 

*  In  the  next  Article,  we  shall  consider  a  case  of  indeterminateness,  or  of  the  ex- 
istence of  indefinitely  many  exscribed  triangles  def  :  namely,  when  the  sides  of  abc 
are  all  equal  to  quadrants. 

t  This  opportunity  may  be  taken  of  referring  to  an  interesting  Note,  to  pages 
96,  97  of  Luhy's  Trigonometry  (Dublin,  1852) ;  in  which  an  elegant  construction, 
connected  with  the  area  of  a  spherical  triangle,  is  acknowledged  as  having  been  men- 
tioned to  Dr.  Luby,  by  a  since  deceased  and  lamented  friend,  the  Rev.  William  Digby 
Sadleir,  F.T.C.D.  A  construction  nearly  the  same,  described  in  the  anb-artidea  to 
297,  was  suggested  to  the  present  writer  by  quaternions,  several  years  ago. 
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(19.)  This  seeiiM  to  be  a  natural  place  for  obeenring  (camp.  (16.)  ),  that  it  a,  p, 
fyShe  any  four  veetcrtt  the  lately  cited  eqaation  294,  LIIL,  and  the  square  of  the 
equation  294,  XV.,  with  i  written  in  it  instead  of  f>,  conduct  easily  to  the  following 
Tery  general  and  symmetric  formula : 

XXII. .  .  a«/3«7«^«  +  (S/37Sa^)«+  (SyaSpa)H  (SafiSySy 

+  2d^(3ySpSSyi  +  i^SyaSySSad  +  2yiSa^adS^  +  2S^SapSPy8ya 

=  2S7oSa/3S/3aSyJ  +  2Sa/3S/3ySy5Saa  +  2Sl5ySyaSaSS^ 

+  /3«y«(Sa5)2  +  72a2(3W+  a»i3»(Sy^)« 

+  a»52(S/3y)»  +  /3«32(Sya)«  +  ya^»(Sa0)». 

(20.)  If  then  we  take  amy  $pherieal  quadrilateral  abcd,  and  write 

XXIIL  .  .  r  =  coa  AD = —  SUa^,    m'  =  cos  bd  =  -  SU/3^,    «'  =  cos  cd  =  &c, 

treating  a,  j3,  y  as  the  unit-vectors  of  the  points  A,  b,  c,  and  /,  m,  n  as  the  cosines 

of  the  arcs  bc,  ca,  ab,  as  in  297,  (1.),  we  have  the  equation, 

XXIV.  .  .  1  +  ?»n  +  fP^fn^  +  ii»n*2  +  2Zm'n'  +  2mnT  +  2nrm'+  2/wn 

=  2mnm  V  +  2n/n7'  +  2/m/ »' 

+  /»4  m«+  »*  +  Z'*  +  in''  +  n'«  ; 

which  can  be  confirmed  by  elementary  oonsiderations,*  but  is  here  given  merely  aa 
ao  interpretation  of  the  quaternion  formnla  XXII. 

(21.)  In  squaring  the  lately  dted  equation  294,  XY.,  we  have  used  the  two 
following  formula  of  transformation  (comp.  204,  XXII.,  and  2t0,  XVIII.),  in 
which  a,  /3,  y  may  be  any  three  veetors^  and  which  are  often  found  to  be  useful : 
XXV. . .  (Va/3)2  =  (Sa/3)»-  a»^  ;     XXVI. . .  S(Vi3y .  Vya)  =  y«Sa/3  - S^SySya. 

299.  The  two  cases,  for  which  the  three  sides  a,  b,  c,  of  the  given 
triangle  abc,  are  all  less,  or  aU  greater,  than  quadrants,  having  been 
considered  in  the  two  foregoing  Articles,  with  a  reduction,  in  298, 
(10.)  and  (11.),  of  certain  other  cases  to  these,  it  only  remains  to 
consider  that  third  principal  case,  for  which  the  sides  of  that  given 
triangle  are  all  equal  to  quadrants :  or  to  inquire  what  is,  on  our 
general  principles,  the  Fourth  Proportional  to  Three  Rectangular 
Vectors.  And  we  shall  find,  not  only  that  this  fourth  proportional 
is  nof  itself  a  Vector,  but  that  it  does  not  even  contain  any  vector 
part  (292)  different  from  zero :  although,  as  being  found  to  be  equal 
to  a  Scalar,  it  is  still  included  (131,  276)  in  the  general  conception 
of  a  Quaternion. 

(1.)  In  fact,  if  we  suppose,  in  297,  (1.),  that 

I.  .  . /  =  0,  msO,  11  =  0,     or  that     11.  .  .  a  =  6  =  e  =  --, 


*  A  formula  equivalent  to  this  last  eqttcUion  of  seventeen  terms,  connecting  the 
•i*  eostiiM  of  the  arcs  which  join,  two  by  two,  the  corners  of  a  spherical  quadrilateral 
ABCD,  is  given  at  page  407  of  Camot*8  Geomitrie  de  Position  (Paris,  1808). 
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or  III.  .  .  S/3y  =  Qya  =  Safi  =  0,     while    IV.  .  .  Ta  =  Tj3  =  Ty  =  1, 

the  formulie  297,  VII.  giTo, 

V.  ..^=0,     6  =  0,     ^=0; 
bat  these  are  the  vector  parts  of  the  three  pairt  of  fourth  proportional*  to  the  three 
rectangular  unit-linetj  a,  /3,  y,  taken  in  all  possible  orders;  and  the  same  evane- 
tcence  of  vector  partt  most  evidently  take  place,  if  the  three  given  lines  be  only  at 
right  angles  to  each  other,  without  being  equally  long. 

(2.)  Continuing,  however,  for  simptidtj,  to  suppose  that  they  are  unit  lines,  and 
that  the  rotation  round  a  from  /3  to  7  is  negative,  as  before,  we  see  that  we  have  now 
r=0,  and  «=1,  in  297,  (3.);  and  that  thus  the  six  fourth  proportionalM  reduce 
themselves  to  their  scalar  parts^  namely  (here)  to  positive  or  negcUive  unity.  Id 
this  manner  we  find,  uuder  the  supposed  conditions,  the  values : 

VI.  .  ./3a->y=yi3-»a  =  a7-»/3  =  +l;        VI'.* .  .  yo'i/S  =oi3->y  =  /3y-*a  =  -l. 

(3.)  For  example  (comp.  295)  we  have,  by  the  laws  (182)  of  t^j,  k^  the  values, 

VIL  .  .  (;-i*=>*-ii=*i-y  =  +  1 ;         Vir.  .  .  A;-it  =  £*-y=jt-iA  =  -l. 

In  fact,  the  two  fourth  proportionals^  ij-^h  and  Aj-^t,  are  respectively  equal  to  the 
two  ternary  products,  ~  iJk  and  —  kji^  and  therefore  to  +  1  and  —  1,  by  the  laws  in- 
cluded in  the  Fundamental  Formula  A  (183). 

(4.)  To  connect  this  important  result  with  the  constructions  of  the  two  last  Ar- 
ticles, we  may  observe  that  when  we  seek,  on  the  general  plan  of  298,  (15.),  to 
ex«ert5e  a  spherical  triangle,  dep,  to  a  given  tri-quadrantal  (or  tri-rectangular) 
triangle,  abc,  as  for  instance  to  the  triangle  ijk  (or  jik)  of  181,  in  such  a  manner 
that  the  sides  of  the  new  triangle  shall  be  bisected  by  the  corners  of  the  old,  the 
problem  is  found  to  admit  of  indefinitely  many  solutions.  Any  point  P  may  be  as- 
sumed, in  the  interior  of  the  given  triangle  abc  ;  and  then,  if  its  reflexions  d,  R,  f 
be  taken,  with  respect  to  the  three  sides  a,  b,  e,  so  that  (comp.  Fig.  72)  the  ares 
PD,  PE,  PF  are  perpendicularly  bisected  by  those 
three  sides,  the  three  other  arcs  ef,  fd,  de  will  be 
bisected  by  the  points  a,  b,  c,  as  required  :  because 
the  arcs  ab,  af  have  each  the  same  length  as  ap, 
and  the  angles  subtended  at  a  by  pb  and  pf  are  to- 
gether equal  to  two  right  angles,  &c. 

(5.)  The  positions  of  the  auxiliary  points,  d,  e, 
F,  are  therefore,  in  the  present  case,  indeterminate, 
or  variable  ;  but  the  sum  of  the  angles  at  those  three 
points  is  constant,  and  equal  to  four  right  angles  ; 
because,  by  the  six  isosceles  triangles  on  pd,  pb,  pf  as  bases,  that  sum  of  the 
three  angles  d,  e,  f  is  equal  to  the  sum  of  the  angles  subtended  by  the  sides  of  the 
given  triangle  abc,  at  the  assumed  interior  point  p.  The  spherical  excess  of  the 
triangle  def  is  therefore  equal  to  two  right  angles,  and  its  area  2  s  n* ;  as  may  be 
otherwise  seen  from  the  same  Figure  72,  and  might  have  been  inferred  from  the  for- 
mula 297,  LV.,  or  LVI. 

(6.)  The  radius  od,  in  the  formula  297,  XLVII.,  for  the  fourth  proportional 
/3a- *y,  becomes  therefore,  in  the  present  case,  indeterminate;  but  because  the  angle 
l'db,  or  ^  (ir  -  2),  in  the  same  equation,  vanishes,  the  formula  becomes  simply 
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fia-^y  s  1,  as  in  the  recent  eqnationi  VI. ;  and  aimflarly  in  other  ezamplee,  of  the 
c1m8  here  conBidered. 

(7.)  The  condosion,  that  the  Fourth  I^opcrtumal  to  Three  Rectangular  Lmea 
it  a  Scalar,  may  in  ae^eral  other  ways  be  deduced,  from  the  principles  of  the  present 
Book.     For  ezample,  with  the  reoent  suppositions,  we  may  write, 

VIII.  ../3a-i=-r,     y/3-»  =  -a,     ar'  =  -i3; 
Vlir.  ..ya-»=  +  ft     ai3->=  +  y,     i3y-»  =  +  a; 

the  three  fourth  proportionals  VI.  are  therefore  equal,  respectively,  to  —  y*,  -  a', 
—  ^,  and  consequently  to  +  1 ;  while  the  corresponding  expressions  VF.  are  equal 
to  +  /8*,  +  y',  +  a',  and  therefore  to  - 1. 

(8.)  Or  (comp.  (8.)  )  we  may  write  generally  the  transformation  (comp^  282, 
XXL*) 

IX.  .  .  ^o-»y  =  a-«.  /3ay,     if    a*  =  1 :  a\ 

in  which  the  factor  a-'  is  alwaift  a  iealar^  whatever  vector  a  may  be ;  while  the 
vector  part  of  the  ternary  product  fiay  vanishet^  by  294,  III.,  when  the  recent  con- 
dUiane  ofrectangutarUy  III.  are  satisfled. 

(9.)  Conversely,  this  ternary  product  j3ay,  and  this^otirfA  proportional  pcr^y, 
can  never  reduce  themeelvee  to  eealartj  unleee  the  three  vectore  a,  /3,  y  (supposed  to 
be  all  actual  (Art  1)  )  are  perpendicular  each  to  each. 

Section  8. — On  an  equivalent  Interpretation  of  the  Fourth 
Proportional  to  Three  Diplanar  Vectors^  deduced  from  the 
Principles  of  the  Second  Book. 

300.  In  the  foregoing  Section,  we  naturally  employed  the  resiQts 
of  preceding  Sections  of  the  present  Book,  to  assist  ourselves  in  at- 
taching a  definite  signification  to  the  Fourth  Proportional  (297) 
to  Three  Diplanar  Vectors ;  and  thus,  in  order  to  interpret  the  sym- 
bol fia-^%  we  availed  ourselves  of  the  interpretations  previously  ob- 
tained, in  this  Third  Book^  of  ar^  as  a  line,  and  of  a/3,  a/37  as  quater- 
nions. But  it  may  be  interesting,  and  not  uninstructive,  to  inquire 
how  the  equivalent  symbol^ 

a 

I.  .  .  (/3:  o).7,     or     —7,     with  7  not  \\\  a,  /3, 

might  have  been  interpreted^  on  the  principles  of  the  Second  Book^  with- 
out at  first  assuming  as  known,  or  even  seeking  to  discover,  any  in- 
terpretation  of  the  three  lately  mentioned  symbols, 
II.  .  .  o-'S      ap,      afir^. 

It  will  be  found  that  the  inquiry  conducts  to  an  expression  of  the 
form, 

*  The  formula  here  referred  to  should  have  been  printed  as  Ra  =  1 :  a  b  a-\ 
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IIL.  .(/9;o).7=«  +  «i; 
where  £  is  the  same  vector,  and  e  is  the  same  scalar^  as  in  the  recent 
sub-articles  to  297;  while  u  is  employed  as  a  temporary  symbol,  to 
denote  a  certain  Fourth  Proportional  to  Three  Rectangular  Unit 
Lines,  namely,  to  the  three  lines  oq,  ol",  and  of  in  Fig.  68;  so 
that,  with  reference  to  the  construction  represented  by  that  Figure, 
we  should  be  led,  by  the  principles  of  the  Second  Book,  to  write  the 
equation : 

IV.  •.  (oB:oA).oc=oD.cosiS  +  (oL':oa).op.8ini2. 
And  when  we  proceed  to  consider  what  signification  should  be  at- 
tached, on  the  principles  of  the  same  Second  Book,  to  that  particular 
fourth  proportional,  which  is  here  the  coefficient  of  sin  -]^2,  and  has 
been  provisionally  denoted  by  u,  we  find  that  although  it  may  be 
regarded  as  being  in  one  sense  a  Line^  or  at  least  homogeneous  with  a 
line,  yet  it  must  not  be  equated  to  any  Vector:  being  rather  analogous, 
in  Oeometry,  to  the  Scalar  UnitofAlgd>ra^  so  that  it  may  be  naturally 
and  conveniently  denoted  by  the  usual  symbol  1,  or  +  1,  or  be  equaled 
to  Positive  Unity,  But  when  we  thus  write  u=l,  the  last  term 
of  the  formula  III.  or  IV.,  of  the  present  Article,  becomes  simply 
e,  or  sin  ^2 ;  and  while  this  term  (or  part)  of  the  result  comes  to  be 
considered  as  a  species  of  Geometrical  Scalar,  the  complete  Expres- 
sion for  the  General  Fourth  Proportional  to  Three  Diplanar  Vectors 
takes  the  Foi-m  of  a  Geometrical  Quattrnion:  and  thus  th^  formula 
297,  XL VII.,  or  298,  VIIL,  is  reproduced,  at  least  if  we  substitute 
in  it,  for  the  present,  (/S:  o).7  for  /3a-* 7,  to  avoid  the  necessity  of 
interpreting  here  the  recent  symbols  II. 

(1.)  The  construction  of  Fig.  68  being  retained,  bnt  no  principles  peculiar  to  the 
Third  Book  being  emploTed,  we  may  write,  with  the  same  significations  of  c,  p,  fcc, 
as  before, 

y.  .  .  OB:OA  =  OR:OQ  =  cose+(oL':OQ)sinc; 
YI. .  .  OG  =  OQ .  cosp  +  OP .  ainp . 

(2.)  Admitting  then,  as  is  natural,  for  the  purposes  of  the  sought  interpretatum^ 
that  (Httrihutitfe  property  which  has  been  proved  (212)  to  hold  good  for  the  mmlli- 
pHcatum  ofqutUemioni  (as  it  does  for  multiplication  in  algebra) ;  and  writbig  fbr 
abridgment, 

VII.  .  .  u  =  (OL' :  oq) .  op; 

we  have  the  quadriHomial  expression  ; 

VIII.  .  .  (OB :  oa).  og  =  ol'.  sin  e  coap  +  og .  cos  c cosp 
+  OP .  cos  c  sinp  +  K .  sin  c  un/) ; 

in  which  it  may  be  observed  that  Me  sum  of  the  squares  of  ike  four  to^ficienis  of  the 
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*kreB  Tttiangidwr  umU^peetar,,  oq,  ol',  op,  mnd  cf  their  fourth  propcHiamd,  u,  U 
eftud  to  umxtff. 

(3.)  Bat  the  coefficient  of  thU  fourth  proportional,  which  may  be  regarded  as  a 
spedes  d fourth  unit^  is 

IX. .  .  sin  e ainp  =  sin  MN  =  sin  ^S  =  « ; 
we  must  therefore  expect  to  find  that  the  three  other  coefficients  m  VIIT.,  when  di- 
Tided  by  cos  ^2,  or  by  r»  give  quotients  which  are  the  cosines  of  the  arcual  distances 
of  some  point  x  upon  the  unit-sphere,  from  the  three  points  l',  q,  p  ;  or  that  a  point 
X  can  be  assigned,  for  which 

X  . .  sin  c  co8/>  =  r  COB  l'x  ;     coeccosp^rcosQX;     cos  c  sin  p  =:  r  cos  px. 

(4.)  Accordingly  it  is  found  that  these  three  last  equations  are  satisfied,  when  we 
sobstitute  d  for  x;  and  therefore  that  we  have  the  transformation, 

XI.  .  .  oV.sinccosp  +  oQ.coBccos/>  +  OP.cose8inp  =  OD.cos^2  =  ^, 
whence  foDow  the  equations  IV.  and  III. ;  and  ifonly  remains  to  study  and  interpret 
ibefcmrth  sntr,  «,  which  enters  as  a  factor  into  the  remaining  part  of  the  quadrino- 
mial  ezpressioa  VIIL,  without  employing  any  principles  except  those  of  the  Second 
Bo9i:  and  therefore  uMtmt  umng  the  InierpreUOume  278,  884,  of /So,  && 

301.  In  general,  when  two  sets  of  three  vectors,  a,  /3,  7,  and 
«'»  ^>  7',  are  connected  by  the  relation, 

it  18  natural  to  write  this  other  equation, 

III.  .  .-7  =  _/y  ; 

a  a 
and  to  say  that  these  two  fourth  proportionals  (297),  to  o,  /3,  7,  and 
to  a',  ^,  7',  are  equal  to  each  other:  whatever  the  full  signification  of 
eeich  of  these  two  last  symbols  III.,  supposed  for  the  moment  to  be 
not  yetfuUy  knoum,  may  be  afterwards  found  to  be.  In  short,  we 
may  propose  to  make  it  a  condition  of  the  sought  Interpretation,  on 
the  principles  of  the  Second  Book,  of  the  phrase, 

'^Fourth  Proportional  to  Three  Vectors^'* 

and  of  either  of  the  two  equivalent  Symbols  300, 1.,  that  the  recent 
Equation  III.  shall  follow  from  I.  or  II. ;  just  as,  at  the  commence- 
ment of  that  Second  Book,  and  before  concluding  (112)  that  the  ge- 
neral Geometric  Quotient  /3:  a  of  any  two  lines  in  space  is  a  Quaternion, 
we  made  it  a  condition  (103)  of  the  interpretation  of  such  a  quotient, 
that  the  equation  (/d:  a).a  =  /3  should  be  satisfied. 

302.  There  are  however  two  tests  (comp.  287),  to  which  the  re- 
cent equation  III.  must  be  submitted,  before  its  final  adoption;  in 
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order  that  we  may  be  sure  of  its  conaisUnq/^  Ist,  with  the  previous 
interpretation  (226)  of  a  Fourth  Proportional  to  Three  Complanar 
Vectors,  as  a  Line  in  their  common  plane;  and  Ilnd,  with  the  gene- 
ral  principle  of  all  mathematical  language  (105),  that  things  equal  to 
the  same  thing,  are  to  be  considered  as  equal  to  each  other.  And  it 
is  found,  on  trial,  that  both  these  tests  are  borne :  so  that  they  form 
no  objection  to  our  adopting  the  equation  301,  III.,  as  true  by  d^ni- 
tion,  whenever  the  preceding  equation  IL,  or  I.,  is  satisfied. 

(1.)  It  may  happen  that  the  first  member  of  that  equation  III.  is  equal  to  a/tne 
d,  as  in  226 ;  namely,  when  a,  /3,  y  are  complanar.  In  this  case,  we  have  by  II. 
the  equation, 

,v...i.ir.2,  .  ■v....f,-w.f„ 

80  that  a ,  jS*,  y  are  also  complanar  (among  themselves),  and  the  line  8  is  their 
fourth  proportional  likewise :  and  the  equation  III.  is  satisfied,  both  members  being 
aymboUfbr  one  common  /tne,  ^,  which  is  in  general  situated  t'li  the  intenection  of 
the  two  planet^  afiy  and  a'^y  ;  although  those  planes  may  happen  to  eomeiiie, 
without  disturbing  the  truth  of  the  equation. 

(2.)  Again,  for  the  more  general  case  of  diplanarity  of  a,  /3,  y,  we  may  con- 
ceive that  the  equation*  II.  co-exists  with  this  other  of  the  same  form, 

if  the  definition  801  be  adopted.  If  then  that  definition  be  consistent  with  general 
principles  of  equality,  we  ought  to  find,  by  III.  and  VI.,  that  this  third  equation  be- 
tween two  fourth  proportionals  holds  good : 

a  a  a  y       a 

when  the  equations  II.  and  V.  are  satisfied.  And  accordingly,  those  two  equations 
give,  by  the  general  principles  of  the  Second  Book,  respecting  quaternions  considered 
as  quotients  of  vectors,  the  transformation, 

a'y       ay    y       «y       « 

303.  It  is  then  permitted  to  interpret  the  equation  301,  III.,  on 
the  principles  of  the  Second  Book,  as  being  simply  a  tranaformation 
(as  it  is  in  algebra)  of  the  immediately  preceding  equation  II.,  or  I. ; 
and  therefore  to  write,  generally, 

I...?7  =  ?V.     if    II...  5(7: 7')=?'; 


*  In  this  and  other  cases  of  reference,  the  numeral  cited  is  always  supposed  to  be 
the  one  which  (with  the  same  number)  has  last  occurred  before,  although  perhaps 
it  may  have  been  in  connexion  with  a  shortly  preceding  Article.    Compare  217,  (1.). 
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where  7,  7'  are  any  two  vectors^  and  q,  ^  are  any  two  quaternions^ 
which  satisfy  this  last  condition.  Now,  if  v  and  v  be  any  two  right 
qvaiemionSy  we  have  (by  193,  comp.  283)  the  equation, 

III.  .  .  Iv:Iv'  =  t;:t/  =  tn;'"'; 

or 

IV.  .  .  t;-»  (JLv :  It/)  =  o'-> ;     whence     V.  .  .  vMr  =  t/-> .  lv\ 

hy  the  principle  which  has  just  been  enunciated.  It  follows,  then, 
that  "i/a  right  Line  (Iv)  be  multiplied  by  the  Reciprocal  (t?')  o/the 
Right  Quaternion  (r),  of  which  it  is  the  Index,  the  Product  (ir*Iv)  is 
independent  o/the  Length,  and  of  the  Direction,  of  the  Line  thus  ope- 
rated on  ;**  or,  in  other  words,  that  this  Product  has  one  common  Va- 
i"^  for  all  possible  Lines  (a)  in  Space:  which  common  or  constant 
valne  may  be  regarded  as  a  kind  of  new  Geometrical  Unit,  and  is  equal 
to  what  we  have  lately  denoted,  in  300,  III.,  and  VIL,  by  the  tem- 
porary symbol  u\  because,  in  the  last  cited  formula,  the  line  op  is 
the  index  of  the  right  quotient  oq:  ol'.  Retaining,  then,  for  the 
moment,  this  symbol,  u,  we  have, /or  every  line  a  in  space,  considered 
w  the  index  of  a  right  quaternion,  v,  the  four  equations : 

VI.  .  .  o-'a  =  tt;  VIL.  .a=VU;  VIII.  ..  t;  =  o:ti; 

IX.  ..  tr'  =  tt:a; 
in  which  it  is  understood  that  a  =  Iv,  and  the  three  last  are  here  re- 
garded as  being  merely  transformations  of  the  first,  which  is  deduced 
and  interpreted  as  above.  And  hence  it  is  easy  to  infer,  that  for 
ony  given  system  of  three  rectangular  lines  a,  /3,  7,  we  have  the  general 
opression : 

X.  . .  0:a).7  =  a!rM,     if    a-L /8,  /3-l  7,  7  a.  a; 

where  the  scalar  co-efficient,  x,  of  the  new  unit,  u,  is  determined  by 
the  equation, 

XL..a?  =  ±(Ti8:Ta).T7,  according  as  XII.  .  .  U7  =  ±  Ax.  (a: /8). 
This  coefficient  x  is  therefore  always  eqval,  in  magnitude  (or  absolute 
qwuity),  to  the/ottrtA  proportional  to  the  lengths  of  the  three  given 
lines  0/37 ;  but  it  is  positively  or  negatively  taken,  according  as  the 
rotation  round  the  third  line  7,  from  the  second  line  fi,  to  the  first  line 
S  is  itself  positive  or  negative :  or  in  other  words,  according  as  the 
rotation  round  the  first  line,  from  the  second  to  the  third,  is  on  the 
contrary  negative  or  positive  (compare  294,  (3.)  ). 


t.)  In  illustration  of  the  constancy  of  that  fourth  proportional  which  has  been, 
be  present,  denoted  by  «,  while  the  tystem  of  the  three  rectangular  unit-lines 
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from  wbi<  h  it  is  conceived  to  be  derived  is  in  any  manner  turned  abavt^  ve  may  ob- 
serve that  the  three  equations,  or  proportions, 

XIII.  ..ii:y=/3:a;     y:a  =  a:-y;    fi:-y^y:fi, 

conduct  immediately  to  t\n6  fourth  equation  of  the  same  kind, 

XIV.  .  .«:a  =  7:/3,     or*     «  =  (y:/3).a; 

if  we  admit  that  this  new  quantity,  or  symbol,  tc,  is  to  be  operated  on  at  all^  or  com- 
bined with  other  symbols,  according  to  the  general  rules  of  vectors  and  quaternions^ 

(2.)  It  is,  then,  permitted  to  change  the  three  letters  a,  /3,  y,  by  a  tydieal  per- 
mutatioiiy  to  the  three  other  letters  /3,  7,  a  (considered  again  as  representing  unit- 
7ititf«),  without  altering  the  value  of  the  fourth  proportional^  «;  or  in  other  words,  it 
is  allowed  to  make  the  ayeiem  of  the  three  rectangular  linet  revolvey  through  the  third 
part  of  four  right  anglesy  round  the  interior  and  co-inilicd  diagonal  of  the  unit'Cubej 
of  which  they  are  three  co-initial  edget. 

(3.)  And  it  is  still  more  evident,  that  no  such  change  of  value  will  take  place,  if 
we  merely  cause  the  system  of  the  twojirgt  linet  to  revolve,  through  ang  angle^  in 
its  own  plane,  round  the  third  line  as  an  axis ;  since  thus  we  shall  merely  substitute, 
for  the  factor  (H :  a,  another  factor  equal  thereto.  But  by  combining  these  two  last 
modes  of  rotation,  we  can  represent  any  rotation  whatever^  round  an  origin  supposed 
to  be  fixed. 

(4.)  And  as  regards  the  scalar  ratio  of  any  one  fourth  proportional,  such  ax 
/3' :  a' .  y\  to  any  other^  of  the  kind  here  considered,  such  as  )3 :  a .  y,  or  k,  it  is  suffi- 
cient to  tiuggest  that,  without  any  real  change  in  the  former,  we  are  allowed  to  sup- 
pose it  to  be  so  prepared,  that  we  shall  have 

XV.  ..o'  =  a;     i3'  =  /3;     y'^ary; 

X  being  some  scalar  coefficient,  and  representing  the  ratio  required. 

304.  In  the  more  general  case,  when  the  three  given  lines  are 
not  rectangular,  nor  unit-lines,  we  may  on  similar  principles  de- 
termine their  fourth  proportional,  without  referring  to  Fig.  68,  as 
follows.  Without  any  real  loss  of  generality,  we  may  suppose  that 
the  planes  of  o,  fi  and  a,  7  are  perpendicular  to  each  other;  since 
this  comes  merely  to  substituting,  if  necessary,  for  the  quotient 
/9 :  a,  another  quotient  equal  thereto.  Having  thus 
I. .  .  Ax.  (/3:  a)  J.  Ax.  (7:  a),  let  H.  .  .  /3  =  /3'  +  /y',  7  =  7^  +  7"t 
where  /3'  and  y  are  parallel  to  a,  but  /3"  and  7"  are  perpendicular 
to  it,  and  to  each  other;  so  that,  by  203,  I.  and  II.,  we  shall  have 
the  expressions, 

III.  ..^'  =  s^.«,    y=s^.a, 

a  a 

*  In  equations  of  this  form,  the  parentheses  may  be  omitted,  though  for  greater 
clearness  thpy  are  here  retained. 
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and  IV.  ..)3''  =  V-.a,     y'  =  V^.o. 

a  a 

We  may  then  deduce,  by  the  distributive  principle  (300,  (2.) ),  the 
transformations. 


P 


a 


K?*?)<^ 


*>=  ~  +  ^  ('v'+'y'O 


Bf        B'         B"        B" 

a  a  a  a 

where 

VI.  ..  a  =  i3S^+7"S^=7S-  +  /5"S^,  and  VIT. . .  a:u  =  ^' y . 
a  a  a  a  a 

The  latter  part,  an*,  is  what  we  have  called  (300)  the  (geometrically) 
scalar  part,  of  the  sought  fourth  proportional ;  while  the  former  part 
S  may  (still)  be  called  its  vector  part:  and  we  see  that  this  part  is 
represented  by  a  /tne,  which  is  at  once  in  the  two  planes,  of /3,  y^  and 
of  7,  /S'';  or  in  two  planes  which  may  be  generally  constructed  as  fol- 
lows, without  now  assuming  that  the  planes  a/3  and  07  are  rectangu- 
lar j  as  in  I.  Let  y  be  the  projection  of  the  line  7  on  the  plane  of 
a,  /),  and  operate  on  this  projection  by  the  quotient  /3:  a  as  a  multi- 
plier; deplane  which  is  drawn  through  the  line  )9:  a .  7'  so  obtained, 
at  right  angles  to  the  plane  a/3,  is  one  locus  for  the  sought  line  S: 
and  the  plane  through  7,  which  is  perpendicular  to  the  plane  77', 
ia  another  locus  for  that  line.  And  as  regards  the  length  of  this  Hoe, 
or  vector  part  ^  and  the  magnitude  (or  quantity)  of  the  scalar  part 
xu,  it  is  easy  to  prove  that 

VIIL  .  .  T5  =  /cos«,     and     IX.  .  .  aj=±«8in«, 
where 

X. . .  r  =  Ti3:Ttt.T7,     and    XL  .  .  sin  5  =  sine  sin;?, 

if  c  denote  the  angle  between  the  two  given  lines  a,  )3,  and  p  the 
inclination  of  the  third  given  line  7  to  their  plane:  the  sign  of  the 
scalar  coefficient,  x,  being  positive  or  negative,  according  as  the  rota- 
tion round  a  from  /3  to  7  is  negative  or  positive. 

(1.)  Compaiiog  the  recent  construction  with  Fig.  68,  we  see  that  when  the  con- 
dition  L  is  satisfied,  the  foar  unit-lineti  Uy,  Ua,  U/3,  U^  take  the  directions  of  the 
fear  radii  oc,  OQ,  ob,  od,  which  terminate  at  the  four  comers  of  what  may  be  called 
a  tri-rwtangular  quadrilateral  CQBD  on  the  sphere. 

(2.)  It  may  be  remarked  that  the  area  of  this  quadrilateral  is  exactly  equal  to 
half  the  area  2  of  the  triangle  dep  ;  which  may  be  inferred,  either  from  the  circum- 
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etanoe  that  its  tpkerieal  excess  (over  four  right  angles)  is  constructed  by  the  angle 
MDN  ;  or  from  the  triangles  dbr  and  kas  being  together  equal  to  the  triangle  abf, 
so  that  the  area  of  dbsb  is  S,  and  therefore  that  of  cqrd  is  ^S,  as  before. 

(3.)  The  two  tides  CQ,  qr  of  this  quadrilateral,  which  are  remote  firom  the  obttue 
angle  at  d,  being  still  called  p  and  e,  and  the  side  cd  which  is  opposite  to  e  being 
still  denoted  by  c\  let  the  side  db  which  is  opposite  to  p  be  now  called  p' ;  also  let 
the  diagonals  cr.  qd  be  denoted  by  d  and  <f  ;  and  let  s  denote  the  spherical  excess 
(CDR  —  ^ir)f  or  the  area  of  the  quadrilateral.  We  shall  then  hare  the  relations, 
cos  <f  =  cos  f)  cos  c ;  cos  <f  s  cosp  cos  c' ; 
XII.  .  .  ,  tan  c's  cosp  tan  c ;     tan  p'  =  cos  c  tan  p  ; 

cos  s  —  cosp  seep'  =  cos  c  sec  c'  =  cosd  sec <r ; 

of  which  some  have  virtually  occurred  before,  and  all  are  easily  proved  by  right-an- 
gled triangles,  arcs  being  when  necessary  prolonged. 

(4.)  If  we  take  now  two  points,  A  and  b,  on  the  side  qr,  which  satisfy  the  arcual 
equation  (comp,  297,  XL.,  and  Fig.  68), 

XIII.  .  .    n  AB=  "QR; 

and  if  we  then  join  ac,  and  let  fall  on  this  new  arc  the  iierpendiculars  be',  dd'  ;  it 
is  easy  to  prove  that  the  projection  b'd'  of  the  side  bd  on  the  arc  ac  is  equal  to  that 
arc,  and  that  the  an^le  dbb'  is  right :  so  that  we  have  the  two  new  equations, 

XIV.  .  .  n  b'd'  =  o  AC  ;         XV.  .  .  dbb'  s=  Jit  ; 

and  the  neio  quadrilateral  bb'd'd  is  also  tri-rectangular. 

(5.)  Hence  the  point  i>  may  he  derived  from  the  three  points  abc,  by  aity  two  of 
the  four  following  conditions :  1st,  the  equality  XIII.  of  the  arcs  ab,  qb  ;  Ilud,  the 
curresponding  equality  XIV.  of  the  arcs  ac,  bV;  Ilird,  th^  trv-rectangular  charac" 
ter  of  the  quadrilateral  CQRD ;  I Vth,  the  corresponding  character  of  bb'd'd. 

(6.)  In  other  words,  this  derived  point  d  is  the  common  intersection  of  the  four 
perpendiculars^  to  the  four  arcs  ab,  ac,  cq,  bb',  erected  at  the  four  points  r,  d',  c,  b  ; 
CQ,  bb'  being  still  the  perpendiculars  from  c  aud  b,  on  ab  and  AC;  and  R  and  d' 
being  deduced  from  q  and  b',  by  equal  arcs,  as  above. 

305.  These  consequences  of  the  coDstructioD  employed  in  297, 
&c.,  are  here  mentioned  merely  in  connexion  with  that  theory  of 
fourth  proportionals  to  vectors,  which  they  have  thus  served  to  illus- 
trate; but  they  are  perhaps  numerous  and  interesting  enough,  to 
justify  us  in  suggesting  the  name^  ^''Spherical  ParalUlogram,^^*  for 
the  quadrilateral  cabd,  or  bacd,  in  Fig.  68  (or  67) ;  and  in  proposing 
to  say  that  D  is  the  Fourth  Point,  which  completes  such  d^paraUdogram, 
when  the  three  points  c,  a,  b,  or  b,  a,  c,  are  given  upon  the  sphere, 
us  first  J  second,  and  third.  It  must  however  be  carefully  observed, 
tliat  the  analogy  to  the  plane  is  here  thus  far  imperfect,  that  in  the 

•  By  the  same  analogy,  the  quailrilateral  cqrd,  in  Fig.  68,  may  be  called  a 
.\>hrrical  Ucctanglr. 
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general  aue,  when  the  three  given  points  are  not  co-arcualy  but  on  the 
contrary  are  comers  of  a  spherical  triangle  abg,  then  if  we  take  c,  D,  b, 
or  B,  D,  On  for  the  three  first  points  of  a  new  spheruxU  parallelogram^  of 
the  kind  here  considered,  the  new  fourth  pointy  say  At,  will  net  coin- 
cide with  the  old  second  point  a;  although  it  will  very  nearly  do  so, 
if  the  sides  of  the  triangle  abc  be  small :  the  deviation  a  a,  being  in 
fact  found  to  be  small  of  the  third  order^  if  those  sides  of  the  given 
triangle  be  supposed  to  be  small  of  the  first  order;  and  being  always 
directed  towards  the  foot  of  the  perpendicular,  let  fall  from  a  on  BC. 

(1.)  To  iavestigate  the  law  of  this  devitUion,  let  /S,  7  be  still  any  two  given 
unit-vectora,  ob,  oc,  making  with  each  other  an  angle  eqoal  to  a,  of  which  the  co- 
sine is  / ;  and  let  p  or  op  be  any  third  vector.     Then,  if  we  write, 


■■(?'%^4 


L..pi  =  ^(p)  =  4Np.(  i::y+^/3j,      OQ  =  Up,      OQ|  =  Upi, 

the  new  or  derined  vector,  ^p  or  pi,  or  oPi,  will  be  the  common  vector  part  of  the 
two  fourth  proporti&Holtf  to  p,  /3,  y,  and  to  p,  y,  /3,  multiplied  by  the  square  of  the 
length  of^ ;  and  BQCQi  will  be  what  we  have  lately  called  a  spherical  parallelogram. 
We  shall  also  have  the  transformation  (compare  297,  (2.)  ), 

II...p,  =  ^p=/JS^  +  ySj-pSji 

and  the  distributive  symbol  of  operation  0  will  be  such  that 

IlL..^p|||fty,     and   >V=P,     ^    PlIIAr; 
but  IV.  .  .  ^p^-lp,    if    p  II  Ax.  (y  :/3). 

(2.)  This  being  understood,  let 

V.  ..p  =  p'  +  p''i    ^p^p\;     p'lllAy,    p''||Ax.(y:i3); 
so  that  p',  or  op',  is  the  projection  of  p  on  the  plane  of  /3y  ;  and  p",  or  op",  b  the 
part  (or  component)  of  p,  which  is  perpendicular  to  that  plane.   Then  we  shall  have 
an  indefinite  series  of  derived  vectors^  pi,  p2,  psi  •  •  or  rather  two  such  series,  suc- 
ceeding each  other  alternately ^  as  follows : 

,  =  0«p  =  p'+/ip"; 

^«p=p'  +  /4p".  &C.; 

the  two  series  of  derived  points,  Pi,  Pa,  Pg,  Pi,  .  .  .  being  thus  ranged,  alternately, 
on  the  two  perpendiculars,  pp'  and  PiP'i,  which  are  let  fyllfrom  the  points  p  and  Pi, 
on  the  given  plane  boo  ;  and  the  intervals,  PPa,  PiPs,  PsPi,  .  .  .  forming  a  geometri- 
cal progression,  in  which  each  is  equal  to  the  one  before  it,  multiplied  by  the  con- 
stant factor  - 1,  or  by  the  negative  of  the  cosine  of  the  given  angle  boc. 

(3.)  If  then  this  angle  be  still  supposed  to  be  distinct  from  0  and  n,  and  also 
in  general  from  the  intermediate  value  |ir,  we  shall  have  the  two  limiting  values, 

VII.  .  .  p2n  =  p',     P2nn  =  p'l,     if    «  =  »  ; 
or  in  words,  the  derived  points  P2,  P4, .  ■  of  even  orders,  tend  to  the  point  v\  and  the 
other  derived  points,  Pi,  i%  . .  of  odd  orders,  tend  to  the  other  point  v\,  as  limiting 


VI.       /P»  =  ^P  =  P'i-'p'''»     Pa  =  0V  = 

" "  \p« = ^'p = p'l  -  ^  V;    p4 = ^V 
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poaitioHM:  these  two  HmU  points  being  the/e«<  ofiht  two  (rectilinear)  perpmuHcu- 
larsy  let  fall  (as  above)  from  p  and  p'  od  the  plane  boc. 

(4.)  But  even  ^ejirtt  deviation  pp^,  is  small  of  ike  third  order,  if  the  length  Tp 
of  the  line  op  be  considered  as  neither  large  nor  small,  and  if  the  sides  of  the  spheri- 
csl  triangle  BQG  be  swudl  of  the^tT  order.  For  we  have  by  VI.  the  following  6x- 
presaionB  for  that  deviation, 

VIII.  .  .  PPi  =  pi-p  =  (/«-l)p"=-8ina*.8inpfl.Tp.Up"; 

where  pa  deootes  the  ineHnation  of  the  line  p  to  the  plane  fiy  ;  or  the  arcual  perpen- 
dicular from  the  point  q  on  the  side  bc,  or  a,  of  the  triangle.  The  statements  lately 
made  (806)  are  therefore  proved  to  have  been  correct 

(5.)  And  if  we  now  resume  and  extend  the  spherical  eonstruetiony  and  conceiTe 
that  Di  is  deduced  firom  baiC,  as  Ai  was  from  bdg,  or  d  fh>m  bac  ;  while  A2  may 
be  supposed  to  be  deduced  by  the  same  rule  from  bdiC,  and  i>a  firom  bajC,  &c., 
through  an  indefinite  series  of  spherical  parallelograms,  in  which  the  fourth  point 
of  any  one  is  treated  as  the  second  point  of  the  next,  while  the  flrst  and  third  points 
remain  constant :  we  see  that  the  points  Ai,  A3, . .  are  all  situated  on  the  areual 
perpendicular  let  fall  fh>m  A  on  bc  ;  and  that  in  like  manner  the  points  Di,  Da, . . 
are  all  situated  on  that  other  arcual  perpendicular,  which  is  let  fall  from  d  on  bc. 
We  see  also  that  the  ultimate  positions,  a»  and  D»,  coincide  precisely  with  the  feet 
of  those  two  perpendiculars :  a  remarkable  theorem,  which  it  would  perhaps  be  diffi- 
cult to  prove,  by  any  other  method  than  that  of  the  Quaternions,  at  least  with  calcu- 
lations so  simple  as  those  which  have  been  employed  above. 

(6.)  It  may  be  remarked  that  the  construction  of  Fig.  68  might  have  been  other- 
wise suggested  (comp.  228,  IT.),  by  the  principles  of  the  Second  Book,  if  we  had 
sought  to  assign  \h<e  fourth  proportional  (297)  to  three  right  ^atemions;  for  ex- 
ample, to  three  right  versors,  0,  «',  v",  whereof  the  unit  lines  a,  /3,  7  should  be  sup- 
posed to  be  the  axes.  For  the  result  would  be  in  general  a  quaternion  vtrW,  with 
e  for  its  scalar  part,  and  with  i  for  the  index  of  its  right  part :  e  and  d  denoting 
the  same  scalar,  and  the  same  vector,  as  in  the  sub-articles  to  297. 

306.  Quaternions  may  also  be  employed  to  furnish  a  new  con- 
structiofij  which  shall  complete  (comp.  305,  (5.))  the  ^rapAica/ deter- 
mination of  the  two  series  of  derived  points, 

I.  .  .  D,  Ai,  Dp  A„  Da,  &C., 

when  the  tAree  points  a,  b,  c  are  ^tWn  upon  the  unit-sphere;  and 
thus  shall  render  visWe  (so  to  speak),  with  the  help  of  anew  Figure, 
the  tendencies  of  those  derived  points  to  approach,  alternately  and 
indefinitely,  to  the^ert,  say  d'  and  a',  of  the  two  arcual  perpendiculars 
let  fall  from  the  two  opposite  comers,  d  and  a,  of  the^^  spherical 
parallelogram^  bagd,  on  its  given  diagonal  bc;  which  diagonal  (as  we 
have  seen)  is  common  to  all  the  successive  parallelograms. 

(1.)  The  given  triangle  abo  being  supposed  for  simplicity  to  have  its  sides  ahc 
less  than  quadrants,  as  in  297,  so  that  their  cosines  Imn  are  positive,  let  a',  b',  c'  be 
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the  feet  of  the  perpendiculars  let  fall  on  these  three  sides  from  the  points  a,  b,  o ; 
abo  let  M  and  n  be  two  auxiliary  points,  determined  by  the  equations, 

II.  .  .  o  BM  =  n  MC,       ^  AM  =  rk  MN  ; 

ao  that  the  arcs  ah  and  bc  bisect  each  other  in  m.     Let  fall  from  n  a  perpendicular 

std'  on  bc,  so  that 

III.  .  .  r\  bd'=  n  a'c; 

and  let  b",  o"  be  two  other  auxiliary  points,  on  the  sides  b  and  e,  or  on  those  sides 
prolonged,  which  satisfy  these  two  other  equations, 

IV.  .  .  rk  b'b"  =  ^  AC,  rk  c'd*  =  O  AB. 
(2.)  Then  the  perpendicular*  to  these  last  sides,  CA  and  AB,  erected  at  these  last 
points,  b"  and  C",  will  intersect  each  other  in  the  point  D,  which  completes  (805)  the 
spherical  parailelogr€an  bacd  ;  and  the  foot  of  the  perpendicular  from  this  point  d, 
on  the  third  side  bg  of  the  given  triangle,  will  coincide  (comp.  806,  (2.)  )  with  the 
fbd  d'  of  the  perpendicular  on  the  same  side  from  v ;  so  that  this  last  perpendicular 
]n>'  is  one  locus  of  the  point  D. 

(3.)  To  obtain  another  locus  for  that  point,  adapted  to  our  present  purpose,  let 
B  denote  now*  that  new  point  in  which  the  two  diagonals,  ad  and  bc,  mtersect  each 
other ;  then  because  (comp.  297,  (2.)  )  we  have  the  expression, 

V. . .  OD  =  u(mj3  +  ay  -  la), 
we  may  write  (comp.  297,  (25.),  and  (30.)  ), 

YI.  .  .  OE  =  u  (mj3  +  ay),  whence  YII.  .  .  sin  be  :  sin  eg  =  a :  m  =  oosba'  :  cos  a'c  ; 
the  diagonal  ad  thus  dividing  the  arc  bg  into  segments,  of  which  the  sines  are  pro- 
portional to  the  cosines  of  the  adjacent  sides  of  the  given  triangle,  or  to  the  cosines 
of  their  projections  ba'  and  a'c  on  bc  ;  so  that  the  greater  segment  is  adjacent  to  the 
leeeer  side,  and  the  middle  point  m  of  bc  (1-)  lies  between  the  points  a'  and  b. 

(4.)  The  intersection  b  is  therefore  a  known  point,  and  the  great  circle  through 
A  and  B  is  a  second  known  locus  for 
d;  which  point  may  therefore  be 
foond,  as  the  intersection  of  the  arc 
AB  prolonged,  wUh  the  perpendicular 
kd'  from  K  (1.).  And  because  b  lies 
(8.)  beyond  the  middle  point  M  of  BC, 
with  respect  to  the  foot  a'  of  the  per- 
pendicular on  BC  from  A,  but  (as  it 
is  easy  to  prove)  not  so  far  beyond 
K  as  the  point  d',  or  in  other  words 
falls  between  M  and  d'  (when  the  arc 
BC  is,  as  above  supposed,  less  than  a 
quadrant),  the  prolonged  arc  ae  cuts 
btd'  between  n  and  d';  or  in  other 
words,  the  perpendicular  distance  of 
the  sought  fourth  point  d,  from  the 
given  diagonal  BC  of  the  parallelo^ 

gram,  is  less  than  the  distance  of  the  ^' 

given  second  point  a,  from  the  same  given  diagonal  (Compare  the  annexed  Fig.  78.) 
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*  It  will  be  observed  that  m,  n,  b  have  not  here  the  same  significations  as  in 
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(6.)  Proceeding  next  (305)  to  derive  a  new  point  Ai  from  b,  d«  c,  aa  d  has  been 
deriyed  fh)m  b,  a,  c,  we  see  that  we  have  only  to  determine  a  new*  auxiliary  point 
Vf  by  the  equation, 

VIII.  .  .  '>EM  =  nMp; 

and  then  to  draw  dp,  and  prolong  it  till  it  meets  aa'  in  the  reqoired  point  ai,  which 
will  thus  complete  the  second  parallelogram^  bdgai,  with  nc  (as  before)  for  a  ffioen 
^agonal, 

(6.)  In  like  manner,  to  complete  (comp.  305,  (5.)  ),  the  third  parallelogram, 
BAiCDi,  with  the  Mame  given  diagonal  bc,  we  have  only  to  draw  the  arc  aiB,  and 
prolong  it  till  it  cuts  nd'  in  Di  ;  after  which  we  should  find  the  point  a^  of  a  faurth 
successive  parallelogram  BDiCAa,  by  drawing  diP,  and  so  on  for  ever. 

(7.)  The  constant  and  indefinite  tendenofy  of  the  derived pointe  d,  Di,  .  .  to  the 
Ivmit-pcint  d',  and  of  the  other  (or  alternate)  derived  points  Ai,  Az,  .  .  to  the  other 
limit-point  a',  becomes  therefore  evident  fh>m  this  new  construction ;  the  ^al  (or 
limiting)  reeulta  of  which,  we  may  express  by  these  two  equations  (comp.  again 

805,(6.)), 

IX...D(b=d';     a«=a'. 

(8.)  But  the  emallnees  (805)  of  the^irjr^  deviation  aai,  when  the  eidet  of  the 
given  triangle  abg  are  email,  becomes  at  the  same  time  evident,  by  means  of  the 
same  construction,  with  the  help  of  the  formula  VII. ;  which  shows  that  the  intervalf 
BM,  or  the  equal  interval  mf  (5.),  is  email  of  the  third  order,  when  the  iidee  of  the 
given  triangle  are  supposed  to  be  small  of  the Jiret  order:  agreeing  thus  with  the 
equation  805,  YIII. 

(9.)  The  theoiy  of  such  epherical  parallelogramt  admits  of  some  interesting  ap- 
plicationa,  especially  in  connexion  with  epherical  eoniee ;  on  which  however  we  can- 
not enter  here,  beyond  the  mere  enunciation  of  a  Theorem^  %  of  which  (comp.  271) 
the  proof  by  quaternions  is  easy  : — 


Fig.  68 ;  and  that  the  present  letters  c'  and  d'  correspond  to  q  and  b  in  that  Fi- 
gure. 

*  This  new  point,  and  the  intersection  of  the  perpendicuUrs  of  the  given  trian- 
gle, are  evidently  not  the  same  in  the  new  Figure  73,  as  the  points  denoted  by  the 
same  letters,  f  and  p,  in  the  former  Figure  68  ;  although  the  four  points  a,  b,  c,  i> 
are  conceived  to  bear  to  each  other  the  same  relations  in  the  two  Figures,  and  indeed 
in  Fig.  67  also ;  bacd  being,  in  that  Figure  also,  what  we  have  proposed  to  call  a 
epherical  parallelogram.     Compare  the  Kote  to  (8.). 

t  The  formula  VII.  gives  easily  the  relation. 


Vir.  .  .  tansMstanicA' 


.-(-i)-, 


hence  the  interval  em  ia  small  of  the  third  order,  hi  the  case  (8.)  here  supposed ;  and 

Iff 
generally,  if  a  <  -,  as  in  (1.),  while  h  and  e  are  unequal,  the  formula  shows  that  this 

interval  bm  is  less  than  ma',  or  than  d'm,  so  that  e  falls  between  m  and  d',  as  in  (4.). 
X  This  Theorem  was  communicated  to  the  Royal  Irish  Academy  in  June,  1846, 
as  a  consequence  of  the  principles  of  Quaternions.     See  the  Proceedinge  of  that  date 
(Vol.  HI.,  page  109). 


CHAP.  I.]      THIRD  INTERPRETATION  OF  A  PRODUCT.  3G1 

**  I/KIM3K  be  €Piy  spherical  quadrilateraly  and.i  any  point  on  the  sphere  ;  if  also 
we  complete  the  spherical  parallelogramSf 

X.  .  .  KILA,      LIMB,      mXC,      VIKD, 

and  determine  the  poles  B  and  v  of  the  diagonals  km  and  lm  of  the  quadrilateral : 
then  these  two  poles  are  the/bci*  of  a  spherical  eonie^  inscribed  in  the  derived  quadri" 
lateral  abcd,  or  touching  its  four  sides." 

(10.)  Hence,  in  a  notationt  elsewhere  proposed,  we  shall  have,  under  these  con* 
ditioQB  of  constmction,  the  formula : 

XL  .  .  BF  (. .)  ABOD ;     or    XI'.  .  .  bf  (. ,)  bcda  ;  &c 

(11.)  Before  closing  this  Article  and  Section,  it  seems  not  irrelevant  to  remark, 

that  the  projection  y'  of  the  unit-vector  y,  on  the  plane  of  a  and  /3,  is  given  by  the 

formula, 

__          ,_a«nacosB  +  ^sindcosA 
Ail.  . .  r -^—  J 

and  that  therefore  the  point  p,  in  which  (see  again  Fig.  73)  the  three  arcual  perpen- 
dicnlars  (tf  the  triangle  abc  intersect,  is  on  the  vector, 

XIII.  .  .p  =  atanA  +  /3tanB<i-ytanc. 
(12.)  It  may  be  added,  as  regards  the  construction  in  805,  (2.),  that  the  right 

xiy. . .  ppi,  pjpj,  P2P3,  P3P4, . . . 

however  fiur  their  series  may  be  continuedi  intersect  the  given  plane  bog,  alternately ^ 
in  two  paints  a  and  t,  of  which  the  vectors  are, 

xv...os=e:i±f'.  o,=f^s 

and  which  thus  become  two  fixed  points  in  the  plane,  when  the  position  of  the  point 
F  tii  space  is  ginen,  or  assumed. 

Section  9. —  On  a  Third  Method  of  interpreting  a  Product  or 
Function  of  Vectors  as  a  Quaternion ;  and  07i  the  Consis- 
tency of  the  Results  of  the  Interpretation  so  obtained^  with 
those  which  have  been  deduced  from  the  two  preceding  Me- 
thods of  the  present  Book, 

307.  The  Conception  of  the  Fourth  Proportional  to  Three 
Rectangular  Unit-Lines^  as  being  itselfa  species  of  i^oni'^A  Unit 
in  Geometry^  is  eminently  characteristic  of  the  present  Calcu- 
lus; and  offers  a  Third  Method  of  interpreting  a  Product  of 
two  Vectors  as  a  Quaternion :  which  is  however  found  to  be 

*  In  the  language  of  modem  geometry,  the  cont'c  in  question  may  be  said  to 
touch  eight  given  arcs  ;  four  real^  namely  the  sides  ab,  bc,  cd,  pa  ;  and  four  ima» 
ginary,  namely  two  from  each  of  the  focal  points,  e  and  f. 

t  Compare  the  Second  Note  to  page  295. 

3  A 
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consistent^  in  all  Its  results^  with  the  two  former  methods  (278, 
284)  of  the  present  Book ;  and  admits  of  being  easily  extended 
to  products  of  three  or  more  lines  in  space ^  and  generally  to 
Functions  of  Vectors  (289).  In  fact  we  have  only  to  conceive* 

•  It  was  in  a  somewhat  analogous  way  that  Dtu  Carter  showed,  in  his  Gtcme- 
tria  (Schooten^B  Edition,  Amsterdam,  1659),  that  ii\product$  and  powers  of  linesi 
considered  relatively  to  their  lengths  alone,  and  without  any  reference  to  their  cfa'rec- 
tiomsy  could  be  interpreted  at  lineSf  by  the  suitable  introduction  of  a  line  taken  for 
vtti'/y,  however  high  the  dimension  of  the  product  or  power  might  be.  Thus  (at 
page  3  of  the  cited  work)  the  following  remark  occurs : — 

**  Ubi  notandum  est,  qu6d  per  a*  vel  6',  simil6sve,  commnniter,  non  nisi  lineas 
omnino  simplices  concipiam,  lic^t  illas,  ut  nominibus  in  Algebra  usitatia  utar.  Qua- 
drata  aut  Cubos,  &c.  appellem." 

But  it  was  much  more  difficult  to  accomplish  the  corresponding  multiplieation  of 
directed  lines  in  space  ;  on  account  of  the  non-existence  of  any  such  line,  which  is 
symmetrically  related  to  all  other  lines^  or  common  to  all  possible  planes  (comp.  the 
Note  to  page  248).  The  Unit  of  Vector -Multiplieation  cannot  properly  be  itself  a 
Vector^  if  the  conception  of  the  Symmetry  of  Space  is  to  be  retained,  and  duly  com* 
bined  with  the  other  elements  of  the  question.  This  difficulty  however  disappears, 
at  least  in  theory,  when  we  come  to  consider  that  new  C/nif,  of  a  scalar  kind  (300), 
which  baa  been  above  denoted  by  the  temporary  symbol  m,  and  has  been  obtained, 
in  tbe  foregoing  Section,  as  a  certain  Fourth  Proportional  to  Three  Rectangular 
Unit-Lines f  such  as  the  three  co-initial  edges,  ab,  ao,  ad  of  what  we  have  called  an 
Unit-  Cube  :  for  this  fourth  proportional,  by  the  proposed  conception  of  it,  undergoes 
MO  change,  when  the  cube  abcd  is  in  any  manner  moved^  or  turned  ;  and  therefore 
may  be  considered  to  be  symmetrically  related  to  all  directions  of  lines  in  space,  or  to 
all  possible  vections  (or  translations)  of  a  point,  or  body.  In  fact,  we  conceive  its  de- 
termination, and  the  distinction  of  it  (as  +  «)  from  the  opposite  unk  of  the  same  kind 
(-  «),  to  depend  only  on  the  usual  assumption  of  an  utut  of  length,  combined  with 
the  selection  of  a  hand  (as,  for  example,  the  right  hand),  rotation  towards  which 
hand  shall  be  considered  to  be  positive,  and  contrasted  (as  such)  with  rotation  to- 
wards the  other  hand,  round  the  same  arbitrary  axis.  Now  in  whatever  manner  the 
supposed  cube  may  be  thrown  about  in  space,  the  conceived  rotation  round  the  edge 
AB,  from  AO  to  AD,  will  have  the  same  character,  as  right-handed  or  left-handed,  at 
the  end  as  at  the  beginning  of  the  motion.  If  then  the  fourth  proportioned  to  these 
three  edges,  taken  in  this  order,  be  denoted  by  +  u,  or  simply  by  -f  1,  at  one  stage  of 
that  arbitrary  motion,  it  may  (on  the  plan  here  considered)  be  denoted  by  the  same 
symbol,  at  every  other  stage :  while  the  opposite  character  of  the  (conceived)  rota* 
tion,  round  the  same  edge  ab,  from  ad  to  ao,  leads  us  to  regard  the  fourth  propor- 
tional to  ab,  ad,  ao  aa  being  on  the  contrary  equal  to  —  «,  or  to  —  1.  It  is  true  that 
this  conception  of  a  new  unit  for  space,  symmetrically  related  (&b  above)  to  all  linear 
directions  therein,  may  appear  somewhat  abstract  and  metaphysical ;  but  readers 
who  think  it  such  can  of  course  confine  their  attention  to  the  rules  of  caleulationr 
which  have  been  above  derived  from  it,  and  from  other  connected  condderations :  and 
which  have  (it  is  hoped)  been  stated  and  exemplified,  in  this  and  in  a  former  Vo- 
lume, with  sufficient  clearness  and  fulhiets. 
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that  each  proposed  vector  ^  a,  is  divided  by  the  new  or  fourth 
unit^  Uy  above  alluded  to ;  and  that  the  quotient  so  obtained, 
which  is  always  (by  303,  VIII.)  the  right  quaternion  T'a, 
whereof  the  vector  a  is  the  index,  is  substituted  for  that  vec- 
tor :  the  resulting  quaternion  being  finally,  if  we  think  it  con- 
venient, multiplied  into  the  same  fourth  unit.  Fftr  in  this  way 
we  shall  merely  reproduce  the  process  of  284,  or  289,  although 
now  as  a  consequence  of  a  different  train  of  thought,  or  of  a  rfw- 
tinct  but  Consistent  Interpretation :  which  thus  conducts,  by  a 
new  Method,  to  the  same  Rules  of  Calculation  as  before. 

(1.)  The  equaium  of  the  unit^sphere^  p^  +  l^O  (282,  XIY.),  may  thus  be  con- 
ceived to  be  an  abridgment  of  the  following  faller  equation  : 


I.  . 


.(ey=-x, 


the  quotient  p :  «  bdng  considered  as  equal  (by  808)  to  the  right  qvaiemionf  I'^p, 
which  must  here  be  a  right  vertor  (154),  because  its  equare  is  negative  unity. 
(2.)  The  equation  of  the  ellipeoid^ 

T{ip  +  pK)  =  c«  - 1»  (282,  XIX.), 

may  be  supposed,  in  like  manner,  to  be  abridged  from  this  other  equation : 


\hu       uu  j      \u  I        \«  /   ' 


and  similarly  in  other  cases. 

(3.)  We  might  also  write  these  equations,  of  the  sphere  and  ellipsoid,  under  these 
other,  bat  connected  forms : 

ni...ep=-«;      iv...Tfip  +  e,)='-,_l., 

with  iniepretations  which  easily  ofier  themselves,  on  the  principles  of  the  foregoing 
Section. 

(4.)  It  is,  however,  to  be  distinctly  understood,  that  we  do  not  propose  to  adopt 
ikie  Form  of  Notation,  in  the  practice  of  the  present  Oalculus :  and  that  we  merely 
wuggett  it,  in  passing,  as  one  which  may  serve  to  throw  some  additional  light  on  the 
Cimeeption,  introduced  in  this  Third  Book,  of  a  Product  of  two  Vector e  as  a  Qua- 
temion* 

(6.)  In  general,  the  Notation  of  Products,  which  has  been  employed  throughout 
the  greater  part  of  the  present  Book  and  Chapter,  appears  to  be  much  more  conve- 
nient, for  actual  use  in  calculation,  than  any  Not<Uion  of  Quotients  :  either  such  as 
has  been  just  now  suggested  for  the  sake  of  illustration,  or  such  as  was  employed  in 
the  Second  Book,  in  connexion  with  that  First  Conception  of  a  Quaternion  (112), 
to  which  that  Book  mainly  related,  as  the  Quotient  of  two  Vectors  (or  of  two  di- 
rected lines  in  space).  The  notations  of  the  two  Books  are,  however,  intimately  con- 
nected, and  the  former  was  judged  to  be  an  useful  preparation  for  the  latter,  even  as 
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regarded  the  quotient-forms  of  many  of  the  expressions  naed :  "while  the  Characteris- 
tict  of  Operation^  such  as 

S,  V,  T,  U,  K,  N, 

are  employed  according  to  exactly  the  actme  laws  in  both.  In  short,  a  reader  of  the 
Second  Book  has  nothing  to  unlearn  in  the  Third ;  although  he  may  be  supposed  to 
have  become  prepared  for  the  use  of  somewhat  shortdf  and  more  convenient  pro^ 
cesteSf  than  thos9  before  employed. 

Section  10 — On  the  Interpretation  of  a  Power  of  a  Vector 
as  a  Quaternion. 

308.  The  only  symbols,  of  the  kinds  mentioned  in  27  7 > 
which  we  have  not  yet  interpreted,  are  the  cube  a',  and  the 
general  power  a',  of  an  arbitrary  vector  basey  a,  with  an  arbi- 
trary  scalar  exponent^  t ;  for  we  kave  abeady  assigned  inter- 
pretations (282,  (1.),  (14.),  and  299,  (8.))  for  the  particular 
symbols  a',  a"',  a"',  which  are  included  in  this  last^rm.  And 
we  shall  preserve  those  particular  interpretations  if  we  now 
define  y  in  full  consistency  with  the  principles  of  the  present  and 
preceding  Books,  that  this  Power  a*  is  generally  a  Quaternion^ 
which  may  be  decomposed  into  two  factor s^  of  the  tensor  and 
versor  kinds,  as  follows  : 

L..a'=Ta'.Ua'; 

Ta*  denoting  the  arithmetical  value  of  the  t^  power  of  the  /?o- 
sitive  number  Ta,  which  represents  (as  usual)  the  length  of  the 
base-line  a ;  and  Ua'  denoting  a  versor,  which  causes  any  line 
/o,  perpendicular  to  that  line  a,  to  revolve  round  it  as  an  axis, 
through  t  right  angles^  or  quadrants,  and  in  a  positive  or  nega- 
tive direction,  according  as  the  scalar  eaponent,  t,  is  itself  a 
positive  or  negative  number  (comp.  234,  (5.)  ). 

(1.)  As  regards  the  omission  of  parentheses  in  the  formula  I.,  we  may  observe 
tliat  the  recent  definiiion,  or  interpretationt  of  the  symbol  a*,  enables  us  to  write 
(eorap.  237,  II.  III.), 

11.  .  .  T (aO  =  (Ta)'  =  Ta' ;         III.  .  .  U  (aO  =  (Ua)'  =  Ua'. 

(2.)  The  <ixis  and  angle  of  the  power  a*,  considered  as  a  quaternion,  are  generally 
determined  by  the  two  following  formulas : 

IV...  Ax.a'  =  ±Ua;         V.  .  .  L.  a*^2nv±itw; 
the  iipns  accompanying  etich  other,  and  the  (positive  or  negative  or  null)  integer, », 
being  so  chosen  an  to  bring  the  angle  within  thcf  usual  limits,  0  and  sr. 
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(3.)  In  general  (comp.  285),  we  may  speak  of  the  (positive  or  negative)  product 
lis-,  as  being  the  amplitude  of  the  Btane  power,  with'  teATCnce  to  the  line  a  as  an 
oaru  of  ro<a<toii;  and  may  writer  MOOfdiagly,         * 
VI.  .  .am.  a*  =  J*ir. 

(4.)  We  may  write  also  (comp.  284,  VII.  VIII.), 

VII.  ..Ua«=cos?|^  +  Ua.sin^;     or  briefly,     VIII.  ..' Ua«  =  cos  ~. 
2  2  2 

(5.)  In  particular, 

IX..  .  Ua«»=casiiir  =  ±l;         IX'.  .  .  tJa*»*»=±Ua; 
npper  or  lower  signs  being  taken,  according  as  the  number  n  (supposed  to  be  whole) 
is  even  or  odd.     For  example,  we  have  thus  the  eubei, 

X.  .  .  Uo*  =  -Ua;         X'.  .  .  a«  =  -aNa. 
(6.)  The  eoi^ugate  and  norm  of  the  power  a*  may  be  thus  expressed  (it  bemg 
remembered  that  to  turn  a  line  -^  a  throu|^  -*  |fr  rodDd-+ a,  is  equivalent  to  turn- 
ing that  line  through  +  if  w  round  —  a)  : 

XI..  .  Ka«  =  Ta'.Ua-«=(-a)*;         XII.  .  .  Na«  =  Ta«; 
parentheses  being  mmeoessaiy,  because  (by  295,  VIII.)  Ka  =  -  a. 

(7.)  The  scalar^  vector^  and  reciprocal  of  the  same  power  are  given  by  the  for- 
ihuIb  : 

XIII.  ..S.a*  =  Ta«.cosy}         XIV.  .  .  V.a«  =  Ta«.Ua.  sin  — ; 

XV. . .  1 :  a*  =  Ta-*  .Va't  =  o'*  =  Ka* :  No<  (comp.  190,  (8.)  ). 
(8.)  If  we  decompose  any  vector  p  faito  parts  p'  and  p",  which  are  respectively 
parallel  and  perpendicular  to  a,  we  have  the  f;enerml  traosformation  :* 

XVI. . .  a«pa-'»o<(p'+p")«*=P'  +  Ua««.p'', 
=  the  new  vector  obtained  hy  causing  p  to  revolve  conieally  through  an  angular  quan- 
tity expreeeed  by  fir,  round  thoUne  a  at  an  aant  (comp.  297,  (15.)). 
(9.)  More  generally  (comp.  191,  (5.)  ),  if  9  be  any  quaternion,  and  if 
XVII.  .,a*qa-*  =  q', 
the  new  quaternion  q'  is  formed  from  q  by  such  a  conical  rotation  ofita  own  axit 
Ax.  9,  through  ^sr,  round  a,  without  any  change  of  it*  <tnyle  L  9,  or  of  its  tensor  T9. 
(10.)  Treating  ijk  as  three  rectangular  unit-Hnee  (295),  the  tymbol,  or  expree^ 
st<m, 

XVIII...  p  =  r*y*;--A«,     or     XIX. . .  p  =  r*y*'*>-*, 
in  which 

XX...r2:0,     s^O,     s^l,     <>0,     f<2, 

may  repreeent  any  vector;  the  length  or  tensor  of  this  line  p  being  r;  its  inclina- 
tion f  to  k  being  §ir  ;  and  the  angle  through  which  the  variable  p/aii«  kp  may  be 


*  Compare  the  shortly  following  sub-article  (11.). 

t  If  we  conceive  (compare  ttie  first  Note  to  page  822)  that  the  two  lines  t  andy 
are  directed  respectively  towards  the  south  and  west  points  of  the  horizon,  while  the 
third  Ime  A  is  directed  towards  the  zenith,  then  sir  is  the  tenith-distanee  of  p;  and 
f  TT  is  the  azimuth  of  the  same  line,  measured  from  south  to  west,  and  thence  (if  ne- 
cessary) through  north  and  east,  to  south  again. 
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conceiyed  to  have  revolved,  Arem  the  initial  position  ki,  with  an  Initial  direction  to- 
wards  the  position  kj,  being  fir. 

(11.)  In  accomplishing  the  transformation  XYI.,  and  in  passing  from  the  ex- 
pression XVIII.  to  the  less  symmetric  but  equivalent  expression  XIX.,  we  employ 
the  principle  that 

XXI. . .  4/-=  S-»  0  =  -  K  (A/O  =J** ; 
which  easily  admits  of  eztensionf  and  may  be  confirmed  by  such  transformations  aa 

vii.  or  vrii. 

(12.)  It  is  scarcely  necessary  to  remark,  that  the  definition  or  interpretation  I., 
of  the /lower  a*  of  €0»y  vector  a,  gives  (as  in  algebra)  the  exponential  property, 

XXII.  ..a*a«=a»*<, 

whatever  scalars  may  be  denoted  by  $  and  t ;  and  similarly  when  there  are  more  than 
two  factors  of  this  form. 

(13.)  As  verifications  of  the  expression  XYIII.,  considered  as  repreaenting  a  rec- 
tor, we  may  observe  that  it  gives, 

XXIIL..p  =  -Kp;     and     XXIV. . .  p»  =  -r«. 

(14.)  More  generally,  it  will  be  found  that  if  v«  be  any  ecalar,  we  have  the 
eminently  simple  transformation : 

XXV. . .  p«  =  (rk*j'kj-k-*y^r^ktj'k«j-'k-*. 

In  fact,  the  two  last  expressions  denote  generally  two  equal  quaternions,  because 
they  have,  1st,  equal  teneore,  each  =  r<* ;  Ilnd,  equal  anglee,  each  =  L  (A") ;  and 
Ilird,  equal  (or  coincident)  axee,  each  formed  from  +  il  by  one  common  system  of 
two  Muecessive  rotations,  one  through  «ir  round  j,  and  the  other  through  tv  round  k, 

309.  Any  quaternion^  q^  which  is  not  simply  a  scalar,  may 
be  brought  to  the  form  a',  by  a  suitable  choice  of  the  base^  a, 
andof  the  exponent f  t;  which  latter  may  moreover  be  supposed 
to  fall  between  the  limits  0  and  2 ;  since  for  this  purpose  we 
have  only  to  write, 

I.  .  .  ^=^  ;         11.  .  .  Ta  =  Ty' ;         III.  .  .  JJa^Ax.q; 

IT 

and  thus  the  general  dependence  of  a  Quaternion^  on  a  Scalar 
and  a  Vector  Element ^  presents  itself  in  a  new  way  (comp.  17j 
207,  292).  When  the  proposed  quaternion  is  a  versor^  Ty  =  1, 

*  The  employment  of  this  letter  tc,  to  denote  what  we  called,  in  the  two  preced- 
ing Sections,  a  fourth  unit,  &c.,  was  stated  to  be  a  merely  temporary  one.  In  gene- 
ral, we  shall  henceforth  simply  equate  that  scalar  unit  to  the  number  one ;  and  de- 
note it  (when  necessary  to  be  denoted  at  all)  by  the  usual  symbol,  1,  for  that  num- 
ber. 
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we  have  thus  Ta  =  1 ;  or  in  other  words,  the  base  a,  of  the 
equivalent /wtc^r  a',  is  an  unit-line.  Conversely,  every  versor 
may  be  considered  as  a  power  of  an  unit-line^  with  a  scalar  ex^ 
panenty  t,  which  may  be  supposed  to  be  in  general  positive ^  and 
less  than  two  ;  so  that  we  may  write  generally ^ 

IV.  ..Uy«aS     with     V.  ..a«Ax.y  =  T-U, 
and  VI.  ..^>0,     f<2; 

although  if  this  versor  degenerate  into  1  or  -  1,  the  exponent 
t  becomes  0  or  2,  and  the  base  a  has  an  indeterminate  or  ar- 
hitrary  direction.  And  from  such  transformations  ofversors 
new  methods  may  be  deduced,  for  treating  questions  of  sphe^ 
rical  trigonometry y  and  generally  of  spherical  geometry. 

(1.)  Concetye  that  p,  g,  b,  in  Fig.  46,  are  replaced  by  a,  b,  c,  with  uait-vec- 
toiB  a,  /3,  7'  as  luoal ;  and  let  x,  y,  z  be  three  scalars  bet^reen  0  and  2,  determined 
by  the  three  equations, 

VII.  .  .  «7r  =  2A,     yir  =  2B,     zir  =  2c; 

where  a,  b,  c  denote  the  angles  of  the  spherical  triangle.  The  three  rersors,  indi- 
cated by  the  three  arrows  in  the  upper  part  of  the  Figure,  come  then  to  be  thus  de- 
noted: 

VIII.  ..^  =  a*;     9'  =  i3v;     q'q  =  y^-*\ 

so  that  we  have  the  equation, 

IX.  .  .  p»a'^  y^\    or    X.  .  .  y^fiva'^^- 1 ; 
from  which  last,  by  easy  divisions  and  multiplications,  these  two  others  immediately 
foUow : 

X'.  .  .  a*y'(3»  =  -  1 ;         X".  .  .  fiifWy'^-l } 

the  rotation  round  a  from  ^3  to  y  being  again  supposed  to  be  negative. 
(2.)  In  X.  we  may  write  (by  808,  VIU.), 

XI.  .  .  a*  =  casA ;     pf  =  c^SB ;     y*  =  cyso } 
and  then  the  formula  becomes,  for  any  »pherical  triangle^  in  which  the  order  ofro- 
taium  is  as  above : 

XII.  .  .  CySO  .  C/38B  .  casA  =  - 1; 
or  (oomp.  IX.), 

XIII. .  .  -  cose  +  y  smc  =  (cos  b  4  i3  sin  b)  (cos  a  +  a  sin  a). 
(8.)  Taking  the  scalars  on  both  sides  of  this  last  equation,  and  remembering  that 
S/3a  =  -  cos  e,  we  thus  immediately  derive  one  form  of  ihejundamental  eqwiHon  of 
spherical  trigonometry  ;  namely,  the  equation, 

XIV.  .  .  cos  o  +  cos  A  cos  B  =  cose  sin  A  sin  B. 
(4.)  Taking  the  vectors,  we  have  this  other  formula : 

XV.  .  .  y  sin  c  =  a  sin  A  COB  B  +  j3  on  B  cos  A  +  V/3a  ?\n  a  sin  b  ; 
which  is  easily  seen  to  agree  with  806,  XII.,  and  may  also  be  usefuUy  compared 
with  the  equation  210,  XXXVII. 
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(5.)  The  result  XY.  may  be  euandated  in  the  form  of  a  Theorem^  as  follows : — 
**  //  there  be  any  epherieal  triangle  ABO,  and  three  Hnee  be  drawn  from  the 
centre  o  of  the  sphere,  one  toward*  the  point  a,  with  a  length  s  sin  A  cos  b  ;  another 
towards  the  point  b,  with  a  length  «  sin  B  cos  A ;  and  the  third  perpendicular  to  the 
plane  aob,  and  towards  the  same  side  of  it  as  the  point  O,  with  a  length  =  sin  e  sio  A 
sin  B ;  and  if  with  these  three  lines  as  edges,  we  construct  a  parallelepiped :  the 
intermediate  diagonal  from  o  will  be  directed  towards  c,  and  wUl  have  a  length 
=  8iiio." 

(6.)  Dividiog  both  members  of  the  same  equation  XY.  by  p,  and  taking  scalars, 
we  find  that  if  p  be  any  fourth  point  on  the  sphere,  and  q  the /oo<  of  the  perpendi- 
cular let  fall  flrom  this  point  on  the  arc  ab,  thb  perpendicular  pq  being  considered  aa 
positive  when  c  and  p  are  situated  at  one  common  side  of  that  arc  (or  in  one  eommoH 
hemiephere,  of  the  two  into  which  the  great  cirde  through  a  and  b  divides  the  sphe- 
ric surface),  we  have  then, 

XVI. . .  sin  o  cos  po  =  sin  A  cos  B  cosPA  +  sin  B  cos  A  cos  PB  +  sin  A  sin  B  sin  c  sin  PQ  ; 

a  formula  which  might  have  been  derived  from  the  equation  210,  XXXWII.,  by  first 

cyclically  changing  abcABC  to  6eaBCA,  and  then  passing  from  the  former  triangle  to 

its  polar,  or  supplementary :  and  from  which  many  less  general  equations  may  be 

deduced,  by  assigning  particular  positions  to  p. 

(7.)  For  eiiample,  if  we  conceive  the  point  p  to  be  the  centre  of  the  circumscribed 

small  circle  abc,  and  denote  by  B  the  arcual  radius  of  (hat  cirde,  and  by  6  the 

semisum  of  the  three  angles,  so  that  2B  =  A  +  B+cs=ir  +  9,  ifv  again  denote,  as  in 

297,  (47.),  the  area*  of  the  triangle  abo,  whence 

XYII.  .  .  PA=PB  =  pasi2,     and    sin  pg  =  sin  i?  sin  (s  —  c), 

the  formula  XYI.  gives  easily, 

XYIII.  .  .  2coti2sin-  =  sinAsinBsine: 
2 

a  relation  between  radius  and  area,  which  agrees  with  known  results,  and  from  which 
we  may,  by  297,  LXX.,  &&,  deduce  the  known  equation : 

abc 
XIX.  ..«tani2B4  sin -sin-sin-: 
2       2       2' 

hi  which  we  have  still,  as  in  297,  (47.),  &c., 

XX.  .  .  e s  (Sa]3y  =)sina8in68inc  =  &c. 
(8.)  In  like  manner  we  might  have  supposed,  in  the  corresponding  general  equa- 
tion 210,  XXXYIIL,  that  p  was  placed  at  the  centre  of  the  inscribed  small  circlei 
and  that  the  arcual  radius  of  that  cirde  was  r,  the  semisum  of  the  sides  being  s ; 
and  thus  should  have  with  ease  deduced  this  other  known  relation,  which  is  a  sort 
of  polar  redprocal  of  XYIIL, 

XXI...  2tanr.sin«=e. 
But  these  results  are  mentioned  here,  only  to  exemplify  the  fertility  of  the  formulee, 
to  which  the  present  calculus  conducts,  and  from  which  the  theorem  in  (5.)  was 
early  seen  to  be  a  consequence. 


*  Compare  the  Note  to  the  dted  sub-article. 


CHAP.  I.]    BXPONEHTIAL  FOBMULA  FOR  THE  SPHBRB.  369 

(9.)  We  might  devhpt  the  ternary  product  in  the  equation  XII.,  as  we  deve- 
loped the  himary  prodmet  XIII. ;  compare  scalar  and  vector  parte ;  and  operate  on 
the  latter,  by  the  symbol  S.p-i.  New  general  theorenu,  or  at  least  new  general 
/orms^  wonld  tbas  arise,  of  which  it  may  be  sufficient  in  this  place  to  have  merely 
suggested  the  investigation. 

(10.)  As  regards  the  order  of  rotation  (1.)  (2.)*  it  is  clear,  from  a  mere  in^ee- 
tiom  of  the  formula  XV.,  that  the  rotation  round  y  from  j8  to  a,  or  that  round  o  from 
B  to  A,  mtfft  bepoeitwe,  when  thai  equation  XV.  holds  good;  at  least  if  the  amglee 
A,  B,  c,  of  the  triangle  abc,  be  (as  usual)  treated  as  positive :  because  the  rotation 
round  the  line  Yfia  from  /3  to  a  is  alwayt  poaiUve  (by  281,  (8.)  ). 

(11.)  If,  then,  for  any  given  spherical  triangle^  abc,  with  anglee  still  Kuppoaed 
U>  be  poeUive,  the  rotation  round  o  from  b  to  a  should  happen  to  be  (on  the  con- 
traiy)  negative^  we  should  be  obliged  to  modify  the  formula  XV. ;  which  could  be 
done,  for  example,  so  as  to  restore  its  correctness,  by  interchanging  a  with  /3,  and  at 
the  same  time  a  with  b. 

(12.)  There  is,  however,  a  sense  in  which  the ^rmuto  might  be  considered  as 
still  remaining  truCy  without  any  cliange  in  the  mode  of  writing  it ;  namely,  if  we  were 
to  interpret  the  symbols  A,  B,  o  as  denoting  negative  angles^  for  the  ease  last  sup- 
posed (11.)-  Accordingly,  if  we  take  the  reciprocal  of  the  equation  X.,  we  get  this 
other  equation, 

XXII.  .  .  a-*/3-y7-»  =  -l; 

where  t,  y,  c  are  positive,  as  before,  and  therefore  the  new  exponents^  —a;,  -y,  -z, 
are  negative,  if  the  rotation  round  a  from  j3  to  7  be  t7<e/f  negative,  as  in  (1.). 

(13.)  On  the  whole,  then,  if  a,  /3,  7  be  any  given  system  of  three  co-initial  and 
dipianar  unit-lines,  OA,  OB,  oc,  we  can  always  assign  a  system  of  three  scalars, 
X,  y,  z,  which  shall  satisfy  the  exponential  equation  X.,  and  shall  have  relations  of 
the  form  YII.  to  the  spherical  angles  A,  b,  c ;  but  these  three  scalais,  if  determined 
so  as  to  fidl  between  the  limMs  ±  2,  will  be  all  positive,  or  all  negative,  according  as 
the  rotation  round  a  from  j9  to  7  is  negative,  as  in  (I.),  or  positive,  as  in  (11.). 

(14.)  As  regards  the  limits  just  mentioned,  or  the  inequidities, 

XXIII.  .  .a:<2,    y<2,     x<2;        x>-2,    y>-2,     z>-2, 

they  are  introduced  with  a  view  to  render  the  problem  of  flndiug  the  exponents  xyz 
in  the  formula  X.  determinate  ;  for  since  we  have,  by  808, 

XXIV.  ..a*  =  i3«  =  7*=  +  l,    if    Ta  =  Tj3  =  T7  =  l, 

we  might  otherwise  add  any  multiple  (positive  or  negative)  of  the  number  four,  to 
the  value  of  the  exponent  of  any  unit-line,  and  the  value  of  the  resulting  pother  would 
not  be  altered. 

(15.)  If  we  admitted  exponents  =±2,  we  might  render  the  problem  of  satisfy- 
ing the  equation  X.  indeterminate  in  another  way  ;  for  it  would  then  be  sufficient  to 
suppoM  that  any  one  of  the  three  exponents  was  thus  equal  to  +  2,  or  —  2,  and  that 
the  two  others  were  each  s  0 ;  or  else  that  all  three  were  of  the  form  +  2. 

(16)  When  it  was  lately  said  (18.),  that  the  exponents,  x,  y,  z,  in  the  formula 
X.,  if  limited  as  above,  would  have  one  common  sign,  the  ease  was  tacitly  excluded, 
for  which  those  exponents,  or  some  of  them,  when  multiplied  each  by  a  quadrant, 
give  angles  not  equal  to  those  of  the  spherical  triangle  abc,  whether  positively  or 

3b 
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negatively  Uken ;  hut  equal  to  tlie  wpplemenU  of  those  angles,  or  to  the  wgatwe* 
of  those  sapplemeoCs. 

(17.)  In  fact,  it  is  evident  (because  a«  =  /3»  =  y*  =  -  1),  that  the  equation  X.,  or 
the  reciprocal  equation  XXII.,  if  it  be  satisfied  by  any  <me  aysiem  of  values  ofxyz, 
will  $tUl  be  satisfied,  when  we  divide  or  multiply  any  two  of  the  three  exponential 
faetOTM,  by  the  aquarea  of  the  two  unit-veetora,  of  which  those  fkctors  are  supposed  to 
bepawera:  or  in  other  words,  if  we  aubtraet  or  add  the  number  two.  In  each  of  two 
exponenta. 

(18.)  We  may,  for  example,  derive  from  XXII.  this  other  equation : 
XXV.  .  .  ««  */3«-yr-«  =  -  1 ;    or    XXVI.  .  .  a«-*i8>-»=  y»-« ; 
which,  when  the  roUtion  is  as  supposed  in  (1),  so  that  aysr  are  poaitive^  may  be  in- 
terpreted as  follows. 

(19.)  Conceive  a  lune  oc',  with  points  A  and  b  on  its  two  bounding  semicircles, 
and  with  a  negative  roUtion  round  A  from  b  to  c ;  or,  what  comes  to  the  same  thing, 
with  a  positive  rotation  round  a  from  b  to  o'.  Then,  on  the  plan  illustrated  by  Fi- 
gures 45  and  46,  the  aupplementa  w  -  A,  w  -  B,  of  the  angles  a  and  b  in  the  triangle 
ABC,  or  the  angles  at  the  aame  pointa  A  and  b  in  the  co-lunar  triangle  abc',  will 
represent  two  veraora,  a  mulHplier,  and  a  muUipKeand,  which  are  precisely  those 
denoted,  in  XXVI.,  by  the  twofactora,  o"*  and  j3«-i';  and  the  product  of  these  two 
factors,  Uken  in  thia  order^  is  that  third  veraor,  which  has  its  axis  directed  to  o', 
and  ia  repreaented,  on  the  same  general  plan  (177),  by  the  external  anffle  of  the  hmt, 
at  that  point  c'  \  which,  in  quantity,  is  equal  to  the  external  angle  of  the  same  lune 
at  c,  or  to  the  angle  n-  -c.     This  product  is  therefore  equal  to  that  pov«r  of  the 

2 
unit-line  OC*,  or  -  y,  which  has  its  esq^onent  =  -(ir-c)  =  2-z;  we  have  there- 
fore, by  this  conatruction^  the  equation, 

XXVII.  .  ,  a»-*i3«-i'  =  (-7)«-«; 
which  (by  808,  (6.)  )  agrees  with  the  recent  formula  XXVI. 


sa 


310.  The  equation, 

so 

I.  .  .y'^'d'^-l, 
which  results  from  309,  (1.),  and  in  which  a,  /3,  7  are  the 
unit-vectors  oa,  ob,  oc  of  any  three  points  on  the  unit-sphere ; 
while  the  three  scalars  a,  b,  c,  in  the  exponents  of  the  three 
factors,  repi-esent  generally  the  angular  quantities  of  rotation, 
round  those  three  unit-lines,  or  radii,  a,  /3,  7,  from  the  plane 
Aoc  to  the  plane  aob,  from  boa  to  boc,  and  from  cob  to  coa, 
and  are  positive  or  negative  according  as  these  rotations  of 
planes  are  themselves  positive  or  negative :  must  be  regarded 
as  an  important  formula,  in  the  applications  of  the  present 
Calculus.  It  includes^  for  example,  the  whole  doctrine  of 
Spherical  Triangles;  not  merely  because  it  conducts,  as  we 
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have  seen  (309)  (3.)  ),  to  one  form  of  the  fundamental  scalar 
equation  of  spherical  trigonometry^  namely  to  the  equation, 

II.  .  .  cos  c  +  cos  A  COS  B  =  COS  c  sin  A  sin  B ; 
but  also  because  it  gives  a  vector  equation  (309,  (4.)  ),  which 
serves  to  connect  the  angles^  or  the  rotations^  a,  b,  c,  with  the 
directions^  of  the  radii^  a,  /3,  7,  or  oa,  ob,  oc,  for  any  system 
of  three  diverging  right  lines  from  one  origin.  It  may,  there- 
fore, be  not  improper  to  make  here  a  few  additional  remarks, 
respecting  the  nature,  evidence  and  extension  of  the  recent 
formula  I. 

(1.)  MnlUplyuig  both  members  of  the  equatioo  I.,  by  the  invene  exponential 

te 

y    *,  we  baye  the  transformation  (comp.  809,  (1.)  )  : 

!•     It  _2f        «(ir  — o) 

IIL.  .0»  o»=-y"»=7     »     . 

(2.)  Again,  multiplying  both  members  of  I.  into\  a   ^,  we  obtain  this  other  for- 
mula: 

«o     2b  JIa         g(r--A) 

IV.  .  .7»/3»=-a"»=a     «     . 

2A  to 

(8.)  Multiplying  this  last  equation  lY.  6y  a',  and  the  equation  III.  into  y"", 
we  derive  these  other  forms : 


*  Tliis  may  be  considered  to  be  another  instance  of  that  habitual  reference  to 
dirteiian^  as  duHngmtihed  from  mere  quantity  (or  magnitude),  although  combined 
therewith,  which  pervades  the  present  Calculus,  and  is  eminently  ehttraeteriatie  of 
it ;  whereas  De»  Carte$,  on  the  contrary,  had  aimed  to  reduce  all  problems  of  geo- 
metry to  the  determination  of  the  length*  of  Tight  line*  :  although  (as  all  who  use 
his  eo^rdmateg  are  of  course  well  aware)  a  certain  reference  to  direction  is  even  in 
Aw  theory  inevitable,  in  connexion  with  the  interpretation  of  negative  roote  (by  him 
called  inverse  or  /alee  roots)  of  equations.  Thus  in  the  first  sentence  of  Schooten*s 
recently  dted  translation  (1669)  of  the  Geometry  of  Des  Cartes,  we  find  it  said : 

'*  Omian  Geometric  Problemata  fiacild  ad  hnjnsmodi  terminos  rednd  poasont,  nt 
deinde  ad  illomm  constmctionem,  opus  tantum  sit  rectarom  qnarundam  longitudinem 
eognosoere." 

The  very  different  view  of  geometry^  to  which  the  present  writer  has  been  led, 
makes  it  the  more  proper  to  express  here  the  profound  admiration  with  which  he  re- 
garda  the  cited  Treatise  of  Des  Cartes :  containing  as  it  does  the  germs  of  so  large  a 
portion  of  all  that  has  since  been  done  in  mathematical  science,  even  as  concerns 
imaginary  roots  of  equations,  considered  as  marlcs  of  geometrical  impossibiliiy. 

t  For  the  distinction  between  multiplying  a  quaternion  into  and  by  a  factur,  see 
the  Notes  to  pages  146,  159. 
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2a      So       to  «■     SA       So 

V.  ..  a«y»/3«  =-1;  VI.  .  , /3»  a»  y*  =  -  1 ; 

■0  that  cyclical  permutation  of  the  letter t,  a,  |3,  y,  and  A,  B,  o,  u  allomedin  the 
equation  I. ;  as  indeed  was  to  be  expected,  from  the  natare  of  the  theorem  which 
that  equation  expresses. 

(4.)  From  either  V.  or  VI.  we  can  deduce  the  formula : 

Sa      So  Sa         S(ir  — a) 

Vir.  .  .  a»  y»  =  -/3~«  =  /3     »     ; 

by  comparing  which  with  III.  and  IV  ,  we  see  that  cyclical  permutaOon  of  letters 
is  permitted,  in  thege  equations  also. 

(6.)  Taking  the  reciprofia/ (or  conjugate)  of  the  equation  I.,  we  obtain  (com- 
pare 309,  XXII.)  thia  other  equation: 

Sa         SB  So 

VIII.  ..a"»^"ir    y~»r=-l; 
«(ir-A)     s(y-»)     S(»-c) 
or  IX.  ..a»/8iryir=  +  l; 

in  which  cyclical  permutation  of  letters  is  again  allowed,  and  from  which  (or  from 
III.)  we  can  at  once  derive  the  formula, 

Sa        te  So 

X.  .  .  a"»/3~*=-y». 
(6.)  The  equation  X.  may  also  be  thus  written  (comp.  809,  XXVII  )  : 

g(ir~A)      S  (IT  — »)  «(ir  — c)  S(ir-c) 

XI.  ..a      »  ir      =y~      »       =(-y)     *      . 

(7.)  And  ail  the  foregoing  equations  may  be  interpreted  (oomp.  309,  (19.)  ),  and 
at  the  same  tAme  proved,  by  a  reference  to  that  general  construction  (177)  for  the 
multiplieation  ofverton,  which  the  Figures  45  and  46  were  designed  to  illustrate ;  if 
we  bear  in  mind  that  a  power  a<,  of  an  unit-line  a,  with  a  »calar  caspoiMMt,  t,  is  (by 
808,  809)  a  vereor,  which  has  the  ejffect  of  tuminy  a  line  -i-  a,  throujfh  t  right  an- 
gles, round  a  as  an  axis  of  rotation, 

(8.)  The  principle  expressed  by  the  equation  I ,  from  which  all  the  subsequent 
equations  have  been  deduced,  may  be  stated  in  the  following  manner,  if  we  adopt  the 
definition  proposed  in  an  earlier  part  of  this  work  (180,  (4.)  ),  for  the  spherical  sum 
of  two  angles  on  a  spheric  surface : 

^^For  any  spherical  triangle,  the  Spherical  Sum  of  the  three  angles,  if  taken  in  a 
suitable  Order,  is  equal  to  Tioo  Right  Angles.*' 

(9.)  In  fact,  when  the  rotation  round  A  from  b  to  c  is  negative,  it  we  ^herieally 
add  the  angle  b  to  the  angle  a,  the  spherical  sum  so  obtained  is  (by  the  deflnidon 
referred  to)  equal  to  the  external  angle  a<  c ;  if  then  we  add  to  this  sum,  or  supple- 
ment of  c,  the  angle  c  itself,  we  get  s^  final  or  total  sum,  which  is  exactly  eqnal  to 
w  ;  addition  of  spherical  angles  at  one  vertex^  and  therefore  in  one  plane,  being  ac* 
complished  in  the  usual  manner ;  but  the  spherical  summation  of  angles  with  diffe- 
rent vertices  being  performed  according  to  those  new  rules,  which  were  deduced  in  the 
Ninth  Section  of  Book  II.,  Chapter  I. ;  and  were  connected  (180,  (6.)  )  with  the 
conception  of  angular  transvection,  or  of  the  composition  of  angular  motions,  m  dif- 
ferent and  successive  planet. 
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(10.)  Without  pretendiDg  to  attach  importance  to  tlie  following  notatioHt  we  may 
joBt  propose  it  in  passing,  aa  one  which  may  serve  to  recall  and  represent  the  con- 
ception  here  referred  to.  Using  a  plug  in  parenth€U9y  as  a  wjfmhol  or  charaeUriMHe 
of  inch  gpherieal  addition  ofanglegy  the  formula  I.  may  be  abridged  as  follows : 

XII..  .o(+)B(+)A=ir; 

the  jymAo/  o/an  added  angle  being  written  to  the  lefi  of  the  symbol  of  the  angle  to 
which  it  ie  added  (oomp.  264,  (4.)  ) ;  because  such  addition  eorretponde  (as  aboTe) 
to  a  nudt^Hcation  ofveraorMf  and  we  have  agreed  to  write  the  tymbol  of  the  multi^ 
pHer  to  the  left*  of  the  s^'mbol  of  the  multiplicand,  in  every  multiplication  of  qua- 
termona, 

311.  There  is,  however,  afwther  view  of  the  important  equation 
310,  I.,  according  to  which  it  is  connected  rather  with  addition  of 
arcs  (180,  (3.)  ),  than  with  addition  of  angles  (180,  (4.)  );  and  may 
be  interpreted^  and  proved  anew,  with  the  help  of  the  supplementary 
or  polar  triangle^  a'b'c^  as  follows. 

(1.)  The  rotation  round  a  from  b  to  o  being  still  supposed  to  be  negative,  let 
a',  b',  c'  be  (as  m  175}  the  positive  poles  of  the  sides  bc,  ga,  ab  ;  and  let  a\  p,  y 
be  their  unit-vectors.  Theu,  because  the  rotation  round  a  from  y'  to  j8'  is  positive 
(by  180,  (2.)  ),  and  is  in  quantity  the  supplement  of  the  spherical  angle  a,  the/iro- 
dnet  Y^  will  be  (by  281,  (2.),  (8.)  )  a  vertor,  of  which  a  is  the  axia,  and  A  the 
angle;  with  similar  results  for  the  two  other  products,  a*y\  ffa'. 

(2.)  If  then  we  write  (comp.  291), 

L..a'  =  UVi3y,    /3'  =  UVya,     y'  =  UVaA 
soppofling  that 

II...Ta  =  T/5^Ty  =  l,     and     III. . .  Sa^y  >  0, 

we  shall  have  (comp.  again  180,  (2.)  ), 

IV.  ..o=UVy'/3',     i3  =  UVay,     y  =  UV/3'a', 
and  V.  ..As^y'^*,     B  =  Lay\    o  =  Lpa'\ 

whence  (by  308  or  309)  we  have  the  following  exponential  expresnone  for  these 
three  last  products  ofunit-linee, 

Sa  S«  20 

VI.  .  .  y')3'=a";      a'y'=^«;      /8'a'  =  y». 

(3.)  Multiplying  these  three  expressions,  in  an  inverted  order,  we  have,  there- 
fore, the  new  product : 

90       SB         tA 

VII.  .  .  y»  /3»  a » =/3'a'.  a'y'.  y'/S*  =  y'«/3 V  =  -  1 ; 

and  the  equation  310,  I.  is  in  this  way  proved  anew. 

(4.)  And  because,  instead  of  VI.,  we  might  have  written, 


*  Compare  the  Note  to  page  146. 
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•-i         y'         =         a"         =         fl- 
VIII...«-=-|„    fi'^--.;    y'-f, 

we  see  that  the  equation  to  be  proved  may  be  reduced  to  the  form  of  the  identity 

and  may  be  interpreted  as  ezpresnog,  what  is  evideot,  that  if  a  point  be  suppoMd  to 
move  first  along  the  side  n'o',  of  the  polar  triangle  a'b'c',  from  b'  to  o' ;  then  along 
the  snocesttTe  side  c'a',  from  c'  to  a'  ;  and  finally  along  the  remaining  side  a'b', 
from  a'  to  b',  it  will  thus  have  returned  to  the  position  fh>m  which  it  Mt  out^  or  will 
an  th«  whole  hare  not  changed  place  at  alL 

(6.)  In  thig  vicw^  then,  we  perform  what  we  haveelaewhere  called  an  addition  of 
aree  (instead  of  anglee  as  in  810) ;  and  in  a  notation  already  used  (264,  (4.) ),  we 
may  express  the  result  by  the  formula, 

X.  .  .  "  a'b'  +  «  o'a'  +  ft  b'c'=  0 ; 
each  of  the  the  two  left-hand  ejfmbole  denoting  au  arc,  which  is  oonceiyed  to  be  added 
(as  a  weceeeive  veetor-arCf  180,  (8.)  ),  to  the  arc  whose  symbol  immediately  ybttoiow 
it,  or  is  written  next  it,  but  towards  the  right-hand, 

(6.)  The  expressions  VI.  or  VIII.,  for  the  exponential  fiutore  in  810,  I.,  show 
in  a  new  way  the  necessity  of  attending  to  the  order  of  those  £icton,  in  that  formula : 
for  if  we  should  invert  that  order^  withont  altering  (as  in  810,  VIII.)  tho  expononto, 
we  may  now  see  that  we  should  obtain  this  new  product : 

•A    tt    ««  '    '  ff 

XI.  .  .  a-  ^»  y-  ==_r  2.  ^==  +  (y'^V)«; 

which,  on  account  of  the  diplanaritjf  of  the  lines  a\  P^  /,  is  not  equal  to  negative 
Kfiity,  but  to  a  certain  other  vereor  ;  the  properties  of  which  may  be  inferred  from 
what  was  shown  in  297,  (64.),  and  in  298,  (8.),  but  upon  which  we  cannot  here 
delay. 

312.  In  general  (comp.  221),  an  equation^  such  as 
I.  ..y'«j, 
between  two  quatemionsy  includes  a  system  of  four*  scalar  equa- 
tionSf  such  as  the  following : 

U.  .  .  Sy'=Sy;     Saq^Saq;     S/3y'  =  S/3j;     Syy-Syy; 

where  a,  )3,  y  may  be  any  three  actual  and  diplanar  vectors : 
and  conversely,  if  a,  jS,  7  be  any  three  such  vectors,  then  the 
four  scalar  equations  II.  reproduce,  and  are  sufficiently  re- 


*  The  propriety,  which  such  results  as  this  establish,  for  the  u»e  of  the  name, 
QUATERmoNS,  as  applied  to  this  whole  Calculus,  on  account  of  its  essential  connexion 
with  the  number  Four,  does  not  require  to  be  again  insisted  on. 
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placed  by,  the  one  quaternion  equation  I.  But  an  equation 
between  two  vectors  is  equivalent  only  to  a  system  of  three  sca- 
lar equations^  such  as  the  three  last  equations  II. ;  for  exam- 
ple, in  294,  (12.),  the  one  vector  equation  XXII.  is  equivalent 
to  the  three  scalar  equations  XXI.,  under  the  immediately 
preceding  condition  of  diplanarity  XX.  In  like  manner,  an 
equation  between  two  versors  of  quaternions^'*  such  as  the  equa- 
tion 

III.  ..U?'=U?, 

includes  generally  a  system  of  three^  but  of  not  more  than 
three f  scalar  equations ;  because  the  versor  XJq  depends  gene- 
rally (comp.  157)  on  a  system  of  three  scalars,  namely  the  two 
which  determine  its  axis  Ax.  7,  and  the  one  which  determines 
its  anffle  jLq;  or  because  the  versor  equation  III.  requires  to 
be  combined  with  the  tensor  equation^ 

IV.  .  .  Ty  «  Tjf,        compare  187  (13.), 

in  order  to  reproduce  the  quaternion  equation  I.  Now  the  re- 
cent equation,  310,  I.,  is  evidently  of  this  v^r«or-/brm  III.,  if 
a,  j3,  7  be  still  supposed  to  be  unit-lines.  If  then  we  met  that 
equation^  or  if  one  of  its  form  had  occurred  to  us,  without  any 
knowledge  of  its  geometrical  signification^  we  might  propose  to 
resohe  t^,  with  respect  to  the  three  scalars  A,  b,  c,  treated  as 
three  unknovm  quantities.  The  few  following  remarks,  on  the 
problem  thus  proposed,  may  be  not  out  of  place,  nor  unin- 
strnctive,  here. 

(1.)  Writing  for  abridgment, 

V.  .  .  oot  A  =  f,     cot  B  s  w,     cot  o  =  V, 
and  VI.  . .  «  =s  ~  cosec  a  cosec  b  coeec  c, 

the  equation  to  be  neolved  becomes  (by  808,  VII.,  or  809,  XII.), 

VII.  ..(r  +  y)(i.+  ^)(<  +  a)  =  «; 
in  which  the  tetuora  on  both  sideB  are  already  equal,  because 


♦  An  equation,  Up'=  Up,  or  UV9'  «=  UV9,  between  two  f>er§or$  ofveetorg  (166), 
or  between  the  axes  of  two  quatemions  (291),  is  equivalent  only  to  a  system  ottwo 
§ealar  eguationt ;  because  the  direction  of  an  axis,  or  of  a  vector,  depends  on  a  sys- 
tem oitwo  anffular  elements  (111). 
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VIII.  .  .  #1  =  (o»  +  1)  (i»»  +  1)  (/«  + 1). 
(2.)  Multiplying  the  equation  VII.  6y  <  +  a,  and  into  t  —  a,  and  dividing  the  re- 
sult by  f*+  1|  we  have  this  new  equation  of  the  same/orm,  but  differing  by  cjfdical 
permutatioH  (comp.  310,  (3.)  )  : 

IX...(*+a)(0+y)(ii+/3)  =  «; 

and  in  like  manoer, 

X...  («  +  /?)  (/+a)(e  4- y)  =  ». 

(3.)  Taking  the  half  difference  of  the  two  last  equations,  and  observing  that  (by 
279,  IV.,  and  294,  II.) 

Xr        /*03«r  -  «r/3)  =  v.  pVay  =  rSa/3  -  aSfiy, 
•"\K/3a-ai8)  =  V^a,     i(/3y  -  riS)  =  V/Jy. 
we  arrive  at  this  new  equation,  of  vector  fbrm : 

XIL  .  .  0  =  eVj8rt  +  «V^7  +  7Saj8-aS/3y  ; 
which  is  equivalent  only  to  a  system  of  teo  9calar  equatUms^  because  it  gives  0  =  0, 
when  operated  on  by  S./3  (comp.  294,  (9.)  }. 

(4.)  It  enables  us,  however,  to  determine  the  two  eealare^  t  and  v ;  for  if  we  ope- 
rate on  it  by  S.a,  we  get  (comp.  298,  XXVI.), 

XITI.  .  .  tSaPy  =  a^fiy'SPa8ay  =  S(Jpa,Yay); 
and  if  we  operate  on  the  same  equation  XII.  by  S.  y,  we  get  in  like  manner, 

XIV.  . .  vSapy  =  y^Sap  -  SaySy/S  =  S(Vay.Vyj8). 
(5.)  Processes  quite  similar  give  the  analogous  result, 

XV.  .  .  uSapy  =  /JJSya  -  SyfiSfia  =  S(Vy/3  .V/3o) : 

and  thus  the  problem  is  reaolved,  In  the  sense  that  expreetUme  have  heenjowed  for 
the  three  eottpht  eeaiare  <,  «,  o,  or  for  the  cotangente  V.  of  the  three  eomgkt  amgUe 
A,  B,  0  :  whence  \h»  fourth  eealar^  <,  in  the  quaternion  equation  VII.,  can  easily  be 
deduced,  as  follows. 

(6.)  Since  (by  294,  (6.),  changing  ^  to  a,  and  afterwards  cyclically  permuting) 
we  have,  for  imtf  three  vectors  a,  ^,  y,  the  general  transformations, 

XVI.  .  .  a8aPy  =  V(Vi3a . Vay),    jSSa^y  =  V(Vyi3 . Vj8a), 
ySa/3y  =  V(ay.Vy«, 
the  expressions  XIII.  XV.  XIV.  give, 

m  +tf)Sa/3y=V0a.Voy; 
XVII...    («  +  /8)Sa^y=:Vy)3.V/3a; 
|(o  +  y)Sai3y  =  Vay.Vy/3; 
whence,  by  VII , 

XVIII.  .  .  *(Sai3y)3  =  (Vy^)«(V^«)*  (Vay)*, 

and  thus  the  remaining  scalar,  «,  is  also  entirely  determined. 

(7.)  And  the  equation  VIII.  may  be  verified,  by  observing  that  the  expresaiona 

XVII.  give, 

((f  +l)(Sa/3y)«  =  (Vi3a)t(Vay)«; 

XIX...    («»+!)  (S«/3y)«  =  (Vy/3)«(V/3«)«; 

((o«+l)(Sa^y)«  =  (V«y)i(Vy/3)«. 

(8.)  The  equations  XIII.  XIV.  XV.  XVI.  give,  by  elimination  of  Sa/9y,  these 
new  expressions : 
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XX.  .  .  ar»  =  (V  :  S)  (Vpa  .Vay) ;     /3«-»  =  (V :  S)  (Vy/3 .  Yfia) ; 
rtri=(Y:S)(Yay.Yyp); 

\]j  compAiing  which  with  the  fonnola  281,  XXVIIL,  af^er  suppresaing  (291)  the 
characteristic  I,  we  find  that  the  three  acaiara^  ty  w,  o,  are  either  Ist,  the  cotangents 
oftke  cmgles  opposite  to  ths  tides  a,  bj  e,  of  the  spherical  triangle  in  which  the  three 
given  mUi-Unes  a,  j3,  y  terminate^  or  Ilnd,  the  negatives  of  those  cotangents^  the 
tpi^es  themselves  of  that  triangle  being  as  usual  supposed  to  be  pon'/ioe  (809,  (10.)  ), 
accQidiog  as  the  rotatiom  round  a  from  /3  to  y  is  negative  or  positive :  that  is  (294, 
(8.)  ),  according  aa  8apy  >  or  <  0 ;  or  finally,  by  XYIII.,  according  as  the  fourth 
scalar y  <,  is  negatire  or  positive,  because  the  second  member  of  that  equation  XYIII. 
is  aboays  negative,  as  being  the  product  of  three  squares  of  vectors  (282,  292). 

(9.)  In  the  Ist  case,  which  is  that  of  809,  (1.),  we  see  then  anew,  by  T.  and  VI., 
that  we  are  permitted  to  interpret  the  scalars  A,  b,  c,  in  the  exponential  formula 
310,  I.,  as  equal  to  the  angles  of  the  spherical  triangle  (8.),  which  are  usually  de- 
noted .by  the  eame  Utters.  But  we  see  also,  that  we  may  add  any  even  multiples  of 
w  to  those  three  angles,  without  disturbing  .the  exponential  equation  ;  or  any  one 
,e9em,.uadtwe  odd  mul^ples  of  w,  in  any  order,  so  .as  to  preserve  a  positive  product 
of  cosecants,  because  s  is,  for  this  case,  110^0^100 'in  VI.,  by  (8.). 

(10.)  In  the  Ilnd  case,  which  ;is  that  of  809,  (11.),  we  may,  for  similar  reasons, 
interpret  the  scalars  A,  £,  c,4n  the  formula  810, 1.,  as  equal  to  the  negatives  of  the 
angles  of  the  triangle;  and  as  thus  having,  what  VI.  now  requires,  because  « is  now 
positive  (8.),  a  negative  product  of  cosecants,  while  their  cotangents  have  the  values 
required.  But  we  may  also  add,  as  in  (9.),  any  multiples  ofv,  to  the  scalars  thus 
found  for  the  formula,  provided  that  the  number  of  the  odd  multiples,  so  added,  is 
itself  even  (0  or  2). 

(11.)  The  conclusions  of  809,  or  310,  respecting  the  interpreUition  of  the  expo- 
nentiat  formula,  are  therefere  confirmed,  and  might  have  been  anticipated,  by  the 
present  new  analysis :  in  conducting  which  it  is  evident  that  we  have  been  dealing 
with  real  scalars,  and  with  real  vectors,  only. 

(12.)  If  this  last  restriction  were  removed,  and  imaginary  values  admitted,  in 
the  solution  of  the  quaternion  equation  VII.,  we  might  have  begun  by  operating,  as 
in  II.,  on  that  equation,  by  the  four  characteristics, 

XXL  .  .  S,    S.a,     S./3,    and    S.y; 

which  would  have  given,  with  the  significations  297,  (1.),  (3.),  of  I,  m,  n,  and  e, 
and  therefore  with  the  following  relation  between  thoee  four  scalar  data, 

XXIL  .  .  ««=  1  -P-m»-  ni  +  2lmn, 

a  system  of  four  scalar  equations,  involving  the  four  sought  scalars,  s,  t,  u,  v;  from 
which  it  might  have  been  required  to  deduce  the  (real  or  imaginary)  values  of  those 
four  scalars,  by  the  ordinary  processes  of  algebra. 

(IS.)  The  four  scalar  equations,  so  obtained,  are  the  following : 

0  =  e  +  ft  +  fnu+ ji©-<«tf  +  »; 

XXin...  i   o  =  -«tt+/<i«  +  <»+«««  +  m-2/»; 

0  s  «o  +  f «  +  ttf  +  muv  -  « ; 

3c 
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=  •(*«  + I)  (w-m  +  ftii); 


eliminating  uo  and  ic  between  the  three  last  of  which,  we  find,  with  the  help  of  XXII., 
the  determinant, 

1,  mtf  ntv-k-et  —  l 
XXIV.  .  .  0=         m,  «,  ;«o  +  eo-n 

and  analogouB  elimination<  give, 

XXV...  0  =  «(<«+l)  («K-m+fil), 
and     XXVI. . .  0=(f«+l){e%r-(m-i»/)  («-/«)  +  (l-P)  (rf-/  +  m«)}. 

(14.)  Rejecting  then  the  fiictor  ^  +  1  we  find,  as  the  <mly  real  §oluHan  of  tho 
problem  (12.),  the  following  system  of  yalaes: 

XXVII.  ..  cf=s^—mn;     ev  =  m  — «/;     eo  =  n— /m; 
and  XXVIII.  .  .  e«»  =  -(l  -  P)  (1  -m»)  (I  -i»*); 

which  correspond  precisely  to  those  otherwise  found  before,  in  (4.)  (6.)  (6.),  and  might 
therefore  serve  to  reproduce  the  interpretatum  of  the  exptmential  formmla  (310). 

(15.)  But  on  the  purely  algebrtUe  tide,  it  is  found,  by  a  mmilar  analysis,  that 
the  four  equatione  XXIII.  are  eaiiefied  also  by  a  system  oifour  imaginary  tobtfton*, 
represented  by  the  following  formula : 

XXIX... /'•+^  =  «!   ••+i  =  «i 

\§  =  iuo  —  ft  -  nw  —HP  —  «  as  0  J 
which  it  may  be  sufficient  to  have  mentioned  in  passing,  since  they  do  not  appear  to 
have  any  such  geometrieal  interest,  as  to  deserve  to  be  dwelt  on  here :  though,  as 
regards  the  cotuittency  of  the  difierent  processes  employed,  it  may  be  remembered 
that  in  passing  (2.)  from  the  equation  VII.  to  IX.,  after  certain  preliminary  multi- 
plications, we  divided  6y  f  + 1,  as  we  were  entitled  to  do,  when  seeking  only  for  real 
solutions,  because  t  was  supposed  to  be  a  scalar, 

(16.)  This  seems  to  be  a  natural  occasion  for  remarking  that  the  following  ^cii«- 
ral  transformation  eidsts,  whatever  three  vectors  may  be  denoted  by  a,  /3,  y : 

XXX. .  .  8(ypy.Yya . Va/3)  =-  (Sa^y)«  j 

which  proves  in  a  new  way  (comp.  180),  that  the  rotation  round  the  line  Yfiy,  from 
Vya  to  Yafiy  is  always  positive  ;  or  is  directed  in  the  same  sense  (281,  (8.)  ),  as  the 
rotation  round  Yap  from  a  to  /3,  &c. 

(17.)  In  like  manner  we  have  generally, 

XXXI. .  .  S(Va/3.Vya.V/3y)  =  +  (Sap7)», 
and  XXXII.  .  .  S(Yyp  .Yay.Yfia)  =+  (Sa/Sy)' ; 

so  that  the  rotation  round  Yyp  from  Yay  to  Ypa  is  neyativCf  whatever  arrange- 
ment the  three  diplanar  vectors  a,  /8,  y  may  have  among  themselves. 

(18.)  If  then  a",  b",  o"  be  the  negative  poles  of  the  three  successive  sides,  bg,  ca, 
AB,  of  any  spherical  triangle,  the  rotation  round  a"  from  ^''to  c^ia  negative:  which 
is  entirely  consistent  with  the  opposite  result  (180),  respecting  the  system  of  the 
three  positive  poles  a',  b',  o'. 

(19.)  A  quantitative  interpretatum^-ot  the  equation  XXX.  may  also  be  easily  as- 
signed :  for  we  may  infer  from  it  (by  281,  (4.),  and  294,  (3.)  )'that  t/'oABO  be  any 
pyramid,  and  if  normals  Oa',  ob',  Oo'  to  the  three  faces  BOO,  OOA,  aob  have  their 
lengths  numerically  equal  to  the  areas  of  those  faces  (as  beating  the  same  ratios  to 
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imite,  &e,),  tiien  (with  a  similar  reference  to  unitB)  the  volume  of  the  new  pyramid^ 
OAVcTy  fffUJ  he  three  quarttre  of  the  equare  of  the  volume  of  the  old  pyramid^ 

OABC. 

313.  But  an  allusion  was  made,  in  310,  to  an  extensianof 
the  exponential  formula  which  has  lately  been  under  discus- 
sion ;  and  in  fact,  that  formula  admits  of  being  easily  extended, 
from  triangles  to  polygons  upon  the  sphere :  for  we  may  write, 
generally, 

l...an'  an.1  '    .  ..a,'    o, '  «(-!)", 

if  A^As  . . .  An.i  A«  be  any  spherical  polygon^  and  if  the  scalars 
Ai,  Aj, . . .  in  the  exponents  denote  the  positive  or  negative 
angles  of  that  polygon,  considered  as  the  rotations  AnAiAt, 
A1A2A3, .  • .  namely  those  from  AiAa  to  A1A2,  &c. ;  while  n  is  any 
positive  whole  number*  >  2. 

(1.)  One  mode  of  proring  this  extended  formula  is  the  following.  Let  00  s  y 
be  the  nnit-vector  of  an  arbitrary  point  c  on  the  spheric  surface ;  and  conceive  that 
arcs  of  great  circles  are  drawn  from  this  point  o  to  the  n  successive  comers  of  the 
polygon.  We  shall  thus  have  a  system  of  n  spherical  triangles,  and  each  angle  of 
the  polygon  will  (generally)  be  decomposed  into  two  (positive  or  negative)  partial 
aufflee,  which  may  be  thus  denoted : 

II.  .  .  CAiA3=  Ai',     GA2A3  =  A2', . . . ; 
IIL  . .  AiUkiO  =  Ai",     Ai  AjC  =  A2", . . .  ; 

so  that,  with  attention  to  signs  of  angles  in  the  additions, 

rV.  .  .  Ai  =  Ai'  +  Ai",      A3  =  A2'  +  A2",  Ac. 

Also  let 

V.  .  .  A2OA1  =  ci,     A3OA2  =  02,  &c. ; 
and  therefore 

VI.  ..Oi  +  C2+..  +  0»«an  even  multiple  of  w, 

which  reduoes  itself  to  2  ?r  in  the  simple  case  of  a  polygon  with  no  re-entrant  angles, 
and  with  the  point  c  in  its  interior. 

(2.)  Then,  for  the  triangle  OA1A2,  of  which  the  angles  Are  Oi,  ai',  A2",  we  have, 
by  810,  III.,  the  equation, 

142"        SAi'  lOi 

VII.  .  .  a2  "■    aj  »  =3  -  y    »  ; 
and  in  like  manner,  for  the  triangle  ca2As,  we  have 


•  The  formula  admits  of  interpretation,  even  for  the  case  n  «  2. 
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Vin.  .  .  aj  »     02  »    =  -  y    r  ,  &C. 
Bttt,  when  we  malUply  VII.  by  VIII.,  we  obtain,  by  IV.,  the  product, 

IX.  .  .  oi  »    at »    tfi  »  =5  +  y        »       ; 
and  ao  prooeedingi  we  have  at  hut,  by  VI.,  a  product  of  the  form, 

X.  .  .  ai  "■    a*  «  . . .  aa  *r    ai  "■  =  (-  I)" ; 

-!!^  iaT 

which  redaces  itself  to  L,  when  it  is  multiplied  hy  a    '  ,  and  inio  a  *    (comp. 
810,  (8.)  ).    The  theorem  is  therefore  proved. 

(8.)  In  words  (oomp.  310,  (8.)  ),  *'  iht  ipherital  sum  ofth*  tuectave  amg^  pf 
any  $pherieal  polygon^  if  taken  in  a  suitable  order,  it  equal  to  a  multiple  of  two  right 
anglee,  which  is  odd  or  even,  according  at  thenumher  of  the  ndee  (or  comers)  of  the 
polygon  if  itself  odd  or  even^ :  the  definition  formerly  given  (180,  (4.)  ),  of  a  Sphe- 
rical Sum  of  Angles,  befaig  of  course  retained.  And  the  reasoning  may  be  briefly 
stated  thus.  When  an  arbitrary  point  o  is  taken  on  the  spherical  surface,  aa  in  (1.), 
the  spherical  sum  of  the  two  partial  angles,  at  the  ends  of  any  one  side,  is  the  supple- 
ment of  the  angle  which  that  side  subtends,  at  the  point  o ;  but  the  sum  of  all  sstch 
subtended  angles  is  either ybvr  right  angles,  or  some  whole  muliiple  thereof:  there- 
fore the  sum  of  their  supplements  can  differ  only  by  some  such  multiple  from  »«-,  if 
«  be  the  number  of  the  sides. 

(4.)  Whatever  that  number  may  be,  if  we  denote  by  pn  the  ea^foneniial  product 
in  the  formula  I.,  we  have  for  every  vector  p,  and  for  every  quaternion  q,  the  eqna* 
tions: 

Xl...pnPPH^  =  pi        XII.  »'Pk9Pm-^  =  q; 

whereof  the  former  may  (by  308,  (8.),  be  thus  interpreted : — 

"  If  any  line  op,  drawn  from  the  centre  oof  a  sphere,  be  made  to  revolve  c«m- 
cally  round  any  n  radii,  OAi, . .  OAn,  as  n  successive  axes  of  rotation,  through  on- 
gles  equal  respectively  to  the  doubles  of  the  angles  of  the  spherical  polygon  Ai . .  A«, 
the  line  will  be  brought  back  to  its  initial  position,  by  the  composition  of  these  n  rota- 
tions,^ 

(5.)  Another  way  of  proving  the  extended  formula  I.,  for  any  spherical  j>o/y^oii, 
is  analogous  to  that  which  was  employed  in  311  for  the  case  of  a  triangle  on  a  sphere^ 
and  may  be  stated  as  follows.  Let  Ai',  A2', ...  a^'  be  the  positive  poles  of  the  arcs 
AiAs,  AjAs,  . . .  AnAi ;  and  let  ai,  a%, ...  an'  be  the  unit- vectors  of  those  n  poles. 
Then  the  point  Ai  is  the  positive  pole  of  the  new  arc  Ai'a^',  and  the  ang^e  Ai  of  the 
polygon  at  that  point  is  measured  by  the  supplement  of  that  arc ;  with  similar  in- 
sults for  other  comers  of  the  polygon.  Thus  we  have  the  system  of  expressiona 
(comp.  811,  VI.): 

XIII. . .  01  »  =  aiW  j ...  Oh  »   =  o/aVi ; 
so  that  the  product  of  powers  in  I.  is  equal  to  the  following  product  ofn  squares  of 
unit-lines,  and  therefore  to  the  n*^  power  of  negative  unity. 
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XIV.  .  .  aW-i.aViaV«...aWi.rt'iaV=(-l>; 
gaS.  thna  the  extended  tfieoreiii  is  ptoTed  anew. 

(6.)  This  latter  prooesB  may  be  translated  into  another  theorem  ofroUttum^  on 
trhidi  it  is  poeaUe  Chat  we  maj  briefly  letom,*  in  the  Second  and  last  Chapter  of 
this  Tldrd  Book,  but  upon  which  we  ctnnot  hen  delay. 

(7.)  It  may  be  remarked  however  here  (oomp.  809,  XII.),  that  the  extended 
etpememtial  formida  I.  miy  be  thus  written : 

XV..  .ea«SA».ca».iSA».i...caisAs.caiSAi  =  (-l)». 
(8.)  For  example,  if  abcd  be  any  epherieal  quadrilateral,  of  which  the  angles 
(soUably  measmred)  an  denoted  by  a,  . .  d,  so  that  ▲  represents  the  positive  or  ne- 
gathre  rotoHon  from  ad  to  ab,  Itc,  while  a,  /3,  y,  3  ars  the  unit  vectors  of  its  oor- 
ncv8|  then 

XVI.  . .  c^sD.oyso.c^sB.easAa  +  1. 

(9.)  HflDoe  (cettip.  809,  XIII.),  we  may  write  also, 

XVIL  .  .  (co60-ysinc)(oosD-^^D)=(ooeB  +  i3sinB)  (cos  a -f- a  sin  a); 

and  therefore,  by  taking  scalers  on  both  sides,  and  changing  signs, 

XVIIL  . .  —  ooecoosD  +  sinOBuiDoosGDs  — oosBcosA  +  sinBsinAcosBA; 

in  fact,  each  member  of  this  last  formnla  is  equal  (by  809,  XIV.)  to  the  coeine  of 
the  angle  abb,  or  cso,  if  the  opposite  sides  ad,  bg  of  the  quadrilateral  intersect  in  s. 
(10.)  Let  p  =  OP  be  the  nnit  vector  of  muf  fifth  point,  p,  npon  the  spheric  sor- 
Cmo;  then  operatmg  by  S .  p  on  XVII.,  we  obtain  this  other  general  formula, 

/0  =  8inAcosBcosAP  +  sinBcosAcoflBP  +  sinABiaBsinABSLnPQ 


-sincoosBooscp  +  rinDcosccoSDP  +  sincsinDsinCDsinPB; 

in  which  the  tinee  of  the  sides  ab,  od  are  treated  as  always  positive  ;  but  the  sines 
of  the  perpendiculars  PQ  and  PR,  on  those  two  sides,  are  regarded  aa  positive  or  ne- 
pitflee,  according  as  the  rotations  round  p,  from  a  to  b  and  from  c  to  d,  are  negative 
wpoeitive :  and  henee,  by  assigning  particular  positions  to  p,  several  other  but  less 
general  equations  of  spherical  tettagonometry  can  be  derived. 

(11.)  For  example,  if  we  place  p  at  the  intersection,  say  p,  of  the  opposite  sides 
AB,  OD,  the  two  last  perpendiculars  will  vanish,  and  two  of  the  six  terms  will  disap' 
pear,  from  the  general  formula  XIX. ;  and  a  similar  reduction  tofimr  terms  will 
occur,  if  we  make  the  arbitrary  point  p  the  pole  of  a  side,  or  of  a  diagonal, 

314»  The  definition  of  the /)ot(^er  a\  which  was  assigned  in  308, 
enables  ns  to  form  some  useful  expressions,  by  quaternions,  for  cir- 
evUar^  elliptic,  and  spiral  loci,  in  a  giyen  plane,  or  in  space,  a  few  of 
which  may  be  mentioned  here. 

(1.)  Lei  a  beany  given  unit- vector  oa,  and  fi  any  other  given  line  ob,  perpendi- 
cular to  it ;  then,  by  the  definition  (308),  if  we  write, 


•  Compare  297,  (24.). 
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l,..ap^p=a%    Ta=l,     Sa/3  =  0, 
the  loeus  of  the  point  p  will  be  the  circumference  of  a  circle^  with  o  for  centre,  and 
OB  for  raditUy  and  in  a  plane  perpendicular  to  OA. 

(2.)  If  we  retain  the  condition  Ta  =  1,  bat  not  the  condition  Sap  =  0,  then  the 
product  a^/3  will  be  in  general  a  quatemiony  and  not  merely  a  vector  /  but  if  we  take 
its  vector-part  (292),  we  can  form  this  new  rector-expression, 
II. .  .  op  =  p=:y.  a'/3=)3co8fl;+7  8ina;, 
where  III.  . .  2a?  =  *ir,    and    IV. . .  y  =  oo^Yafi ; 

and  now  the  locug  of  P  is  a  plane  ellipte^  with  its  centre  at  o,  and  with  ob  and  oo 
for  its  major  and  minor  semiaxee :  while  the  angular  quantity,  »,  Is  what  is  often 
called  the  excentric  anomaly. 

(3.)  If  we  write,  under  the  same  conditions  (2.), 

V.  .  .  OB'=/3'  =  V/3a:  a^a-^y,     and     VI. .  .  0?*  =  p' =  Vpa : a « aVpo, 
80  that  b'  and  p'  are  the  projections  (208)  of  b  and  P  o»  a  plane  drawn  through  o,  at 
right  angles  to  the  unit-line  OA,  we  have  then,  by  II.,  the  equation, 

VII.  .  .  p  =  ^' cos  a? +7  sin  «  =  a«/8'; 
so  that  the  locut  of  this  projected  point  p'  is  a  circle,  with  ob'  and  oo  for  two  rectan- 
gular radii. 

(4.)  Under  the  same  conditions,  the  elliptic  locus  (2.),  of  the  pohit  p  itself  is  the 
section  of  the  right  cylinder  (compare  203,  (5.)  ), 

VHI.  ..TVap  =  TVo/3  =  Ty, 
made  by  theplane, 

IX...0=Sy/3p,    or    IX'. ../3*Sap  =  Sai3S/3p  (comp.298,  XXVL) ; 
as  a  confirmation  of  which  last  form  we  have,  by  II.  and  IV., 

X. . .  Sap  =  Sa/3  cos  x,  S/3p  =  )3*  cosx. 
(5.)  If  we  retain  the  condition  Sa/3  =  0  (1.},  but  not  now  the  condition  Ta  =  1,. 
we  may  again  write  the  equation  I.  for  p ;  but  the  loeus  ofp  will  now  be  a  loga' 
rithmic  spiral,  with  o  for  its  j>o/e,  in  the  plane  perpendicular  to  OA ;  because  equal 
angular  motions,  of  the  turning  line  op,  correspond  now  to  equal  muUiplietUions  of 
the  length  of  that  line  p. 

(6.)  For  example,  when  the  scalar  exponent  t  is  increased  by  4,  so  that  the  re- 

volving  unit  line, 

XI...Up  =  Ua«.U0 

returns  (oomp.  809,  XXIV.)  to  the  direction  which  it  had  before  the  increase  of  t 
was  made,  the  length  Tp  of  the  turning  line  p  itself  or  of  the  radius  vector  of  the 
locus,  is  multiplied  by  Ta^ ;  which  constant  and  positive  scalar  is  not  now  equal  to 
unity. 

(7.)  If  we  reject  both  the  conditions  (1.), 

Tasl,    and    Sa/3  =  0, 
so  that  the  line  a,  or  the  base  of  the  power  a*,  is  now  neither  an  unit-Une,  nor  per- 
pendicultar  to  )3,  namely  to  the  line  on  which  that  power  operates,  as  Sk  factor,  we 
must  again  take  oeetor  parts,  but  we  have  now  this  new  expression : 

XII. . .  op  =  p  =  V,  o«^  «  a<(/3coB  s  +  y  sin  ») 
in  which  we  have  written,  for  abridgment, 
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XIIL  ..a  =  Ta,     7  =  V(Ua./3). 

(8.)  In  thiB  more  complex  case,  the  loots  of  f  is  gtitt  ti  plane  eurve,  and  may  be 
said  to  be  now  an  elliptic*  logarithmic  spiral;  for  if  we  suppress  the  scalar  factor, 
a^i  we  fall  back  on  the/brm  IL,  and  have  again  an  ellipse  as  the  locus:  bat  when 
we  take  account  of  that  factor,  we  find  (comp.  (2.)  )  that  eqttal  increments  of  ex- 
centric  anomaly  (a;),  in  the  oMmliartf  ellipse  so  determined,  correspond  to  equal  mul- 
tip&cations  of  the  length  (Tp),  of  the  vector  of  the  new  spiral 

(9.)  We  may  also  project  b  and  p,  as  in  (3.))  into  points  b'  and  p',  on  the  plane 
through  o  perpendicular  to  OA,  which  plane  still  contains  the  extremity  o  of  the 
aoxiliary  vector  y ;  and  then,  since  it  is  easily  proved  that  y  =  Ua.  jS',  the  eqna^ 
tion  of  the  projected  spiral  becomes  (with  Ta  >  or  <  1), 

XIV.  .  .  p  =  tt'OS*  cos  a?  +  y  sin  aj)  =  a*/?* ; 
80  that  we  are  brought  back  to  the  case  (5.),  and  the  projected  carve  is  seen  to  be  a 
logarithmic  spiral,  of  the  known  and  ordinary  kind. 

(10.)  Several  spirals  of  double  curvature  are  easily  represented,  on  the  same  ge- 
neral plan,  by  merely  introdadng  a  vector^term  proportional  to  ty  combined  or  not 
with  a  constant  vector-term,  in  each  of  the  expressions  above  given,  for  the  variable 
vector  p.    For  example,  the  equation, 

XV.  ..p  =  c<a  +  a*/3,     with    Ta  =  l,    and    Saj3  =  0, 
while  e  is  any  constant  scalar  di£Rsrent  from  zero,  represents  a  helix,  on  the  right 
drcolar  cylinder  VIIL 

(11.)  And  if  we  introdnoe  a  new  and  variable  scalar,  tc,  as  a  factor  in  the  right- 
hand  term,  and  so  write, 

XVL  ..  p  =  cta  +  ua% 

we  shall  have  an  expression  for  a  variable  vector  p,  considered  as  depending  on  two 
variable  sealars  (t  and  k),  which  thus  becomes  (99)  the  expression  for  ^'vector  of  a 
surface  :  namely  of  that  important  Screw  Surface,  which  is  the  locus  of  the  perpen- 
diculars, let  fjtill  from  the  varioas  points  of  a  given  helix,  on  the  axis  of  the  cylinder 
of  revolution,  on  which  that  helix,  or  spiral  curve,  is  traced. 

315.  Without  at  present  pursuing  farther  the  study  of  these  loci 
by  quaternions,  it  may  be  remarked  that  the  definition  (308)  of  the 
power  a*,  especially  for  the  case  when  Ta=  1,  combined  with  the 
laws  (182)  of  t,  j,  k,  and  with  the  identification  (295)  of  those  three 
important  right  versors  with  their  own  indices,  enables  us  to  esta- 
blish the  following  among  other  trarufomuUions,  which  will  be  found 
useful  on  several  occasions. 

(1.)  Let  a  be  any  unit-vector,  and  let  t  be  any  scalar;  then, 

L..S.a-«=8.o';        II. .  .  S.  a-M  =  s  .a**i  =  -S.  a«-»; 


*  The  usuid  logarithmic  spiral  might  perhaps  be  called,  by  contrast  to  this  one, 
a  eireular  logarithmic  spiral.  Compare  the  following  sub-article  (9.),  respecting  the 
pfofection  of  what  is  here  called  an  elliptic  logarithmic  spuraL 
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III.  ..o«=S.a«  +  aS.o«-»;        IV. ..  a-*  =  S.  a«-aS.a*-i; 

V.  . .  (S.  oO»  +  (S.  o»-0«  =  a«a-«=l. 

(2.)  het  a  and  c  be  any  two  unU'VectorM^  and  let  t  be  still  a>^  •ealar  ;  then 

VL..S.a'  =  S.i*;        VII.  . .  V.a«  =  aS.a*-» ; 

Vm.  . .  aV.  a*  =  o«S .  a*-»  =  S .  a*^>. 

.(8.)  Hence,  by  the  laws  of »,  j,  i(, 

IX. . .  •v.t«=yv.i«  =  *v.*«=s.a»*^». 

(4.)  We  have  also,  by  the  same  principles  and  laws, 

X, .  .  fV.y* = V. *« ;    >V. *«  =  V.  t«  i     AV. »« =  V. j' ; 
XI.  ..jV.t«=-V.*«;     ifcV./  =  -V.i';    tV.*'  =  -V.j'. 
(5.)  The  expression  808,  (10.),  for  an  grUtrary  vector  p,  may  be  put  under  the 
following  form : 

Xll. . .  p- rV.*>^»  +***V.|i». 

(6.)  And  it  may  be  expanded  as  follows  : 

XIII. . .  p  =  r{(«co8<«r+jttn*ir)8in#^+*oos#w}. 

(7.)  We  shall  letum,  briefly,  in  the  Second  Chapter  of  this  3ook,  on  oome.of 
these  last  expressions,  in  connexion  with  dijffereiUialM  and  <fenoattoe*  of  pomcr*  of 
vector* ;  but,  for  the  purposes  of  the  present  Section,  they  may  suffice. 

Sbction  11. —  On  Powers  and  Logarithms  ofDipleMor  Qua" 
temUms;  with  some  Additional  Formul(B, 

316.  We  shall  condnde  the  present  Chapter  with  a  short  Sup- 
plementary Section,  in  which  the  recent  definition  (308)  of  ti  power 
of  a  vector,  with  a  scalar  exponent,  shall  be  extended  so  as  to  include 
the  general  case,  of  a  Power  of  a  Quaternion,  with  a  Quaternion  Ex- 
ponent,  even  when  the  two  quaternions  so  combined  are  diplanar: 
and  a  connected  definition  shall  be  given  (consistent  with  the  less 
general  one  of  the  same  kind,  which  was  assigned  in  the  Second 
Chapter  of  the  Second  Book),  for  the  Logarithm  of  a  Quaternion  in 
an  arbitrary  Plane  ;*  together  with  a  few  additional  Formulae,  which 
oould  not  be  so  conveniently  introduced  before. 

(1.)  We  propose,  then,  to  write,  generally, 

q  being  any  quaternion,  and  e  being  the  real  and  known  base  of  the  natnral  (or  Na- 
pierian) 8}'atem  of  logarithms,  of  real  and  positive  scalars :  so  that  (as  usual), 


*  The  quaternions  considered,  in  the  Chapter  referred  to,  were  all  supposed  to  be 
in  the  plane  of  the  right  versor  t.     But  see  the  Second  Note  to  ptige  265. 
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II..  .«=:«i=l+l+  -~  +  fcc  =  2-71828... 

(Compare  240,  (1.)  and  (2.).) 

(2.)  We  shall  also  write,  for  any  qaaternion  q,  the  following  ezpreasion  for  what 
we  ihall  call  its  prineipal  logarithm^  or  simply  its  Logarithm  : 

III,  .  Aq^\Tq+  LqM^q\ 
and  thus  shall  have  (comp.  243)  the  equation, 

IV..  .«»«=g. 
(3.)  When  q  is  any  aehud  quaternion  (144),  which  does  not  degenerate  (131) 
into  a  negative  gealar^  the  formnla  III.  asrigna  a  definite  value  for  the  logarithm^ 
Iq ;  which  is  such  (comp.  again  248)  that 

V.  .  .  Slq^YTq  ;  VI.  .  .  VI9  =  Iq.VYq  ; 

VII.  .  .  UVI7  =  VYq ;  VIII.  .  .  TVI9  =  Lqi 

the  scalar  part  of  the  logarithm  being  thus  the  (natural)  logarithm  of  the  tensor  ; 
and  the  vector  part  of  the  same  logarithm  Iq  being  constructed  by  a  line  in  the  direc- 
tion of  the  ateis  Ax.  q,  of  which  the  length  bears,  to  the  assumed  unit  of  lengthy  the 
same  mtio  as  that  which  the  angle  L  q  bears,  to  the  usual  unit  of  angle  (comp.  241, 

(2).  (•«•))• 

(4.)  If  it  were  merely  required  to  satisfy  the  equation, 

IX...«9'  =  g, 
in  which  q  is  supposed  to  be  a  given  and  actual  quaternion,  which  is  not  equal  to 
any  negative  scalar  (3.),  we  might  do  this  by  writing  (compare  again  243), 

X.  .  .  9'  =:  Oog  9)n  =  Ig  +  2n7rUV9, 
where  «  is  any  whole  number^  positive  or  negative  or  null ;  and  in  this  view,  what 
we  have  called  the  logarithm,  ]q,  of  the  quaternion  9,  is  only  what  may  be  considered 
as  the  simplest  solution  of  the  exponential  equation  IX.,  and  may,  as  such,  be  thus 

denoted : 

XI.  ..19  =  (log 9)0. 

(5.)  The  excepted  case  (3.),  where  9  is  a  nsgatite  scalar^  becomes  on  this  plan 
a  case  of  indetermination,  but  not  of  impossibility  ;  since  we  have,  for  example,  by 
the  definition  III.,  the  following  expre«>sion  for  the  logarithm  of  negative  unity, 

XII...l(-l)  =  fl'V-l; 
which  in  itiform  agrees  With  old  and  well-known  results,  but  is  here  interpreted  m 
signifying  any  unit'Veetor,  of  which  the  length  bears  to  the  unit  of  length  the  ratio 
of  w  to  1  (comp.  243,  VII.). 

(6.)  We  propose  also  to  write,  generally,  for  any  two  quatemions,  q  and  9*,  even 
ifdiplanar,  the  following  expression  (comp.  248,  (4.)  )  for  what  may  be  called  the 
prineipal  value  of  ih6  power,  or  simply  the  Power,  in  which  the  former  quaternion  q 
b  the  base,  while  the  latter  quaternion  q'  is  the  exponent : 

XIII..  .9«'=£9'H; 

and  thus  this  quaternion  power  receives,  in  general,  with  the  help  of  tlie  definitions  I. 
and  III.,  a  perfectly  definite  signification, 

(7.)  When  the  base,  q,  becomes  a  rector,  p,  Ma  angle  becomes  a  right  angle ;  the 
definition  III.  gives  therefore,  for  this  case, 

3d 
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XIV.  ..lp=lTp  +  ^Up; 

and  tbl8  is  the  qaaternion  which  is  to  be  mulUpled  by  q\  in  the  ex-pressioD, 
XV.  .  .  p«'  =  efl'ip. 
(8.)  When,  for  the  same  vector-base,  the  exponent  q'  becomes  a  scalar,  t,  the 
last  formula  becomes : 

XVI.  .  .  p»  =  ««P  =  Tp« .  €«Up,     if    2a:  =  f IT ; 
and  because,  by  I.,  the  relation  (Up)'  =  -  1  gives, 

XVIL  .  .  «'Up  =  cos  «  +  Up  sin  »,     or  briefly,     XVII'.  .  .  f«Up  =  cpsx, 
we  see  that  the  former  definition,  808, 1.,  of  the  power  a^  is  in  this  way  reproduced, 
as  one  which  is  included  in  the  more  general  definition  XIII.,  of  the  power  9/ ;  for 
we  may  write,  by  the  last  mentioned  definition, 

XVIII. .  .  (Up)«  =  f«UPacps  y  (comp.  234,  VIII.), 

with  the  recent  values  XVI.  and  XVII.,  of  x  and  t«^p. 

(9.)  In  the  present  theory  of  diplanar  quaternions,  we  cannot  expect  to  find 
that  the  sum  of  the  logarithms  of  any  two  proposed  yactorj,  shall  be  generally  equal 
to  the  logarithm  of  the  product ;  hut  for  the  simpler  and  earlier  case  of  complanar 
quaternions,  that  algebraic  property  may  be  considered  to  exist,  with  due  modifica- 
tions for  multiplicity  of  value* 

(10.)  The  definition  III.  enables  us,  however,  to  establish  generally  the  very 
simple  formula  (comp.  243,  IT.  III.)  : 

XIX..  .lq^\(rq.Vq)  =  lTq  +  Wq] 
in  which  (comp.  f3.)  ), 
XX.  ..1U9=^9.UV9  =  V19;      XXL.  .  T\TJq  =  Lq;      XXII...  UlU9=UVg. 

(11.)  We  have  also  generally,  by  XIII.,  for  any  scalar  exponent,  /,  and  any 
quaternion  hase,  9,  the/>otofr, 

XXIII.  .  .  9<  =  ««iff  =  (T9)*.  (cos  t  Lq^  XSYq  .  sin /  ^ 9)  ; 
or  brieflv, 

XXIir.  ..9'=T9«.cws/^9,     if    i;  =  UV9; 

in  which  the  parentheses  about  T9  may  be  omitted,  because 

XXIV.  .  .  T(90  =  (T9)«=T9*  (comp.  237,  II.). 

(12  )  When  the  base  and  exponent  of  a  power  are  tioo  rectangular  vectors,  p  and 
p',  then,  whatever  their  lengths  may  be,  the  product  pip  is,  hy  XIV.,  a  vector;  but 
fo  is  always  a  versor, 

XXV.  .  .  ««  =  cos  Ta  +  Ua  sin  Ta,  if  a  be  any  vector; 
we  have  therefore. 


♦  In  243,  (3.),  it  might  have  been  observed,  that  every  value  of  each  member  of 
the  formula  IX.,  there  given,  is  one  of  the  values  of  the  other  member;  and  a  similar 
remark  applies  to  the  formuliB  I.  and  II.  of  236. 
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XXVI.  .  .  T.p*»'=l,    if    S.pp'=0; 

or  in  words,  tlie  power  p?'  \b  a  ver$or^  under  this  condition  of  reetangularity. 

(13.)    For  example  (comp.  242»  (7.),*  and  the  shortly   following  furmula 

xxvni.), 

and  generally,  if  the  haae  be  an  unU»line,  and  the  exponent  a  line  of  any  lengthy  but 
perpendieular  to  the  base,  the  axit  of  the  power  is  a  Une  perpendicular  to  both  ;  un- 
less the  direeHon  of  that  axU  becomes  indeterminate,  by  ih»  power  reducing  itself  to  a 
eeaUar,  which  in  certain  cases  may  happen. 

(14.)  Thus,  whatever  scalar  e  may  be,  we  may  write, 

cir  c 

XXVIII. . .  i<^  =  «oW  =«-*<*»  =  cos  -—  -  *  'in  -^ ; 

this  power,  then,  is  a  vereor  (12.),  and  its  axis  is  generally  the  line  +  A ;  but  in  the 
case  when  e  is  any  whole  and  even  ntanber,  this  veisor  degenerates  into  positire  or  ne- 
gatire  wdty  (153),  and  the  axis  becomes  indeterminate  (131). 

(15.)  If,  for  any  real  qnaternion  q,  we  write  again, 
XXIX. . .  UYq^v,  and  therefore  XXX. .  .  vq-qv^  and  XXXI. . .  u>  =  -  1, 
the  process  of  239  will  hold  good,  when  we  change  t  to  v ;  the  series,  denoted  in  I. 
by  cc,  is  therefore  always  at  hut  convergent,  f  however  great  (but  finite)  the  tensor 
Tq  may  be ;  and  in  like  manner  the  two  following  other  series,  derived  fh>m  it,  which 
represent  (oomp.  242,  (3.)  )  what  we  shall  call,  generally,  by  analogy  to  known  ex- 
pressions, the  cosine  and  sine  of  the  quaternion  q,  are  always  ultimately  convergent : 

XXXII. ..  oos9=K*'^+ «-*^)  =  i-i^  + i7^--&c.; 

XXXIIL  . .  sin  ^  =  i  («"«  -  r •^)  = 

(16.)  We  shall  also  dejine  that  the  secant,  cosecant,  tangent,  and  cotangent  of 
a  quaternion,  supposed  still  to  be  real,  are  the  functions : 

2                                  2v 
XXXIV.  .  .  sec  g  = ;     cosec  q  = ; 

XXXV.  ..tang  =^--^^ ^;     cotq=^ — ^^^—  ; 

•&d  thus  shall  have  the  usual  relations,  sec  g  ==  1 :  cos  g,  &c. 
(17.)  We  shall  also  have, 

XXXVI. ..  1*^  =  008 g  +  v sing,     r*^ s=  cos g-i/ sing; 

*  In  the  theory  of  complanar  quaternions^  it  was  found  convenient  to  admit  a 
certain  multiplicity  of  value  for  sl  power,  when  the  exponent  was  not  a  whole  num- 
ber;  and  therefore  a  notation  for  the  principal  value  of  a  power  was  employed,  with 
which  the  conventions  of  the  present  Section  enable  us  now  to  dispense. 

t  In  fact,  it  can  be  proved  that  this  final  convergence  exists,  even  when  the  qua- 
ternion is  imaginary,  or  when  it  is  replaced  by  a  biquaternion  (214,  (8.)  )  ;  but  we 
have  no  occasion  here  to  consider  any  but  real  quaternions. 
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and  therefore,  as  in  trigonometry  (comp.  815,  (1.))? 

XXXVII.  .  .  (cos  9)2  +  Csin  q)*  =  t"^ .  t"^  =«•=!, 
whatever  quaternion  q  may  be. 

(18.)  And  all  the  formula  of  trigonometry,  for  coeines  and  «tn««  of  <ifm«  of  two  or 
more  arcs,  &c.,  will  thus  hold  good  for  quaternions  aleOy  provided  that  the  quater- 
nions to  be  combined  are  t»  any  common  plane  ;  for  example, 

XXXVIII.  .  .  cofl  (g'  +  9)  =  cos  9'cos  9  -  sin  9' sin  9,     If    9*  ||  |  9. 
(19.)  T)m  condition  of  complanarity  is  here  a  neceeeary  one;  because  (comp. 
(9. )  )  It  b  necessary  for  the  establishment  of  the  exponential  relation  between  aume  and 
poufers. 

(20.)  Thus,  we  may  indeed  write, 

XXXIX...  €«'^  =  €«'.£«,    if   9  III  9; 
but,  in  general,  the  developments  of  these  two  expressions  give  the  difference, 

qq'  —  q'q 

XL.  ..««♦«-£«'€«=  +  terms  of  third  and  higher  dimensions ; 

2 

and  XLI. . .  Kw'-9'g)=V(V9.V9'), 

an  expression  which  does  not  vanish,  when  the  quaternions  9  and  9'  are  diplanar. 

(21.)  A  few  supplementaiy  formulsB,  connected  with  the  present  Chapter,  may  be 

appended  here,  as  was  mentioned  at  the  commencement  of  this  Article  (816).    And 

first  it  may  be  remarked,  as  connected  with  the  theory  ofpowere  of  vectors,  that  if 

a,  /3,  y  be  any  three  unit-lines,  OA,  ob,  oc,  and  if  <r  denote  the  area  of  the  spherical 

triangle  abo,  then  the  formula  298,  XX.  may  be  thus  written : 

P+y   a  +  /3   y+a 
the  exponent  being  here  a  scalar. 

(22.)  The  immediately  preceding  formula,  298,  XIX,  gives  for  any  three  vec- 
tors, the  relation : 

XLIII.  . .  (Vafiyy  +  (U/Sy)'  +  (Uay)'  +  (UajS)*  +  4Uay .  SUa/S.  SU/Sy  =  -  2 ; 
for  example,  if  a,  /3,  y  be  made  equal  to  i,J,  k,  the  first  member  of  this  equation  be- 
comes, l-l~l-l+0  =  -2. 

(28.)  The  following  b  a  much  more  complex  identity,  involving  as  it  does  not 
only  three  arbitrary  vectors  a,  /3,  y,  but  also /bur  arbitrary  scalar s,  a,  b,  c,  and  r ; 
but  it  has  some  geometrical  applications,  and  a  student  would  find  it  a  good  exerciae 
in  transformations,  to  mvestigate  a  proof  of  it  for  hunself.  To  abridge  notation,  the 
three  vectors  a,  /3,  y,  and  the  three  scalars  a,  b,  c,  are  considered  as  each  composing 
a  cycle,  with  respect  to  which  are  formed  sums  S,  and  products  IT,  on  a  plan  which 
may  be  thus  exemplified : 

XLIV.  .  .  XaVpy  =  oViSy  +  6Vya  +  cVo/3 ;     Ha"  =  o»6«c«. 
This  being  understood,  the  formula  to  be  proved  is  the  following : 

XLV.  . .  (Sa/3y)«  +  (2aVi3y)«  +  r«(SVi3y)«  -  r\:£a  (p  -  y)  )« 
+  2n(r»  +  S^y  +  60  =  2n(r«  +  a*)  +  2ria' 
+  S  (r2  +  a»  +  ««)  {(V/3y)«  +  26<r»  +  Spy)  -  r«  03  -  y)«} ; 
the  sign  of  summation  in  the  last  line  governing  all  that  follows  it. 
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(24.)  For  example,  by  making  ihtfomr  $calan  a,hf  e,r  each  =0,  this  formula 
gives,  for  trny  three  veetora  a,  /3,  y,  the  relation, 

XLVI.  .  .  (Sa/3y)«  +  2nS/3y  =  2na>  +  2 .  a«(V0y)> ; 
which  agrees  with  the  very  usefal  equation  294,  LIII.,  becanee 

XLVIL  . .  a«(VjSy)«  =  a^Spyy  -  ^y*  }  =  ^^M*  -  na>. 
(25.)  Let  a,  /3,  y  be  the  veetare  of  three  poinU  A,  b,  c,  which  are  exterior  to  a 
gheh  ephere^  of  which  the  radius  is  r,  and  the  equatiam  is, 

XLVIIL  .  .  pa+  >*  =  0  (comp.  282,  XIIL) ; 

and  let  a,  6,  e  denote  the  lengths  of  the  tangents  to  that  sphere,  which  are  drawn 
from  thoee  three  points  respectively.    We  shall  then  have  the  relations: 

XLIX.  ..a>  +  a3  =  /3«+6>  =  7>+c»=-r«; 

thus  r*+a*=s-a'^t  &c.,  and  the  second  member  of  the  formula  XLV.  vanishes ;  the 
first  member  of  that  formula  is  therefore  also  equal  to  zero,  for  these  significations  of 
the  letters :  and  thus  a  theorem  is  obtained,  which  is  found  to  be  extremely  useful, 
in  the  investigation  by  quaternions  of  the  system  of  the  eight  (real  or  imaginary) 
tmatt  ctre/et,  which  touch  a  given  set  of  three  small  circles  on  a  sphere. 

(26.)  We  cannot  enter  upon  thtU  investigation  here ;  but  may  remark  that  be- 
cause the  vector  p  of  the  foot  f,  of  the  perpendicular  op  let  fkll  the  origin  o  on  the 
right  line  ab,  is  given  by  the  expression, 

as  may  be  proved  in  various  ways,  the  condition  of  contact  of  that  right  line  ab  with 
the  sphere  XLVIIL  is  expressed  by  the  equation, 

LI.  ..TV^  =  rT(a-/3);     or    LIL  . .  (V/3a)«  =  r»(a-i3)«; 
or  by  another  easy  transformation,  vdth  the  help  of  XLIX., 

LIIL  .  .  (r«  +  Sa/3)»  =  (r«+  a«)  (r»  +  j32)  =  a»62. 

(27.)  This  last  equation  evidently  admits  of  decomposition  into  two  factors,  re- 
presenting two  alternative  conditions,  namely, 

LIV.  ..r»+Sa)3-a6  =  0;  LV.  .  .  r«  +  Sa/3  +  o6  =  0; 
and  if  we  still  consider  the  tangents  a  and  h  (25.)  as  positive,  it  is  easy  to  prove,  in 
several  different  ways,  that  the  Jirst  or  the  second  factor  is  to  be  selected,  according 
as  tbe  point  f,  at  which  the  line  ab  touches  the  sphere,  does  or  dou  not  fall  between 
the  points  A  and  b  ;  or  in  other  words,  according  as  the  length  of  that  line  is  equal 
to  the  sum,  or  to  the  difference,  of  those  two  tangents. 
(28.)  In  iiBct  we  have,  for  the  first  case, 

LVL..T(/3 -a)=6  +  a,    or    0  =  (/3-a)«  +  (6  +  a)»a-2(r»  +  Sa/3-fl5), 
in  virtue  of  the  reUtions  XLIX. ;  but,  for  the  second  case, 

LVII.  ..T03-a)=±(5-a),  or  0  =  (/3-a)«  +  (6-a)a=-2(r»+Sa/3  +  a6) ; 
and  it  may  be  remarked,  that  we  might  in  this  way  have  been  led  to  find  the  system 
of  ihe  two  conditions  (27.),  and  thence  the  equation  LIIL,  or  its  transformations, 
LII.  and  LI. 
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(29.)  We  may  conceive  a  cone  of  tangents  from  Ay  eircumscrihinff  il*e  tpkere 
XLVIII.,  and  touching  it  along  a  small  circle^  of  which  thep/ane,  or  the  polar  plane 
of  the  point  A,  ia  easily  foand  to  have  for  ita  equation, 

LVIIL  . .  Sap  +  r«  =  0  (comp.  294,  (28.),  and  216,  (10.)  ); 
and  m  like  manner  the  equation, 

LIX.  ..  S/3p  +  r«  =  0, 
represents  the  polar  plane  of  the  point  b,  which  plane  cuts  the  sphere  in  a  second 
amall  circle :  and  these  two  circles  touch  each  other,  when  either  of  the  two  con- 
ditions (27.)  Is  satisfied;  auch  coMact  being  external  for  the  case LIV.,  butuifema/ 
for  the  case  LV. 

(80.)  The  condition  of  contact  (26.),  of  the  line  and  sphere,  might  have  been 
otherwise  found,  as  the  condition  of  equality  of  roots  in  the  quadratic  equatiou 
(comp.  216,  (2.)), 

LX.  .  .  0  =  (*a+y/3)«  +  (a;  +  y)«r», 
or  LXI.  .  .  0  =  x«(r«  +  a«)  +2xy(r»  +Stt/3)  +  y«(»''  +  i3*); 

the  contact  being  thus  considered  here  bs  a  case  of  eoinddenee  of  intersections, 

(31.)  The  equation  of  conjugation  (comp.  215,  (13.)),  which  expresses  that 
each  of  the  two  points  a  and  b  is  in  the  polar  plane  of  the  other,  is  (with  the  present 
notations), 

LXII.  .  .ra  +  S«/3=0; 

the  equal  but  opposite  roots  of  LXI.,  which  then  exbt  if  the  line  cuts  the  sphere, 
answering  here  to  the  well-known  harmonic  division  of  the  secant  line  ab  (comp. 
215,  (16.)  ),  which  thus  connects  two  conjugate  points. 

(32.)  In  like  maimer,  from  the  quadratic  equation*  216,  III.,  we  g^t  this  analo- 
gous equation, 

a  a  \  p  PI  ' 
connecting  the  vectors  X,  /i  of  any  two  points  l,  k,  which  are  coi^ugate  rehtively  to 
the  ellipsoid  216,  II. ;  and  if  we  place  the  point  l  on  the  surface,  the  equation  LXIII. 
will  represent  the  tangent  plane  at  that  point  Jj,  considered  as  the  locus  of  the  cotyu' 
gate  point  M ;  whence  it  is  easy  to  deduce  the  normal,  at  any  point  of  the  ellipsoid. 
But  all  researches  respecting  normals  to  surfaces  can  be  better  conducted,  in  con- 
nexion with  the  Differential  Calculus  of  Quaternions,  to  which  we  shall  next  pro- 
ceed. 

(83.)  It  may  however  be  added  here,  as  regards  Powers  of  Quaternions  with 
scalar  exponents  (11.))  ^^^^  ^'^  symbol  q*rq-*  represents  a  quaternion  formed  from  r, 
by  a  conical  rotation  of  its  axis  round  that  of  q,  through  an  angle  =  2tLq\  and  that 
both  members  of  the  equation, 

LXIV.  ..(yrg-i)««9i^-S 
are  symbols  of  one  common  quaternion. 


*  Corrected  as  in  the  first  Note  to  page  298. 
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CHAPTER  II. 

ON  DIFFBRBNTIALS  AND  DEVELOPMENTS  OF  FUNCTIONS  OF 
quaternions;  and  ON  SOME  APPLICATIONS  OF  QUATER- 
NIONS, TO  GEOMETRICAL  AND  PHYSICAL  QUESTIONS. 


Section  1. —  On  the  Definition  of  Simultaneous  Differentials, 

317.  In  the  foregoing  Chapter  of  the  present  Book,  and  in 
several  parts  of  the  Book  preceding  it,  we  have  taken  occasion 
to  exhibit,  as  we  went  along,  a  considerable  variety  of  Exam^ 
plesy  of  the  Geometrical  Application  of  Quaternions  :  but  these 
have  been  given,  chiefly  as  assisting  to  impress  on  the  reader 
the  meanings  of  new  notations^  or  of  new  combinations  of  sym- 
bols^  when  such  presented  themselves  in  turn  to  our  notice. 
In  this  concluding  Chapter,  we  desire  to  offer  a  few  additional 
examples f  of  the  same  geometrical  kind,  but  dealing,  more 
freely  than  before,  with  tangents  and  normals  to  curves  and 
starjuces  ;  and  to  give  at  least  some  specimens^  of  the  applica- 
tion of  quaternions  to  Physical  Inquiries.  But  it  seems  ne- 
cessary that  we  should  first  establish  here  some  Principles^  and 
some  Notations^  respecting  Differentials  of  Quaternions^  and 
of  their  Functions^  generally. 

318.  The  ustuil  definitions^  of  differential  coefficients^  and 
of  derived  functions^  are  found  to  be  inapplicable  generally  to 
the  present  Calculus,  on  account  of  the  (generally)  non-com- 
iRttto^tve  character  of  quatemion-multiplication  (168,  191).  It 
becomes,  therefore,  necessary  to  have  recourse  to  a  new  Defi- 
nition of  Differentials,  which  yet  ought  to  be  so  framed,  as  to 
be  consistent  with,  and  to  include^  the  usual  Rules  of  Diffe- 
rentiation: because  scalars  (131),  as  well  as  vectors  (292), 
have  been  seen  to  be  included^  under  the  general  Conception 
of  Quaternions. 

319.  In  seeking  for  such  a  new  definition,  it  is  natural  to 
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go  back  to  the  first  principles  of  the  whole  subject  of  Diffe- 
rentials :  and  to  consider  how  the  great  Inventor  of  Fluxions 
might  be  supposed  to  have  dealt  with  the  question,  if  he  had 
been  dqprived  of  that  powerful  resource  of  common  calculation^ 
which  is  supplied  by  the  commutative  property  of  algebraic 
multiplication  ;  or  by  the  familiar  equation, 

considered  as  a  general  one,  or  as  subsisting  for  every  pair  of' 
factors^  X  and  y ;  while  limits  should  still  be  allowed^  but  {'n- 
Jinitesimals  be  still  excluded:   and  indeed  ihe fluxions  them- 
selves  should  be  regarded  as  generally  flnite^^  according  to 
what  seems  to  have  been  the  ultimate  view  of  Newton. 

320.  The  answer  to  this  question,  which  a  study  of  the 
Principia  appeal's  to  suggest,  is  contained  in  the  following 
Definition^  which  we  believe  to  be  a  perfectly  general  one,  as 
regards  the  older  Calculus,  and  which  we  propose  to  adopt 
for  Quaternions : — 

"  Simultaneous  Differentials  (or  Corresponding  Fluxions) 
are  Limits  of  Equimultiples^  of  Simultaneous  and  Decreasing 
Differences^ 

*  Compare  the  remarks  annexed  to  the  Second  Lemma  of  the  Second  Book  of  the 
Principia  (Third  Edition,  London,  1726) ;  and  especially  the  following  passage  (page 
244): 

*'  Neque  enim  spectatur  in  hoc  Lemmate  magnitudo  momentorum,  sed  prima 
nascentium  proportio.  Eodem  recidit  si  loco  momentomm  nsurpentnr  vel  yelodtates 
incrementorum  ac  decrementorum  (quas  etiam  motns,  mutationes  et  floxlones  quan- 
titatum  nominare  licet)  vel  finitje  quftvis  qnantitates  velocitatibas  hisoe  proportUHi- 
ale8/» 

t  As  regards  the  notion  of  multiplying  snch  differeneet^  or  generally  any  qiumU- 
.ties  which  all  diminish  together^  in  order  to  render  their  ultimate  relatione  more  evi« 
dent,  it  may  be  suggested  by  various  parts  of  the  Principia  of  Sir  Isaac  Newton;  but 
especially  by  the  First  Section  of  the  First  Book.  See  for  example  the  Seventh  Lemma 
(p.  81),  under  which  such  expressions  as  the  following  occur :  **  intelligantur  semper 
ylB  et  AD  Ad  puncta  longinqua  b  et  d  product," . . . .  "  ideoque  rectss  semper  finitss 
Abf  Adj  .  .  ."  The  direction,  "  ad  puncta  longinqua  produci,"  is  repeated  in  con- 
nexion with  the  Eighth  and  Ninth  Lemmas  of  the  same  Book  and  Section ;  while 
under  the  former  of  those  two  Lemmas  we  meet  the  expression,  **  triangnla  semper 
finite,"  applied  to  the  magnified  repretentcUiont  of  three  triangles^  which  all  dtmtnMJI 
indefinitely  together :  and  under  the  latter  Lemma  the  words  occur,  *'  manente  longi- 
tudine  Ae^**  where  Ae  is  a  finite  snd  eonetant  line^  obtained  by  a  conetantly  increoM^ 
ing  multiplication  of  a  constantly  diminishing  line  AE  (page  83  of  the  edition 
cited). 
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And  conversely,  whenever  any  simultaneous  differences,  of 
any  system  of  variables,  all  tend  to  vanish  together,  according 
to  any  law,  or  system  of  laws ;  then,  if  any  equimultiples  of 
those  decreasing  differences  all  tend  together  to  any  system  of 
finite  limits,  those  Limits  are  said  to  be  Simultaneous  Diffe- 
remtials  of  the  related  Variables  of  the  System;  and  are  de^^ 
noted,  as  such,  by  prefixing  the  letter  d,  as  a  characteristic  of 
differentiation,  to  the  Symbol  of  each  such  variable. 

321.  More  fully  and  symbolically,  let 

I. .  .  5^,  r,  *, . . . 

denote  any  system  of  connected  variables  (quaternions  or  others);  and 
let 

XL  .  .  A^,  Ar,  A9, .  • . 

denote,  as  usual,  a  system  of  their  connected  (or  simultaneous)  diffe- 
rences; in  such  a  manner  that  the  sums^ 

IIL..^  +  A^,     r+Ar,     «  +  A«, ... 

shall  be  a  new  system  of  variables,  satisfying  the  same  laws  of  con- 
nexion, whatever  they  may  be,  as  those  which  are  satisfied  by  the  old 
system  I.  Then,  in  returning  gradually  from  the  new  system  to  the 
old  one,  or  in  proceeding  gradually  from  the  old  to  the  new,  the 
simultaneous  differences  11.  can  all  be  made  (in  general)  to  approach 
together  to  zero,  since  it  is  evident  that  they  may  all  vanish  together. 
But  if  while  the  differences  themselves  are  thus  supposed  to  decrease* 
indefimtdy  together^  we  multiply  them  all  by  some  one  common  but 
increasing  number^  n,  the  system  of  their  equimultiples^ 

I Y.  .  .  nAq,     nAr^     nAs, . . . 

may  tend  to  become  equal  to  some  determined  system  of  finite  limits. 
And  when  this  happens^  as  in  all  ordinary  cases  it  may  be  made  to  do, 
by  a  suitable  adjustment  of  the  increase  of  n  to  the  decrease  ofAq, 
^,  the  limits  thus  obtained  are  said  to  be  simultaneous  differenticds 
of  the  related  variables,  q^r^s\  and  are  denoted,  as  such,  by  the  sym- 
bols, 

V. . .  dg,     dr,     d*, . . . 

*  A  quaternion  may  be  Bald  to  deeretue,  when  its  tensor  decreases ;  and  to  de- 
crease indefinitely^  when  that  tensor  tend*  to  zero, 

3b 
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Sectiob  2. — Elemeniary  Ilbtstratians  of  the  Definition^  from 
Algebra  and  Geometry. 

322.  To  leave  no  posaible  doubt,  or  obscurity,  on  the  fm- 
port  of  the  foregoing  Definition^  we  ahall  here  appl7  it  to  de- 
termine the  differential  of  a  square^  in  algebra^  and  that  of  a 
rectangle^  in  geometry;  in  doing  whieh  we  shall  show,  that 
while  for  such  cases  the  old  rules  are  reproduced^  the  differen- 
tials  treated  a£need  not  be  small;  and  that  it  would  be  a  vHia- 
tioUy  and  not  a  correction^  ofthe  results,  if  any  additional  ^enii^ 
were  introduced  into  their  expressions,  for  the  purpose  of  ren- 
dering all  the  differentials  equal  to  the  corresponding  diffe- 
rences: though  some  of  them  may  be  assumed  to  be  bo, 
namely,  in  the  first  Example,  one^  and  in  the  second  Exam- 
ple, two. 

(1.)  In  Algebra,  then,  lat  a*  oonoider' the  equAtion, 

which  gives, 

It .  .  y  +  Ay  «  (»+ A^)«, 

«ad  thereforet  »  usual,* 

HI.  .  .  Ay=2xA«+Ajr<i 

or  what  oomes  if>  the  same  thing, 

IV. .  .  nAy  =  2aji»Aaj  +  n-»(nAaj)«, 

where  n  is  an  arhUrary  multiplier,  which  may  be  supposed,  for  simplicity;,  (p  be  a 
positive  whole  number. 

(2.)  Ck)noeive  now  that  while  the  diffiirenee§  Ax  and  Ay,  remidnii^  alwaya  oon^ 
nected  with  each  other  and  with  «  by  the  equation  IIL,  deereate,  and  tend  toffHher 
to  zerOf  the  number  n  ineremes,  in  the  transformed  equation  IV.,  and  tendt  to  infi- 
»%,  in  such  a  manner  that  ihe  product,  or  muft^le,  nAx,  tends  to  8ome,^'te  Umit 
a ;  which  may  ha^ien}  for  example,  by  our  obliging  Ax  to  satisiy  alw^fs  the  con- 
dition, 

V. .  .  As  s=  n-ia,     or    nAs  =  a, 

after  a  previous  ielection  of  some  given  aid  finite  wdue  for  a. 


•  We  write  here,  as  is  common,  La^  to  denote  (Ax)>;  while  A.a^  would  be 
written,  on  the  same  known  plan,  for  A  (a;'),  or  Ay.  In  like  manner  we  shsU  write 
da;',  as  usual,  for  (da;)' ;  and  shall  denote  d(a;*)  by  d.x*.  Compare  the  notations 
S9',  S.9',  and  V^,  V.f*,  in  199  and  204. 
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(S.)  W«  dMU  then  have,  wilh  tfaie  last  eonditieii  Y^  the  foUewiag  ezpntdoo 
by  IT.,  for  the  efwrntH^h  iiAy,  of  the  oiker  tUffereme^,  Af : 

YI.  ..iiAy  =  3ffa  +  it'>a>  =  ft+ii-Wi>,    if    b  =  2xa. 

But  becaaae  a,  and  therefore  a),  is  givm  and  /mfo,  (2.),  while  the  nimiber  n  bt- 
creases  indefinitely,  the  term  n-ia',  in  this  expression  Yl.  for  nAy,  indefinitely  tendt 
to  cero,  and  its  tiaui  is  riffortnulif  intff.  Henee  the  tawjSinfc  ^tumfdiet,  a  and  6 
(since  « is  snpposed  to  be  finite),  are  two  ihmUame&mi  Hmit$,  to  wUdi,  mder  the 
snpposed  conditions,  the  two  e^mmtUt^Iei,  nAx  and  mAjr,  tend;*  they  are,  therefore, 
by  the  defbation  (320),  iimuKaneou$  differeniiah  of  x  and  y :  and  we  may  write  ac- 
cordingly (»21), 

YIL..daB  =  ii,     d^  =  5s2Mi; 

or,  as  nsoal,  after  elimination  of  a, 

VnL..dy=d.««  =  2«da:. 

(4.)  And  it  wonld  aof  frnprove,  hU  vUitdef  aeoofdnig  to  Uie  adopted  defbHtiom 
(S30X  tUs  osaal  SKpresBioD  for  the  difireniial  of  the  oquareda.  Tariable  x  In  alg»- 
br%ifw»wei«to<HUtoiithef<niida:*,  in  imitation  of  the  fomrala  III.  for  the 
difference  A.x>.  For  this  wonld  eome  to  sappodng  that,  for  a  ptoen  andjimte 
vohe,  c^  of  dXf  or  of  fiAa;,  the  term  n'^a*y  or  »~*dr',  in  the  expression  YI.  for  nAy, 
memldjaU  to  tend  to  xero,  while  the  nweher^ «,  by  whioh  tiie  eqmare  ijidxiadimdedy 
imereaem  wiihemi  hmH^  or  tende  (bb  above)  to  imfimty, 

(&.)  As  an  arithmetieai  exampU^  let  there  be  the  ^em  ealMei^ 
IX.  ..a>=2,    y  =  ««=r4,    daj=>lOOO; 
and  let  it  be  required  to  compote,  as  a  conseqaence  of  the  definition  (820),  the  arith" 
rithmetietJ  wUue  of  the  eimultaneoug  diffiarential,  dy.    We  have  now  the  following 
eqfdmuU^tUe  of  etmultaneone  differencee, 

X.  . .  »Aa» »  d0  =  1000 ;    i»Ay  =»  4000  +  lOOOOOOmi ; 
but  the  Umit  of  the  fi<^  parf  of  a  miiiioH  (or  of  any  greater^  bnt  piven  and  finite  ntrm- 
ber)  is  exactly  zero,  if  n  increase  without  limit ;  the  required  value  of  4y  is,  therefore, 
rigcrouelu.  in  this  example, 

XL.  .dy»4000. 

(6.>  And  we  see  tJiat  these  two  eimvUaneoiue  dijfferentialey 

XII.  ,.dx  =  1000,    dy  »  4000, 

aie  not,  in  thie  ^r^^  even  affroaxnudely  e^ual  to  the  two  timMttaneouM  d^g^ 

remeee^ 

Xin. . .  A«  =  daj=  1000,    Ay  =  1002«  -  2>  =  1004000, 

wUch  answer  to  the  value  »= 1 ;  although,  no  doubt,  from  the  very  conception  of 

■imuttnaeous  dijfforeiUiabf  as  embodied  in  the  definition  (820),  they  must  admit  of 

having  such  e^fldeubmmltiplee  6t  themselves  taken, 

XIY. . .  n'^dx    and    »*'dy, 


•  In  this  case,  indeed,  the  multiple  n^  has  by  Y.  a  eonetant  valucy  namely  a ; 
bot  it  is  found  conyenient  to  extend  the  use  of  the  word,  limit,  so  as  to  include  the 
case  of  constants :  or  to  say,  generally,  that  a  eonatant  la  ita  own  limit. 
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JUT  to  be  nearly  equal,  for  large  valuea  of  the  mmher  n,  to  9ome  eyetem  of  simidta- 
neoiifl  and  deereanng  differtneti, 

XV.  .  .  Aa;    and    Ay; 

and  more  and  more  nearly  eqital  to  Buch  a  eyetem,  even  in  the  way  of  raiiar,  as  they 
all  become  tmaller  and  smaller  together,  and  tend  together  to  vanieh. 

(7.)  For  example,  while  the  differentials  themseltes  retain  the  eonstoni  valuee 
XII.,  their  millionth  parts  are^  respectively, 

XVI.  .  .«-»d«  =  0001,    and    «-»dy  =  0004,    if    »=1000000; 

and  the  same  value  of  the  number  n  gives,  by  X.,  the  equally  rigorous  values  of  two 
simultaneous  differeneeSy  as  follows, 

XYII.  .  .  Ax  =  0-001,    and    Ay  =  0004001; 

so  that  these  values  of  the  decreasing  differences  XV.  may  already  be  considered  to 
be  nearly  equal  to  the  two  equisubmultipleSf  XIV.  or  XVI.,  of  thetwoftmicftasieoict 
differentials,  XII.  And  it  is  evident  that  this  approximation  would  be  inyuvced, 
by  taking  higher  values  of  the  number,  n,  without  the  rigorous  and  constant  vahtea 
XII.,  of  d»  and  dy,  being  at  aU  affected  thereby. 

(8.)  It  is,  however,  evident  also,  that  after  assuming  y=s^,  and  «  =  2,  as  in  IX., 
we  might  have  assumed  any  other  finite  value  fir  the  differential  dx,  instead  of  the 
value  1000 ;  and  should  then  have  deduced  a  different  (but  still ^Sni^e)  voZaiefor  the 
other  differential,  dy,  and  not  the  firmerly  deduced  value,  4000 :  but  there  would 
always  exist,  m  this  example,  or  for  this  firm  of  the/kncfton,  y,  and  for  this  value 
of  the  vaHabUy  x,  the  rigorous  releOion  between  the  two  simultaneous  differefUials^ 
dx  and  dy, 

XVIII.  ..dy  =  4dB, 

which  is  obviously  a  ease  of  the  equation  VIIL,  and  can  be  proved  by  similar  rea- 
sonings. 

323.  Proceeding  to  the  promised  Example  from  Oeomdry  (322), 
"we  shall  again  see  that  differences  and  differentials  are  not  in  gene- 
ral to  be  confounded  with  each  other,  and  that  the  latter  (like  the 
former)  need  not  he  enialL  But  we  shall  also  see  that  the  differentials 
{like  the  differences),  which  enter  into  a  statement  of  relation,  or  into 
the  enunciation  of  a  proposition',  respecting  quantities  which  vary  to- 
gether, according  to  any  law  or  laws^  need  not  even  he  homogeneous 
among  themselves :  it  being  sufficient  that  each  separately  should  be 
homogeneous  with  the  variable  to  which  it  corresponds^  and  of  which  it 
is  the  differential,  as  line  of  line,  or  area  of  area.  It  will  also  be  seen 
that  the  definition  (320)  enables  us  to  construct  the  differential  of  a 
rectangle,  as  the  sum  of  two  other  (finite)  rectangles,  without  any  refe- 
rence to  units  of  length,  or  of  area,  and  without  even  the  thought  of 
employing  any  numerical  calculation  whatever. 
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(1.)  Let,  then,  as  in  the  annexed  Figure  74,  abcd  be  any  given  rectangle,  and 
let  BB  and  do  be  any  arbitrary  bnt  given  and  finite 
increments  of  its  sides,  ab  and  ad.     Complete  the 
increased  rectangle  gasf,  or  briefly  af,  vhich  will 
thus  exceed  the  given  rectangle  AO,  or  oa,  by  the  sum 
of  the  three  partial  rectangles,  cb,  cf,  og  ;  or  by 
what  we  may  call  the  ^nonum,*  cbefgdc.    On  the 
diagonal  cf  take  a  point  i,  so  that  the  line  ci  may 
be  any  arlntrarHy  selected  snbmnltiple  of  that  diago- 
nal ;  and  draw  through  i,  as  in  the  Figure,  lines  hm,  Fig.  74. 
KL,  parallel  to  the  sides  ad,  ab  ;  and  therefore  In- 
tercepting, on  the  sides  ab,  ad  prolonged,  equisnbmultiples  bh,  dk  of  the  two  given 
increments,  be,  dg,  of  those  two  given  sides. 

(2.)  Concdye  now  that,  in  this  construction,  thepota/ 1  approaches  to  o,  or  that 
we  take  a  series  of  new  points  i,  on  the  given  diagonal  cf,  nearer  and  nearer  to  the 
given  point  o,  by  taking  the  line  ci  successively  a  smatter  and  smaller  part  of  that 
diagonaL  Then  the  two  new  linear  intervaU^  bh,  dk,  and  the  newpnomonj  gbhuldo, 
or  the  turn  of  the  three  new  partial  rectangles^  ch,  ci,  ck,  will  all  indefinitely  de- 
ertase^  and  will  tend  to  vanish  together :  remaining,  however,  always  a  system  of 
three  stmultaneous  differences  (or  increments')^  of  the  two  given  sides,  AB,  ad,  and 
of  the  given  area^  or  rectangle,  AC. 

(8.)  But  the  given  increments,  be  and  s>Q,  of  the  two  given  sides,  are  always 
(by  the  construction')  equimultiples  of  the  twofirst^  of  the  three  new  and  decreasing 
differences  ;  they  mag,  therefore,  by  the  definition  (820),  be  arbitrarilg  tttken  as  two 
simultaneous  differentials  of  the  two  sides,  ab  and  ad,  provided  that  we  then  treat, 
as  the  corresponding  or  simultaneous  differential  of  the  rectangle  AC,  the  limit  of  the 
equimultiple  of  the  new  gnomon  (2.),  or  of  the  decreasing  difference  between  the  two 
rectangles,  AC  and  Ai,  whereof  the^«<  is  given, 

(4.)  We  are  then,  ftrst,  to  increase  Oua  new  gnomon,  or  the  difference  of  AC,  Ai,  or 
the  Mm  (2.)  of  the  three  partial  rectangles,  gh,  ci,  ck,  in  the  ratio  of  bb  to  bh,  or 
of  DO  to  DK ;  and  secondly,  to  seek  the  limit  of  the  area  so  increased.  For  this  last 
limit  will,  by  the  definition  (820),  be  exactly  and  rigorously  equal  to  the  sought  dif- 
ferential of  the  rectangle  AC ;  if  the  given  and  finite  increments,  be  and  do,  be  tu- 
naned  (as  by  (3.)  they  may)  to  be  the  differentials  of  the  sides,  ab,  ad. 

(5.)  Now  when  we  thus  increase  the  two  new  partial  rectangles,  ch  and  ck,  we 
get  precisely  the  two  old  partial  rectangles,  gb  and  co ;  which,  as  being  given  and 
constant,  must  be  considered  to  be  their  own  limits,  f  But  when  we  increase,  in  the 
same  ratio,  the  other  new  partial  rectangle  ci,  we  do  not  recover  the  old  partial 
rectangle  CF,  corresponding  to  it ;  but  obtain  the  new  rectangle  cl,  or  the  equal 
rectangle  cm,  which  is  not  constant,  bnt  diminishes  indefinitely  as  the  point  i  ap- 
proaches to  c ;  in  such  a  manner  that  the  limit  of  the  area,  of  this  new  rectangle  cl 
or  cm,  is  rigorously  nulL 


*  The  word,  gnomon,  is  hero  used  with  a  slightly  more  extended  signification, 
than  m  the  Second  Book  of  Euclid, 
t  Compare  the  Note  to  page  895. 
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(6.)  If^  then,  the  gwtn  inerementa,  bb,  do,  be  UtU  aatmmtd  to  be  the  diffh-em- 
HaU  of  the  gwen  ndet  ab,  ad  (an  afMMipfioM  which  hai  been  seen  to  be  jMmnlfc^ 
the  differential  of  the  given  etreoj  or  reetangle^  AO,  \b  proved  (nof  oMKmcd}  to  be,  ai 
a  necessary  eontequence  of  the  definition  (320),  exactly  and  rigoroMsfy  eqnal  to  the 
turn  of  the  two  partial  rectangle*  cs  and  co ;  because  ameh  is  the  limit  (5.)  of  the 
mmltiple  of  the  new  gnomon  (2.),  in  the  oonstraction. 

(7-)  And  if  any  one  were  to  suppose  that  he  oould  improve  this  known  vo/mc  for 
the  differential  of  a  rectangle,  by  adding  to  «<  the  rectangle  cr,  as  a  new  ferm,  or 
part,  so  as  to  make  it  equal  to  the  old  or  given  gnomon  (1.),  he  would  (the  d^finUum 
being  granted)  commit  a  geometrical  error,  equiyaknt  to  that  of  aapposing  that  the 
two  tinUlar  rectanglet  ci  and  CF,  bear  to  each  other  the  eimple  ratio,  instead  of  bear- 
ing (as  they  do)  the  dupUeate  ratio,  of  their  homologone  eidee. 

Section  3. — On  some  general  Consequences  of  the  Definition. 

324.  Let  there  be  any  proposed  equatioB  of  the  form, 

I.  .  .  Q  «  F{q,  r, . . .)  ; 

and  let  dy,  dr, . . .  be  any  assumed  (but  generally /wite)  and 
simultaneous  differentials  of  the  variables^  q^  r, .  • .  whether 
ficalars,  or  vectors,  or  quaternions,  on  which  Q  is  supposed  to 
depend^  by  the  equation  I.  Then  the  corresponding  (or  simul- 
taneous) differential  of  theiT  functiony  Q,  is  equal  (by  the  de- 
finition 320,  compare  321)  to  the  following  limit: 

11. .  .  dQ  =  Iim.  nlFiq  +  n-'dq,  r  +  nr^dr, . .  .)''F(q,  r, . . .)); 

where  n  is  any  whole  number  (or  other  positive*  scalar)  which, 
as  the  formula  expresses,  is  conceived  to  become  indefinitely 
greater  and  greater,  and  so  to  tend  to  mfinity.  And  if,  in 
particular,  we  consider  the  function  Q  as  involving  only  one 
variable  q^  so  that 

then. 

IV. . .  dQ  =  d/^  =  Uin,n{/(y  +n-dy)->^); 

9k  formula  for  the  differential  of  a  single  explicit  function  of  a 
single  variable^  which  agrees  perfectly  with  those  given,  near 
the  end  of  the  First  Book,  for  the  differentials  of  a  vector^  and 
of  a  scalar  J  considered  each  as  a  function  (100)  of  e^  single  sea-- 

*  Except  in  some  rare  cases  of  diecontinuUg^  not  at  present  under  our  oonsidera- 
tion,  this  scalar  n  may  as  well  be  conceived  to  tend  to  negative  injinitg. 
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lar  variable^  t :  but  which  is  now  extended^  as  a  consequence 
of  the  general  definition  (320),  to  the  case  when  the  connected 
variables^  q^  Q,  and  their  differentials^  Aq^  dQ,  are  quaternions : 
with  an  analogous  application,  of  the  still  more  general  For^ 
mala  o/ Differentiation  II.,  to  Functions  of  several  Quater- 
nions. 

(1.)  Ab  an  example  of  the  nw  of  the  fonntda  lY.,  ki  the  ftmetioB  of  9  be  ita 

agvore^  80  that 

Then,  hj  the  fennoh^ 

VI.  .  .  ilQ  =d/^= llm.  n {(7  +  «-J d^)"  -  ^2) 

slim.  (g.d^+dy.j  +  w'dj'X 

where dfS  flignifiea*  the  aqiiare  ef  dg;  that  ia, 

VIL  .  .d. 9' =9.49  +  4^.9; 
or  -without  the  poiatsf  between  q  and  dg, 

Vir.  .  .  d.j'sgdg  +  dy  g; 
an  exprearion  for  the  difftrential  of  the  square  of  a  quaternion^  which  does  not  t«  gene- 
ral  admit  of  any  further  reduction :  because  q  and  dg  are  not  generally  commutative^ 
aBfiutors  in  multiplication.  When,  however,  it  happene^  as  in  algebra,  that  g.dg 
atdg.g,  by  the  two  qoatenuoaa  9  and  dg  being  emnpUmarf  theexprwdon  VU.  then 
erideDtlj  npcodiioM  the  unudfrnm,  822,  YUL,  or  beoomea^ 

TIIL  ..d.g'-Sgdg,     zf    d9l||9(128); 
(2.)  As  another  example,  let  the  function  be  the  reciprocal^ 

IX...  Q=/9  =  r*. 
Tfiffl^,  because 

X.  .  ./(9  +  «-'d9)->%  =  (9  +  «-id9)-»-.9-i 

=  (9  +  «-id9>i{9-(9  +  »-id9)}9-i 

=!-»-i(9  +  «->dg)-^d9.9-*, 

of  which,  when  multiplied  by  n,  the  limit  Is  —  g^idg .  9"^,  we  hare  the  following  ex- 
preason  for  the  differential  of  ike  reeiproeaJ  of  a  quaienUony 

XL.  .d.9->a-9-».d9.9->; 


*  Compare  the  Note  to  page  894. 

t  The  pomf  between  d  and  9*,  in  the  first  member  of  YII.,  Is  indispentabU^  to 
^atingnish  the  dijfferential  of  the  square  ftom  the  square  of  the  diffirentioL  But 
jnst  as  tUa  latter  square  is  denoted  briefly  by  dg*,  so  the  products^  q .  dg  and  dq .  9, 
may  be  written  as  q^q  and  dg  9 ;  the  symbol^  dq,  being  thus  treated  as  a  whole  one^ 
or  as  if  it  were  a  single  letter,  Tet,  for  greater  clearness  of  expression,  we  shall  re 
iam  the  point  between  9  and  dg,  in  several  (though  not  in  all)  of  the  subsequent  for- 
mula, leaving  it  to  the  student  to  omit  it,  at  his  pleasure. 
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or  without  the  poimtt^  in  the  eecond  member,  dg  being  treated  (as  in  YII'.)  aa  a 
whoU  tymboly 

Xr.  ..d.gri  =  -^idy  9-ij 

an  expression  which  does  not  generaJUf  admit  of  bong  any  fiitfther  reduced^  but  be- 
comes, as  in  the  ordinary  calculaa, 

XII...d.g-l=-g-2d<7,     if    dg|||9, 
that  is,  for  the  eon  of  eompUtnarityf  of  the  quaternion  and  its  diiferentiaL 

325.  Other  Examples  0/ Quaternion  DifferenUaiion  will  be  given 
in  the  following  Section ;  but  the  two  foregoing  may  serve  sufficiently 
to  exhibit  the  nature  of  the  operation,  and  to  show  the  analog  of 
its  results  to  those  of  the  older  Calculus,  while  exemplifying  also 
the  distinction  which  generally  exists  between  them.  And  we  shall 
here  proceed  to  explain  a  notation^  which  (at  least  in  the  statement  of 
the  present  theory  of  differentials)  appears  to  possess  some  advan- 
tages; and  will  enable  us  to  offer  a  still  more  brief  symbolical  defi- 
nition, of  the  differential  of  a  Junction  fq^  than  before. 

(1.)  We  have  defined  (320,  324),  that  if  d^  be  called  the  diffisreiUiai  of  a  (qua* 
temion  or  other)  variahlcy  9,  then  the  limit  of  the  miitttp/e, 

L..»{/(g  +  n-id9)-/9}, 
of  an  imdefinitefy  decreaeing  difference  of  Hie  fitnetion  fq^  of  that  (single)  variable  q, 
when  taken  relatively  to  an  indefinite  increase  of  the  multiplying  number^  n,  is  the 
corresponding  or  simnltaneoos  differential  of  that  fund  ion^  and  is  denoted^  as  sach, 
by  the  egmhol  dfq, 

(2.)  Bat  before  we  thus  pass  to  the  limits  relatively  to  n,  and  while  that  muUt- 
pUer^  »,  is  still  considered  and  treated  as^ntfe,  the  multiple  I.  is  evidently  a/kne- 
tion  of  that  Mina&er,  »,  ae  well  as  of  the  two  independent  ffeaiabiee,  q  and  dq.  And 
we  propose  to  denote  (at  least  for  the  present)  thie  new  Junction  of  the  three  variablee, 

II. . .  »,  9,  and  d^, 
of  which  the ybrm  depends,  accordmg  to  the  law  expressed  by  the  formula  I.,  on  the 
form  of  the  given  fiinetion,  f  by  the  new  symbol, 

ni.../,(5,dj)j 

in  such  a  manner  as  to  write,  for  ai^  two  variables,  q  and  9 ,  and  any  number,  n,  the 
equation, 

IV. .  .Mq,  «0="{/(?+»-Y)-yi}i 

which  may  obviooaly  be  also  written  thus, 

V.  .  ^f(3  +  n-lq')=^fq  +  n'^fn(q,  O, 
and  is  here  regarded  as  rigorously  exact,  in  virtne  of  the  definitions,  and  without 
anything  whatever  being  neglected,  as  smalL 


*  Compare  the  Note  immediately  preceding. 
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(S.)  For  example,  it  appears  from  the  little  calonlation  in  8Si,  (1.),  that, 

aad  from  884,  (2.),  that, 

(4.)  And  the  definition  of  dfq  may  now  be  briefly  thne  expressed : 

Yllh..  dfq^fjq,6q); 
or,  if  the  mb^iMdex  ^  be  underttood^  we  may  write,  still  more  simply, 

IX...d/e=/(j,dg); 
this  last  expression, /(9,  dg),  or/(y,  g*),  denoting  thas  Afimctitm  of  two  indepen- 
dent oariableSf  q  and  q,  of  wliich  the  ybrm  is  derioed^  or  deduced  (comp.  (2.)  ),  from 
the  giten  or  propotedform  of  the  function/^  of  a  single  variable^  g,  according  to  a 
/av  which  it  is  one  of  the  main  objects  of  the  Differential  CtUculut  (at  least  as  re- 
gards Qoatemions)  to  study. 

326.  One  of  the  moBt  \mfort&nt  ffeneral  properties^  of  the 
Junctions  of  this  class  /{q^  g^,  is  that  they  are  all  distributive 
urith  respect  to  the  second  independent  variable^  q\  which  is  in- 
troduced in  the  foregoing  process  of  what  we  have  called  de- 
rivaiiony\  from  some  given  function  fq,  of  a  single  variable^  q : 
a  theorem  which  may  be  proved  as  follows,  whether  the  two 
independent  variables  be,  or  be  not,  quaternions. 

(1.)  Let  9*  be  tasf  third  independent  Tariable,  and  let  n  be  any  number  i  then 
theibnnnla  325,  V.  gives  the  three  following  equations,  resulting  from  the  law  ofde- 
»  of/»(«.  i)  fnwn/j : 

I. .  ./(9+»->0=/g+»-7;(e,  €)\ 
III. .  ./(g+a-'g +»-^«'')=/y+»-V»(g,  g'+O; 


*  It  was  remarked,  or  hinted,  in  818,  that  the  utual  dejinition  of  a  derived  fitnc' 
<uMi,  namely,  that  given  by  Lagrange  in  the  Calcul  de$  Fonetione,  cannot  be  taken 
•s  K  foundation  for  a  differential  calculus  of  quatemiont:  although  iuch  derived 
funeOone  of  $ealar$  present  themselves  occasionally  in  the  applications  of  that  cal- 
culus, as  in  100,  (3.)  and  (4.),  and  in  some  analogous  but  more  general  cases,  which 
will  be  noticed  soon.  The  present  Law  of  Derivation  is  of  an  entirely  different 
kmd,  since  it  conducts,  as  we  see,  from  a  given  function  of  one  variable,  to  a  derived 
fonction  of  two  variables,  which  are  in  general  independent  of  each  other.  The 
function /,(9,  9'),  of  the  three  variables,  «,  9,  q\  majalso  be  called  a  derived  func* 
*ion,  since  it  is  deduced,  by  the  fixed  law  IV.,  from  the  ttme  given  function  fq, 
although  it  has  in  general  a  lees  eimpte  form  than  it$  own  limits  f^  (g,  9'),  or 

/(9t  9'). 

t  Compare  the  Note  immediately  preceding. 

3f 
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by  comparing  which  we  see  at  once  that 

IV. . ./.(?,  j^+y")  =/«(<? +«-»^,  ?•)+/»(?,  A 

the  for m  of  the  original  junction^  fq^  and  the  valueM  of  the /bur  oarui6/cf,  q^  /,  q", 
and  n,  remaining  altogether  arbitrary:  except  that  n  is  supposed  to  be  a  wtmher^  or 
at  least  a  $eaJar,  while  q,  q\  ^  may  (or  may  nof)  be  quaternions. 

(2.)  For  example,  if  we  take  the  particular  function/^  =  (^,  which  givea  the 
form  325|  VI.  of  the  derived  function /n(^,  q'),  we  have 

VI.  . .  Mq,  q'+  ^)  =  qiq^  +  yO  +  (^'  +  O.^  +  »"' fe'  +  ?")"  ? 
and  therefore 

VII.  .  ./«&,  q^q'1-Mqy  q^')  =  qq' +  q' q -^ n'l {q'2  +  gf q*' ^^q-) 
=  (?  +  «■»  ?")  tf'+/(?  +  »->(?'')+«■*?'• 

as  required  by  the  formula  lY. 

(3.)  Admitting  then  that  formula  as  proved,  for  all  values  of  the  number  «,  we 
have  only  to  conceive  that  number  (or  tealar')  to  tend  to  infoUtyj  in  order  to  deduce 
this  limiting  form  of  the  equation : 

VIII. .  .  /.(?,  ?•+?")  =/.(?,  ,-)  +/.(?,  tT) ; 
or  simply,  with  the  abridged  notation  of  325,  (4.), 

IX.  .  ./(J.  g^  +  q")=fiq,  ?')+/(^,0; 
which  contains  the  expression  of  the  functional  property^  above  asserted  to  exist 
(4.)  For  example,  by  what  has  been  already  shown  (comp.  325,  (8.)  and  (4.)), 
X.  .  .  itfq  =  q*j     then    f(q,  q')  =  qq'  +  q*q; 
and  XL  .  .  if  /j = q-\    then   /( j,  ^)  =  -  qrWqT^  J 
in  each  of  which  instances  wq  see  that  the  derived  Junction  f(q^  q")  is  diwtributive 
relatively  to  q%  although  it  is  only  in  the^«f  of  them  that  it  happens  to  be  distri- 
butive with  respect  to  q  also. 

(5.)  It  follows  at  once  from  the  formula  IX.  that  we  have  generally*  ,,  v 

XII.../(j,0)=0;  ^   ^-iJLi     ^    "'  ^  ' 

and  it  is  not  difficult  to  prove,  as  a  result  including  this,  that 

XIIL  .  ./(^,  ay*)  =  «/(?,  q'),  if  a?  be  any  tealar, 
(6.)  As  a  confirmation  of  this  last  result,  we  may  observe  that  the  definition  of 
/(?>  q')  m»y  be  expressed  by  the  following  formula  (comp.  824,  IV.,  and  825,  IX.): 

XIV.  .  ./(y,  q')  =  \im,n{f(q+n-iq'yfq\; 
*■• 

we  have  therefore,  if  a;  be  any  finite  scalar,  and  m  =  ar^ii, 

XV.  .  ./(^,  x^  =  xMm.ffi{f{q^m-iq')^fq}  ; 

■•-•* 

a  transformation  which  gives  the  recent  property  XIIL,  since  it  is  evident  that  the 
letter  m  may  be  written  instead  of  n,  in  the  formula  of  definition  XIY. 


*  We  abstract  here  from  some  exceptional  cases  of  diecontinuiiy,  &c. 


CHAP.1I.]DIFFEREKTIALQUOTIBNTS,DERIVEDQUATB])NI019S.403 

327.  Resuming  then  the  general  expression  325,  IX.,  or 
writing  anew, 

'I-.  .d/y=/(sr,  dgr), 

we  see  (by  326,  IX.)  that  this  derived  Junction^  Afq^  of  q  and 
d^,  is  always  (as  in  the  examples  324,  VII.  and  XL)  distribu- 
five  with  respect  to  that  differential  Aq^  considered  as  an  tWe- 
pendent  variable,  whatever  the^rm  of  the  given  function  fq 
may  be.  We  see  also  (by  326,  XIII.),  that  if  the  differential 
Aq  of  the  variable ^  q^  be  multiplied  by  any  scalar^  x,  the  differ 
reniial  d/y,  of  the  function  fq^  comes  to  be  multiplied,  at  the 
same  time,  by  the  same  scalar,  or  that 

II.  .  -/"(?,  xAq)  =  xf{q,  Aq),  if  x  be  any  scalar. 
And  in  fact  it  is  evident,  from  the  very  conception  and  defini- 
tion (320)  of  simultaneous  differentials,  that  every  system  of 
such  differentials  must  admit  of  being  all  changed  together  to 
any  system  of  equimultiples,  or  equisubmultiples,  of  themselves, 
without  ceasing  to  be  simultaneous  differentials :  or  more  gene- 
rally, that  it  is  permitted  to  multiply  all  the  differentials^  of  a 
system,  by  any  common  scalar, 

(1.)  It  follows  that  the  quotient^ 

of  the  two  timultaneouM  differeittidliy  dfq  and  d^,  doe*  not  change  when  the  differen- 
tial d^ifl  thus  multiplied  by  any  scalar;  and  consequently  that  this  quotient  III.  is 
independent  of  the  teneor  Tdq,  although  it  is  not  generally  independent  of  the  vereor 
Vdq,  if  q  and  dq  be  qtuUemione :  except  that  it  remains  in  general  unchanged,  when 
we  merely  change  that  venor  to  its  own  oppotite  (or  negative),  or  to — Ud;,  because 
this  comes  to  multiplying  d^  by  ~  1,  which  ia  a  scalar. 

(2.)  For  example,  the  quotient, 

IV..  .  d.q^:dq=q-\-dq,q,dq-i  =  q  +  Vdq.q.lJdq-\ 
in  which  dqri  and  Ud^  denote  the  reciprocals  of  d^  and  Ud^,  is  very  far  fh>m  being 
independent  of  d;,  or  at  least  of  Ud^ ;  since  it  represents,  as  we  see,  the  $um  of  the 
given  quaternion  g,  and  of  a  certain  other  quaternion,  which  latter,  in  its^eomeMca/ 
uUerpretation  (comp.  191,  (5.)),  may  be  considered  as  being  derived  from  q^  by  a 
conical  rotation  of  Ax,q  round  Ax.dq^  through  an  angle  =  2Ldq  :  so  that  both  the 
axis  and  the  quantity  of  this  rotation  depend  on  the  versor  TJdq,  and  vary  with  that 
ffersor. 

(8.)  In  general  we  may,  if  we  please,  say  that  the  quotient  III.  is  a  Differential 
Quotient;  but  we  ought  not  to  call  it  a  Differential  Coefficient  (comp.  818),  be- 
cause dfq  does  no*  generally  admit  of  decomposition  into  two  factors^  whereof  one 
shall  be  the  differential  dg ,  and  the  other  a  Junction  ofq  alone. 
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(4.)  And  for  the  same  reasoa,  we  ought  not  to  oall  that  Quaiient  a  Derived 
Function  (comp.  again  318),  nnleas  in  so  speaking  we  understand  a  Function  of  Two* 
independent  Fariablee,  namely  of  q  and  Ud^,  as  before. 

(6.)  When,  however,  a  quaiemion,  q,  is  considered  as  ti  function  of  a  acalar  va- 
riahle,  if  lo  that  we  have  an  equation  of  the  fbrm, 

V. . .  f  =ft,  where  i  denotes  a  acalar, 
it  is  then  permittad  (comp.  100,  (8.)  and  (4.))  to  writ*, 

VI...d,:d/=a/.:d,=«m.£{/(,+^]-y,} 
«=  lim.  *-!{/(/+ A) -^} 

and  to  call  tkit  /tmif,  as  usual,  a  derived  fkncOon  oft^  becauM  it  ie  (infhet)  ^fime- 
tion  of  that  eeaiar  variable^  /,  alone^  and  is  independent  of  the  eealar  differential, 
d/. 

(6.)  We  maj  also  writo^  under  th«M  dxcBmstaaeai,  the  d^entiat  eqmation, 

VII.  ..dq  =  Dtq,dt,    or    VIII. . .  dfj  «=/*<.  dt, 

and  toAj  edU  the  derived  ifnatendon^  D^^,  or/'f,  as  uanal,  a  di^^entied  eo^eknt  in 

this  formula,  because  the  ee<ilar  differential^  d/,  is  (in  fact)  multiplied  6y  t<|  in  the 

expression  thus  found  for  the  quaternion  differential^  d^  or  d/T. 

(7.)  But  as  regards  the  logic  of  the  question  (comp.  again  100,  (3.)),  it  is  im- 
portant to  remember  that  we  regard  this  derived  fknetion,  or  differential  coefficient^ 

IX.  ../*,    or    Di>»,    or    D<^ 
as  being  an  actual  quotient  VI.,  obtained  by  dividing  an  actual  quaternion^ 

X.  .  .  dft,  or  dj, 
by  an  actual  ectdar,  d/,  of  which  the  value  is  altogether  arbitrary,  and  may  (if  we 
choose)  be  supposed  to  be  large  (comp.  822);  while  the  dividend  quaternion  X.  die. 
pende^  fur  ite  value,  on  the  valuee  of  the  two  independent  eeaUpre^  t  and  df,  amd  on 
the  form  of  the  function  ft^  acoofding  to  the  Uxm  which  is  expressed  bytlM^menrf 
formula  824,  IV.,  for  tiie  differeWtkOim  of  expHeit  funetUme  of  any  eingie  veriMe, 

328.  It  is  easy  to  conceive  that  simOar  remarks  apply  to 
quatemionjiinctions  of  more  variables  than  one;  and  that  when 
the  differential  of  such  a  function  is  expressed  (comp.  324,  II.) 
under  the  form, 

I.  .  .  dQ  =  AF(q,  r,  *,..)«=  F(q,  r,  *, . .  dy,  dr,  d*, . .), 

the  new  Junction  F  is  always  distributive^  with  respect  to  each 
separately  of  the  differentials^  d^,  dr,  d^, . . ;  being  also  homo- 
geneous of  the  first  dimension  (comp.  327),  with  respect  to  aU 
those  differentials,  ccmsidered  as  a  system ;  in  such  a  manner 

*  Compare  (he  Note  to  326,  (4.). 


CHAP.  U.]      PARTIAL  AND  TOTAL  DIFFBRRNTIAL8.  405 

that,  whatever  may  be  the /brm  of  the  given  quaternion  June- 
tion,  Q,  or  P,  the  derived*  function  F,  or  the  third  member  of 
the  formula  I.,  must  possess  this  geneni  Junctional  property 
(comp.  326,  XIII.,  and  327,  IL), 
II. .  .  F(q,  Ti  #, . .  xdqy  «dr,  idt . .) 

«  xF(q,  r,  #.  •  •  dj',  dr,  d*,  . .), 
where  x  may  be  aTty  scalar:    so  that  products^  as  well  as 
squares^  of  the  differentials  dy,  dr,  &C.,  of  y,  r,  &c.  considered 
as  80  many  variables  on  which  Q  depends^  nreexcbtded  bom  the 
expanded  expression  of  the  differential  dQ  of  the  Junction  Q. 

(1.)  For  example,  if  the  fuaction  to  be  differentiated  be  a  product  cttwo  qna- 
ten^ODB, 

III...Q=F(y,r)«fr, 

then  it  is  eaafly  foimd  from  the  geoeral  fonnmla  824,  IL,  that  (becmoM  the  iimit  of 
K-i.d^.dr  ia  »«//,  when  the  numhtr  n  inereageg  with<mt  limit)  the  differential  of  the 
fanction  is, 

IV. . .  dQ=«d.^  =  dF(^,r)  =  F(g,  r,  d^,  dr)  =  g.  dr  ^d^.r  ; 
vitb  aoalo0oiia  result^  for  difibrentials  of  prodacts  of  mora  than  two  qnatemions. 
(2.)  Again,  if  we  take  this  other  function, 

V...Q=F(5r,r)  =  5ri|., 
then,  applying  the  same  general  fommla  824,  II.,  and  obsernag  that  we  have,  for 
aB  valuet  of  the  monger  (or  other  tcalar),  n,  and  of  the./SMir  qutUgmionM^  9,  r,  q%  1^, 
the  identical  troHgfwmatum  (comp.  824,  (2.)  ), 

VL  - .  •i{(?4  ir-Y)-»  (r+ii-»r')-r'''} 
-  r V  -  (^ +»-» ^)-i  q'rKr  +  »-»0. 
we  find,  as  the  requifed  Umtt^  when  n  tends  to  tw/Ifiity,  the  foUowing  differential  of 
thefimeHon : 

VII.  ..dQ=d.5ir  =  dP(^,r)  =  F(^,r,d^,dr)  =  g-».dr-^».d^.7-ir; 
which  is  again,  liiie  the  expresuon  IV.,  distrilnttive  with  respect  to  each  of  the  dif- 
f^eittiedo  dg,  dr,  of  the  varuihlee  9,  r,  and  does  not  inrolve  the  product  of  those  two 
differentials:  althoagh  these  two  differential  expressions,  IV.  and  VII.,  are  both  en< 
tirdy  rifforoui^  and  are  notta  tmy  way  dependent  on  any  supposition  that  the  ten- 
•on  of  dg  and  dr  are  tmaU  (comp.  again  822). 

329.  In  thus  differentiating  a  function  of  more  variables 
tiiafi  one,  we  are  led  to  consider  what  may  be  called  Partial 
Drjlpsreniials  of  Functions  of  two  or  more  Quaternions;  which 
may  be  thus  denoted^ 

*  Compare  the  Noto  last  referred  to. 
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I..  .d,Q,  drQ>  cl.Q,... 
if  Q  be  a  function,  as  above,  of  ;,  r,  «, . . .  which  is  here  sup- 
posed to  be  differentiated  with  respect  to  each  variable  sepa^ 
rately^  as  (/"the  others  were  constant.  And  then,  if  dQ  de- 
note, as  before,  what  may  be  called,  by  contrast,  the  ToUd 
Differential  of  the  function  Q,  we  shall  have  the  General  For^ 

mulay 

11.  .  .dQ«d,Q  +  dr<i+d.Q  +  ...; 

or,  briefly  and  symbolically, 

III.  .  .  d  =  d,  +  dr  +  d,  + . .  ., 
if  9,  r,  «, . . .  denote  the  quaternion  variables  on  which  the 
quaternion  function  depends,  of  which  the  total  differential  is 
to  be  taken ;  whether  those  variables  be  all  independent^  or  be 
connected  with  each  other,  by  any  relation  or  relations. 

(1.)  For  example  (comp.  828,  (1.)  ), 

IV. .  .  if  Q=qry  then  d,Q  =  d^.r,  anddrQ  =  g.dr; 
and  the  wm  of  these  two  partial  differtntiaU  of  Q  makeB  up  its  total  difireniiai  d  Q, 
as  otherwise  found  above. 

(2.)  Again  (comp.  828,  (2.)  ), 

V.  . .  if  Q=^^r,  then d^Qxs-q-idq.q-W ;    drQs^'idr; 
and  df  Q  +  dr  Q  =  the  same  d  Q  as  that  which  was  otherwise  found  before,  for  this  form 
of  the  function  Q. 

(3.)  To  exemplify  the  possibility  of  a  relation  existing  between  the  varitMeM  q 
and  r,  let  those  variables  be  now  supposed  9qual  to  each  other  in  V. ;  we  shall  then 
have  Q s  1,  dQs=  0 ;  and  accordingly  we  have  here  d,Q  = —^M^ =-  drQ. 

(4.)  Again,  in  IV.,  let  ^  =  c  =  any  eonttant  quaternion;  we  shall  then  again 
have  0=dQ=dfQ  +  drQ;  and  may  infer  that 

VI.  .  .  dr  =  -^"i.dg.r,    if  ^r^e s=  const ; 
a  result  which  evidently  agrees  with,  and  includes,  the  expression  824,  XL,  for  the 
differential  of  a  reciprocal. 

(5.)  A  quaiemionf  q,  may  happen  to  be  expressed  as  tL/knetion  of  two  or  more 
ecalar  variablee,  <,«,...;  and  then  it  will  have,  as  such,  by  the  present  Article, 
its  partial  differentiah^  dtq,  dw?,  &c.  But  because,  by  827,  VII.,  we  may  in  this 
case  write, 

VII.  .  .  diq  =  DtqAt,     dM9  =  DH9.d«,  .  . . 

where  the  eo^ficiente  are  independent  of  the  differentiate  (as  in  the  ordinary  calca- 
lus),  we  shall  have  (by  11.)  an  expression  for  the  total  differential  dg,  of  the  fbnn, 

Vni.  . .  dg  =  d«g  +  dyg+  .  .  .  =D«^.dl  +  D«9.d«+.  .  .  ; 
and  may  at  pleasure  say,  under  the  eonditione  here  emppoeed^  that  the  derived  qua- 
temionet 
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IX. .  .  Dtq,     D,^,  . .  . 
are  either  the  Partial  Derivaiinea,  or  the  Partial  Diffirential  Coefieienti^  of  the 
Qitaierman  Fvnetitm, 

with  analogous  remarks  for  the  eofe,  when  the  quatemionf  9,  deffeneratet  (comp. 
289)  into  a  vector,  p. 

330.  In  general,  it  may  be  considered  as  evident,  from  the 
definition  in  320,  that  the  differential  of  a  constant  is  zero  ; 
so  that  if  Q  be  changed  to  any  constant  quaternion^  c,  in  the 
equation  324,  I.,  then  dQ  is  to  be  replaced  by  0,  in  the  diffe- 
rentiated equation^  324,  II.  And  if  there  be  given  any  system 
ofequationsy  connecting  the  quaternion  variablesy  q^r^Sy.,. 
we  may  treat  the  corresponding  system  of  differentiated  equa- 
tiansy  as  holding  good,  for  the  system  of  simultaneous  different 
tiabt  dj,  dr,  d«,  .  .  . ;  and  may  therefore,  legitimately  in 
theory,  whenever  in  practice  it  shall  be  found  to  be  possible, 
eliminate  any  one  or  more  of  those  differentialsy  between  the 
equations  of  this  system. 

(1.)  As  an  ezamplei  let  there  be  the  two  equations, 

I.  .  .  9r  =  tf,    and  II.  . .  «  =  f*, 
where  c  denotes  a  constant  quaternion.    Then  (comp.  828,  (1.),  and  824,  (1.)  )  we 
have  the  two  differentiated  equations  corresponding, 

III.  .  .  ^.dr  +  d^.r  =  0;         IV.  .  .  d*=r.dr+dr.r; 
in  which  the  points*  might  be  omitted.    The  former  gives, 
V.  .  .  dr  =  -^-Jdg,r,  as  in  829,  VI. ; 

and  when  we  substitute  this  value  in  the  latter,  we  thereby  eliminatB  the  different 
tial  dr,  and  obtain  this  new  differential  equation, 

VI, .  .  df  =  -r^*.d5.r  — g-i.d^.r*. 

(2.)  The  equation  I.  gives  also  the  expression, 

VII.  ..r  =  ^»c; 

the  equation  II.  gives  therefore  this  other  expression, 

VIII.  ..s  =  (g-»c)«  =  7-1  c9-»c, 

by  elimination  before  differentiation.    And  if,  in  the  formula  VI.,  we  substitute  the 
expressions  VII.  and  VIII.  for  r  and  «,  wo  get  Uiis  other  differential  equation, 


*  Compare  the  second  Note  to  824,  (1.). 
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IX.  .  .  d.(y-ic)'s=»^ioy-».d9.g-lc-^>.d^.^-»cg"*c; 
wUch  miglki  Iuit»  ben  othanriM  obUined  (oonp.  tgain  824,  (1.)  and  (t.)  X  nndw 
the  fonn, 

331.  No  special  rules  are  required,  for  the  differentiation  of 
Junctions  of  Junctions  of  quaternions;  but  it  may  be  instructive 
to  show,  briefly,  how  the  consideration  of  such  differentiation 
conducts  (comp.  326)  to  a  general  property  ofjunctians  of  the 
dass  f{qy  7);  and  how  that  property  can  be  otherwise  esta- 
blished. 

(1.)  liet/  ^,  and  ^  dtnoU  any  fttnctional  operaConi  luch  that 

then  writing 

II.  .  .  r  s=/^,    and  III.  .  . «  =  0r,  we  have  IV.  . .  «  =  ^g  •, 
whence  V. .  .  dj  ^dif/^s^d^r. 

That  18,  we  may  (as  nsoal)  differentiate  tke  compound  Junction,  f(fi[)f  *"  iff9  *">*''' 
an  independent  variable,  r ;  and  then^  in  the  expression  so  found,  replace  the  diffe- 
rential 6fq  &y  its  value^  obtained  by  differentiating  the  timplefitnction,  fq.  Vor  this 
conies  virtnally  to  the  elimination  of  the  differential  dr,  or  of  the  symbol  d/g,  in  a 
way  which  we  have  seen  to  be  permitted  (330). 

(2.)  But,  by  the  definitions  of  d/f  BndMq,  g'),  we  saw  (326,  YIII.  IX.)  that 
the  differential  d/q  might  generally  be  denoted  by /.(g,  dg),  or  briefly  by  /(g,  dg); 
whence  d^r  and  d^q  may  also,  by  an  extension  of  the  same  notation,  be  reprasented 
by  the  analogous  symbols,  ^«(r,  dr)  and  ^,(7,  dg),  or  simply  by  ^(r,  dr)  and 
+C7i  dg). 

(3.)  We  ought,  therefore,  to  find  tiiat 

VI.  ..^.(g,dg)-f.(/7,/.(g,dg)),    if    +«  =  K/«); 
or  briefly  that 

VII.  ..^(g.g) =♦(/«,/(?. 0)»  if  *«=^/f. 
for  any  two  quaternions,  q,  q\  and  any  two  fimetions,  f  ^;  provided  that  the  func- 
tions/«(g,  jOj  ^«(9»  ?')»  +••(?'  ^)  '^^  deduced  (or  derived)  from  the  functions  >^, 
Aq,  ^g,  according  to  the  law  expressed  by  the  formula  325,  IV. ;  and  that  then  the 
limits  to  which  these  derived  Junctions  fniq^  q%  ftc.  tend,  when  the  number  n  tends 
to  infinity,  are  denoted  by  these  other  Junctional  symbols,  f{q,  q'),  &c 

(4.)  To  prove  this  otherwise,  or  to  establish  this  general  property  VII.,  of  Junc- 
tions of  this  class  f(jqy  g')»  «w7Aoirf  any  use  of  differentials,  we  may  observe  that  the 
goneial  and  rigorous  transformation  325,  V.,  of  the  formula  825,  IV.  by  whioh  the 
functioiia/»(g,  q)  ara  defined,  gives  for  aU  values  of  n  the  equation  : 

VIII.  .  .  ^/(g  +  «-'g')  =  ^(/y  +  «-»/H(9.  9l) 
but  also,  by  the  same  general  transformation, 
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IX.  .  .  *&  +  »-y)  =  *^  +  n-l*«(^,  ^); 
hmee  ffenerallyy  for  all  wdue§  of  the  number  n,  aa  well  as  for  all  vahiet  of  the  two 
independent  quaternione,  g,  g^,  and  for  all  forme  of  the  two  fmcHone,  f  ^,  we  may 
writei, 

X.  ..>^«(sr,  g)  =  0«(/g,/«(g,  g')),     if    rl,q  =  ^fq; 
an  equation  of  which  the  limiHngfbrmj  for  m  =  oo,  is  (with  the  notations  used)  the 
equation  YII.  which  was  to  be  proved. 

(6.)  It  is  scarcely  worth  while  to  verify  the  general  formula  X.,  by  any  parti- 
ciilar  example :  yet,  merely  as  an  exercise,  it  may  be  remarked  that  if  we  take  the 
forms, 

XI.  .  .  /g  =  q\     ^  =  g«,     i^iq  =  q\ 

of  which  the  two  first  give^  by  325,  YI.,  the  common  derived  form, 
Xn.  .  .  /.(g,  q')  =  ^.(gr,  q')  =  q^^^q^^  «-» q'^, 

the  formula  X.  becomes, 

XIII.  .  .  i^niq,  q')  =  ^»(g»,  qq  +  j'g  +  i|-lg'*) 

which  agrees  with  the  valae  dedaced  immediately  from  the  function  ij/q  or  g^,  by  the 
definition  325,  lY.,  namely, 

XIV.  .  .  Mq^  q')  =  n{(q^n'^qy-qi} 

=«{(«'  +  «-Kw  +  qq + »-»?'*))«-  (?»)•}• 

(6.)  In  general,  the  theorem^  or  rtde,  for  differentiating  as  in  (1.)  tijknetion  of 
a  jknetionj  of  a  qoatemion  or  other  variable,  may  be  briefly  and  symbolically  ex- 
preMod  by  the  fonnula, 

XV...  d(ftO« =<!♦(/?); 

and  if  we  did  not  otherwise  know  it,  a  proof  of  its  correctness  wonld  be  supplied,  by 
the  recent  proof  of  the  correctness  of  the  equivalent  formula  YII. 

Sbctiok  4. — Examples  of  Quaternion  Differentiation. 

332.  It  will  now  be  easy  and  useful  to  give  a  short  collection  of 
Examples  of  Differentiation  of  Quaternion  Functions  and  Equations^ 
additional  to  and  inclusiye  of  those  which  have  incidentally  occurred 
already,  in  treating  of  the  principles  of  the  subject. 

(1.)  If  e  be  any  conetant  quaternion  (as  in  330),  then 

I.  ..dc  =  0;     IL.,d(fq-\-e)  =  dfqi 
llL.,d.efq  =  cdfqi     lY.  ..d(/j.c)  =  d/j.c. 

(2.)  In  general, 
v..  .  d(/g  +  0g+.  ..)=^dfq  +  d(l>q+.  .  .;     or  briefly,  YI.  .  .d2  =  Sd, 
if  2  be  used  as  a  mark  of  summation. 

(3.)  Also,  YII.  .  .  d(/(?.0j)  =  d/j.^3  +/g.d^?  i 

aad  similarly  for  a  product  of  more  ftmctions  than  two :  the  rule  being  simply,  to 
differentiate  each  factor  separately ,  in  it$  own  plaee^  or  without  disturbing  the  order 

3o 
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of  thejaetora  (oomp.  818,  319) ;  and  then  to  add  togetker  the  partial  renOto  (comp. 
829). 

(4.)  In  particuUr,  if  m  be  any  positive  whole  number, 

VIII.  .  .  d,^  sz  ^-^dq  -^  q^-'dq .q  .  .■\-qdq.q^'^ +  dq  .q^'^  ; 
and  becauBe  we  hare  seen  (324,  (2.))  that 

IX. .  •  d.fis  — ^1 . d^.fi, 

we  have  this  analogous  ezpraarioa  for  the  difbraitia]  of  ajMwir  of  af«afcnuo»,  with 
a  nepatiwe  but  «A«le  axpoment, 

X.  .  •  d .  q"^  =  —  g"^d .  q'j,  y"* 
e  —  q~^  dq .  q"^  —  q~^  dq .  q^-^  — .  .  —  q^"^  dq .  j**  —  o"**  dq  • «"'. 
(6.)  To  differmUiate  a  aquure  root,  we  are  to  reaciva  tha  Hnear  equation^* 
XI.  .  .^.d.^  +  d.ft.^^d^;     or    XT.  ,  ,  rr'-hrrs:q\ 
if  we  write,  for  abridgment, 

XII.  ..rs^,     q'^dqt    rssd,q^  =  dr. 
(6.)  Writing  also,  for  thia  purpose, 

XIII.  ..f  =  Kr=K.^ 
whence  (by  190,  196)  it  will  follow  that 

XrV.  .  .rf  =  Nr  =  Tr«  =  T^,     and  XV.  .  .  r +  ««2Sr  =  2S.9*, 

the  product  and  aum  of  these  two  coit^ugade  qualemioma^  r  and  t,  bsing  thus  aeadara 
(140,  146),  we  hare,  by  XF.,  ^    /%-Cvw'^  ¥  A'Was 

XVI.  .  .r-»g'f  =  rf  +  «r';  «     A 'J^  ^/^'K^^O^' 

whence,  by  addition,  s  A*  t  ^   sn, ' 

XVn.  .  .  ?'  +  >-«9'»  =  (r  +  f)r'+r^(r  +  «)  =  2r(r  +  t); 

and  finally, 

XVm.  .  .  r'^i^rlll,    or     XIX.  .  .  d.,4='!i±^j!2^';   ^ 
2(r  +  *)'  *  4S.J*  '    ^ 

an  expression  for  the  differential  of  the  square -root  of  a  quaternion,  which  will  be 
found  to  admit  of  many  tnmsformatioBS,  not  naedfiil  to  be  considered  here. 

(7.)  In  the  three  last  sub-articles,  as  in  the  three  preceding  them,  it  has  been  sup- 
posed, for  the  sake  of  generality,  that  q  and  dq  are  two  diplanar  quateruUma  ;  but 
if  in  any  application  they  happen,  on  the  contrary,  to  be  compUmar^  the  expressions 
are  then  aimpl\fied,  and  take  uaual^  or  algebraic  forma,  as  foUows: 

XX..  .  d.^  =  m^-idj;         XXL  . .  d.  j-~=-«g-«-id^; 
and  XXIL..d.j»  =  Jg-*dg,    i/    XXIII. ..  dj  |||j  (128); 


*  Although  such  aoiution  of  a  linear  eqvationf  or  equation  of  the^jf  degree,  ia 
quaternions,  is  easily  enough  accomplished  in  the  present  instance,  yet  in  general  the 
problem  presents  difficulties,  without  the  consideration  of  which  the  theory  of  dij/*- 
rentiation  of  implicit  fimeHoma  ofqmatemiaua  would  be  entirely  incompleta  But  a 
general  method,  for  the  solution  of  all  each  eqaoUona,  will  be  sketched  in  a  subse- 
quent Section.  /  ^ 
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beesoBe^  when  <i  is  oomplanar  with  9,  and  thenfova  with  9*,  or  with  r.  In  the  ez- 
presrion  XVIIL,  the  numerator  of  that  expression  may  be  written  as  r  *  q  (r  +  «). 

(a.)  More  generally,  if  a;  be  any  scalar  exponent^  we  may  write,  as  in  the  ordi- 
jmrj  caleiilaa,  but  stiU  under  the  e<mdiii^  of  eompkmarify  XXIII., 

XXIV.  . .  d.9»=»j»->d5r;     or    XKV. .  .  qA.^^gi^dx, 

333.  Thefimctions  of  quaternions,  which  have  been  lately  diffe- 
rentiated, may  be  said  to  be  of  algebraic  form  ;  the  following  are  a 
few  examples  of  differentials  of  what  may  be  called,  by  contrast, 
transeendenUd  JuntiUona  of  quaternions:  the  condition  oi  complanarity 
(d^  III  9)  being  however  here  supposed  to  be  satisfied,  in  order  that 
the  expressions  may  not  become  too  complex.  In  fact,  with  this  sim- 
plificaiiony  they  will  be  found  to  assume,  for  the  most  part,  the  hnoum 
and  usual  formSy  of  the  ordinary  differential  calculus. 

(1.)  Admittisg  the  defimtions  in  816,  and  snppofling  thronghoot  that  d^  |||  9, 
we  have  the  tuoal  ezpresnons  for  the  ffifferentials  of  i <  and  I9,  namely, 
L  .  .  d.  c«  =  «d9  ;         II.  .  .  dl^  =  q-^dq. 
(2.)  We  have  also,  by  the  same  system  of  definitions  (816), 

III. . .  dsin^sooB^dg;         lY.  .  .  dcos^  =  — nngd^;  &c 
(8.)  Also,  if  r  and  6r  be  comptanar  with  g.  and  dg,  then,  by  816, 
IV'.  .  .  d.  J'  =  d. r»«  =  ^d.rlg  =  q^Qqdr  +  r^rdq) ; 
or  in  the  notation  of  partial  differentials  (829), 

V.  ..d^.^sr^^dgr,    and    VT.  .  .  dr . g' =  ^jdr. 
(4.)  In  particnlar,  if  the  base  9  be  a  given  or  corutant  vector,  a,  and  if  the  esD- 
poment  r  be  a  variable  eedtar,  t,  then  (by  the  value  816,  XIY.  of  Ip)  the  recent  for* 
mnla  IV.  becomes, 

VII.  .  .  d.a«  =  [  lTa  +  |Ua]a«dt 

(5.)  If  then  the  base  a  be  a  given  wdt  line,  so  that  YTa  =  0,  and  Ua  «  a,  we 
may  wrUe  simply,  )     *    ' 

Vin. -.d.a«=^a**id<,    if    da  =  0,     and    Ta=l.  v     ' 

(6.)  This  useful  formula,  for  the  differential  of  a  power  of  a  constant  unit  line, 

with  a  variable  scalar  exponent,  may  be  obtained  more  rapidly  from  the  equation 

808,  Vll.,  which  gives, 

tir  tir 

IX.- .  a<  =  cos— -  +  o8in---,    if    Ta=l; 

since  it  is  evident  that  the  differential  of  this  expression  is  equal  to  the  expression 
itsdf  mnltipBed  by  l^rad/,  because  a^  «=-.  1. 

(7.)  The  formula  VIII.  admits  also  of  a  simple  geometrical  interpretation ^  con- 
nected with  the  rotation  through  t  right  angUe^  in  a  plane  perpendicular  to  a,  of 
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which  roUtion,  or  eer«ioii,  the  pomer  a\  or  the  venur  UaS  ii  conaidered  (808)  to  be 
the  tiutnciiMii/,*  or  agetAy  or  optraior  (oomp.  298). 

334.  Besides  algebraical  and  &an8cenderUal  fomu,  there  are  other 
results  of  operation  on  a  quaternion,  q,  or  on  a  function  thereof, 
which  may  be  regarded  as  forming  a  new  class  (or  kind)  oi func- 
tions^ arising  out  of  the  principles  and  rules  of  the  Quaternion  Cal- 
culus itself:  namely  those  which  we  have  denoted  in  former  Chapters 
by  the  symbols^ 

I. .  .  K^,  Sgr,  V^r,  Nj,  Tg,  Ug, 

or  by  symbols  formed  through  combinations  of  the  same  signs  of 
operation^  such  as 

II.  . .  SU^,  VU^,  JJYq,  &c. 

And  it  is  essential  that  we  should  know  how  to  dt^en^'ote  expres- 
sions of  these  formSi  which  can  be  done  in  the  following  manner, 
with  the  help  of  the  principles  of  the  present  and  former  Chapters, 
and  without  now  assuming  the  complanarityy  d^  |||  ^. 

(1.)  In  general,  let /represent,  for  a  moment,  a»y  dittrihutive  jym6o2,  so  that  for 
any  two  qnatemionB,  q  and  ^,  we  shall  have  the  equation, 

ni.  ../(«+?')=/? +/?'; 

and  therefore  alsof  (comp.  826,  (5.)), 

IV.  .  .  f(xq)  =«/5',  if  X  be  any  scalar. 
(2.)  Then,  with  the  noUtion  825,  lY.,  we  shall  have 

and  therefore,  by  825,  YIII.,  for  any  tueh  fanctiony^,  we  shall  have  the  differential 
expression, 

VI.  .  .  d/^=/d^. 

(8.)  But  S,  V,  K  have  been  seen  to  be  dUtribntive  aymhoU  (197,  207)  ;  we  can 
therefore  infer  at  once  that 

VII.  .  .  dKj  =  Kd9;         VIII. .  .  dS^  =  Sd^;         IX.  .  .  dVy=Vd^; 

or  in  words,  that  the  differentials  of  the  conJMgaUy  the  geahar,  and  the  vector  of  a 
^iMtemton  ore^  respectively,  the  eot^gate,  theacatar,  and  the  vector  of  the  d^Jerem- 
tialof  that  quaternion, 

(4.)  To  find  the  differential  of  the  norm,  N9,  or  to  deduce  an  expreatiomfar 
dN^,  we  have  (by  VII.  and  145)  the  equation, 


*  Compare  the  second  Note  to  page  188. 

t  In  quatemume  the  equation  III.  is  not  a  necessary  consequence  of  IV.,  al- 
though the  latter  is  so  of  the  former ;  for  example,  the  equation  IV.,  but  not  the 
equation  III.,  will  be  satisfied,  if  we  assume  fq  =  qcq^c'q^  where  c  and  c'  are  any 
two  constant  quaternions,  which  do  not  degenerate  into  scalars. 
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but  qJLq'  =  K .  q'Kq,  by  145,  and  192,  11. ; 

and       (J  +K).  j'K^  =  2S.^'K^  =  2S(Kg.O»  ^  196,  XL,  and  198, 1.; 

tbenfore  XI. . .  dK^  «  2S(K9 .  d^). 

(5.)  Or  we  might  have  dedaoed  this  expreuion  XI.  for  dN^,  in<ne  immediately, 
by  the  general  formuia  824,  lY.,  from  the  earlier  expression  200,  YII.,  or  210,  XX., 
for  the  norm  of  a  nan,  under  the  form, 

Xr. .  .  dN^  =  lim.«{N(^  +  ii->d(?)-N£} 

»-• 

=  Km .  {2S(Kg .  dj)  +  j»-iNd^} 

«■• 

=  2S{K9.d?), 
as  before. 

(6.)  The  teneor^  Tg,  is  the  tquare-root  (190)  of  the  norm^  Ng;  and  becaoae  Tq 
and  Ng  are  scalars,  the  formula  332,  XXII.  may  be  applied ;  which  gives,  for  the 
differential  of  the  teneor  of  a  qnatemion,  the  expression  (comp.  158), 

Xn- • .  <lTj  =  g  =  S(KU9.dj)  =  8^ 

a  result  which  is  more  easily  remembered,  under  the  form, 

XIII...'J:?  =  8^.       '^ _         c-W 

Tq  q  

(7.)  The  versor  Vq  is  equal  (by  188)  to  the  quotient,  q :  Tq,  of  the  quaternion 
q  divided  by  its  tensor  T^ ;  hence  the  diffirential  of  the  versor  is, 

xiv...du,=d;f  =  (^-s!??U=v^.Ur,    /-^     "'     ' 

u.  *Tg\«  «/Tg         q       ^' 

wheooe  follows  at  once  this  formula,  analogous  to  XIIL,  and  like  it  easily  remem- 
bered, Q 

Ug  q 

(8.)  We  might  also  have  observed  that  because  (by  188),  we  have  generally 
q  =  Tq.  Vq,  therefore  (by  832,  (3.))  we  have  also, 

XVI.  .  .  d7  =  dTg.Ug+Tg.dUg, 
and 

q        Tq^   Vq' 
if  then  we  have  in  any  manner  established  the  equation  XIII.,  we  can  immediately 
deduce  XV. ;  and  conversely,  the  former  equation  would  follow  at  once  from  the 
latter. 

(9.)  It  may  be  considered  as  remarkable,  that  we  should  thus  have  generally,  or 
for  any  two  quatemiont,  q  and  dg,  the  formula  :* 


*  When  the  connexion  of  the  theory  of  normale  to  enrfaeee,  with  the  differential 
caleuiuM  of  qttatemions,  shall  have  been  (even  briefly)  explained  in  a  subseqaent 
Section,  the  student  will  perhaps  be  able  to  perceive,  in  this  formula  XVIII.,  a  re- 
cognition, though  not  a  very  direct  one,  of  the  geometrical  principle,  that  the  radii 
of  a  tphere  are  its  normals,  ^ 
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XVIII.  .,S(dU^jU^)«0;    or    XVlir. . .  dUy  :  U«  =  S-i  0 ; 
but  this  rector  character  of  the  quUUiU  dU^  :  Vq  can  easily  be  confirmed,  ha  fol- 
low!.   Taking  the  eot^jvffate  of  that  quotient,  we  have,  by  VII.  (comp.  192,  11. ; 
158  ;  and  824,  XL), 

XIX...  K(dUy.Uj^i)s=KU{^i.dKU^  =  ITy.d(tr7-0=-dU^.Ug-»; 
whence 

XX . .  ( 1 + K)  (dVq .  ur  0  =  » ; 

which  agrees  (by  196,  H.)  with  IVIIL 

(10.)  The  9caJar  character  ci  the  tetuor^  T^,  enables  as  always  to  write,  as  in 
the  oidinaiy  calculus, 

XXI.  ..dlT^edTg:Tyj 

but  IT9  =  Sl^,  by  816,  Y. ;  the  recent  fbrmula  XIII.  may  therefore  by  Tin.  b« 
thus  written, 

XXII.  ..Sdlg  =  dSl^=:dTy:d^=:S(d^:^);    or    XXH'.  .  .  dl^-g-'dy  =  S-»0. 
(11.)  When  d^  I II 9,  this  last  diHerenoe  vanishes,  by  888,  II. ;  and  the  equation 
XV.  takes  the  form, 

XXni.  . .  dlUy  =  Vdl^  =  dVlg. 

And  in  fact  we  have  peneralfy,  IU9  =  Yl^,  by  816,  XX.,  although  the  Sffereniiah 
of  these  two  equal  expressions  do  not  eeparaidy  coincide  with  the  members  of  the  re- 
cent formula  XV.,  when  q  and  d^  are  diphmar.  We  may  however  write  generally 
(comp.  XXII.), 

XXIV. . .  dlU^-dU?  :  Vq^V^^-^dq :  q)^d\q-^^  i  q. 

336.  We  have  now  difTerentiated  the  six  simple  fitncLions  334, 1., 
which  are  formed  by  the  operation  of  the  six  charaelerisUes^ 

K,S,V,N,T,U; 
and  as  regards  the  differentiation  of  the  compound  JunctiansSS^,  IL, 
whioh  are  formed  by  eombinatians  of  those  former  operatiims,  it  is 
easy  on  the  same  principles  to  determine  them,  as  may  be  seen  in 
the  few  following  examples. 

(1.)  The  axU  Ax.  9  of  a  quaternion  has  been  seen  (291)  to  admit  of  being  re> 
presented  by  the  eomhmation  XJYq ;  the  differential  of  this  axis  may  tlierefore,  by 
884,  IX.  and  XIV.,  be  thus  exprsssed  t 

I.  .  .d(Ax.^)  =  dUV^aV(Vd^:V^),UV^; 


whence 


j^        d(Ax.rt_dUVg^yVdg 


Ax.  J  VYq  \q 

The  differential  of  the  aais  is  therefore,  generally  ^  a  line  perpendicular  to  that  axia, 

or  situated  tn  the  plane  of  the  quaternion  ;  but  it  vaniehee^  when  the  plane  (and 

therefore  the  axi$)  of  that  qoatemion  is  eonttant;  or  when  the  quateniioD  and  its 

differential  are  camplanar. 

(2.)  Hence, 

III.  .  .  dUVy  =  0,    if    IV.  .  .  dq  III  q ; 

and  conversely  this  complanarity  IV.  may  be  expressed  by  the  equoHvn  III. 


and 
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(3.)  It  ifl  easy  to  prove,  on  sunikr  prindples,  that 

V.  ..dVUj  =  VdU(?  =  vfv^.U9^j; 

VL . .  dSD^  =  BdVq  *  S  [  V  ^ .  U9  \ 

(4.)  But  in  general,  for  any  two  quaternions,  q  and  ^,  we  have  (oomj;>.  228, 
(3.)  )  the  tranaformations, 

VII. . .  8(V<j'.j)  =  SCV/.  Vj)=S.jT5  i 
and  when  we  thna  snpprefls  the  characteristic  V  before  d^ :  9,  and  insert  it  before 
XJq,  nnder  the  ngn  S  in  the  last  ezpresuon  VI.,  we  may  replace  the  new  factor  VTT^ 
by  TVtJ^ .  UVU^  (188),  or  by  TVTJg .  TJYq  (274,  XIH.),  or  by  -  TVU^ :  UYq 
(104^  ¥.),  wiwie  the  acalar  £wtor  TVTJq  may  be  taken  ontside  {by  196,  VIIl.); 
also  for  9-1 :  UY^  we  may  sobstitote  1 ;  (XJYq  ,q),wl:  9U  V^ ,  beoaiuo  Wq  1 1 1  ^ ; 
the  formola  YL  may  therefore  be  thtu  written, 

VUI...dSUj  =  -S^.TVUj. 

(5.)  Now  it  may  be  remembered,  that  among  the  earliest  connexions  of  qnster- 
teniiona  with  tiigonomdry^  the  following  fonnal«  oooarred  (196,  XVI.,  and  204, 

xixx  /  • 

IX..SU9  =  oo6Z^,    TVUj  =  BinZ.tfi  ( 

we  had  also,  in  816,  these  expressSooa  for  the  on§le  of  a  quaternion, 

X...  Z9aTVl9  =  TlU^; 
^CBSUi^  iherolbra  etfahliwh  thefbUowing  expreadcn  for  tha  dffiraUUU  ofihe  umgle 
of  a  qnatenuon, 

XL  . .  d  ^  g=dTVl^  =  dllUj  =  8  ^^. 

(6.)  The  following  isanother  way  of  arriving  at  the  same  result,  through  the 
diiferentiataon  of  the  tine  instead  of  the  cotine  of  the  angle,  or  through  the  calcula- 
tion of  dTVUg,  instead  of  dSU^.  For  this  purpose,  it  is  only  necessary  to  remark 
that  we  havB^  by  884»  XII.  XIV.,  and  by  some  eaqr  transformations  of  the  kind 
lately  employed  in  (4.),  the  formula, 

xn...,^,.»2a.,ia.s(,s.i).,A.,„„ 

dividing  which  by  SU^,  and  attending  to  IX  and  X,  we  arrive  agahi  at  the  ex- 
pression XI.,  for  the  differential  of  the  angle  of  a  quaternion. 

(7.)  Eliminating  S  (d^ :  9UV9)  between  VIIL  and  XIL,  we  obtain  the  eUffkren- 

Hal  equation^  

XIIL  . .  SUj.dSU^  +  TVUg.dTVUgssO; 

of  which,  on  account  of  the  $calar  character  of  the  differentiated  variableB,  the  inie- 
gral  is  evidently  of  the  ybrm, 

XIV. . .  (SCrg)a  +  (TVU^)««con«t.; 

and  accordingly  we  saw,  in  204,  XX,  that  the  sum  in  the  first  member  of  this  equa- 
tion IS  constantly  equal  to  positive  unity. 
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(8.)  The  fonnula  XI.  may  also  be  thus  written, 

with  the  verificatioD,  that  when  we  suppose  d^JH^,  as  in  lY.,  and  therefore 
dUV^  s=  0  bj  III.,  the  expression  under  the  sign  S  becomes  the  differential  of  the 
quotient,  Vlqi  UY^,  and  therefore,  by  816,  YI.,  of  the  angle  l  q  itself. 

336.  An  important  application  of  the  foregoing  principles  and 
rules  consists  in  the  differentiation  of  scalar functione  ofvectorSy  when 
those  functions  are  defined  and  expressed  according  to  the  laws  and 
notations  of  quaternions.  It  will  be  found,  in  fact,  that  such  diffe- 
rentiations plaj  a  very  extensive  part,  in  the  applications  of  quater- 
nions to  geometry  ;  but,  for  the  moment,  we  shall  treat  them  here^  as 
merely  exercises  of  calculation.    The  following  are  a  few  exam-  | 

pies.  I 

(1.)  Let  p  denote,  in  these  sab-artides,  a  vwriaJble  vetor;  and  let  the  following 
equation  be  proposed,  | 

I.  ..r»  +  p«=0,    in  which    Yr^O, 
so  that  r  is  a  (generally  variable)  •edlar.    Differentiating,  and  obsenring  that,  by 
279,  III.,  pp'  +  pp  =  2Spp',  if  p  be  any  ncond  vector,  such  as  we  suppose  dp  to  be, 
we  have,  by  822,  YIII.,  and  824,  YII.,  the  equation, 

II.  ..rdr  +  Spdp  =  0;     or     III.  .  .  dr=-riSpy=rSp-»dp.  J 

In  fiict,  if  r  be  supposed  potitive,  it  is  here,  by  282,  II.,  the  tetuor  of  p ;  so  that.(hia 
last  expression  III.  for  dr  is  included  in  the  general  formula,  834,  XIII.         i\  ^  »^'# 
(2.)  If  this  tensor,  r,  be  constant,  the  differential  equation  II.  becomes  simplf, 

^ ^  lY. . .  Spdp  =  0,    if    -  p'  =conat,     or  if    dTp  =  0.  ^  /•     ^  / 

(8.)  Again,  let  the  proposed  equation  be  (oomp.  282,  XIX.),  ^        /*  I     *^  ^ 

Y.  .  .  r««T(ip  +  p«),     with    d«  =  0,     di:  =  0, 
so  that  c  and  c  are  here  two  constant  vectors.    Then,  squaring  and  diffiBrentiating, 
we  have  (by  834,  XI.,  because  Kip  =  pc,  &c), 

YI.  .  .2r»dr  =  JdN(ip  +  pic)  =  S(pt  +  iep)(tdp+dpic)  ^   "  ^     "K 

=  (it+i:«)Spdp  +  2Sifpidp;        d'/A^T^    C    Li.A^ 
or  more  briefly,  3  *X  r  V  ^  -    •>    rY^  >- 

YII.  ..2r-idr  =  Svdp,  ,       /    ' 

if  y  be  an  mailiary  vector,  determined  by  the  equation,  *^ 

YIII.  .  .  r*v  =  (i«  +  Jc«)  p  +  2Ycpi ; 
which  admits  of  several  transformations. 

(4.)  For  example  we  may  write,  by  296,  YII., 

IX.  .  .  r*v  =  (t*  +  «")  p  +  cpc  +  ipK 
=  t(«p  +  p«)  +  K(pi+cp); 
or,  by  294,  III.,  and  282,  XII., 

X.  .  .  r«v  =  (t»  +  c»)  p  +  2  (cSip  -  pScK  +  tSxp) 
=  (i  -  «)•  p  +  2  (tSifp  +  cStp) ;  &c. 

Li  ■  ir  -  A(  -fA>' 
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(5.)  The  equaticii  V.  gives  (comp.  190,  V.}*  when  squared  without  differentia- 
tion, 

XI. .  .  r«  =  NOp  +  p«)  =  («P  +  P«)(P*+«p) 
=  («"  +  «*)p*  +  «P«?+  f^ 

=  (i  -  «)•  p«  +  4S«p  S«p  =  &C., 
by  tranaformatioiu  of  the  same  kind  as  before;  we  have  therefore,  by  the  reeent  ex- 
pretsione  for  r<v,  the  following  remarkably  simple  relation  between  the  two  variable 

veetort^  p  and^, 

XII.  .  .  Svp  =  1 ;    or    XIF.  .  .  8pv  =  1. 

(6.)  When  the  §ealar,  r,  is  eonatani^  we  tiave,  by  VII.,  the  differential  egMtf- 

Hon, 

XIII.  . .  Sydp  «  0 ;     whence  also    XI V.  .  .  Spdv  =  0,  l^  XII. ; 

a  reioKoii  ofreeijpTodty  thus  existing,  between  the  two  veetora  p  and  v,  of  which  the 
geotnetrieal  mgnifieation  will  soon  be  seen. 

(7.)  Meanwhile,  supposing  r  again  to  vary,  we  see  that  the  last  expression  YI. 
for  tf*dr  may  be  otherwiM  obtained,  by  taking  half  the  differential  of  either  of  the 
two  last  expanded  expressions  XI.  for  r^  ;  it  being  remembered,  in  all  these  little 
calculations,  that  cyeHeal  permmtaiion  offaetora,  under  the  sign  8,  ia  permitted 
(228,  (10.)  )t  eren  if  those  factors  be  quatemionaf  and  whatever  their  number  may 
be:  and  that  if  they  be  veetora,  and  if  their  number  be  odd,  it  is  then  permitted, 
under  the  aign  V,  to  invert  their  order  (295,  (9.)),  and  so  to  write,  for  instance, 
VcpK  instead  of  Vcpc,  in  the  formula  VIII. 

(8.)  As  another  example  of  a  aealar  Jknetion  of  a  vector,  let  p  denote  the  proxi- 
wUif  (or  neameu)  of  a  variable  point  p  to  the  origin  o ;  so  that 

XV.  ,./>  =  (- p«)-»  =  Tp-»,    or    XV'.  ..p-«+p»  =  0. 
Then, 

XVI.  .  .d/>  =  Svdp,    if    XVII.  ..  v=pV=P'Up; 

V  being  here  a  new  auxiliary  vector,  distinct  from  the  one  lately  considered  (VIII.) , 
and  liaving  (as  we  see)  the  aame  veraar  (or  the  some  direction)  as  the  vector  p  it- 
adf,  but  having  its  tenaor  equal  to  the  aquare  of  the  proximitg  qfFtoo;  or  equal 
to  the  inverae  aquare  of  the  dietanee,  of  one  of  those  two  points  from  the  other. 

337.  On  the  other  hand,  we  have  often  occasion,  in  the  applica- 
tions, to  consider  vectors  as  functions  ofscalars,  as  in  99i  but  now 
with  forms  arising  out  of  operations  on  quaternions,  and  therefore 
such  as  had  not  been  considered  in  the  First  Book.  And  whenever 
we  have  thus  an  expression  such  as  either  of  the  two  following, 

L..p=i^(0,     or    II.  ..p  =  ^(«,  0. 
for  the  va^fMe  vector  of  a  curve,  or  of  a  surface  (comp.  again  99)*  e 
and  t  being  two  variable  scolars,  and  ^(f)  and  ^{s,  t)  denoting  any 
functions  of  vector  formy  whereof  the  latter  is  here  supposed  to  be  en- 
tirely indepmdemfl  of  the  former^  we  may  then  employ  (comp.  100, 

*  We  are  therefue  not  employing  Aert  the  temporary  noution  of  some  recent 
Artidea,  according  to  which  we  should  have  had,  d^q^^{q,  d^). 

3h 
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(4.)  and  (9.),  md  the  more  recent  sub-articles,  327,  (5.),  (6.),  and 
329,  (5.)  )  the  natatian  ofderivoHeeSy  total  or  partial;  and  so  may 
write,  as  the  differentiated  eguationSf  resulting  from  the  forms  I.  and 
TT.  respectively,  the  following: 

III. . .  6p=:^t.dt'='f/dt=:t>tp.dt; 
IV.  , .  d/»  =  d^  +  d^  =  D^.d«  +  D(f>.d/; 
of  which  the  geometrical  significations  have  been  already  partially 
seen,  in  the  sub-articles  to  100,  and  will  soon  be  more  fully  dere- 
loped. 

(1.)  Thus,  for  Che  cireular  loem,  814,  (1.),  for  which 
V.  .  .  p  =  a%    Ta=sl,     Sa/?  =  0, 
we  hare,  by  888,  VIII.,  the  following  derived  vector ^ 

yi...p'=Dip«|a«*'/3  =  |nrp. 

(2.)  And  for  Oke  eBipiie  heu^  814,  (S.),  for  which 

TIL  .  .p«V.a«f5,    Ta  =  l,    but  iio<  Sa/S  =  0, 
we  have,  in  like  manner,  this  other  derived  vector, 

VIII. .  .  p'=IV«- V.a**i/3. 

(8.)  Afl  an  example  of  a  vectar-fkmcAiom  ^  more  eemlart  than  oat,  lei  u  raMOM 
the  ezpreBsion  (808,  XVIII.), 

IX.  ..p  =  rA<;*V^*-«; 
in  which  we  shall  now  suppose  that  the  tensor  r  is  given,  so  that  p  is  the  variable 
we«0rof  a  point  upon  a  given  tpheric  ntrfaee,  of  which  the  rodSriM  is  r,  and  the  ««- 
ire  is  at  the  Ofigis;  while  «  and  i  are  two  independent  ecalar  variablee,  with  nspect 
to  which  the  two  parUmi  derh<aivei  of  the  vector  p  are  to  be  determfaied. 

(4.)  The  derivation  relatively  to  t  is  easy;  for,  shice  ijk  are  veeior^imite  CW5), 
and  since  we  have  generally,  by  888,  Vill., 


V 


X.  .  .d.o»«-a*^id«^    and  therefore     XI.  . .  I>r.a«»~a<i*«Df«, 

if  Ta  =  1,  and  If  a;  be  any  scalar  function  of  «,  we  may  write,  at  once,  by  279,  IV., 

XIL..D,p-|{A^-pA)«,V*^; 
and  we  see  that  ^ 

XIIL..SpD<p  =  0, 
a  result  which  was  to  be  expected,  on  account  of  the  equation, 

XIV...p«  +  r»«o, 
whieh  followa,  by  808,  XXIV.,  from  the  reeent  expreasion  IX  for  p. 

C6.)  To  form  an  expression  of  about  the  same  degree  of  simpUdty,  for  the  taker 
parUal  derivative  of  p,  we  may  observe  that^**!  jy-.  ia  equal  to  its  own  vector  part 
(its  scalar  vanishing) ;  henoe 
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XV. .  .  D^  =  wk*jk-*p ;     or    XVI.  .  .  D^  =  wlfi*jp  =  x/*^p, 
bjr  themMforautSonSOS,  (11.).    And  benuiae  the  icdar  «f  iMJA-' is  aexo,  weluv« 

thus  the  equation,  

XVII. .  .SpD^  =  0, 

yMct  isnulegeiM  to  XIU.,  end  nO^  have  been  etherwiae  obtMmd,  by  takii^  the 
derivatiYe  of  XIV.  with  respect  to  the  Ytriable  ecalar  «• 

(8.)  The  partial  deriTative  Dtp  most  be  a  vector  ;  hence,  by  XV.  or  XVI.,  p 
nmat  be  ptrpenSeular  to  the  vector  A</l~<,  or  A*<y,  or^il-K;  i^  reBuH  which,  under 
Itie  last  fbnn,  is  easily  confirmed  by  the  ezpreiaion  815,  XII.  for  p.  In  fact  that 
ezpraasioa  gives,  by  816,  (8.)  and  (4.),  and  by  the  raccoi  yalnes  XII.  XVI.,  these 
oilur  forma  for  the  two  partial  derivatives  of /»,  which  liave  been  above  considered : 

XVIIL  . .  D<p=irr*»'V.>*»;        XIX  . .  D^»irr(A»nr.?»^i-V.A»); 
which  might  have  been  immediately  obtained,  by  partial  derivations,  from  the  ex- 
pression 316,  XII.  itself,  and  of  which  both  are  veetor-form; 

(7.)  And  henoe,  or  Immediately  by  dermUimg  the  expanded  expression  S15, 
XUL,  we  obtain  tfaess  new  fpnns  for.the  partial  derivatives  of  p : 
XX.  .  .  Dip  =  irr{j  cos  <ir  - 1  sin  in)  tin  »w ; 
XXI. .  .  D«psirr{(tcos/x  +  7'8in<ir)cos«ir  — Asuisn-}. 
(g.)  We  may  add  thai  not  only  is  the  variable  vector  p  perpetuUeular  to  each  of 
the  tmo  derived  vodare,  D^  and  P^i  bat  also  they  are  perpendicular  to  each  other  ; 
for  we  may  write,  by  XII.  and  XVI., 

XXII. .  .  8(D^.D,p)=-ir»S.*»ip»*  =  ir«r»S.A«<£=0; 
and  the  same  oondnsion  may  be  drawn  firom  the  expressions  XX.  and  XXI. 

(9.)  A  veetar  may  be  considered  as  a  function  of  thrm  imdepcmdmi  temlar  varia- 
Met,  socfa  as  r,  «,  f ;  or  rather  It  imcff  be  so  considered,  If  it  is  to  admit  of  bemg  the 
vector  of  an  arbitrary  point  ofepaee  .*  and  then  it  will  have  a  total  differential  (S29) 
of  the  trinomial  finm, 

XXIII. ..  dp  sdrp  +  d«p -}- d<fE> B  Drp .  dr  +  D«p  •  ds-f  Dip .  d/ ; 
and  will  thus  have  fftree*  partial  dsHeaKpet. 

(10.)  For  example,  when  p  has  the  expression  IX,  we  have  this  third  partial 
derivative, 

XXIV. . .  Drp«r-»p  =  Up, 

which  may  aleo  be  thus  more  fnlly  written  (comp.  again  Bi6,  XI I L), 

XXV. . .  Drp»4</»*/«4-*«<tces<ir+yshifw)sln#ir  +  l:ces*ir ; 
and  we  see  that  -tiie  <ftrM  derived  eeetors, 

XXVI. . .  Drp,  D^,  Dip, 
oompoee  here  a  rectangular  eyetem. 


*  That  is  to  say,  tkrm  oftheJir§t  order;  for  we  shall  seon  have  noeasbn  to  con- 
ridg  sascessjgs  d^firmtjab^  offondioM  of  one  or  more  variables,  and  so  shall  be 
conducted  to  the  consideration  t^eirdtn  of  dUferendab  and  derivatives^  %A«r  thoM, 
thefireU 
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Sbction  6 On  Successive  Differ enUals^  and  Developments^ 

of  Functions  of  Quaternions. 

338.  There  will  now  be  no  difficulty  in  the  successive  dif- 
ferentiationj  total  or  partial,  of  functions  of  one  or  more  qua- 
ternions ;  a^d  such  differentiation  ¥rill  be  found  to  be  useful^ 
as  in  the  ordinary  calculus,  in  connexion  with  developments  of 
functions:  besides  that  it  is  necessary  for  many  of  those  ^^o- 
metrical  and  physical  applications  of  differentials  of  quater- 
nions, on  which  we  have  not  entered  yet.  A  few  examples  of 
successive  differentiation  may  serve  to  show,  more  easily  than 
any  general  precepts,  the  nature  and  effects  of  the  operation ; 
and  we  shall  begin,  for  simplicity,  with  explicit  functions  of  one 
quaternion  variable. 

(1.)  Take  then  the  9guar4^  q\  of  a  quaternion,  as  a  fanctiony^,  which  la  to  be 
twice  differentiated.  We  saw,  in  824,  YIL,  that  a  firtt  diffBraxtiation  gare  the 
equation, 

I.  .  .  d/9  =  d.gs  =  9.d9  +  d9.9; 

but  we  are  now  to  differentiate  again^  in  order  to  form  the  teeatui  diffirtniiai  d*/| 

of  tbe/imch'oii  q\  treating  the  differential  of  tlie  variable  q  as  tiiU  equal  to  dg,  and 

M  fftneral  writing  dd^  =  d'9,  where  d^  is  a  new  arbitrarjf  quatenuomf  of  which  the 

ternaar^  Tdig,  uud  not  be  gmail  (oomp.  822).     And  thus  we  get,  in  ^cuerot,  this 

twice  differentiated  eoepreeeion^  or  differential  of  the  tecond  order, 

II. .  .  dV?  =  da.^«  =g.d«9  +  2d^«  +  d>^.9. 

(2.)  The  second  differential  of  the  reciprocal  of  a  quaternion  b  generalfy  (oomp. 

824,  XI.), 

III.  .  .  d«.g-»  =  2(9-id^)«^i-^-id«y.9-». 

(8.)  If  p  be  a  variable  vector^  then  (oomp.  886,  (1.))  we  have,  for  the  first  and 
second  diflferentials  of  its  square,  the  expressions  : 

IV.  . .  d.p«  » 2Spdp ;        V.  . .  d».p«  =  2Sf)dV  +  2dp«. 
(4.)  If /p  be  any  other  scalar  faction  of  a  variable  vector  p,  and  if  (oomp.  again 
the  sub-articles  to  886)  its  Jlrs<  di£brential  be  put  under  the>brm, 

YI. . .  d/p  ss  2Svdp,  when  v  is  another  variable  vector, 
then  the  second  differential  of  the  same  function  may  be  expressed  as  fbUows : 

VII.  .  .  dVp  =  2SvdV  +  2Sdi^p ; 
in  which  we  have  written,  briefly,  Sdydp,  instead  of  S(dy.dp). 

(6.)  The  following  very  simple  equation  will  be  found  useful,  in  the  theory  of 
motions,  performed  under  the  influence  of  central  forces : 
y  f  VIII.  . .  dVpdp  =  VpdV ;    because  V .  dp^  «  0. 

(6.)  As  an  example  of  the  second  differential  of  a  gvaternion^  considered  as  a 
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Jmmetiam  of  a  Mtalar  variable  (oomp.  838,  VIII.,  and  887,  (!.))>  tb^CoUowiiig  may 
be  aarigned,  in  which  a  denotea  a  gtven  unit  line,  ao  that  a* »-  1,  da« 0,  but  s 
ia  a  variable  scalar : 

IX.  . .  d«.a*=  df  ^a**»d«  j  =  ^a^»d\r-f  |  J  «i»dj?». 

(7.)  The  aecood  differential  of  the  proAtet  of  oay  tmofaneiumi  of  a  quattrnian 
q  may  be  expreaaed  aa  follows  (eomp.  II.) : 

X. . .  d«(>%.f9)  =  di>i.f^  +  «d>J.dfj+>i,d«f^. 

339.  The  second  differential,  d'j»  of  the  variable  qoaternion  q^ 
enters  generally  (as  has  been  seen)  into  the  expression  of  the  second 
differential  d*fqy  of  the  function^,  as  a  new  and  arbitrary  quater- 
nion :  but,  for  that  yery  reason,  it  is  permitted^  and  it  is  frequently 
found  to  be  convenienty  to  assume  that  this  second  differential  d*^  is 
equal  to  zero :  or,  what  comes  to  the  same  thing,  that  ihejirst  dif- 
ferential dq  is  constant.  And  when  we  make  this  new  supposition^ 
I. .  .  dq^constant,     or     I'. .  .  d*^  =  0, 

the  expressions  for  d'/^  become  of  course  more  simple,  as  in  the 
following  examples. 

(1.)  With  this  last  supposition,  I.  or  T.,  we  have  the  following  teeond  diffsren- 
tiala,  of  the  9qnare  and  the  rteiproeal  of  a  quaternion : 

II. .  .  d«.9«  =  2d9»;         111.  .  .  d«.ri=2(g-id^)V'=2g->(dg.^»j(  -*/ 

(2.)  Agahi,  if  we  suppose  that  eo,  e^  ei  are  any  three  conttani  quaternions,  and 
take  the  flmction, 

lY.  ../9seo9ei902, 

we  find,  under  the  same  condition  I.  or  1'.,  that  its  first  and  second  differentials  are, 

V. . .  AJq^c^q.eiqci^Ci!qeidq,e%\        VI.  . .  d^/f  a2iVd9.e1d9.et1; 
in  writing  which,  the  point»*  may  be  omitted. 

(S.)  The  Jint  differential,  d^,  remaining  still  entirely  orMmry  (comp.  822,  (8.), 
and  826,  (2.)  ),  so  that  no  supposition  is  made  tiiat  its  tensor  Tdq  is  §mall,  although 
we  now  suppose  this  difierential  d^  to  be  eotutani  (I.)  we  hare  rigorously, 

VII.  ..(9  +  d9)«=9Hd.}«  +  4d«.9«; 
an  equation  which  may  be  also  written  thus, 

VIII.  . .  (9+  dq)*  =  (1  +  d+fi«) .  9«. 
(i.)  And  in  like  manner  we  shall  have,  more  generally,  under  the  same  condi- 
tion of  cofuianey  of  dg,  the  equation, 

IX.../(9+dg)=:(l  +  d+ld«)/9, 
if  the  function^  be  the  sum  of  any  number  of  monomes,  each  separately  of  the ybrm 


*  Compare  the  second  Note  to  page  899. 


422  BLKMBNT8  OF  QUATBRMtOMS.  [bOOK  111. 


17.,  and  tliuni%r8  etch  rotiond^  mUgral,  and  JkomaffemeatiB  of  tbe  seeondd 
with  iwpect  to  the  TcriAbie  qMtMniDa,  q^  mt^tuehwoaatam,  oomhiood  wkfa  ofchen 
of  thejirtt  dimension,  and  with  eonatani  termt :  that  is,  if  oo,  ^  frit  &'o»  fr'it  -  •  wid 
CDy  ^f  C3,  «o,  e'lf  c'l,  . .  be  oiyf  eoM<aii<  gmaieruiomt^  and 

340.  It  18  easy  to  carry  on  the  operation  of  differentiating,  to  the 
third  and  higher  orders ;  remembering  only  that  if,  to  any  farmer 
etagej  we  have  denoted  the  first  differentials  of  ^,  dq, . .  by  d^,  d'^, . . 
we  then  continue  so  to  denote  them,  in  every  subsequent  stage  of  the 
successive  differentiation:  and  that  t/we  find  it  convenient  to  treat 
any  one  differential  as  constant^  we  must  then  treat  all  its  sueoessive 
differentials  as  vanishing,  A  few  examples  may  be  given,  chiefly 
with  a  view  to  the  extension  of  the  recent  formula  339>  IX.,  for  the 
function  f(q  +  d^)  of  a  sutn^  of  any  two  quaternions^  q  and  d^,  to  pa- 
lynomialforms^  of  dimensions  higher  than  the  second, 

(1.)  The  third  diffireiUial  of  a  tqttare  is  generaUy  (oomp.  888,  II.), 

I.. .  d>.y«  =  jy.d*f +d*9.9  +  8(dj.d*g  +  d«j.dg> 
(2.)  More  generally,  the  tAini  dififarentlal  ot  a  product  of  two  qvatendom  fitme- 
tiama  (cQm|k  3^,  X.)  may  be  thna  expressed : 

IL  .  .  d«(A.^9)=dV%.^  +  8d%.d^+8dr«.d«^+/9.dif^. 
(8.)  Blore  geosBally  still,  the  wf^  diflferential  of  a  prodmet  is,  as  in  the  ordinary 
ealculns, 

IIL  . .  d»Oi.^)»d«/9-^9  +  «d»-'/^-d^  +  »ad"^y^d«^9+  .  •  +>%.df^ 
•("-1)  »(»~l)(ii-2)      - 

if  »a=-V-'     '^"■2^ '    ^-^ 

the  only  thing  ptotMar  to  quatendons  being,  that  we  aie  ohilgsd  to  relom  (gene- 
rally) the  order  ofth»faetor»^  in  each  term  of  this  expansion  III. 

(i.)  HsDoa,  hi  particolar,  deaotiqg  briefly  the  ftinotiony^  by  r,  and  changing 

^tOf, 

IV. . .  d».r9  =  dv.  q  +  ad»-»  r.dj,    if    d«^  =  0. 
(6.)  Hence  also^  under  this  oimditum  that  dj  u  constant,  if  c  be  any  otker  con- 
stant qnatemion,  we  have  the  transformation, 

V...fl+d  +  id»+^d*  +  ...  +  j-jL--d«yr9c  = 

f  Wd  +  id«4gy^d»  +  ...4.^^^^^^^^^d»-'y.(^  +  dg)c,    if    d«r=:0. 

(6.)  Hence,  by  889,  (4.))  it  is  easy  to  infer  that  if  we  interpret  the  eymboi  i^  by 
the  eqmatiom  (comp.  816,  L), 

VI.  ..i«=l  +  d  +  id«  +  -^dH&c., 
2>  o 

that  is,  if  wo  interpret  this  other  symbol  c'/g,  as  concisely  denoting  the  teriet  which 
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is  formed  from  fq^  by  operfOmg  on  It  with  thiB  aymboUo  derdopment;  and  if  the 
Jnmetumfq^  thus  operated  on,  be  any  JbUie  poiymmey  involving  (like  the  expression 
8S9,  X)  nofrmetimud  mr  ■<yi<tw;  ^aepommKUi  w<e  nuij  flien  writer  as  an  CKlMitM 
of  a  reccBt  e(|iiatioii  (asd,  IX.),  the  formala : 

VIL..fy9=/C9+dj),    if    d«g=0; 
which  is  here  a  perfectfy  rt^onwt  one,  a//  the  iermt  of  this  ea^ponnoti  lor  a/imelion 
of  a  sum  of  two  qaatemions,  q  and  dg,  beeondng  separatelj  equal  to  zeroj  as  soon  as 
the  symbolic  txpement  of  d  becomes  greater  than  the  dimennan  of  the  poljuomek 

(7.)  We  shall  soon  see  that  there  is  a  tense,  in  which  this  exponential  tranrfor* 
aurfMm  Yll.  may  be  extended^  to  other  fimetional  forms  which  are  not  composed  as 
above :  and  that  thns  an  analofpie  of  Tt^hr's  Theorem  can  be  established /or  Qma- 
fsruMHuu  Msanwhile  it  may  be  observed  that  by  chaagmg  dq  to  ^,  in  the^niVe 
expansion  obtained  as  above,  we  may  write  the  formula  as  follows : 

VIII.  ..f*>5f«/(f  +  A^F)  =  (l  +  A)/^,    or  briefly,    IX. . .  «<«  =  H.  A; 
which  last  symbolical  equation  may  be  operated  on,  or  transformed^  as  in  the  usual 
calenlas  of  differeneet  and  d^fereniitds.    For  instance^  it  being  understood  that  we 
treat  A^  as  well  as  d*9  as  vanishing,  we  have  thus  (for  any  positive  and  whole  ex- 
ponent mjj  the  two  followuig  transfoimaflons  of  IX., 

X. ..  A"»=(i*-1>»,    and    XI.  ..d«»  =  (logCl  +  A)>»; 
Hm  restdls  otoper&Hny^  with  the  symhois  thus  equated,  on  any  polynomial  foinelion 
fq,  of  the  kind  above  described,  being  always yiiiifo  expemtionSf  which  are  riyorously 
equal  to  each  other. 

341.  Let  Fx  and  0x  be  any  two  functions  of  a  scalar  va- 
viable f  of  which  both  vanish  with  that  variable;  so  that  they 
eatiafy  the  two  conditioiiB, 

I.  .  .  i^  =  0,     00  «  0. 
Then  the  three  simtdtoiieaus  values^ 

II«    •    m   X<f         JFXf         ^iXj 

of  the  variable  and  the  two  functions,  are  at  the  same  time 
(comp.  320,  321)  three  simuUaneous  differences^  aa  compared 
with  this  other  system  of  three  simultaneous  values, 

III.  .  •  0,     FOi     00. 
If,  then,  any  equimultiples^ 

IV. .  .  nxy  nFXf  ntf^x, 
of  the  three  values  II.,  can  be  made,  by  any  suitable  increase 
of  the  number,  n,  combined  with  a  decrease  of  the  variable^  x^ 
to  tend  together  to  any  system  of  limits^  those  limits  must  (by 
the  definition  in  320,  compare  again  321)  admit  of  being  con- 
sidered as  a  system  of  simultaneous  differentials^ 
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answering  to  the  system  of  initial  values  III.;  and  must  be 
proportional  to  the  ultimate  values  of  the  connected  system  of 
derivatives^ 

VI. .  •  ly    F'Xy     ^'Xf  when  x  tends  to  zero. 

We  may  therefore  write,  as  expressions  for  those  ultimate  va- 
lues of  the  two  last  derived  functions  ^ 

VII.  .  .  FO  =  lim.  nF^      a'O  «  Hm.  nA  1,    if    /X)  =  aO  =  0. 
»—       n      ^       n"o       n 

And  €V6n  tf  these  last  valaes  vanish^  or  if  the  ^ico  neio  com/t- 

VIII.  .  .  jPO  =  0,     fO  »  0, 

ai*e  satisfied,  so  that  x^  F'xy  and  ^'x  are  now  (comp.  II.)  Anew 
system  of  simultaneous  differences^  we  may  «M/  establish  the 
following  equation  of  limits  qfguotientSf  which  is  independent 
of  these  last  conditions  VIII., 

IX...lim(F«:fr)  =  Hm(Fx:^'a;),    if    i^  =  0O  =  O; 

it  being  understood  that,  in  certain  cases^  these  two  quotients 
may  both  vanish  with  x  ;  or  may  tend  together  to  infinity^  when 
X  tends^  as  before,  to  zero, 

(1.)  Thb  theorem  is  so  important,  that  it  will  not  be  oseleas  to  oMiSrm  It  by  a 
geometrical  UhutraHon,  which  may  at  the  same  time  senre  for  a  peomehieal  proof; 
At  least  for  the  extensive  case  where  both  th»fkmetiouMfx  and  ^x  are  of  eedarfirms, 
and  consequently  may  be  repretenied,  or  eometruetedf  by  the  correepomdrng  orvfi- 
«afet,  XT  and  XZ  (or  ordinates  answering  to  one  eonmum  abeeiaea  OX),  of  <im 
etarvea  OyT  and  OzZ,  which  are  in  one  p/ane,  and  set  out  fh>m  (or  pass  throqgfa) 
one  common  origin  0,  as  in  the  annexed  Figure  76.  We'shall  afterwards  see  that 
the  result,  so  obtained,  can  be  extended  to  qnatemion  Jmnetione, 

(2.)  Suppoee  then,  first,  tliat  the  ordinates  of  these  two  corves  are  propottioma!^ 
or  that  they  bear  to  each  other  one  fixed  and  conatant  ratio;  so  that  the  equatioo, 

X.  ..XY:  XZ  =  xg:xz, 
is  satbfled  for  every  pair  of  ahiciaMB^  OX  and  O^,  however  great  or  tman  (he  corre- 
sponding ordinatee  may  be.  Prolonging  then  (if  neeesaaiy)  the  chord  Ty  of  the 
Jiret  curve,  to  meet  the  tuda  of  absdssn  in  some  point  f ,  and  so  to  detennine  a  mI- 
secant  fX,  we  see  at  once  (by  simibr  triangles)  that  the  correeponding  chord  Zx  of 
thet  eeond  curve  will  meet  the  same  axis  in  the  eame  point,  t;  and  therefore  that 
it  will  determine  (ngorovatg)  the  tame  tubMceant,  IX. 
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(8.)  Hence,  if  the  point  x  be  conceived  to  approach  to  X,  so  that  the  teeant  Yyt 
of  tbejirst  cnrve  tends  to  coincide  with  the  tangetU  YT  to  that  curve  at  the  point  T, 
the  Mteamt  Zit  of  the  tecond  curve  mnst  tend  to 
coincide  with  the  line  ZT,  which  line  therefore 
must  be  the  tangent  to  that  second  carve :  or  in 
other  words,  corresponding  subtangentM  cotncidef 
and  of  course  are  equal,  under  the  supposed  eon- 
ditioM  X.,  of  a  constaut  proportionality  ofordi- 
natet, 

(4.)  Suppose  next  that  corresponding  ordi- 
nates  only  tend  to  bear  a  given  or  constant  ratio 
to  each  other ;  or  that  their  (now)  variable  ratio 

tends  to  a  given  or  fixed  Umit^  when  the  com- 

mon  absdssa  is  indefinitely  diminished,  or  when    ~ 

^^  point  X  tends  to  O ;  and  let  T  be  stUl  the  ^*^'  ^^' 

variaUe  point  in  which  the  tangent  to  the  first  curve  at  T  meets  the  axis,  so  that  the 

line  TX  is  still  the^r«/  suhtangeiU,     Then  the  corresponding  tangent  to  the  §econd 

curve  at  Z  will  not  in  general  pass  through  the  point  T,  but  will  meet  the  axis  in 

some  different  point  U.   But  the  ratio  of  the  two  corresponding  snhtangents^  TX  and 

UX,  which  had  been  a  ratio  of  equality ^  when  the  condition  of  proportionality  X. 

was  satisfied  rigorously ^  will  now  at  least  tend  to  such  a  ratio;  so  that  we  shall  have, 

under  this  new  condition^  of  tendency  to  proportionality  of  ordlnates,  the  limiting 

equation, 

XI.  ..lim(TX:UX)=l; 

whence  the  equation  IX.  results,  under  the  geometrical  form^ 

XIL  .  .  lim  (tan  XTY :  tan  XUZ)  =  Um  (XY  :  XZ). 

(5.)  We  might  also  have  observed  that,  when  the  proportion  X.  is  rigorous^  cor- 
responding areas*  (such  as  2;XYy  and  xUZz)  of  the  two  curves  are  then  exactly  in 
the  given  ratio  of  the  ordinates  ;  so  that  this  other  equation,  or  proportion, 

XIIL  . .  OXYyO  :  OXZ2O  =  XY :  XZ, 
is  then  also  rigorous.  Hence  if  we  only  suppose,  as  in  (4.),  that  the  ordinates  tend 
to  some  fixed  limiting  ratio^  the  areas  must  tend  to  the  same  ;  so  that  t/the  second 
member  of  the  equation  IX.  have  any  definite  value,  as  a  limit,  the  first  member 
must  have  the  same :  whereas  the  recent  proof,  by  subtangents,  served  rather  to 
show  that  if  the  first  (or  left  hand)  limit  in  IX.  existed,  then  the  second  limit  in 
that  equation  existed  also,  and  was  equal  to  the  first. 

(6.)  If  the  function  Fxbea.  quaternion,  we  may  (by  221)  express  it  as  follows, 

XIV. . .  F»=  r+  ix-¥jr+kz, 

where  W,  X,  Y,  Ztxefomr  scalar  functions  ot  x,  of  which  each  separately  can  be 


*  Compare  the  Fourth  Lemma  of  the  First  Book  of  the  Prindpia ;  and  see  espe- 
cially its  Corollary,  in  which  the  reasonmg  of  the  present  sab-article  i«  virtnaUy  an- 
ticipated. 

•       3i 
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construetedf  as  the  ordinate  of  a  plane  carve;  and  the  recent  geometriedl^  reasoning 
will  thos  apply  to  each  of  them,  and  therefore  to  their  linear  combination  f)c:  which 
quaternion  Junction  rednces  itself  to  a  vector  function  of  x,  when  fir=  0. 

(7.)  And  if  yj/x  were  anot/ier  quaternion  or  vector  function,  we  might  first  sub- 
stitute it  for  Fx,  and  then  eliminiite  the  scalar  function  ^ ;  so  that  a  limiting  equa- 
tion of  the  form  IX.  may  thus  be  proved  to  hold  good,  when  both  the  functions  com- 
pared are  vectors^  or  quaternionsj  supposed  still  to  vanish  with  x, 

(8.)  The  general  considerations,  however,  on  which  the  equation  IX.  was  lately 
established,  appear  to  be  more  simple  and  direct ;  and  it  is  evident  that  thejy  give, 
in  like  manner,  this  other  but  analogous  equation,  in  which  F"x  and  ^"x  are  second 
derieativesy  and  the  conditions  YIIT.  are  now  supposed  to  be  satisfied : 

XV.  .  .  lim  (^a: :  ^'x)  =  Um  (F  x ;  ^''x),    if    1^0  =  0,  ^'0  =  0. 

And  so  we  might  proceed,  as  long  as  sueceseive  derivaiiveSf  of  higher  ordert^  oomti- 
nue  to  vanish  together. 

(9.)  Hence,  in  particular,  if  we  take  this  scalar  form^ 


XVI. 


2.8. ..m' 
which  evidently  gives  the  values, 

XVII.  ..^0  =  0,     00  =  0,    0"O  =  0, .  . .  0(««- DO  =  0,     0(")O  =  1, 
and  if  we  suppose  that  the  function  Fx  is  such  that 

XVIII.  .  .  JTDsO,     2^*0  =  0,     /*'0  =  0, .  .  .  F("»-i)0  =  0, 

while  F(*")0  has  any  finite  value,  we  may  then  establish  this  limiting  equation : 

XIX. .  .  lim  ( JIb  :  0aj)  =  FWO  ; 
c-o 

in  which  iim  function  Fx,  and  the  value  F("*)0,  are  here  supposed  to  be  generally 

quaternions ;  although  they  may  happen^  in  particular  cases,  to  reduce  themselves 

(^92)  to  vectors,  or  to  scalars. 


*  Instead  of  the  equation  IX.,  it  has  become  usual,  in  modem  works  on  the  Dif- 
ferential Calculus,  to  give  one  of  the  following  form  (deduced  from  principles  of  La- 
grange) : 

9  denoting  some  proper  fraction^  or  quantity  between  0  and  1.  And  a  geometrieai 
illustration,  which  is  also  a  geometrical  proof,  when  the  functions  Fx  and  0x  can  be 
constructed  (or  conceived  to  be  constructed)  as  the  ordinates  of  two  plane  curves,  is 
sometimes  derived  from  the  axiom  (or  geometrical  intuition)^  that  the  chord  of  any 
finite  and  plane  arc  must  be  parallel  to  the  tangent,  drawn  at  some  point  of  that 
finite  arc.  But  this  parallelism  no  longer  exists,  in  general,  when  the  curve  is  one 
of  double  curvature  ;  and  accordingly  the  equation  in  this  Note  is  not  generally  true, 
when  the  functions  are  quaternions  ;  or  even  when  one  of  them  is  a  quaternion,  or 
a  vector. 
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342.  It  will  now  be  easy  to  extend  the  Exponential  Trans- 
formation  340,  VIL ;  and  to  show  that  there  is  a  sense  in 
which  that  very  important  Formula^ 

I,  ..£yj=/(9+dj),  if  dV  =  0, 
which  is,  in  fact,  a  known*  mode  of  expressing  the  Series  or 
Theorem  of  Taylor^  holds  good  for  Quaternion  Functions  ge- 
nerally^ and  not  merely  for  those  functions  of  finite  and  poly- 
nomial form^  ytiih  positive  and  whole  exponents^  for  which  it 
was  lately  deduced,  in  340,  (6.).  For  let^  and/(5'  +  dg') 
denote  any  two  states^  or  values^  of  which  neither  is  irtfirdte^  of 
ajty  function  of  a  quaternion;  and  of  the  m  first  differentials, 

II.  .  .  Afq^     d^, . .     d'yg^,     in  which    dy  =  const., 

let  it  be  supposed  that  no  one  is  irfinite^  and  that  the  last  of 
them  is  different  from  zero ;  while  all  that  precede  it,  and  the 
functions^  and/(g  +  Aq)  themselves,  may  or  may  not  happen 
to  vanish.  Let  the  first  m  termsy  of  the  exponential  develop- 
ment of  the  symbol  {e^-  \)fqy  be  denoted  briefly  by  yi,  yj?  •  • 
qm ;  and  let  r^  denote  what  may  be  called  the  remainder  of  the 
series^  or  the  correction  which  must  be  conceived  to  be  added 
to  the  sum  of  these  m  terms,  in  order  to  produce  the  exact  value 
of  the  difference^ 

III.  ..^q^f{q+  ^q)  -fq  -f(q  +  dq)  -fq  I 

in  such  a  manner  that  we  shall  have  rigorously^  by  the  nota- 
tions employed,  the  equation, 

I V. . . /( J  +  dy)  =  jf^^  +  gi  +  y,  + . .  +  q^  +  r„,  where y«  =  23^ 5 

this  term  q^  being  difierent  from  zeroy  but  no  one  of  the  terms 
being  infinitCy  by  what  has  been  above  supposed.  Then  we 
shall  prove,  as  a  Theoremy  that 

*  Lacroix,  for  iiutaiice,  in  page  168  of  the  First  Volume  of  his  larger  Treatise 
oa  the  Diflerential  and  Integral  Calculua  (Paris,  1810),  presents  the  Theorem  of 
Taylor  niider  the  form, 

d»      d«i«        d^  d<«      ,  . 

^'"•+T+i:2-'iT2:8-^r2X4  +  *^-» 

where  «'  denotes  the  valoe  whieb  the  function  »  receives,  when  the  yariable  x  re- 
ceiyes  the  arbiirary  ineremeni  dx  (l^accroissement  quelconque  dr). 
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V.  .  .  lim  (Tr« :  Tq^)  =  0,  if  lim.  Tdj  =  0 ; 
or  in  words,  that  the  tensor  of  the  remainder  may  be  made  to 
bear  as  small  a  ratio  aswe  please^  to  the  tensor  of  the  last  term 
retained^  by  dfminishing  the  tensor^  without  changing  the  ver- 
sor,  of  the  differential  (or  difference)  dy.  And  this  very  gene- 
ral result,  which  will  soon  be  seen  to  extend  to  functions  of 
several  quaternions,  is  in  the  present  Calculus  that  analogue 
of  Taylor's  theorem  to  which  we  lately  alluded  (in  340,  (7.)  )  ; 
and  it  may  be  called,  for  the  sake  of  reference,  ^*  Taylor* s 
Theorem  adapted  to  Quaternions*' 

(1.)  WriUng 
we  shall  have  Uie  following  suooeaBlre  derivad^es  with  respect  to  x, 

F'x  =  d^f(q^mdq)~^d^Jq-  .  .■-  ^-^^^^d'^-^Jq;  .  .  . 

Fi^' »)«  =  d"»-  •  f(q  +  xdq)  -  d"»- » /g ;  and  finally, 
.  F("»)«  =  d^/Qj  +  xdq) ; 

because,  by  827,  YL,  and  824,  IV., 

VIII.  .  .  D/(?  +  «dj)  =  lim.«{/(9  +  «J9+n-»d9)-/(7  +  a?d9)}  =d/(^+*dj), 

»-• 

and  in  like  manner, 

IX. .  .  Da/(^  +  xdq)  =  d»/(9  +  *dg),  Ac. ; 
the  mark  of  derivation  D  referring  to  the  scalar  variable  x,  while  d  operates  on  q 
alone,  and  not  here  on  x,  nor  on  d^. 

(2.)  We  have  therefore,  by  VI.  and  VII.,  the  values, 

X.  ..F0  =  0,     F'0  =  0,     1^'0  =  0,  ..  F(«-i)0  =  0,     F(")0=d"yi; 
whence,  by  841,  XIX.,  we  have  this  limiting  equation. 


VIL. 


XL  ..lim.f  J^i:;      '" 


c-O 


2.3... 


-^  =  d«/g; 


Xn...lim(F:r:fx)=l,     if    ./,,  =  (  J^l^V 

(8.)  Bat  these  two  functions,  Fx  and  ^x,  are  formed  by  IV.  from  qm  +  r*  and 
qm,  by  changing  d^toxd^ ;  and  instead  of  thus  multiplying  dq  by  a  decreasing  tea- 
lar,  Xy  we  may  diminish  its  tensor  Td^,  without  changing  its  versor  XJdq.  We  may 
therefore  say  that,  when  this  is  done,  the  quotient  (qm  +  r^)  :  qm  tends  to  imtty,  or 
this  other  quotient  r^  :  qm  to  zero,  as  iU  limit;  or  in.  other  words,  the  limiting  equa- 
tion V.  holds  good. 
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(4.)  As  an  example,  let  the  fitnetion  fq  be  the  reciprocal,  q-^ ;  then  (comp.  339, 
in.)  its  mP^  difTerential  is  (for  dgs  const), 

Xin.  ..d"/g  =  d'".9''  =  2.3...m.^i(-r)",     if    r  =  dy.^-»; 
aod  it  is  easy  to  prove;  wUhout  differeutiah,  that 

XlV...(g  +  r^)-i=9-»(l  +  r)-»=g-»(l-r  +  r3-..  +  (-r)-  +  (-r)«*»Cl+r)-l}; 
we  have  therefore  here 

XV...g«  =  9-»(-r)%    r„  =  -g„r(l  +  r)-'.     T(r« :  9«)  =  Tr .  T(l  +  r)-i ; 
and  this  last  tensor  indefinitely  diminishes  with  Td^ ,  the  qnatemioD  q  being  sup- 
posed to  have  some  given  value  different  from  zero. 

(5.)  In  general,  if  we  establish  the  following  equation, 

XVI. ../(,  +  .-.d,)  =/,  +  »-id/j  +  :y  d'/7  +  . .  +  2. 8."!  (1,1)  ^"'fl 

as  a  defmUumal  extenaion  of  the  equation  825,  V . ;  and  if  we  suppose  that  neither 
the  function /9  itself,  nor  any  one  of  its  differentials  as  far  as  d'^^fq  is  infinite ;  the 
result  contained  in  the  limiting  equation  XL  may  then  be  expressed  by  the  formula, 

xviL../?)tad^)  =  d-/?; 

which  for  the  particular  value  m  =  1,  if  we  suppress  the  upper  index,  coincides  with 
the  form  826,  YIII.  of  the  definition  dfXy  but  for  higher  values  of  m  contains  a  theo- 
rem :  namely  (when  d'^fj  is  supposed  neither  to  vanish,  nor  to  become  injinite), 
what  we  have  called  Taylor's  Theorem  adapted  to  Quaternions, 

343.  That  very  important  theorem  may  be  applied  to  cases,  in 
which  a  quaternion  (as  in  327,  (o.)  ),  or  a  vector  (as  in  337),  is  ex- 
pressed as  &  function  of  a  scalar;  also  to  transcendental  forma  (333), 
whenever  the  differentiations  can  be  effected;  and  to  those  new 
forma  (334),  which  result  from  the  peculiar  operations  of  the  present 
Calculus  itself.     A  few  such  applications  may  here  be  given. 

(1.)  Taking  first  this  transcendental  and  quaternion  function  of  a  variable  scalar, 

L..9=/^==aS    with    Ta  =  l,    da  =  0,     d*  =  const., 

we  have,  by  883,  YIII.,  the  general  term, 

d"».a*  a*      I  iradt\^      aHxa)^      .,    ^ 

^        2.8. .m      2.3..m\    2     /        2.8. .m'  ' 

dividing  then  i^ .  a<  by  a',  we  obtain  an  infinite  series,  which  is  found  to  be  correct, 

and  convergent ;  namely  (comp.  808,  (4.)  ), 

.,     ,  (xay  (xa>  flrd<        .    vdt 

IIL.  .a^<=l  +  :ra  +  ^Hr-  +•  .  +  r~-^^— +  ..=«"  =  cos— -  +  o sin--. 
2  2.0..III  £  2 

(2.)  Correct  and  finite  expansions,  for  S(^+d^),  y(q  +  dq),  K(^  +  d^),  and 
^(j2  +  dq)t  are  obtained  when  we  operate  with  «<*  on  S^,  V9,  Kg,  and  Ng;  for  ex- 
ample (dq  being  stUl  constant),  the  third  and  higher  differentials  of  Ng  vanish  by 
334,  XL,  and  we  have 
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IV.  ..  «^N^  =  (l  +  d  +  Jd«)Nj  =  Nj  +  2S(K^.d^)+Nd^  =  N(^  +  dg); 
an  expression  for  the  norm  of  a  turn,  which  agrees  with  210,  XX,  and  with  200, 
VII. 

(8.)  To  develope,  on  like  principles,  the  tetuor  and  vergor  of  a  mor,  let  us  again 
write  r  for  d^ :  9,  and  denote  the  scalar  and  vector  parts  ot  this  quotieDt  by  §  and  0 ; 
BO  that,  hj  884,  XIII.  and  XV., 

V...  =  Sr=S^  =  ^^        VI....=Vr^V^  =  ^^. 

(4.)  Then  writing  also,  for  abridgment,  as  in  a  known  notation  otfaetoriaU, 

VII...[-l]  =  (-l).(-2).(-8)....(-m), 
we  shall  have,  by  842,  XIII.,  dq  being  still  treated  as  constant,  the  equation, 

VIII. .  .  d-»(»  +  »)  =  d-^  =  [-  l"r«^»  =  [-  1]  (t  +  »}-»^i, 
of  which  it  is  easy  to  separate  the  scalar  and  vector  parts ;  for  example, 

IX...  ds  =  -S. (*  +  »)«=-(*»  +  »»);        d»  =  -V.(«  +  »)«  =  -2#». 
(6.)  We  have  also,  by  V.  and  VL, 

the  notation  being  such  that  we  have,  for  instance,  by  IX., 

XII.  ..(•  +  d)l=*;    (t  +  d)«l  =  (#  +  d)f  =  s>  +  d#  =  ~0«; 
XIII.  .  .  («  +  d)l  =  ©}     (c+d)n=(D+d)c=»«  +  di7=t»«-2«». 
(6.)  The  exponential  formula  842,  L,  gives,  therefore, 

XrV.  .  .T(^+d^)=«dT^  =  f*«»i.Ty; 

XV.  .  .  U(^  +  dy)  =  edUjs=t»*«'l.Ug; 

or,  dividing  and  substituting,  j 

XVL  . .  T(l  +  t  +  o)=««*'>l;        XVII. . .  U(l  +  #  +  t»):=f^'il ;        '^^  s^\ 
9  and  V  being  here  a  ecaJlar  and  a  vector^  wjiich  are  entirely  independent  of  each 
other ;  but  of  which,  in  the  applications,  the  temore  most  not  be  taken  too  large^  in 
order  that  the  eeriee  may  converge. 

(7.)  The  eymbolieal  expreteioney  XVI.  and  XVII.,  for  those  two  aeriee,  may  be 
dev^ped  by  (4.)  and  (6.) ;  thus,  if  we  only  write  down  the  terms  which  do  not  exceed 
the  eeeond  dtmeneion^  with  respect  to  »  and  e,  we  have  by  XIL  and  XIII.  thedeve- 

lopment, 

XVIII. .  .  T(l  +  t  +  i»)=:  1  +  t- J»a+  . .., 
XIX...  U(l  +  «  +  »)=l  +  ©  +  (Jc>-w)  +  ..,; 

of  which  aooordingly  the  produd  is  1  +  «+ 9,  to  the  same  order  of  approximation. 

(8.)  Afknetion  of  a  nm  of  two  quaternions  can  sometinies  be  developed,  wdA- 
4mt  diffireniial»f  by  processes  of  a  more  edgebraieal  eharaeUr  ;  and  when  this  liap- 
pens,  we  may  eompeare  the  result  with  the /orm  given  by  Ta^or^e  Seriee^  aa  adapted 
to  quatemiona  in  842,  and  so  d/ednee  the  valnee  of  the  eueoeeeioe  difirentialt  of  the 
function ;  for  example,  we  can  infer  the  expression  842,  XIII.  for  d«* .  q'\  ttom  the 
Mfiet  842,  XIV.,  for  the  reciprocal  of  a  turn. 
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(9.)  And  not  only  may  we  verify  the  recent  derelopments,  XYIII.  and  XIX.,  by 
comparing  them  with  the  more  algAraUal  form»^ 

XX...T(l+t  +  r)=(l  +  a+r)l(l  +  f-.r)», 
XXI. .  .  U(l +  «  +  »)  =(1 +  t  +  »)*(l  +  «-c)-*, 

bat  also,  if  the  first  of  these  for  example  (whim  expanded  by  ordinary  procettei, 
which  are  in  this  case  applicable)  have  given  ub,  trithoui  differentials, 

XXII. .  .  T(jy  +  ^)  =  (1  + 1  -  J«» .  .)Tg,    where    «  =  8gV*>    and    »  =  Vg'^-i, 

we  can  then  infer  the  values  of  th^ftrat  and  $eeond  differenHaJU  of  the  temor  of  a 
quaternion,  as  follows : 

XXIlI...dTg  =  S^.Tg;    d«T^=-f  V^Vt^; 

whereof  the  fint  agrees  with  834,  XIL  or  XIIL,  and  the  second  can  be  deduced  from 
it,  under  the  form, 

xxiv...d.T,=a(8^.T,)=((8L')'-8.(jy)r,. 

(10.)  In  general,  if  we  can  only  devebpe  a  Amction/(9 + ^)  as  fiur  as  the  term 
or  terms  which  are  of  the/rtf  dimmtitm  relatively  to  ^,  we  shall  still  obtain  thus 
an  expressioQ  for  the/nf  dffirenHal  dfyy  by  merely  writing  d^  hi  the  plaoe  of  9^. 
But  we  have  not  chosen  (oomp.  100,  (14.)  )  to  regard  tkis  property  of  the  different 
tUd  ofafimeHon  as  ih»fimdamemtai  one,  or  to  adopt  it  as  the  definiHom  of  d/^ ;  be- 
cause we  have  not  chosen  to  pottulaie  tht  general  poetSbUUif  of  snch  deteUipmenU  of 
fnndione  ofpudemion  ftmw,  of  which  in  ftJA  it  is  in  many  cases  diffieeU  to  dieeover 
the  2in0f  ,  or  even  to  prove  the  emeteneey  except  in  some  such  way  as  that  above  ex* 
phuned. 

(11.)  This  opportunity  may  be  taken  to  observe,  that  (with  recent  notations)  we 
have,  by  YIIL,  the  symbolical  expression, 

XXV. . .  f«+»+d  1  =  1  + 1  +  © ;     or    XXVL  ..»»"+<>  1  =  I  +  r. 

344.  Successive  differentials  are  also  connected  with  successive  dif- 
ferences^ by  laws  which  it  is  easy  to  investigate,  and  on  which  only 
a  few  words  need  here  be  said. 

(1.)  We  can  easily  prove,  from  the  definition  824,  lY.  of  d/g,  that  if  d^^  be  con- 
stant, 

I.  .  .  aVg  =  Urn  .  1*2  {yXg  +  2«-»  d^)  -  2f(q  +  •-»  dq)  +fq} ; 

«"• 

with  analogous  expressions  for  difiereutials  of  higher  orders. 

(2.)  Hence  we  may  say  (comp.  840,  X.)  that  the  eueceative  differentiaUt 
II.  ..d/^,     dVg,    dW,..    for    d«^=0, 
are  Uodte  to  which  the  following  multiples  ofsuceeteive  differeneee^ 
III.  ..nA/^,     a>A%,     n'A'/y,..     for    A«^  =  0, 
all  simultaneously  tend^  when  the  multiple  nAg  is  either  constantly  equal  to  d^,  or  at 
least  te¥idM  to  become  equal  thereto,  while  the  number  n  increases  indefinitely. 
(3.)  And  hence  we  might  prove,  in  a  new  way,  that  if  the  Jkuetion  f{q  +  d^) 
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can  be  developed^  in  a  teriet  proceeding  according  to  iueending  and  whole  dimeiuum* 
with  respect  to  d^,  the  parte  of  this  serieSf  which  are  of  those  sueeeesive  dimemlons, 
must  follow  the  law  expressed  by  Taylor^e  Theorem*  adapted  to  Quaiemiane 
(342). 

345.  It  is  easy  to  coDceive  that  the  foregoing  results  may  be  ex- 
tended (comp.  338),  to  the  successive  differentiations  of  functions  of 
several  quatemiona;  and  that  thus  there  arises,  in  each  such  case,  a 
system  of  successive  differentials^  total  and  partial:  as  also  a  system  of 
partial  derivatives^  of  orders  higher  than  the  first,  when  a  quaternion^ 
or  a  vector^  is  regarded  (comp.  337)  as  a  function  of  several  scaiars. 

(1.)  The  general  expression  for  the  eecond  total  differential, 
L..d>Q=d«fX^.r,..), 
involves  d';,  dh;  .  . ;  bnt  it  is  often  convenient  to  suppose  that  all  theae  second  dif- 
ferentials cMiiii«A,  or  that  the  Jiret  diflerentials  d^,  dr,  .  .  are  eonatant ;  and  then 
d*>*Q^  or  d^F(qy  r,  .  .),  becomes  a  rational,  integral,  and  homogeneous  function  of 
the  m^  dimension,  of  those  first  differentials  d^,  dr,  . .  ,  which  may  (comp.  S29, 
III.)  be  thus  denoted, 

II. .  .  d'-Q  =  (d,  +  dr  + .  .)"»Q;     or  briefly,     III. .  .  d"»  =  (d,  +  dr  + .  .)• 
in  developing  wliich  aymholieal  power,  the  mvltinomiol  theorem  of  algebra  may  be 
employed :  because  we  have  generally,  for  quaternions  as  in  the  ordmary  calculua, 
IV.  ..drd^  =  d4dr. 
(2.)  For  example,  if  we  denote  d^  and  dr  by  q'  and  r',  and  suppose 
\.,,Q^rqr,    then    VI.  .  .  d^Q  =  r^r;     VII.  .  .  drQ  =  rV+ r^'; 
and  VIII.  .  .  drd^  Q  =  d^r  Q  =  r^r  +  rqr. 

And  in  general,  each  of  the  two  equated  symbols  IV.  gives,  by  its  operadon  on 
F{q,  r),  the  limit  of  this  other  function,  or  product  (comp.  S44,  I.), 

IX.  . .  n«'{F(^  +  n-ld^,  r  +  m'-'dr)  -F{q,r^  Ji'->dr)  -F(g+  n-^d^,  r)  +  ^g,  r)}; 

in  which  the  numbers  n  and  n'  are  supposed  to  tend  to  infinity. 
(3.)  We  may  also  write,  for  functions  of  several  quaternions, 

X.  . .  Q+  AQ  =  J(^+dy,  r+  dr, .  .)=  6^fl*V--/'(g.  r); 
or  briefly,  XI.  .  .  1  -^  A^€*q*^r*"==€^i 

with  interpretatione  and  transformatione  analogous  to  those  which  have  occurred 
ahready,  for  functions  of  a  single  quaternion. 

(4.)  Finally,  as  an  example  of  sttceesaive  and  partial  derivationy  if  we 
the  vector  expression  808,  XVIII.  (comp.  315,  XIL  and  XIII.),  namely, 
XII.  ..p=r*V«*;'»A-«, 


*  Some  remarks  on  the  adaptation  and  proof  of  this  important  theorem  will  be 
found  in  the  Lectures,  pages  589,  &c 
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whiofc  has  been  seen  to  be  capable  of  representing  the  vector  of  any  pciiti  oftpate^ 
we  may  obeerre  that  it  g^ves,  wUkfyfA  trigonometryf  by  the  principle  mentioned  in 
308,  (110>  <^i>d  by  the  aab-articles  to  815,  not  only  the  form, 
XIII.  .  .  p  =  rit*/»'*»-*,  as  in  808,  XIX., 
bat  also,  if  a  be  any  vector  imt#, 

XIV.  .  .  p  =  rA**y  «**-«  =  rA«(AS .  a^  +  iS.  o«^0- *"'  * 
whence  XV. .  .  p  =  rV.  ik>»*i  +  rA'^V.  t»».  as  in  816,  XIL 

(5.)  We  have  therefore  the  fbllowing  new  ezpresaions  (compare  the  mb-artidea 
to  837),  for  the  two  jparfial  dernmiiveB  otthejirgt  order,  of  thia  variable  vector  p, 
taken  with  respect  to  e  and  t : 

XVL  .  .  l>^^irr¥jHj'»k-*=--irp¥jk-*, 
with  the  verification,  that 

XVIL  . .  pT)^  =  irr*.¥j*kpk-*.¥jij-»k-*  =  irr'¥Jk''; 
and  XVIIL  .  .  D«p  =  irrk'fV.ju  =  m-k^jS .  o**"*  =  r-ipD,p .  S.  a^i, 

whence     XIX. .  .  pD«p  =  -  rD,p .  S .  o«*-»,    and    XX.  . .  D«p .  Dip  =  w'rpS .  a*»-  > ; 
whfle  XXI.  ,.l}rp  =  r'^p  =»  k*fikJ-Jlr*,  as  to  887,  XXV. ; 

so  that  we  have  the  followhig  iemcay  product  of  these  derived  vectors  of  the  first 
order, 

XXIL  .  .  Drp.D«p.Dipss  irSpiS.a>^i-flT>D«S.a''; 

the  «ea/ar  character  of  which  product  depends  (comp.  299,  (9.))  on  the  circum- 
stance, that  the  vectors  thus  multiplied  compose  (887,  (10.)  )  a  rectangtdar  tyatem. 

(6.)  It  is  easy  then  to  infer,  for  the  eix  partial  derivativee  of  p,  of  the  second 
order,  taken  with  respect  to  the  same  three  scalar  variables,  r,  »,  t,  the  expressions : 

XXIIL  . .  Dr*p  =  0;     DrD,p  =  D,Drp  =  »^»D,p;     DrD«p  =  D|Drp=r->D«p5 
XXIV.  .  .  D,«p=-w>p;     D,D«p  =  D*D.p«w«rA«<V.;"«»^i;     D<«p  =  - w VA«<V. •«•. 

(7.)  The  three  partial  differeniiula  of  the  Jfr«<  order,  of  the  same  variable  vector 
p,  are  the  following: 

XXV.  .  .  drp  =  r-ipdr ;    d«p  s D«p .  d« ;    d<p  =  D^p .  d<; 
with  the  products, 

XXVL  .  .  d,p .  d<p  =  -  irrpdS .  a»«.  d< ; 
XXVII.  . .  drp .  d^ .  d«p  =  flrr*dr .  dS  .  a«».  d/. 

(8.)  These  diffirential  veetorty  drp,  d«p^  dip,  are  (m  the  present  theoiy)  gene- 
raibf  finite  ;  drp,  like  D^p,  bemg  a  line  in  the  direction  of  p,  or  of  thercKft'iif  of  this 
sphere  round  the  origin,  at  least  if  dr,  like  r,  be  positive ;  while  d«p,  like  D«p,  is 
(oomp.  100,  (9.)  )  a  tangent  to  the  meridian  of  that  spheric  surface,  for  which  r 
and  t  are  canetant ;  but  dtp,  like  Dtp,  is  on  the  contrary  a  tangent  to  the  email  circle 
(or  paralUt),  on  the  same  sphere,  for  which  r  and  $  are  constant. 

(9.)  Treating  only  the  radius  r  as  constant,  and  writtog  p  =op,  if  we  pass  from 
the  point  p,  or  («,  t\  to  another  point  q,  or  (s  +  Zk«,  f),  on  the  same  meridian,  the 
chord  PQ  is  represented  by  the^it«  dijfference,  £^ ;  and  m  like  manner,  if  we  pats 
from  p  to  a  point  b,  or  («,  t  +  A/),  on  the  eame  parallel,  the  new  chord  pr  is  repre- 
sented by  the  other  partial  and  finite  difference,  /kfp ;  while  the  point  («  +  A«,  <  +  At) 
may  be  denoted  by  s. 

(10.)  If  now  the  two  points  q  and  r  be  conceived  to  approach  to  p,  and  to  come 
to  be  verg  near  it^  the  chords  pq  and  PR  will  very  nearly  coincide  Tvith  the  two  cor- 

3k 
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responding  are§  of  mttidian  and  parallel ;  or  with  the  toa^tnto  to  the  same  two  cir- 
cles at  P,  so  drawn  as  to  haTe  the  lenpiks  ci  those  two  arcs :  or  finallj  with  the  di^ 
ferenHal  and  tangentiul  ooe/orf,  d«p  and  dip,  if  we  soppose  (as  we  may,  comp.  822) 
that  the  two  arhitrarjf  and  Bcalar  dijfertniialt,  6m  and  d<,  are  so  atwmtd  as  to  be 
constantly  equal  to  the  two  differmueg^  At  and  A<,  and  consequently  to  diwumsk 
with  them, 

(11.)  Whether  the  differentials  dc  and  dt  be  large  orima//,  the  product  d^.d«p, 
like  the  product  D«p .  Dip,  represents  rigorouely  a  nortMil  vector  (as  in  XXYL  and 
XX.) ;  of  which  the  length  bears  to  themiit  of  length  (comp.  281)  the  mmm  ratio^  as 
tliAt  which  the  rectangle  under  the  two  perpendicular  tangente,  d«p  and  d^,  to  the 
ephere^  bears  to  the  unit  of  area.  Hence,  with  the  recent  suppositions  (10.),  we 
may  regard  this  product  dgp^dtp  aa  representing,  with  a  continually  and  indefinitely 
increasing  accuracy,  even  in  the  way  of  ratio,  what  we  may  call  the  directed  dement 
oftpheric  turface^  pqbs,  considered  as  thus  repreeented  (or  constructed)  by  a  nor- 
ma/ at  p ;  and  the  teneor  of  the  same  product,  namely  (by  XXVI.), 

XXVIII.  .  .  T(d^ .  d<p)  =  - irr«dS .  o««.  df, 
in  which  the  negative  eign  is  retained,  because  8 .  d^  decreases  from  -|- 1  to  —  1,  while 
$  increases  from  0  to  1,  is  an  expresuon  on  the  same  plan  for  what  we  may  call  by  con- 
trast the  undirected  element  ofepherie  area^  or  that  element  considered  with  reference 
merely  to  quantity,  and  not  with  reference  to  direction. 

(12.)  Integrating^  then,  this  last  differential  expreuion  XXVIII.,  from  <  s  0  to 
<  s  2,  and  from  a  =  so  to  a  =  si,  that  is,  taking  the  limU  of  the  eum  of  all  the  elements 
PQRS  between  these  bounding  values,  we  find  the  following  equation  : 

XXIX.  .  .  Area  of  Spheric  Zone  =  2jrr«S(o»»o-  o«»i); 
whence 

XXX.  .  .  Area  of  Sphene  Cap  (#)  =  2«rr«(l  - S .  a»«)  =  4wr« (TV. o«)» ; 

and  finally, 

XXXI.  *  .  Area  of  Sphere  =  iirr\  as  usual. 

(18.)  In  like  manner  the  expression  XXVII.,  with  its  sign  changed  (on  account 
of  the  decrease  of  S  .  a'^  as  in  (11.)  ),  represents  tiie  element  of  volume;  and  thus, 
by  integrating  fbom  r  =  To  to  r=sri,  from  a  =  0  to  a=l,  and  from  t^O  to  <s2, 
we  obtain  anew  the  known  values : 

.      XXXII.  . .  Volume  of  Sjffheric  SheU  =  ^  (ri»  -  r^ ; 

3 

and 

4irf^ 
XXXIII.  .  .  Volume  of  Sphere  (r)=  -—-,  as  usual. 

8 

(14.)  Theee  are  however  only  specimens  of  what  may  be  called  Scalar  Integra^ 
tioUf  although  connected  with  quaternion  fbrme  ;  and  it  will  be  more  charaeterietic 
of  the  present  Calculus,  if  we  apply  it  briefly  to  take  the  Vector  Integral,  or  the  limit 
of  the  vector-turn  of  the  directed  elementa  (11.),  of  a  portion  of  a  spheric  surikce: 
a  problem  whidi  corresponds,  in  hydrottatice,  to  calculating  the  r««iiZ<<mt  oftheprt*- 
euree  on  that  surface,  each  pressure  having  a  normal  direction,  and  a  quantity  pro- 
portional io  the  element  of  area. 

(15.)  For  this  purpose,  we  may  employ  the  expression  XXVI.  with  its  sign 
changed,  in  order  to  denote  an  inward  normal,  or  eipreeeure  acting  from  without; 
and  if  we  then  substitute  for  p  its  value  XV.,  and  observe  that 
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XXXIV...  pA*'d/  =  0,  because  *>=-!, 

and  remember  that  Y.  ifc>^i  =  A6 .  a'«,  we  eaeilj  deduce  the  ezpresnons : 

XXXV.  . .  Ami  ofDtMcUd  EUmtMU  of  Elementary  Zone  =  irr*kd .  (S .  a3«)* ; 
XXXVL  . .  Smm  of  Directed  EUmente  of  SpKerie  Cap  (#)  =  -  irr'ifc  (1  -  (S.a«*)«) 
=  irr«*  (V.  a*)'  =  ir'^h  (Dtp^  =  wk  (V*p)«. 
(16.)  Bat  the  radiue  of  the  plane  and  eireular  haee^  of  the  epherie  eegment  cor- 
nspondiBg,  is  TY^p,  so  that  its  area  is  in  9«anKty  «=-  ir  (Ykp^ ;  and  the  eomnuM 
direetion  of  all  its  inward  normaU  is  that  of  +  A  ;  hence  if  we  still  represent  the  di- 
rected eUmewte  by  normals  thus  drawn  inwarde^  we  have  this  new  expression  : 
XXXYII.  .  .  Smn  of  Directed  ElemenU  of  Circular  Bate  ^-irk  (Yitp)* ; 
comparing  which  with  XXXVI.,  we  arriye  at  the  formula, 

XXXVIII.  .  .  Sum  of  Directed  ElemenU  of  Spheric  Segment  =•  Zero  ; 
a  resolt  which  may  be  greatly  extended,  and  which  evidently  answers  to  a  known 
case  of  e^mHftrtKm  in  hydrostatics. 

(17.)  These  few  examples  may  serve  to  show  already,  XhsXDiJJerentialsof  Qua- 
temione  (or  of  Vectors)  may  be  applied  to  various  peometrical  and  physical  ques- 
tious :  and  that,  when  so  applied,  it  is  permitted  to  treat  them  as  smally  if  any  coa- 
tenienee  be  gained  thereby,  as  in  cases  of  integration  there  always  is.  But  we  must 
now  pass  to  an  important  investigation  of  another  kind,  with  which  differentials  will 
be  found  to  have  only  a  sort  of  indirect  or  suggestive  connexion. 

Section  6 On  the  Differentiation  of  Implicit  Functions  of 

Quaternions ;  and  on  the  General  Invei'sion  of  a  Linear 
Function^  of  a  Vector  or  a  Quaternion :  with  some  connected 
Investigations. 

346.  We  saw,  when  differentiating  the  square-root  of  a 
quaternion  (332,  (5.)  and  (6.)  ),  that  it  was  necessary  for  that 
purpose  to  resolve  a  linear  equation^*  or  an  equation  of  the 
Jirst  degree;  namely  the  equation, 

I   .  .  rr'-{-  rr  =  q\ 
in  which  r  and  q  represented  two  given  quaternions,  qh  and 
djT,  while  r'  represented  a  sought  quaternion,  namely  dr  or  d .  qh. 
And  generally,  from  the  linear  or  distributive  form  (327),  of 
the  quaternion  differential 

II...dQ=d/j=/(y,dy), 
of  any  given  and  explicit  function  fjy  when  considered  as  de^ 
pending  on  the  differential  d^  of  the  quaternion  variable  ;,  we 
see  that  the  return  from  the  former  differential  to  the  latter, 

*  Compare  the  Note  to  page  410. 
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that  is  from  dQ  to  d;,  or  the  differentiation  of  the  inverse  or 
tji^p/ta^  function /'^Q,  requires  for  its  accomplishment  the  So^ 
lution  of  an  Equation  of  the  First  Degree:  or  what  may  be 
called  the  Inversion  of  a  Linear  Function  of  a  Quaternion. 
We  are  therefore  led  to  consider  here  that  general  Problem ; 
to  which  accordingly,  and  to  investigations  connected  with 
which,  we  shall  deyote  the  present  Section,  dismissing  how- 
ever now  the  special  consideration  of  the  Differentials  above 
mentioned,  or  treating  them  only  as  Quaternions^  sought  or 
given,  of  which  the  relations  to  each  other  are  to  be  studied. 

347.  "Whatever  the  particular  form  of  the  given  linear  or  dis- 
tributive  function^  fq^  may  be,  we  can  always  decompose  it  as  follows : 

I.  .  .fq^f{Sq-^Yq)^f8q-^fVq^Sq.f\  ^fVq; 

taking  then  separately  acalars  and  vectors,  or  operating  with  S  snd 
V  on  the  proposed  linear  equation^ 

II...A«r, 

where  r  is  a  given  quaternion,  and  q  a  sought  one,  we  can  in  general 
diminats  S^,  and  so  reduce  the  problem  to  the  solution  of  a  linear 
and  vector  equation^  of  the  form, 

III.  ..^/>=r; 

where  «■  is  a  given  vector,  but  /»(»  V^)  is  a  sought  one,  and  ^  is  used 
as  the  characteristic  of  a  given  linear  and  vector /unction  of  a  vector, 
which  function  we  shall  throughout  suppose  to  be  a  real  one,  or  to 
involve  no  imaginary  constants  in  its  composition.  But,  to  every  such 
function  ^p,  there  always  corresponds  what  may  be  called  a  conjugate 
linear  and  vector  function  ^V>  connected  with  it  by  the  followbg 
Equation  of  Conjugation^ 

IV..  .SX0/>  =  S/>^'X; 

where  a  and  p  are  any  two  vectors.  Assuming  then,  as  we  may,  that 
fk  and  V  are  two  auxiliary  vectors,  so  chosen  as  to  satisfy  the  equa- 
tion, 

V.  .  .Y/ip^a, 
and  therefore  also, 

VL  .  .  SX<r  =  SX/iv,     Sfia  =  0,     Si/a  =  0, 

where  X  is  a  fAtVc?  auxiliary  and  arbitrary  vector,  we  may  (comp.  312) 
replace  the  one  vector  equation  III.  by  the  three  scalar  equations, 
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VII. . .  SpTx  «  Sxfiv,    Bp^fi  =  0,    Sp^'p^  0. 
And  these  give,  by  priDclples  with  which  the  reader  is  supposed  to 
be  already  familiar,*  the  expression, 

VIII.  .  .  »l/E>  =  Yr<r,       or        IX,  .  .   p^^^a  as  TO'*^*-, 

if  ffi  be  a  vector-constara^  and  Y^  an  auxiliary  linear  and  vector  function, 
of  which  the  value  and  th^  form  are  determined  by  the  two  following 
equations:  c*  i^'^C'^f  J^^' ^         ^ 

X,..mSx^p  =  S(^ni.^'^.fy);     ^       ^.^iCp'^K-^  ^) 
XL  .  .  Y^(V^J')  =  V(?>.^'p);  I  •^  I  ;        T       / 

or  briefly,  i,'U^,  '>  -'--'  '  "" 

X'. .  .  mS\fip  =  S .  0'X^'/*^' V, 
and 

XP.  . .  y[tYfivr.Y.1^fi^'v. 

And  thus  the  proposed  Problem  qflnvereiony  of  the  linear  and  vector 
function  ^,  may  be  considered  to  be,  in  all  its  generality,  resolved; 
because  it  is  always  possible  so  to  prepare  the  second  members  of  the 
equations  X.  and  XL,  that  they  shall  take  the  forma  indicated  in  the 
first  members  of  those  equations. 

(1.)  For  example,  if  we  anume  any  three  diplanar  Tecton  a,  a,  a",  and  deduce 
from  them  three  other  vectors  fio,  jS'o,  p'o,  by  the  equations, 

XIL  .  .  ftScui'a"  =  YaW,    PfficMoT  =  Va'o,    /3"oSaa'a"  =  Vaa', 

then  any  vector  p  may,  by  294,  XY.,  be  expressed  as  follows, 

XIII.  .  .  p  =  iSoSap  +  /3'oSa'p  +  i3"oSo"p ; 
»f  then  we  write, 

ve  shaU  have  the  following  General  Expression^  or  Standard  Trinomial  Form,  for 
a  Ltneor  and  Vector  Function  of  a  Vector, 

XV.  . .  0p=/3Sap  +  /3'Sa'p  +  )3"Sa>; 

containing,  as  we  see,  three  vector  conttcmts,  (3,  p,  p\  or  nine  scalar  conttante^ 
snchas 

XVI. .  .  Sa/3,  Sa/3,  Sa"/3;     Sa/3',  Sa'/3',  Sa''/^;     Sa/T,  Sa'^",  Sa"/3"; 

'Which  may  (and  generally  will)  all  vary,  in  peering  from  one  linear  and  vector  Junc- 
Ho«  ^p  (o  another  snch  fonction ;  bat  which  are  aU  supposed  to  be  real,  and  given, 
^f^  tat!^  particular  form  of  that  function. 

(2.)  Passing  to  what  we  have  called  the  conjugate  linear  function  0'p,  the  form 
^V«  gives,  by  IV.,  the  expression. 


*  A  student  might  find  it  useful,  at  this  stage,  to  read  again  the  Sixth  Section  of 
the  preceding  Chapter;  or  at  least  the  early  sub-articles  to  Art  294,  9,  familiar  ac- 
quaintance with  which  is  presumed  in  the  present  Section. 
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XVII. .  .  ^'p  =  aSfip  +  a'S/3'p  +  a"S/r> ; 
but 

V.(aS/3^  +  a'S/3»  (aS/Sv  +  o'S/yv)^ Voa'S.iTCvS^/*  -/iS/3v) 
= Vaa'S./JT.^V/iv  =  Vaa'S./r/SV/iv ; 
therefore  the  tranaforniation  XI.  euoceeds,  and  gires, 

XVIII.  . .  i^p  =  Va'o''S/3"/3'p  + Va^oS^/Tp  +  Vaa'S/y/Sp, 

as  an  ezpresaon  for  the  auxiliary  function  ^ ;  of  which  the  conjugate  maj  be  thus 
written,  , 

XIX.  .  .  ^'p  =  Y^prSa^a'p  +  Vp^pSaa^p  +  V/3^'Sa'ap ;        L    T  •- 

so  that  tf/  is  changed  to  ^',  when  ^  is  changed  to  ^',  by  interchanging  eacli  of  the 
three  aJphat  with  the  corresponding  beta. 

(8.)  If  we  write,  as  in  this  whole  investigation  we  propose  to  do, 
XX.  .  .  X'  =  Vfiv,    fi'  =  VvX,    V  =  VXf*, 
the  formulae  XI.  and  X  become, 

XXL  . .  +X'  =  V.  ip'fx^'v,    and    XXII.  .  .  mSU'  =  S.  f  X^X', 
with  the  same  sort  of  abridgment  of  notation  as  in  XI'. ;  and  because  the  coefficient 
of  Saa'a'  in  this  last  expresdon  XXII.  is  by  XVII.  XVIII., 

the  cb'oifton  by  SXX',  or  by  SXfiv,  succeeds,  and  we  find  the  expression,  \ 

XXIII.  .  .  m  =  Saa'a''S^''/3'/3  ; 
which  may  also  be  thus  written, 

XXIII'.  .  .  m  =  8^/37rSo''a'a, 
so  that  m  does  not  change  when  we  pass  from  0  to  ^',  on  which  account  we  may 
write  also, 

XXrV.  .  .  mSXX'=  S. ^\^\%    or    XXIV. .  .  mSknv  =  S. ^Xffi^v, 
because,  by  (2.),  we  can  deduce  fh)m  XI.  the  conjugate  expression, 
XXV.  ..i^'X'  =  V.^^^v. 
(4.)  We  ought  then  to  find  that  the  linear  equation, 

XXVI.  .  .  (f  =  ^p  =pSap  +  jS'Sa'p  +  /3"Sa"p, 
has  its  aolution  expressed  (comp.  VIII.)  by  the  formula, 

XXVII.  . .  pSaa'a"S/3"/3'/3  =  VaVSj3"/y<T  + Va"aS/3/8"<y  +  Vaa'Sj8'/3<T; 
and  accor^ngly,  if  we  operate  on  the  expression  XXVI.  for  v  with  the  three  sym- 
bols, 

XXVIII. ..  S./S"/?',    S.iS/S".    S.iS-ft 

we  obtain  the  three  scalar  equations, 

XXIX.  . .  8prp<r=Qp'Pp&ap,  Ac., 
from  which  the  equation  XXVII.  follows  immediately,  without  any  introduction  of 
the  auxiliary  vectors  X,  fi,  v,  although  these  are  useful  in  the  theory  generally. 

(5.)  Ck>nYer8ely,  if  the  equation  XXVII.  were  given,  and  the  value  of  cr  eoughi, 
we  might  operate  with  the  three  symbols, 

XXX..  S.o,     S./3,     S.y, 
and  so  obtain  the  three  scalar  equations  XXIX.,  from  which  the  expression  XXVI. 
for  9  would  follow. 
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(&)  It  will  be  found  an  rueful  ch«ck  on  formnlB  of  this  sort,  to  consider  each  beta, 
in  what  we  have  called  the  Standard  Form  (1 .)  of  0p,  as  being  of  the  /ir§t  dimention  ; 
for  then  we  may  say  that  0  and  0'  are  oImo  of  XhAfirtt  dimension,  but  4/  and  ^'  of 
the  teeondj  and  m  of  the  third;  and  every  formula,  into  which  these  symbols  enter, 
will  thus  be  homoffeneoms:  a,  a',  a",  and  X,  fi,  v,  p,  being  not  counted,  in  this  mode 
of  estimating  duReiMUMw,  bnt  v  being  treated  as  ofthe>Er«<  dimension,  when  it  ia 
taken  as  representing  fp» 

(7.)  And  although  the  trinomial  form  XT.  has  been  seen  to  be  euffieiently  gene- 
rai^  yet  if  we  chooee  to  take  the  more  expanded  form, 

XXXI.  .  .  ^p  =  S/SSap,     which  gives    XXXII.  .  .  ^  p  =  SaS/3p, 
my  ntanber  of  termt  of  0p,  such  as  j3Sap,  /3'Sa'p*  &c  i  being  now  included  in  the 
twn  S,  there  is  no  difficulty  in  proving  that  the  equations  Vlil.  and  IX  are  satis* 
iled,  when  we  write, 

XXXIII.  .  .  i/zp  =  2 Vao'Si8'i3p,    with    XXXIV.  .  .  ^'p  =  SV/S/ySa'ap, 
sod 

XXXV.  . .  «  =  2Saa  a"S/3"/yi3=  rS/3/r/3"SaVo. 

(8.)  The  important  property  (2.),  that  the  auxiliary  function  ^  is  changed  to  its 
own  conjugate  4^ ,  when  ^  is  changed  to  0',  may  be  proved  without  any  reference  to 
the  form  2/3Sap  of  0p,  by  means  of  the  definitions  IV.  and  XI.,  of  0'  and  ^,  as  fol- 
lows.   Whatever  four  vectors  /i,  v,  ^i,  and  vi  may  be,  if  we  write 

XXXVI. . .  X'l  =  V^ivi,     and    XXXVII. .  .  ^T/iv  =  V.  0|i0v, 
adopting  here  this  last  equation  as  a  definition  of  theyundton  i^',  we  may  proceed  to 
prove  that  it  is  conjugate  to  ^,  by  observing  that  we  have  the  transformations, 
XXXVIII. .  .  SX'ii^'X'  =  S(V/»ivi.V.0/»0v)=S.fn(V.viV.0/»^v) 

a  S.fi(V. yV.f fii^Vi)  =  S (V^v.V.  ^>i0'vi)  =  SX'iJ/X'i ; 
which  establiah  the  relation  in  question,  between  if/  and  yj/', 

(9.)  And  the  not  less  important  property  (8.),  that  m  remains  unchanged  when 
we  pass  from  ^  to  ^\  may  in  like  manner  be  proved,  without  reference  to  the  form 
XV.  or  XXXI.  of  ^p,  by  observing  that  we  have  by  XXXVII.,  &c.  the  transfor- 
mations, 

XXXIX. .  .  S  .  ^X0/i^v  =  S .  ^Xi^'V  =  SX'if'^X  =  mSX'X  =  mSX|iv, 
because  the  equations  III.  and  VIII.  give, 

XL.  .  .  tf/^p  =mpf  whatever  vector  p  may  be ; 
so  that  the  value  of  this  scalar  constant  m  may  now  be  derived  firom  the  original 
linear  function  ^,  exactly  as  it  was  in  X.  or  X'.  from  the  conjugate  function  ^'. 

348.  It  is  found,  then,  that  the  linear  and  vector  equation^ 

I.  .  .  ^/o  a  a,     gives     II.  .  .  mp^^xptr^ 

as  its  formula  of  solution;  with  the  general  method,  ohoYe  ex- 
plained, of  deducing  m  and  xp  from  0.  We  have  therefore  the 
two  identities^ 
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III.  .  .  mtr  B  ^y^ffry    tnp  » i^^p ; 
or  briefly  and  symbolicallj, 

Iir.  .  .  m-^\p=\p^  ; 
'with  which,  by  what  has  been  shown,  we  may  connect  these 
conjugate  equations^ 

Changing  then  successively  ii  and  v  to  yfJii  and  \/^ V,  in  the 
equation  of  definition  of  the  auxiliary  function  \/^,  or  in  the 
formula, 

\pV/iv  =  V»ip>'fi^'v9  347,  XI'., 

we  get  these  two  other  equations, 

IV.  .  .  -  ^V.  i4>  «  m V./i^'v ;        V.  .  .  ^V.f /«^'v  =  m^Yfiv ; 

in  the  former  of  which  the  points  may  be  omitted,  while  in 
each  of  them  accented  may  be  exchanged  with  imaccented 
symbols  of  operation :  and  we  see  that  the  law  of  homogeneity 
(347,  (6.)  )  is  preserved.  And  many  other  transformations  of 
the  same  sort  may  be  made,  of  which  the  following  are  a  few 
examples. 

(1.)  Operating  on  V.  by  ^\  or  by  m~y,  we  get  this  new  formala, 
VI. . .  y.if^fi^  vsm^YMv; 
comparing  which  with  the  lately  cited  definition  of  rj/,  we  tee  that  we  majr  ekanj^e 
^  ^0  i^i  */v«  at  the  tame  time  change  yj/  to  m^,  and  therefore  alto  m  to  m' ;  ^'  being 
then  changed  to  ^',  and  4^'  to  m^'. 

(2.)  For  example,  we  may  thos  pats  from  IV.  and  Y.  to  the  formnla, 
VII.  . .  -  ^Vv^>  =  V/*+ V,    and    VIII.  .  .  0V.  ^>^'v  =  mVfiv ; 
In  which  we  tee  that  the  lately  cited  law  of  homogeneity  is  stiU  observed. 

(8.)  The  equation  VII.  might  have  been  otherwise  obtained,  by  interchanging 
/i  and  V  in  IV.,  and  operating  with  -  m-i^,  or  with  -^-i ;  and  the  formnla  VIII. 
may  be  at  once  dedacsd  from  the  equation  of  definition  of  ^,  by  operating  on  it 
with  ^.  In  fact,  our  nde  ofinvereUm^  of  the  limmr  funeHon  ^  may  be  said  to  be 
contained  in  the  formula, 

IX.  .  .  0->V^v  =  m-»V.^>fv; 
where  m  is  a  scalar  constant,  as  above. 

(4.)  By  similar  operations  and  snbstitutions, 

X.  .  .  ^« V.  0>0V  =  m^V/iv  =  V.  ^'|i^V ; 

XI.  .  .  m0V.  0>f  v  =  mtV^i/  =  ^V.i^>^v  ; 

XII. .  .  m»V.f/i0V=m2-.//V|iv  =  i//«V.i^>^V; 

XIII.  .  .  V.  0'»/4^'«i/  =  ^Y,  ffi^'v  =  ^//«V/ii/ ;  &c. 
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(5.)  But  we  have  abo, 

XIV..  .S.X^  =  8.^p^'X  =  S.p^'«X, 
80  tbat  the  mecmd  fintHont  ^'  aod  ^^  are  eamjmpaU  (compare  847, 17.) ;  hence,  by 
XIII.,  ^  ia  formed  from  f>,  aa  ^  from  f ;  and  generally  it  will  be  fonnd,  that  if 
«bea«y»AoiS»  flNtaiAer,  andif  wediaoge  ^  to  ^,  we  change  at  the  same  time  ^' to 
^'",  ^  to  f»,  ^  to  ^'»,  and  m  to  m». 

(H)  It  may  alao  be  remarked  that  the  changea  (1.)  oondoct  to  the  eqaaUon, 

XY. . .  (8.  ^X^/i^v)««SXfivS..  ^X^^if/v ; 
end  to  many  other  analogooa  formnlca. 

349.  The  expressions, 

with  the  significations  347,  XX.  of  X',  /a',  vy  and  others  of  the 
fiame  type,  are  easily  proved  to  vanish  when  X,  /u,  v  are  com- 
planar^  and  therefore  to  be  divisible  by  SX/uv,  since  each  such 
expression  involves  each  of  the  three  auxiliary  vectors  X,  /x,  v 
m  the^r#^  degree  only;  the  quotients  of  such  divisions  being 
therefore  certain  constant  quaternions^  independent  of  X,  /x,  v, 
And  depending  only  on  the  particular  firm  of  ^,  or  on  the 
(scalar  or  vector,  but  real)  constants^  which  enter  into  the 
composition  of  that  given  function.     Writing,  then, 

I. .  •  yi  =  (X'^X  +  ik^fi  +  v'0v)  :  SX/iv, 
and  II.  .  .  y,  =  (X'^X  +  fiy^fA  +  v'^v) :  SX/uv, 

we  shall  find  it  useful  to  consider  separately  the  scalar  and 
vector  parts  of  these  two  quaternion  constants^  qx  and  q^ ; 
which  constants  are,  respectively,  of  the^r^^  and  second  di- 
^'^ensionsy  in  a  sense  lately  explained. 

(1-)  Since  VX'^s  fcSv^X  -  fSX^V*  &c.»  it  follows  Uiat  the  vector  parts  of  ^i 
^d  9a  change  signs,  when  ^  ia  changed  to  /,  and  therefore  ^  to  i|/'.  On  the  other 
l^nd,  we  may  change  the  arbitrary  yeotors  X,  /lc,  y  to  X',  fi\  v\  if  we  at  the  same 
time  change  X'  to  V^V,  or  to  -  XSX/av,  fcc,  and  SX^v,  or  8XX',  to  -  (SX/iv)«  ;  di- 
viding  then  by  -  SX/uv,  we  find  these  new  expressions, 

III.  . .  gi  =  (X^X'  +  /i^/*'  +  V0O  J  SX^r, 

IV.  . .  ^2  «  (X^X'  +  /tfif'/  +  vif/ v*) :  SXfif ; 

operadng  on  which  by  8,  we  return  to  the  scalars  of  the  expressions  I.  and  II.,  with 
^  ud  ^  changed  to  f  and  ^\ 

(2.)  Qence  the  conjuffate  qmatemiou  eonstanU,  Kq\  and  K^,,  are  obtained  by 
I^**>>n^to  tlie  conjugate  linear  funetionf :  and  thus  we  may  write, 

3l 


»/• 
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V.  .  .  Kg,  =  (Xy X  +  ii'^'ii  +  vVv) :  SX^y ; 

VI.  . .  Kg,  =  (XV'X  +  /*>  +  vV'v) :  SX^v ; 
or,  intaffduukglqg  X  with  X',  tc^  ia  Om  diTidtiidt, 

VII.  . .  Kgi  -  (Xf  X'  +  ^f  y  +  »pf  V)  :  SX^v ; 
Vni.  . .  Kgi«  (X+'^'+  ^*V+  W/'O  :  SX^y ; 

where  X'  =  Vf«v,  fcc,  ae  before. 

(8.)  Operating  with  V.p  on  Vgi,  and  observing  that 

V.  pVX'^ -  K^SX»  -  X'SX^>,  &c.. 
while  *         ^(XSX'p  +  fiBnp  +  ySf/^) » fpSX/ir, 

and  X'SXf  >  +  ftSn^'p  +  v'Sv^'p  «  ^'pSX/iv, 

with  similar  transformations  for  V.  pVgt,  we  find-that' 

IX.  ..V.pVgi  =  ^p-fp; 
and  X.  . .  V.  pVg,  «  ^  -  ^'p* 

(4.)  Aecordinglj,  since 

^<fP  -  f »-  -  8p(fP  -  f P)  *  0, 
the  vector  fp  -  f'p^  if  it  do  not  vanish,  mut  be  «  line  perpendienlar  to  p,  and  there- 
fore of  the /irm, 

XI.  ..^p-^>  =  2Vyp. 

in  which  y  is  some  constant  vector ;  so  that  we  may  write, 

Xn.,.fp=fop  +  Vyp,    fp«^-Vyp, 
whera  the  function  ^  is  \U  unem  oofffii^fftc,  or  is  the  tommtm  adf^tmjw^ta^  pari  of 
fp  and  ^  p ;  namely  the  part, 

xm...^«K^4fp). 

And  we  see  that,  with  this  signification  of  y, 

XIV. . .  V(X'0X  +  /«>/«  +  vfv)  =  -  27SX/AV,     or     XIV.  .  .  V91  =  -  2y  ; 
while  we  have,  in  like  manner, 

XV...V(X'V'X  +  /i'+^  +  v'fv)«-2WX/iV,    or    XV. . .  Vg,=  -2^, 
if  XVL..*p-^PV==2V^p. 

As  a  confirmation,  the  part  fs  of  ^  has  hj  (1.)  no  effect  on  Vf  1 ;  and  if  we  change 
0X  to  VyX,  &C.,  in  the  first  member  of  XIV.,  we  have  thas, 

(XSyX'  +  ^Sy/*'  +  vSy  v*)  -  y  S  (XV  +  /»/  +  yv)  =  y  SXfiv  -  SySXfty. 
(6.)  Since  VX'f  X  =  -  ^VX^X,  tc,  by  848,  VII.,  while  we  mi^  write,  by(l.), 

(2.),andr4.), 

XVII.  .  .  V(X0X'  +  /*^/-h»^v')=-2ySX^v, 

XVIII.  . .  V(X^V  +f»('^'+  j^v*)  =  -  2aSX/*i/, 
or                          XIX.  .  .  V(X0'X' + ^^ V  +  v^'^*)  =  +  2y SX/4V, 
and                       XX. . .  V(X'^'X  +  /«^>  +  v'^v)  =  +  2aSX/iv, 
we  have  this  relation  between  the  two  new  vector  constants, 

XXI.  ..a  =  -fy  =  -^'y  =  -^y; 
for  0,  0',  and  po  have  all  the  tame  ejfiet,  on  <^  particular  vector,  y. 

(6.)  We  may  add  that  the  vector  constant  y  is  of  the/rsT  tBmentiony  and  that 
^  is  of  the  eeeond  dimension,  with  respect  to  the  betat  otthtitandardform  ;  in  fact, 
with  that /orm,  347,  XV.,  of  0p,  we  have  the  expressions, 
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XXII. . .  r  -  i  V(/3a  +  ffu'  +  P  V'> 
Md  XXIII. .  .  a =JV(V^^".VaV'+  Y^p.YaTa  +  Vft3'.V««'> 

(7.)  If  we  denote  by  ^  and  m«,  what  ^  ud  m  become  when  f  is  changed  to  ^o* 
ve  wOj  find  that  ^ 

8othatthe«(^:«oii/i^atejMi9f  of^p  oontains  a  <«nii,  -ySyp,  which  involvee  the 
Tector  7,  bot  ovfy  in  the  $eetmd  dtgree;  and  in  like  manner, 
XXVL  . .  m  =  iiio+  Sri  =  mo-8yfy\ 
y  agifai  entering  only  hi  an  even  degrety  becaoae  m  remaina  unchangedi  when  we  pass 
from  ^  to  0',  or  from  y  to  -  y. 

(8.)  It  is  erident  that  we  have  the  relations, 

XXVII..  .«o»^^«if'o^i 
and  that,  in  a  sense  ahready  esqklained,  ^  ^oi  and  mq  are  of  ihejirtt,  steomd,  and 
Mird  dimensions,  respectiyely. 

350.  After  thus  considering  the  vector  parts  of  the  two 
qmtemion  constants^  ^i  and  g,,  we  proceed  to  consider  their 
scalar  parts;  which  will  introduce  two  new  scalar  constarUs^ 
m"  and  m\  and  will  lead  to  the  employment  of  two  new  conju- 
gate aiLxiliary  functions^  xp  ^^d  xp ;  whence  also  will  result 
the  establishment  of  a  certain  Symbolic  and  Cubic  Equation^ 

I.  .  .  0  «  m  -  m-^  +  m'y  -  ^», 

which  is  satisfied  by  the  Linear  Symbol  ofOperatioHy  ^,  and 
w  of  great  importance  in  this  whole  Theory  of  Linear  Func^ 
tions. 

(1.)  Writing,  then, 

IL  . .  m'eS^i,    and    III.  ..m'^Bqtt 
we  see  first  that  neither  of  these  hoo  turn  eomtatUt  changes  valoe,  when  we  pass  from 
^  to  ^',  or  from  y  to  -  7  ;  becanse,  in  snch  a  passage,  it  has  been  seen  that  we  only 
change  91  and  q%  to  Kqi  and  E^.    Accordingly,  if  we  denote  by  m'o  and  m"o  what 
m' and  m"  become,  when  p  is  changed  to  0O)  we  easily  find  the  expressions, 
IV. .  .  m"s=  m"o ;    and    V. .  .  m'=iii'o  -  y*. 
(2.)  It  may  be  noted  that  m",  or  wTq,  is  of  thejtni  dimension,  bat  that  m'  and 
m'o  are  of  the  §ee<md,  with  respect  to  the  standard  form  of  ^ ;  and  acoordin^y,  with 
that  form  we  have, 

VI.  .  .  m-^So/S  +  Sa'^  +  So"^; 

and  VII.  .  .  »'=  S(Va'a^V/3"/3'^-  Va"a.V/3/8"  +  Vaa'.V^'iS). 

(3.)  If  we  introduce  two  new  Knear /unetionM,  xP  '^  x'Pi  *^>^  ^^^ 
VIII.  .  .  xV/«v  =  V(fi0'v-v^», 
and  IX.  .  .  x'V/'*'  =  V(/«^v  -  v^p), 
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it  is  easily  proved  that  thcee  ftinctionB  are  eoi^^tgai*  to  eadi  other,  and  that  each  is 
of  the  Jlr«<  dimension ;  in  HdLj  with  the  standard  form  of  ^p,  we  have  the  ezprea- 
sionsi 

X.  .  .  xp  -=  V(a V/8p  +  aT^'p  +  a" V/Tp), 
XI.  .  .  x'p  «=  ^iP'^ap  +  ^a'p  +  fi'VoTp) ; 
and  S .  XdVfip  =  S .  (iP^oK^  &c.    Also,  if  xo  be  formed  from  ^  as  x  from  ^,  it  will 
be  found  that 

XII.  ..xp  =  X0P-VrP»    and    XIII.  .  .  xp  =  XoP  + Vyp; 
where  xo  ia  of  the  first  dimension. 
(4.)  Since 

SXxX' «  S.  X(Ai^V  -  vf /*)  =  S(/*»  +  •^V), 

the  expression  II.  gives,  by  849,  V.,  the  equation, 

XIV.  . .  m"SU'  =  S.X(^  +  x)^'» 
X  and  X'  being  two  arbitrary  and  imdepemdeni  vectors  \  which  can  only  be,  by  omr 
having  the/kKcfiono/  rtlatum^ 

XV. .  .  ^p  +  xP'^^o^Vt 
or  briefly  and  symbolically, 

XVL-.x  +  ^^m". 
Accordingly  it  is  evident  that  the  relation  XV.  is  verified,  by  the  form  X.  of  xpt 
combined  with  the  standard  form  of  ^p,  and  with  the  expression  VI.  for  the  con- 
stant m". 

((>.}  The  formala  XVI.  gives, 

XVII...x0  =  m>-^=:^X; 
and  accordingly  the  identity  of  x0  ^^  0X  °^7  ^"^7  be  otherwise  proved,  by 
changing  n  and  v  to  if^V  and  ^y  in  the  definition  VIII.  of  Xi  and  remembering  that 

V.^fi^v=m0V/iv,    ^'i^'  =  m,     and    V/iiJ^V  =  -^V»^>; 
for  thns  we  have, 

XVIII. .  .  X0V/4V  =  V(/*^'v - vf » :=  ^V(^0'v -  vf'ii)  =  fx^iiVy 
as  required. 

(6.)  Since,  then, 

S .  X^xX'  =  S .  X(|i+V  -  W»  =  SOi^Ai  +  v'+V), 

the  value  III.  of  m'  gives,  by  849,  VI.,  the  equation, 

XIX. .  .  «'SU'c=S.X(if'+  ^x)X', 

X  and  X'  being  independent  vectors ;  hence, 

XX...^p  +  0XP  =  «'p, 
or  bnefly, 

XXI.  ..t^  +  ^X  =  »'. 
And  in  fact,  with  the  standard  form  of  0p,  we  have 
XXII.  . .  0XP  =  X^P  =  V(V^/3". Vp Va'a"  +  ^P'py^\a''a  +  YfiP'.YpYaa')  ; 

which  verifies  the  equation  XX.,  when  it  is  combined  with  the  value  VII.  of  «',  and 
with  the  expression  847,  XVIII.  for  ^p. 

(7.)  Eliminating  the  symbol  Xj  between  the  two  equations  XVI.  and  XXI.,  and 
remembering  that  ^tf/  =  ^^  =  m,  we  find  the  symbolic  expression, 
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XXIII.  . .  i«^-i«^  =  iii'-m>  +  ^«; 

and  thw  Uie  jyaiMte  and  embie  equatitm  I.  is  proved. 

(&)  And  because  the  eoeJieUtU*,  m,  m\  m",  of  that  equation,  have  been  seen  to 
remain  imaltered,  in  the  paassge  from  f  to  ^\  ^we  maj  write  also  this  comjwgote 

XXIV. . .  0  =  Si  -  m>'  +  m'Y*  -  f ». 

(9.)  MoltiplTing  STmboIically  the  equation  I.  by  -  m-*^,  and  reducing  by 
^  s  m,  we  eliminate  the  qrmbol  ^,  and  obtain  this  eutie  m  ^, 

XXV. .  .  0  =  «•-««"* +m'+«-+»; 

ia  whidi  ^  may  be  substituted  for  ^/, 

(10.)  In  general,  it  may  be  remarked,  that  when  we  change  ^  to  ^,  and  there- 
fore ^  to  iM^,  as  before,  we  change  not  only  m  to  m',  but  also  m'  to  mm",  and  m"  to 
»';  while  x  i>  «t  the  same  time  changed  to  ^Xi  ^'  ^  Xff  '^^  ^®  quaternion  qi  is 
changed  to  $«.  Accordingly,  we  may  thus  pass  from  the  relation  XVL  to  XXI. ; 
tnd  conTenely,  firom  the  latter  to  the  former. 

(11.)  And  if  the  two  new  auxiliary  functions,  %  <u>d  x',  be  considered  as  defined 
by  the  equations  VIII.  and  IX.,  their  conjuffote  relation  (8.)  to  each  other  may  be 
prooedy  without  any  reference  to  the  ttamdard  form  of  0p,  by  reasonings  similar  to 
those  which  were  employed  in  847,  (8.),  to  establish  the  corresponding  conjugation 
of  the  fonctions  ^  and  ^f\ 

(12.)  It  may  be  added  that  the  relations  between  ^,  ^',  x»  x'l  ^^  «"  gi^e  the 
following  additional  transformations,  which  are  occasionally  useful : 

XXVI. .  .  f^iiv  =  V(fixf  +  v^ii)  «  -  V(i/xA*  +  M^") ; 
XXVII. .  .  ^Vfiv  =  V(/ix'f  +  »^»  =  -  V(vx V  +  /*0'»')  J 
vith  othen  on  which  we  cannot  here  delay. 

351.  The  cabic  in  ^  may  be  thus  written  : 

I.  .  .  0  a  nsp  -  m'0p  +  m^^'p  -  ^'p  ; 

where  p  is  an  arbitrary  vector.  If  then  it  happen  that  for  some 
particular  but  actual  vector,  p,  the  linear  function  ^p  vanishes, 
80  that  ^p  «  0,  ifl^p  «  0,  ^*p  e  0,  &c.,  the  constant  m  must  be 
^€ro;  or  in  symbols, 

IL  .  .  if  ^p  =  0,     and    Tp  >  0,     then     m  «  0. 

Hence,  by  the  expression  347,  XXIII.  for  m,  when  the 
standard  form  for  ^p  is  adopted,  we  must  have  either 

III.  .  .  Saaa"  =  0,     or  else     IV.  .  .  S0'/3'0  =  0 ; 

80  that,  in  each  case,  that  generally  trinomial  form^  347,  XV., 
must  admit  of  being  reduced  to  a  binomiaL  Conversely,  when 
we  have  thus  a  function  of  the  particular  fornix 
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we  have  then, 

VI.  ..^Vda«0; 

80  that  if  a  and  a  be  actual  nxid  nan-parallelllneSy  the  real  snd 
actual  vector  Yaa  will  be  a  yalue  of  p,  which  will  satisfy  the 
equation  0/o  »  0 ;  but  no  other  real  and  actual  value  of  p,  ex- 
cept p  B  xYaay  will  satisfy  that  equation,  if  /3  and  /3'  be  actual^ 
and  non-parallel.  In  this  case  V.,  the  operation  ^  reduces 
every  other  vector  to  the  fixed  plane  of  j3,  /3',  which  plane  is 
therefore  the  lociu  of  ^p ;  and  since  we  have  also, 

VIL  ..^>  =  aS/3p+aS/3p, 

we  see  that  the  locu$  of  the  functionally  conjugate  vector y  ^'p, 
is  another  fixed  plane,  namely  that  of  a»  a.  Also,  the  normal 
to  the  latter  plane  is  the  line  which  is  destroyed  hy  thefi^rmer 
operation^  namely  by  ^ ;  while  the  normal  to  the  fimner  plane 
is  in  like  manner  the  lincy  which  is  annihilated  by  the  latter 
operation^  <^\  since  we  have, 

VIII...^'V^j3'-0, 
but  not  ip,'p  «  0,  for  any  actual  p,  in  any  direction  except  that 
of  V/3/3',  or  its  opposite^  which  may  however,  for  the  present 
purpose^  be  regarded  as  the  same.*.     In  this  case  we  have 
also  monomial fi)rms  for  Y'p  and  \/;p,  namely 

IX.  .  .  i/'p  «=  Vaa'Si3'^p,  and  X.  .  .  f  p  =  V/3i3'Sa  ap  ; 
so  that  the  operation  rp  destroys  every  line  in  the  first  fixed 
plane  (of  )3,  j3'),  and  the  conjugate  operation  yf!  annihilates 
every  line  in  the  second  fixed  plane  (of  o,  a).  On  the  other 
hand,  the  operation  ^  reduces  every  line,  which  is  out  of  the 
first  planey  to  the  fixed  direction  of  the  normal  to  the  second 
plane;  and  the  operation  xf/  reduces  every  line  which  is  out  of 
the  ^eec/mf  plane,  to  that  other  fixed  direction^  which  is  normal 
to  the^r^f  plane.  And  thus  it  comes  to  pass,  that  whether  we 
operate  first  with  xp^  and  then  with  ^ ;  or  first  with  ^,  and 
then  with  xp ;  or  first  with  yp'  and  then  with  ^' ;  or  first  with  <{)', 

•  Accordingly,  in  the  preteni  investipatiouy  wbenerer  we  shall  speak  of  a  ^^  fixed 
direction^''*  or  the  "  direction  of  a  given  /i»c,"  &c.,  we  are  always  to  be  andentood 
as  meaning,  "  or  the  oppotitc  of  that  direction.*' 
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and  then  with  jp' ;  in  all  these  casee,  we  arrive  at  last  at  a  null 
Hney  in  conformity  with  the  symbolic  equAtions, 

XL  ,  .  ^\p-yff^-  <f!\p'  =»  \f/^  =  in  =  0, 

which  belong  to  the  case  here  considered. 

(1.)  Without  recurring  to  the  ttandard  form  of  0p,  the  equation  848,  VI., 
luundy  Y.4^'fi4''v^m^y§tv,  and  tbe  aaak>gow  equation  Y . V'/c ^  »  at^'V^y, 
might  haye  enabled  ua  to  foresee  that  xj/'p  aad  -^p,  if  they  do  not  both  eomttauUjf  oo- 
AuA,  must  (if  m=  0)  have  each  h  fixed  direction;  imd  therefore  that  each  must  be 
expressible  by  a  monome,  as  abore :  the  fixed  ejection  of  rf/p  being  that  of  a  line 
which  is  amuikOated  by  the  operaiUM  ^,  and  rimUarly  iior  ^'p  and  f\ 

(2.)  And  because,  by  847,  XI.  and  XXY.,  we  hare 

}lfYpv  =  y.^'p^'vy    and    ^'Ypv^Y.fp^v, 

so  that  the  line  ^'p,  if  actual,  is  perpendicular  to  ifYpv^  and  the  line  ^  peipendica- 
lar  to  ^/V/iV,  we  see  that  each  of  the  two  lines^  ^'p  and  and  0p,  must  have  (in  the 
present  case)  a  plane  locve  ;  whence  the  htnofOHal  forme  of  the  two  eonjugate  vector 
funetume^  ^p  and  ^'p,  might  have  been  foreseen :  ^f  and  ^  p  bei^g  here  supposed  to 
be  actual  vectors. 

(3.)  The  relatione  of  reetemgularity,  of  the  tmo  fixed  Hnee  (or  directione)^  to  the 
twojixedplaneef  might  also  have  been  thus  deduced,  through  the  two  eomfuffote  U- 
Homialfomuj  V.  andYIL,  without  the  premoue  establishment  of  the  more  general 
trinomial  (or  standard)  form  of  fp, 

(4.)  The  existence  of  a  plane  locus  for  ^p,  and  of  another  for  0'p,  for  the  case 
when  m  =  0,  might  also  have  been  foreseen  from  the  equations, 

S .  (ftX^p^v  s=  S .  0^X^>0V  =  mSXpv ; 
and  the  same  equations  might  have  enabled  us  to  foresee,  that  the  scalar  conBtamt 
m  must  be  ecro,  if  for  any  one  actual  vector^  such  as  X,  either  0X  or  ^'X,  becomes 
nuU, 

(5.)  And  the  reducilility  of  the  trinomial  to  the  binomial  form^  when  this  last 
condition  is  satisfied,  might  have  been  anticipated,  without  any  reference  to  the  com- 
position of  the  constant  m,  from  the  simple  considerstion  (comp.  294,  (10.)),  that 
no  actual  vector  p  can  be  perpendicular,  at  once,  to  three  diplanar  lines. 

352.  It  may  happen,  that  besides  the  recent  reduction 

(351)  of  the  linear  function  ^p  to  a  binomial  form^  when  the 

rdation 

I.  .  .m  =  0 

exists  between  the  constants  of  that  function,  in  which  case  the 
symbolic  and  cMc  equation  350, 1,  reduces  itself  to  the  form, 

11.  .  .  ^3-m'y+m'^  =  0, 
thus  losing  its  absolute  term,  or  having  one  root  equal  to  zero^ 
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this  equation  may  undergo  a  further  reduction^  by  two  of  its 
roots  becoming  equal  to  each  other;  namely  either  by  oar 
having 

III.  ..m'«0,     and    IV.  .  .  ^»(0 -m") -0; 

or  in  another  way,  by  the  existence  of  these  other  equations, 

V.  . .  m"»-  4m'  =  0,     and    VI.  .  .  ^ (^  - im")' « 0. 

In  each  of  these  two  cases,  we  shall  find  that  certain  new  geo- 
metrical  relations  arise,  which  it  may  be  interesting  briefly  to 
investigate;  and  of  which  the  principal  is  the  mutual  rectan- 
gularity  of  two  Jixed  planes^  which  are  the  loci  (comp.  351)  of 
certain  derived^  9Xidi  functionally  conjugate  vectors :  namely,  in 
the  case  III.  IV.,  the  loci  of  ^p  and  ^  p ;  and  in  the  case  V. 
VI.,  the  loci  of  Op  and  <l>  p,  if 

VIL  ..*  =  ^-im",    and    VIII.  . .  *' =  0' -  iiii% 
so  that,  in  this  last  case,  the  symbol  O  satisfies  this  new  cubic^ 

IX.  ..0-<>»(O+J)ii"); 
while  ^'  satisfies  at  the  same  time  a  cubic  equation  with  the 
same  coefficients  (comp.  350,  (8.)),  namely 

X..0-<[>'*(O'  +  iin"). 

(1.)  We  Mv  in  851,  (1.),  (2.),  that  when  m  =  0  the  line  ^'p  has^eneraZfy  tifixtd 
direeiioHf  to  which  that  of  the  line  fp  ib  perpendietdar  ;  and  that  in  like  manner  the 
line  iffp  haa  then  another  fixed  direction,  to  which  ^'p  ie  perpendicular.  If  then  the 
plane  loei  of  fp  and  ^'p  he  at  right  amgUe  to  each  other,  we  must  also  have  the 
fixed  lines  tf/'X  and  yff/A  rectangular^  or 

XI.  ..0  =  S.i^'X+/i  =  SX+V. 
independently  of  the  directions  of  X  and  ^ ;  whence 

XII.  ..0=1^*^    or    XIII.  ..^«=0, 
since  jli  is  an  arbitrary  yector. 

(2.)*  Now  m  general^  by  the  ftmctional  reUtion  860,  XXI.  combined  with 
^^  =  m,  we  have  the  transformation, 

XIV.. .  ^•=+(m'-^x)=«'*-»x; 

if  then  m  s  0,  aa  in  L,  the  symbol  ^  must  satisfy  the  depreseed  or  ^uadratie  egua- 

tionf 

XV.  .  .  0=m'^-^»; 

which  is  accordingly  k  factor  of  the  eubie  eqnation, 

XVI.  ..0  =  m'+«-^», 
whereto  the  general  eqaaUon  350,  XXV.  is  reduced^  by  this  sappoeition  of  m  va- 
nishing. 
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(8.)  If  than  w»  have  »of  •n/y  »  »  0,  as  in  L,  but  oZfo  «^  a  0»  at  In  III^  tiio 
condition  XIII.  is  satisfied,  hyXV,^  aad  tha  Am  plomm,  attova  rcftnad  to,  an  ge- 
nerally redanpmlar. 

(4.)  We  might  indeed  propose  to  satisfy  tliat  condition  XIII.,  by  snppoeing  that 
we  had  always, 

XVII... +  =  a,    thatfa,    XVir.  ..tfrp  =  0, 

for  everp  direetiam  of  p  ;  bat  in  iki§  case,  tba  quatenri^n  constant  q^  would  vanith  (by 
349,  II.) ;  and  therefore  the  constant  m\  as  being  ita  scalar  part  (by  850,  III.), 
would  still  be  equal  to  zero, 

(5.)  The  particular  supposition  XVII.  would  however  aiter  completely  the  geo- 
metrical  character  of  the  question  ;  for  it  would  imply  (comp.  851,  (2.)  }  that  the 
directkms  of  the  Imss  ^p  and  ^p  (when  not  evanescent)  taeflxedf  instead  of  those 
lines  having  only  certain  planes  for  their  loei^  as  before. 

(6.)  On  the  side  of  caleuUttlony  we  should  thus  have,  for  the  two  ccmjugaie 
fimetions,  fp  and  ^'p,  monomial  erprossioms  of  the  forms, 

XVIII. . .  ^  « /SSap,    ^>  a  a8/3p ; 
whfsnoe,  by  847,  XYIIL,  and  850,  VII.,  we  should  recover  the  equations,  if/p  =  0 
and  m'  =  0. 

(7.)  We  should  have  also,  in  this  particular  case, 

XIX...  ^p  =  0,    if    pj^a^    and    XX..fp  =  0,    if    p-*-/3; 
w  that  ^p  aow  vamiahes^  if  p  be  emy  line  in  Qm  fixed  plamM  perpendicular  to  a ;  and 
in  like  manner  ^'p  is  a  null  line,  if  p  be  in  that  other  fixed  plane^  which  is  at  right 
uglttsto  the  «l*<r  poM  Ums^  0. 

(8.)  Th0$e  two  jv<aN««,  or  thdr  norwuds  a  and  ^»  or  the  fixed  directions  of  the 
two  ^iiMv  ^'p  and  ^p,  will  be  rectangular  (comp.  (1.)  X  if  we  have  this  new  eqoa- 
tioa, 

XXL..^«  =  0,    or    XXr.  ..0«p  =  <>i 

^  eveiy  dtreelioii  of  p ;  and  aoeeidiigly  tha  expiession  XVIII.  gives 
^'p  =  Bap.  ^p  s  0,    if    p-^a,  and  reciprocally. 
(9.)  Without  expressly  introdudng  a  and  /3,  the  equation  850,  XXIII.  shows 
that  when  ^  »  0,  and  therefore  also  m'  =  0,  as  in  (4.),  the  symbol  0  satisfies  (comp* 
(2>))  the  new  quadratic  or  depressed  equation^ 

XXII.  ..0  =  *«-m'>; 
^"'Uch  is  accMdingly  %  factor  of  the  cubic  IV.,  bat  to  which  that  onbie  ia  mot  redm^ 
^^  unless  we  hava  thus  ^ a  0,  as  well  as  m'»0. 

(10.)  The  condition^  then,  of  the  existence  and  rectangnlaritg  of  the  <im  p/<m«f 
(7.),  for  which  we  have  respectively  0p  =  0  and  0  p  =  0,  without  0p  generally  va- 
nishing (a  case  which  it  would  be  useless  to  consider),  is  that  the  four  following 
^nations  should  subdst : 

XXIII.  ..m  =  0,    m'=0,    »''  =  0,    and    XVII.  ..+=0; 
or  that  the  cubic  IV.,  and  its  quadratic  factor  XXII.,  should  reduce  themselves  to 
the  very  simple  forms, 

XXIV. .  .  ^'  =  0,    and    XXV.  .  .  ^»  =  0; 
the  cubic  in  ^  having  thus  its  three  roots  equals  and  nuU^  and  ^p  oaaisAta^. 

3  M 
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(11.)  Wo  ma/  also  oboerro  that  as,  whan  oven  om  root  of  the  genenl  cabic  850, 
I.  ia  9€ro,  that  ia  when  ais 0,  the  vedor  ^fuaiiou 

waa  seen  (in  851)  to  be  satisfied  by  one  real  dbreeHam  of  p,  so  when  we  bare  aUo 
m'  s  0,  or  when  the  cable  in  ^  has  I10O  nmll  rooitf  or  takes  the  form  IT.,  theQ  the 
tMto  vetor  equation*, 

XXVII.  .  .fp=0,     +p  =  0, 

are  satisfied  by  one  comaum  direetiom  of  the  r«a/and  octeoZ  Km  p ;  because  we  hxre, 
by  860,  XTII.  and  XX.,  the  geuerai  relation, 

(12.)  And  becanse,  by  860,  XY.,  we  have  also  the  lelation  xp = m'p  -  ^  it  fol- 
lows that  when  the  thret  rooU  of  the  cable  aU  twauA,  or  when  the  Harm  scalar 
eyicafums  XXIII.  are  satisfied,  then  the  thr—  vector  egnolioiw, 
XXVIII.  ..^p=0.    i^p=0.    xp  =  o, 
haye  a  eomaioii  {real  and  aetmal)  vector  root ;  or  are  all  satisfied  by  one  cowaiow 
direction  of  p. 

(13.)  Since  m"  -  ^  a  x,  the  cable  IV.  may  be  written  under  any  one  of  the  fol- 
lowing forma, 

XXIX. .  .  0  =  ^«x  =  fXf  =  X^»  =  ^.^X  =  ««5.. 
in  which  accented  may  be  sabstitated  for  anaooented  symbols :  and  its  geometricai 
eignifieation  may  be  illastrated  by  a  reference  to  certidn>S«Mi/m«s,  and^Sxerf  planet, 
as  follows. 

(14.)  Sappose  first  that  m  and  m'  both  yanlsh,  but  that  m"  is  difiteent  from  zero, 
so  that  the  cable  in  ^  is  redadble  to  the  form  IT.,  bat  fM»f  to  the  form  XXIV. ;  and 
that  the  operation  ^,  which  is  here  eqaxrslent  to  —  ^Xi  or  to  —  x^>  ^^es  not  annihi- 
late every  Tector  p,  so  that  (comp^  (4.)  (5.)  (6.)  )  f  p  and  ^'p  haTcaof  the  direetiona 
of  twojlxed  Knee,  bat  have  only  (corop.  (1.)  and  (8.)  )  two  fixed  and  rectangular 
planett  H  end  11',  as  tbeir  loci  ;  and  let  the  normals  to  these  two  planes  be  denoted 
by  X  and  X',  so  that  tbese  two  rectangakr  lines,  \  and  X',  are  sltoated  respectivelj 
in  the  planes  11'  and  11. 

(15.)  Then  it  is  easily  Ahown  (comp.  851)  that  the  opereUon  ^  deetroge  the  line  X' 
iteelfj  while  it  redueee*  every  other  line  (that  is,  evexy  line  which  is  not  of  the  form 
xX,  with  Vx  =  0)  to  the  plane  II  4.  \ ;  and  that  it  reduces  every  line  in  that 
plane  to  a  fixed  directiony  fi^  in  the  same  plane,  which  is  thus  the  common  direction 
of  all  the  lines  ^'p,  whatever  the  direction  of  p  may  be.  And  the  symbolical  equa- 
tion, X  •  0'  =  0,  expresses  that  this  fixed  direction  /a  of  ^*p  may  also  be  denoted  by 
X~*0 ;  or  that  we  have  the  equation, 

XXX...O  =  xM'="»>-0M,    if    A«  =  ^V» 
which  can  accordingly  be  otherwise  proved :  with  similar  resalts  for  the  oonjugate 
symbols,  ^'  and  x'* 


•  We  propose  to  Include  the  case  where  an  operation  of  this  sort  deeiroge  a  line, 
or  reduces  it  to  zeroy  under  the  case  when  the  same  operation  redmcee  a  line  to  n fixed 
directtonf  or  to  a  fixed  plane. 
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(16.)  For  example,  we  may  repreeent  the  conditions  of  the  present  case  by  the 
following  system  of  equations  (comp.  851,  Y.  YII.  IX.  X.,  and  860,  YI.  Yll.  X. 
XI): 

!^p  =  pSap  +  /ySo'p,     f'p  =  a8/3p  +  a'S^p, 
0  =  m'=  S(Yao'.Y/3'j3)  =  8a/3Sa'/3'-Sa/3'Sa'j3, 
»''=8ai3  +  Sa'/3'; 

'  XP  =  Y(aY/3p  +  a'YjS'p)  =  m^p  -  f  p, 
XXXII  ^'P  "  V(^ap  +  ^a»  =  «i"p  -  ^>, 

•••'   -»^p  =  ^xP=X^P  =  '^««'S/3/3'p, 
L  -  +  P  =  ^  XV  =  X>'P  =  V/3/ySaa'p ; 
and  may  then  write  (not  here  sopposing  X' = Y/av,  &&), 

XTXTTT       /^  =  V/3^'»     V  =  Yaa',     SXX'=0, 

^^"^•••l^^^isj^/y,    M'=^'«'llf«,   SXM  =  SXy=0; 
after  which  we  easily  find  that 

(17.)  Since  we  have  thus  x'm'  =  ^>  ^^^^  /  is  a  line  in  the  fixed  direction  of 
f^Pt  we  liave  also  the  equation, 

XXXY.  . .  0 = Spx>'=  8^'xp,  or  xP  -^  A*' » 
the  loeue  of  xp  is  therefore  a  plane  perpendicular  to  the  line  ft';  and  in  like  manner, 
/x  is  the  normal  to  a  plane,  which  is  the  loeve  of  the  line  x'p*  And  the  symbolical 
eqoations,  ^ .  ^X  ="  0»  ^'*  X  =  ^i  ^^7  ^  interpreted  as  expressing,  that  the  operation  ^ 
redueee  every  line  in  this  new  plane  of  xp  to  thejixed  direetion  of  ^-^0,  or  of  X' ;  and 
that  the  operation  ^*  deetroye  every  line  in  this  plane  -^  fi\  with  analogous  results, 
when  accented  are  interchanged  with  unaccented  symbols.  Accordingly  we  see,  by 
XXXIL,  that  pxP  ^^^  ^^®  ^^  direction  of  Yaa',  or  of  X' ;  and  that  ^ .  ^xP  =  0, 
because  ^X'  =  0. 

(18.)  We  see  also,  that  the  operation  ^x*  o^  X^*  destroys  every  line  in  the  plane 
n,  to  which  the  operation  ^  reduces  every  line ;  and  that  thus  the  symbolical  equa- 
tions, ^X'^^^i  X^-^^^f  ™^7  ^  interpreted. 

(19.)  As  a  verification,  it  may  be  remarked  that  the  fixed  direetUm  X',  of  ^xp 
or  x^P>  ought  to  be  that  of  the  line  ofintereeetion  of  the  tyro  fixed  planee  of  0p  and 
Xp;  and  accordingly  it  is  perpendicular  by  XXXIII.  to  their  two  normals^  X  and 
^ :  with  similar  remarks  respecting  the  fixed  direction  X,  of  f\'p  or  xYpt  which 
is  perpendicular  to  X'  and  to  ft. 

(20.)  Let  us  next  suppose,  that  besides  m  =  0,  and  m' »  0,  we  have  ^  =  0,  but 
that  m^  is  still  different  from  zero.  In  this  case,  it  has  been  seen  (6.)  that  the  expres- 
sion for  ^p  reduces  itself  to  the  monomial  fi>rmy  pSap;  and  therefore  that  the  opera- 
tion f  deatroy*  every  line  in  a  fixed  plane  (-i-  a),  while  it  redueee  every  other  line  to 
a.  fixed  direetion  (|  /^,  which  is  not  contained  in  that  plane^  because  we  have  noi 
nowSa/3  =  0. 

(21.)  In  this  case  we  have  by  (16.),  equating  a'  or  ^  to  0,  the  expressions, 

^^j^j^j^      Up  =  /3Sap,    ^'p^aS^p,    «"  =  Sa^>0, 

|xp  =  Y.aYj3p  =  (m''-rtp,     x'p  =  V./SYap  =  (m"-.0')p, 
BO  that  the  equations  XYIII.  are  reproduced ;  and  the  depreseed  ctrMc,  or  the  qua~ 
dratie  XXII.  in  ^,  may  be  written  under  the  veiy  simple  form. 
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XZXYII. .  .  0«fx*Xf» 

(22.)  Acoonfingtj  (comp.  (5.)  and  (?.))» the  operation  f  liere  redneea  an  aiU- 
traiy  line  to  the  fixed  direction  of  ^,  while  x  deetrojs  every  line  in  that  direction ; 
and  conversely,  the  operation  %  reduces  an  arbitrary  line  to  the  fixed  plane  perpen- 
dicalar  to  a,  and  0  de8tro3r8  every  line  in  that  fixed  plane.  But  becaaae  we  do  not 
here  sappoee  that  m"  =  0,  ihejixed  direction  of  fp  is  not  contained  in  tbajixed  plecne 
of  xp  1  fu>d  (comp.  (8.)  and  (10.)  )  the  directions  of  fp  and  ^'p  are  not  reetam^mlar 
to  each  other. 

(23.)  On  the  other  hand,  if  we  suppose  that  the  three  roots  of  the  cable  in  foa- 
niehf  or  that  we  hare  m=0,  »'  =  0,  and  mT^O,  as  in  XXIIT.,  but  that  the  equa- 
tion ^pszO  Ib  not  satisfied  for  all  directions  of  p,  then  the  binomial  Jbrme  XXXL 
of  0p  and  f'p  reappear,  but  with  these  two  equations  of  condition  between  their  eeefor 
eonttante,  whereof  only  one  had  occurred  before : 

XXXVIII.  .  .  0 «=  Sa/3Sa/3' - Sa^Sa'ft     0  =  So/J  +  8a'0r. 

(24.)  We  have  also  now  the  expressiona, 

XXXIX. . .  xp'^-fp*  x'/>'=-fp; 

and  the  cubic  in  f  becomes  simply  ^  -  0,  aa  in  XXIV. ;  bat  it  is  Important  to  ob- 
serve that  we  have  not  here  (comp^  (9.)  )  the  depreeeed  or  qwadratie  equation  f  =  0, 
ainoe  we  have  now  on  the  contrary  the  two  conjugate  expressions, 

XL. . .  ^V  -  +P  *  Vaa'S^/3p,    f  "p  «  +>  =  Yfi^Sa  op, 
which  do  not  generally  vaniah.    And  the  equation  ^>«  0  is  now  interpreted,  by  ob- 
serving that  ^  hen  reduesa  eoery  line  to  tbe/baed  direetion  of  ^'^0 ;  while  f  lednoas 
an  arbitrary  vector  to  thtit  Jiwed  plane,  all  lines  in  which  aie  destroyed  by  ^>. 

(26.)  In  this  last  case  (28.),  in  which  aU  the  roota  of  the  cubie  in  ^  are  eqma^ 
and  are  nti//,  the  theorem  (12.)i  of  the  existence  of  a  common  vector  rootoOhB  three 
equations  XXVIII.,  may  be  verified  by  observing  that  we  have  now, 

XLI.  .  .  fVaa'^^  0,    ^Vaa'  =  0,     x'^^^' *0 ; 

the  third  of  which  would  not  have  here  held  good,  unless  we  had  nppoeed  m's  0. 
(86.)  This  last  condition  allows  ns  to  write,  by  (16.), 

XLII.  . .  ^f»  =  0»    ^y  =  Oi    ^A'  *  0.     Vf**^  =  0»    Sfi/  =  0, 

the  lines  ^'  and  fi  thus  coinciding  in  direction  with  the  normals  X  and  X',  to  the 
planes  n  and  D' ;  if  then  we  write, 

XLIII. . .  V  -  VXX'  II  V/i;i',    eo  that    8fiv  *  0,    Sp'v  «  0, 

this  new  vector  v  will  be  a  line  in  the  intereeetion  of  those  ttoo  rectangular  pianee^ 
which  were  lately  seen  (14.)  to  be  the  loci  of  the  lines  ^p  and  ^'p,  and  are  now 
(comp.  (17.)  )  the  loci  of  xp  and  xp  J  *nd  the  three  linee  /i,  ^',  v  (or  X',  X,  v)  will 
compose  a  rectangular  eyttem, 

(27.)  In  general^  it  is  easy  to  prove  that  the  expressions, 

XUV.../^""^'"*"*^*'    /3'  =  a'/3|  +  y/3'i, 
\ai  =  ao  +  aV,     a'l  =  6a  +  6'a', 

in  which  a,  ft  a',  jS*  may  be  any  four  vectorg,  and  a,  6,  o',  6'  may  be  any  four  tea- 
/art,  eoiidaot  to  the  following  transformations  (in  which  p  may  be  any  vecfor) : 
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ZLT.  .  .  SaiPi^Sa'ifrimSaP  +  Ba'pri 
XLVI. . .  jSiSaip + PiSa'ip  =  fiSap  +  pTSa'p ; 
XLVII.  . .  Vaia'i  .Vi3'i/3i  =  Voa'.V/y/J ; 
80  that  the  tealar,  Sap  +  Sa'/3' ;  the  vector^  pSap  +  pSap ;  and  the  qfuUermoi^^ 
Vaa'.y/3'/3,  remain  unaltered  in  valnei  when  we  pass  from  a  jfiven  tyttem  ot/intr 
veetan  apa'ff^  to  amatker  wgeUm  of  fovr.TSCtofi  aiPia\Pu  ^  exprenionB  of  the 
/onwXLIV. 

(28.)  With  the  help  of  this  general  principle  (27.)}  and  of  the  remarks  in  (26.)i 
it  ma^r  be  shown,  without  difficulty,  that  in  the  case  (28.)  the  vector  constants  of 
the  binomial  expression  pSap  +  j3'Sa  p  for  ^p  may,  withoat  any  real  loss  of  genera- 
lity, Be  soppoaed  subject  to  the/mr  following  conditions, 

XLVm.  .  .  0  =  aaP=^Ba'p  =  SPP=Sap^', 
which  evidently  conduct  to  these  other  expressions, 

XLIX. . .  fSp  »  pSaP^Sa'p,    ^p  «  0 ; 
and  thus  put  in  eridence,  in  a  very  simple  manner,  the  general  non-depre$wm  of  the 
nKe  ^'  =  0,  to  the  quadratic,  ^sO. 

(89.)  The  eaee,  or  tuh-eaee,  when  we  have  not  only  m  =  0,  m'^Of  m"  ^  0,  but 
obo  1^=  0,  and  therefore  ^  =  0,  as  a  depressed  form  of  0'  =  0,  by  the  linear  function 
fp  Tedudng  Itself  to  the  monomial  /3Sap,  with  the  relation  Sa/3  s  0  between  its  con- 
sents, has  been  already  considered  (in  (10.)) ;  and  thus  the  consequences  of  the 
suppontion  III.,  that  there  are  (at  least)  two  equal  but  nuU  roote  of  the  cubic  in  f, 
bave  been  perhaps  sufficiently  discussed. 

(30.)  As  regards  the  other  principal  cate  of  equal  roote,  of  the  euHe  equation  in 
fi  namely  that  in  which  the  vector  constants  are  connected  by  the  relation  Y.,  or  by 
the  equation  of  condition, 
L. . .  0  =  m"«  -  4m'  =  (Sa^  +  Sa'jS')"  -  4S(Vaa . V/3'/3) 

=  (Saj3  -  Sa'py  +  4Sa/3'Sa'ft 
it  may  suffice  to  remark  that  it  conducts,  by  YI.,  or  by  VII.  and  IX.,  to  the  sym- 
bolical equatiosi, 

LI.  ..0  =  f*«,    if    *  =  ^-lm''; 

and  that  thus  its  interpretation  is  precisely  similar  to  that  of  the  analogous  equation, 
X^«  =  0,    where    x  =  »«"-^,  XXIX., 

*•  given  in  (14.),  and  in  the  following  sub-articles. 

353.  When  we  have  m«0,  but  not  mr^Of  nor  m'^*4»i', 
the  three  roots  of  the  cubic  in  ^  are  all  unequal,  while  one  of 
them  is  still  im//,  as  before;  and  the  two  roots  of  the  quadratic 
^d  scalar  equation,  with  real  coefficieiUs  (347)9 

I.  .  .  0  =  c»+m"c  +  m', 


*  We  have,  in  these  trantfimnaJtiont,  examples  of  what  may  be  called  Qito^er- 
*•«•  InoarianU* 


454  BLBMBNT8  OF  QUATBRNIONS.       [bOOK  III. 

which  is  formed  from  the  cubic  by  changing  ^  to  -  c,  and  then 
dividing  by  c,  are  also  necessarily  unequal^  whether  they  be 
real  or  imaginary.  We  shall  find  that  when  these  two  scalar 
rootSy  Ciy  C39  are  realy  there  are  then  two  real  directions,  pi  and 
Piy  in  ths^tjixed  plane  U  which  is  the  locus  (351,  352)  of  the 
line  0/0,  possessing  the  property  that  for  each  of  them  the  ho~ 
mogeneous  and  vector  equation  of  the  second  degree, 

II.  .  .  Vp0p  =  0,     or     0p  [  p, 
is  satisfied,  without  p  vanishing;  namely  by  our  haying,  for  the 
Jirst  of  these  two  directions,  the  equation 

III.  .  .  0pi=~Cipi,     or    0i/9i~O,     if    0i"=0  +  Ci; 
and  for  the  second  of  them  the  analogous  equation, 

IV.  .  .  0pa  =  -  Cip2f    or    ^ip%  =  0,    if    02 "  0  +  ^  • 

but  that  no  other  direction  of  the  real  and  actual  vector  p,  sa- 
tisfies the  equation  V.,  except  that  third  which  has  already 
been  considered  (351),  as  satisfying  the  linear  and  vector  equa- 
tion, 

V.  ..0p=O,     with     Tp>0. 

It  will  also  be  shown  that  these  two  directions,  pi,  ps,  are  not 
only  real,  but  rectangular,  to  each  other  and  to  the  third 
direction  p,  when  the  linear  function  ^p  is  self  conjugate  (349, 
(4.)  ),  or  when  the  condition 

VI.  .  .  0  p  =  0p,    or    Vr.  .  .  SX0P  -  Sp0X, 

is  satisfied  by  the  given  form  of  0,  or  by  the  constants  which 
enter  into  the  composition  of  that  linear  symbol;  but  that  when 
this  condition  of  self  conjugation  is  not  satisfied,  the  roots  of  the 
quadratic  I.  may  happen  to  be  imaginary :  and  that  in  this 
case  there  exists  no  real  direction  of  p,  for  which  the  vector 
equation  II.  of  the  second  degree  is  satisfied,  by  actual  values 
of  p,  except  that  one  direction  which  has  been  seen  before  to 
satisfy  the  linear  equation  V. 

(1.)  The  most  obvioiu  mode  of  seeking  to  satisfy  II.,  otherwise  thanthrongh  V., 
is  to  assume  an  expression  of  the  form,  p  =  xp  +  x'fi',  and  to  seek  thereby  to  satisfy 
the  equation,  (^  +  e)  p  =  0,  with  ^p  =  pSap  -f  /S'Sa'pi  ^7  satisfying  separately  the  two 
scalar  equations, 

VII.  . .  0  =  «(c  +  Sa/3)  +  aj'Sa/S',    0  =  x'(c  -I-  Sa'/T)  -I-  xQa% 
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which  giTOi  by  eUminatioii  otafix^  the  following  quadratic  in  e, 
VnL  . .  (c  +  Sai3)  (•  +  Sa'/T)  =  Sap^8a% 
which  is  eaiBilj  seen  to  be  only  another  form  of  I.    Denoting  then,  as  above,  by  C| 
and  e^  the  roaia  of  that  quadratic  I.,  sapposed  for  the  present  to  be  reo/,  we  have 
these  two  real  direetunu  tot  p,  in  the  plane  II  of  /3,  /S* : 

IX.  . .  pi  =  /3(c,  +  Sa'P)  -  prSa'p  =  eij3  +  VaT/^/J ; 
X. . .  p,  =  i3(c  +  Sa'/3')-/3'8a'/3  =  e,|3  +  Va'V^/3; 
which  satisfy  the  equations  IIL  and  IV.     In  &ct,  the  expression  IX.  gives 

^f>i  =  «i0/3+m'j3=-cipi,    or    fipi»0, 
hecaose  we  may  write  it  thns, 

XI.  ..pi  =  (m''+c,)/S-00=-«a/5-^/3=-^j/3  =  -^^-mV»j8; 
and  in  like  manner,  the  expression  X.  may  be  thus  written, 

XIL . .  pa  =  (»"  +  c,)^-^/3=-cii3-^i3  =  -0ii3=-^0-»'c,-'j8, 

and  gives, 

^pa=ca0j3-»-m'/3=-cap,    or    0ap»  =  O. 

(2.)  We  may  also  write, 

XIII.  .  .p'i=p'(ei  +  Sa/3)-^Sai8'  =  ci/3'  +  VaV/3/3'=«^||pi; 
XIV. . .  p'2  =  i3'(e,+Sa/3)-/3Sa^=caj3'  +  VaV/3/3'  =  -^i^lp2; 
and  shall  then  have  the  equations, 

XV.  ..^ip'i  =  0,    ^2P2  =  0; 
bat  the  dirteUont  of  p\  and  p  2  ^1  be  the  $ame  by  VIII.  as  those  of  pi  and  ps,  and 
so  will  fumish  no  new  aotuHon  of  the  problem  just  resolved. 
(8.)  Since  we  have  thus, 

XVL..  ^  I  f^  lip,  1101-10,    and    XVI'. . .  0,i8' ||  0,/3 1|  p,  ||  ^  »0, 

it  follows  that  the  operation  ^  redmee*  every  line  in  the  fixed  plane  of  ^p  to  the 
fixed  direction  of  ^r^O ;  and  that,  in  like  manner,  the  operation  ^i  reduces  every  line, 
in  the  eamt  fixed  plane  of  ^p,  to  the  other  fixed  direction  of  02~iO. 

(4.)  Hence  we  may  write  the  symbolic  equations, 

XVII.  ..01.^  =  0,    ^.010  =  0, 
in  which  the  points  may  be  omitted ;  and  in  fact  we  have  the  transformations, 

XVUL  .  .  0102=  0201  =  (0  +  ci)  (0  +  c,)  =  0«  -m^  +  «'=  ^, 
80  that  0102.0=  0201. 0  =  ^0  =  m  =  O. 

(5.)  If  we  propose  to  form  ifri  from  0i,  by  the  same  general  rule  (347,  XI.)  by 
which  1^  is  formed  firom  0,  we  have 

XIX.  . .  +iVf» V  =  V.  0'if»0'iv  =  V.  (0V  +  eiii)  (0V  +  ci v), 
and  therefore,  by  the  definition  850,  VIII.  of  Xi 

XX.  ..ifripsifp+cixp  +  CiV*     «'    ^^'  •  .^i  =  ^+eiX  +  ei«; 
and  in  like  manner, 

XXII..  .lf'2  =  *  +  «2X+<^'» 

even  if  m  be  different  from  xero,  and  if  ci,  C2  be  arbitrary  scalart, 

(6.)  Accordingly,  withoMi  assuming  that  m  oaauAes,  if  we  operate  on  ^jp  with 
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f  1,  or  lyiiibolieally  niOtiply  tli»  txpraMlon  ZXI.  for  f  i  by  f  i,  w«  git  th*  i^mbolitt 
product, 

XXIIL  . .  01^1  =  (^  +  ci)  (+  +  cix  +  ci») 

«  ■!  +  ei«f  +  ci««i''+  ei*  «  mi, 

where  aii  Is  what  the  icakr  m  beoomes,  when  ^  is  changed  to  fi,  or  is  such  that 

XXIV.  . .  mM^p m B.^xXf  i/if > m S.(f X+ CiX)  (f Ji  +  c^i)  (fv  +  cur) ; 

•B  appean  by  the  deflnhSMia  of  f  ,  f  ,  x»  «Bii>il',»'',  and  Vy  tha  rdatioiis  betwes 
thoae  tymbols  which  have  becK  eitaUkhed  In  reoent  Artidai,  or  in  the  sub-arUdefl 
appended  to  theuL 

(7.)  Sappoeing  now  again  that  m  ^s  0,  and  that  ci,  cs  are  the  roots  of  the  qoadra- 
tio  I.  in  e,  we  hare  by  XXIIL, 

XXT. .  .  fii^i=Mi  =  0;    and  in  like  manner    XXVI. . .  fj^ssmss 0, 
if  Ms  be  formed  from  mi,  by  changing  ei  to  c^ 

(8.)  Comparing  XXV.  with  XVIL,  we  may  be  led  to  suspect  the  existence  of  an 
inthnate  connexion  existing  between  ^i  and  ^f,  smoe  each  reduces  an  arbitrary  vec- 
tor to  the  fixed  direction  of  ^r'O,  or  of  pi ;  and  in  fact  these  two  operations  are  idem- 
Km/,  becanse,  by  XXI.,  and  by  the  known  rdataoos  between  the  symb<^  we  have 
the  tramfoimations, 

XXVII..  .+i  =  +  +  cix  +  ci«  =  («i'-«i>  +  ^')  +  ci(m*-^)  +  ci« 
=  ^i-(m-+ci)0=ft4«s^  =  f^; 
and  ihnilariy,  XXVIII. .  .  ^  -  ^*  +  d^  «  f^i ; 

while  yff  =  ^ift,  as  before. 

(9.)  We  luve  thus  the  new  afmhciie  equation, 

XXIX.  ..^01^  =  0, 

in  which  the  three  eymhoHe  faetort  ^,  ^i,  ^  may  be  in  any  manner  ^romped  and 
iranepoeedj  so  that  it  includee  the  two  equations  XVIL  ;  and  in  which  the  snhjeei 
of  operation  is  an  arbiirary  vector  p.  Its  interpretation  has  been  alretdy  partly 
given ;  but  we  may  add,  that  while  ^  redueea  eveiy  vector  to  the  Jbeed  plane  U, 
fi  reduces  every  line  to  another  fixed  plane,  Di,  and  ft  reduces  to  a  third  plane, 
112  i  thoa  ^if^  or  ^i,  while  It  deetroye  two  linee  pi,  ps,  and  therefore  everp  line  m 
the  plane  11,  redneee  an  arkitrary  line  to  theyixecf  direetian  of  the  tatcrscc/iba  of  the 
two  planet  Ililla,  which  intersection  must  thus  have  the  direction  of  ^*I0;  and  in 
like  manner,  the  fixed  direction  pi  of  ^r*0,  ss  being  that  to  which  an  arbitrary  vec- 
tor is  rednced  (8.)  by  the  compound  operation  ^,  or  0^  must  be  that  of  the  later- 
section  of  the  planes  nils ;  and  pa,  or  ^-lO,  has  the  direction  of  the  intersection  of 
nili ;  while  on  the  other  hand  ^^  deetroye  every  Kne  In  lli,  and  ^i  every  line  in 
112 :  so  that  thete  three  planee,  with  their  three  linei  itfietiereeetUm,  are  the  chief 
elements  in  the  geometrical  interpretation  of  the  equation  f^\f2  =  0. 
(10.)  The  collate  equation, 

XXX.  ..^>V2  =  0, 
may  be  interpreted  in  a  similar  way,  and  so  conducts  to  the  consideration  of  a  eon^ 
jngate  eyttem  of  plane$  and  Unee ;  namely  the  planes  11',  II'i,  n\  which  are  the 
loci  of  fp,  fip,  0V1  ^hile  the  operations  fift,  ^'s^'i,  and  ^>'i  deetroy  all  linea 
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in  theae  three  planes  respectively,  and  redMce  arbUrarif  lines  to  the  fixed  directions 
of  the  hUeneciiont,  n'lD'a,  n'^n',  II'II'i,  which  are  also  those  of  f'-%  ^V'O, 

(11 J  It  is  important  to  observe  that  these  three  laai  Knee  are  the  norwmie  to  the 
three  Jiret  pUmee^  11,  11',  n"  \  and  that,  in  like  manner,  the  three  former  Umee 
MXB  perpeudkular  to  the  three  latter  pUmee.  To  prove  this,  it  is  soffioient  to  ob» 
oervethat 

XXXI. . .  Sp>p  e  Spf  y  e  0,    if    ifp'  e  0,    or  that    ^p  -J-  ^'-lO ; 
and  sifflilarij,  fp  -L-  f-*0,  ft& 

(12.)  Instead  of  eUminating  af:x  between  the  two  equations  YII.,  we  might 
have  eliminated  e ;  which  would  have  given  this  of A«r  quadrotie^ 

XXXII.  . .  O«aj»Sa'/J  +  **(S«'i5'-Sa0)-*'*Sa/3'i 
also,  if  ar'i :  a?i  and  x%  ix%\j^ih»  two  valnes  otx' :  so,  then 

XXXin.  ..pi|«ii8  +  «',/3',    pi||«a/3  +  »i/3', 
and    XXXIV.  ..«i«i:(«ia?'i  +  «^'i):«'i«»  =  -Sa^:(8a0-Sa'/3'):Sa'/J; 
faence  the  eomditiam  efreetangulariip  of  the  fwo  Unee  pi,  ps,  or  ^I'lO,  ft-%  is  ez- 
pressed  by  the  equation, 

XXXV. .  .  0  =  -/3»8ai3'  +  S/3i9'(Sa/8-So'/90  +  /W3«'^=*S.^/rV(/5a  +  /8'a'); 
and  consequently  it  is  eatieJUd,  if  the  given  Auction  0  be  eelf-emjvffate  (VI.)^  be- 
cause we  have  then  the  rdation, 

XXXVL  . .  V^a  +  V/3'a'  =  0 ; 
in  fact  the  binomial  form  of  ^  gives  (comp.  849,  XXII.), 

XXXVII. .  .  fp-^p  =  (aS/3p-/3Sap)+  (aS/3'p-i3'Sa»  =  V.pV(/3a+/3'a'X 
which  cannot  vanish  independently  of  p,  unless  the  constants  satisfy  the  condition 
XXXVL 

(18.)  With  this  eomditum  then,  of  eelf-eonjugotiim  of  ^  we  have  the  relation  of 

reetamg/ulaTiiy,  

XXXVIII. . .  Spip3«  0,     or    0rJO  -i.  ^->0 ; 

at  least  if  these  direetiome  pi  and  p%  be  reai,  which  they  can  easily  be  proved  to  be, 
as  follows.    The  condition  XXXVI.  gives, 

XXXIX.  . .  0  =  S .  aa'Y(fia + /3 V)  =  tt»Sa'/S  +  Saa'(Sa'/3'  -  SajS)  -  a-'Sa/T ; 
hence  (a«Ba i3  -  a'»8tf/37»  =  (Saay  {Sap  -  Sa'/?)*, 

a8ai(m'^  -  4m')=  a«a*»{(Sai3-  Sa'^«  +  4Sa/3'8a'i3} 
=(««a'«  -  (Saa')»)  (a/3  -  Sa'/3')«  +  (a»Sa'/3+  a'»8a/8')»>  0, 
and  XL.  . .  (Sap  ~  Sa'/3')>  +  ASaprSa'P  »  m*^-  4m'  >  0 ; 

so  that  each  of  the  two  quadratics,  I.  (or  VIIL),  and  XXXIL,  has  real  and  unequal 
roote :  a  condosioa  which  may  also  be  otherwise  derived,  from  the  ezpressiona 
p^aa-^ha^  p  ^ha-k-  a*a%  which  the  condition  allows  us  to  substitute  for  j3  and  p^ 
(14.)  The  same  condition  XXXVI.  shows  that  the>b«r  wctore  aPa'p'  are  com- 
planar^  or  that  we  have  the  relations, 

XLL..Srt^/3'=0,     Sa'/8/3'  =  0,     V(Vaa'.  VjS'/J)  «  0 ; 

hence  \aa\  or  ^'^O  is  now  normal  to  ih^  plane  U  ;  and  therefore  by  (13.),  when 
thM  function  ^  is  eelf  conjugate  (VL),  Me  three  direetunUy 

3n 
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XUI.  ..^pu  9%,    or    ^-»0.  f  r'O,  K»  0, 
compote  a  real  imd  rtctangnlar  tygtem, 

(15.)  In  the  preteni  terUt  of  sabarUdeB  (to  858),  we  sappoee  that  the  thrme 
roott  of  the  eMc  in  ^  are  a/f  Mi«7ito/,  the  caaes  of  eqwt  roots  (with  m  s  0)  having 
been  dlsciiMed  hi  a  preoediog  aeries  (852) ;  but  it  may  be  remarked  in  paaahigy  that 
when  a  teff-eo^/MffoteJimeiioH  f^  is  redadble  to  the  mumomial  Jbrm  pSap^  we  wntat 
have  the  relation  V^  =  0 ;  and  that  thoB  the  Une  /3,  to  the  fixed  direeUon  of  which 
(oomp.  852,  (5.)  and  (6.)  )  the  operation  f  then  redncm  an  mrkHrary  Teeter,  is  per- 
pmdiailar  to  ihefiasedphmt  (852,  (7.) ),  every  line  ia  which  is  dsiCr^ycri  hy  tfaa^ 
opeimtioa^. 

(16.)  In  general,  if  ^  be  thus  self-ooi^agaie^  it  is  evident  that  tbs  lJb-«t  pkmmt 
n',  n'l,  n's,  which  are  (oomp,  (10.)  )  the  loei  of  ^  p,  ^ip,  ^'^  anncide  with  the 
planes  n,  II  i,  112,  which  are  the  loci  of  0p,  ^ip,  ^. 

(17.)  When  ^  is  nof  self-conjugate,  so  that  ^p  and  ^'p  are  not  generally  equal, 
it  has  been  remarked  that  the  tcaktr  qmadraiie  I.,  and  tlierefore  also  the  83rmbolical 
caUc  in  ^,  maff  have  magmar^  roott;  and  thai,  in  Mts  case,  the twef or  equoHan  IF. 
of  tha  tteond  degret  cannot  be  satisfied  by  any  rtai  dirw«toM  of  p,  exo^yt  tiiafc  otte 
which  satisfies  the  Kmear  equation  V.,  or  canses  0p  itself  to  vanishi  wUle  p  wanama 
real  and  actual.  As  an  example  of  sach  ina^taofy  teaXartt  aa  rooit  of  1.,  and  of 
what  may  be  called  imaginary  JtreeftoiM,  or  imaginary  vectort  (comp.  214,  (4.)  ), 
which  eorrsfpoacf  to  those  scalars,  and  are  themselves  imaginary  roott  of  II.,  we  may 
take  the  very  simple  expressions  (oomp.  849,  XII.), 

XLIII...  fp  =  Vyp,     0'p  =  -Vyp; 
in  which  y  denotes  some  real  and  given  vector,  and  which  evidently  do  not  satisfy 
tlie  condition  TI.,  the  ftmction  ^  bemg  here  the  iM^fto«of  itsown  conjugate,  so  that 
its  tetf-eoi^fuyaie  part  ^  is  tero  (oomp.  849,  XIIX.).    We  havethas, 

XLIV.  ..  mo=0,     m'o  =  0,     m"Q=0,     ^=0,     +o  =  0,     xo=0, 
and  consequently,  by  the  sub-articles  to  849  and  850, 

XLV.  ..m  =  0,     m'«-y«,     m"=0,     +p«-ySyp,     xfi-^'^YP'^ 
the  qoadratio  I.,  and  its  roota  ei,  et,  become  thenfora, 

XLVI.  .  .  c«-y««0,     cis=  +  v/^.Ty,     04  =  -*^^. Ty, 

where  >/^  is  the  imaginary  ofaigebra  (comp^  214,  (8.)  ) ;  thus  by  XX.  or  XXL, 
and  XXII.)  we  have  now 

XLVII.  .  .  4fi<T  =  -ySy<f-tfiVy«r4.ci»*:i:(y-,ci)Vyff,     +»»=«(y-€»)Vy«r; 
hence 

Syiffio-  =  0,     Vy^ia  =  y ^i<r,  &c., 
and 

XLTIII. .  .  Mi«'=  (♦+ci)V  =  (r  +  'i)  (y-ei)Vy<f»(y«-ci*)Vy<r=0; 
and  u»  like  manner       XLYIII'.  .  .  fi^^O; 

if  then  we  take  an  arbitrary  vector  <r,  and  derive  (or  rather  coaeettw  as  derived)  from 
it  tufo  (imaginary)  vectort  pi  and  pa  by  the  (imaginary)  operaiiont  ^1  and  ^,  we 
shall  have  (comp.  III.  and  IV.)  the  equations^ 

XLIX. . .  pi  =  ifio,    ^ipi »  0,    ^1 »  -  cipi,    Vpi^i  =^  0, 
and  L.  .  .  p2  =  »^»<r,     ftpt^O,    ^  =  -0!|ps,    Vpi^pt«0, 
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as  ones  which  are  at  teast  ipnbohealiy  tnu.  Wo  find  then  that  the  tw6  magtMary 
direciiomSf  pi  and  pt,  »att$fy  (at  least  in  a  symbolical  senM,  or  aa  tar  as  ealadaiion 
is  oonoened)  the  vector  equation  II.,  or  that  p\  and  p%  are  two  imaginary  vector  rootg 
of  yp^p  ==  0  ;  but  that,  beeaose  the  tcaiar  quadraiie  I.  has  here  imayinary  rooia, 
this  vector  equation  II.  has  (as  above  slated)  no  real  vector  root  p^  except  one  in  the 
direeiion  of  the  given  and  real  vector  y,  which  satisfies  the  linear  equation  Y.,  or 
gives  ^psO. 

(18.)  Hub  particular  exampla  might  have  been  more  abnply  treated,  by  a  less 
general  method,  as  follows.    We  wish  to  satisfy  the  equation, 

LI.  .  .  0  =  V.pVyp-=pSyp-p»y; 
which  gives,  when  we  operate  on  it  by  V.  y  and  Y.p,  these  others, 

LII. . .  0  =  Vyp .  Syp,    0  =  p' Vyp ; 
if  then  vre  wish  to  avoid  supposing  ^p  ^Vyp  =  0,  we  must  seelt  to  satisfy  the  two 
ecalar  equaiionSy 

LIII. .  .  SypsO,     p*=0; 

and  conversely,  if  we  can  satisfy  theee  by  any  (real  or  imaginary)  p,  we  shall  have 
satisfied  (really  or  symbolically)  the  vector  equation  LI.  Now  ihejlnt  equation 
LIIL  is  satisfied,  when  we  assume  the  expression, 

LIV.  .  .  p  =  (c  +  y)Vy(f  =  Vy(f.(e-y). 

where  <r  is  an  arUtrary  vector ^  and  c  is  any  gcalar,  or  symbol  subject  to  the  laws  of 
eealara;  and  this  expression  LTV.  for  p,  with  its  transformation  just  assigned,  gives 

LV.  ..p»«(c«-y«)(Vy<r)«  =  0,    if    e*-y«  =  0; 

the  quadratic  XLVL  is  therefore  reproduced,  and  we  have  the  sosm  ivMginary  rootg, 
and  imaginary  direetiont,  ss  before. 

(19.)  Geometrieatty,  the  imaginary  character  of  the  recent  problem,  of  satlsfynig 
the  equation  Y'pYyp  =  0  by  any  dirsction  of  p  except  that  of  the  given  line  y,  is 
apparent  firom  the  circumstance  that  fp,  or  Yyp,  is  here  a  redoi  perpendicular  to  p, 
if  both  be  adual  lines ;  and  that  therefore  the  one  cannot  be  also  parallel  to  the 
other,  so  long  as  both  are  rod.* 

354.  In  the  three  preceding  Articles,  and  in  the  sub-arti- 
cles annexed,  we  have  supposed  throughout  that  the  absolute 
term  of  the  cubic  in  0  is  wanting^  or  that  the  condition  m  ^  0 
is  satisfied ;  in  which  case  we  have  seen  (351)  that  it  is  always 
possible  to  satisfy  the  linear  equation  ^p  «  0,  by  at  least  one 
real  and  actual  value  of  p  (with  an  arbitrary  scalar  ooeflScient) ; 
or  by  at  least  one  real  direction.   It  will  be  easy  now  to  show, 

*  Accordingly  the  two  imaginary  dxrectione,  above  found  for  p,  are  easily  seen  to 
be  those  which  in  modern  geometry  are  called  the  directions  of  lines  drawn  in  a  given 
plane  (perpendicular  here  to  the  given  line  y),  to  the  circular  points  at  inanity  :  of 
which  supposed  directions  the  imaginary  character  may  be  said  to  be  precisely  this, 
that  each  is  (In  the  givoi  plane)  its  own  perpendicular. 
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that  although  converselj  (comp.  351,  (4.)  )  the  function  ^p 
cannot  vanish  for  any  actual  vector  p,  unless  we  have  thus 
ma  0,  yet  there  is  always  at  least  one  real  direction  for  which 
the  vector  equation  of  the  second  degree^ 

I..    .   V/D0/D=O, 

which  has  already  been  considered  (353)  in  combination  with 
the  condition  m  «  0,  is  satisfied ;  and  that  if  the  function  ^  be 
a  selfconjuffate  one,  then  this  equation  I.  is  always  satisfied 
by  at  least  three  real  and  rectangular  directions^  but  not  gene- 
rally by  more  directions  than  three;  although,  in  this  case  of 
self-conjugation^  namely  when 

II.  .  .  ^  p  =  0p,     or    ir.  .  .  SX^p  «  Sp^X, 

for  all  values  of  the  vectors  p  and  X,  the  equation  I.  may  hap- 
pen to  become  true,  for  one  real  direction  of  p,  and  for  every 
direction  perpendicular  thereto :  or  even  for  all  possible  direc- 
tions, according  to  the  particular  system  of  constants^  which 
enter  into  the  composition  oUki^  function  0p.  We  shall  show 
also  that  the  scalar  (or  algebraic)  and  cubic  equation^ 

III.  .  .  0  «  m  +  m'c  +  mV  +  c*, 

which  is  formed  from  the  symbolic  and  cubic  equation  350,  I., 
by  changing  0  to  ~e,  enters  importantly  into  this  whole 
theory ;  and  that  if  it  have  one  real  and  two  imaginary  roots ^ 
the  quadratic  and  vector  equation  I.  is  satisfied  by  only  one 
real  direction  of  p ;  but  that  it  may  then  be  said  (comp.  353, 
(17.)  )  to  be  satisfied  also  by  two  imaginary  directionsy  or  to 
have  two  imaginary  and  vector  roots :  so  that  this  equation 
I.  may  be  said  to  represent  generally  a  system  of  three  right 
lines f  whereof  one  at  least  must  be  real.  For  the  case  II.,  the 
scalar  roots  of  III.  will  be  proved  to  be  always  real;  so  that 
if  iito,  m'o,  and  m'\  be  formed  (as  in  sub-articles  to  349  and  350) 
from  the  self  conjugate  part  <pop  of  any  linear  and  vector  func- 
tion 0p,  as  m,  m\  and  m**  are  formed  from  that  function  0p  it- 
self then  the  new  cubicy 

IV.  .  .  0  =  w?o  +  wi'oC  \  m'\c^  +  c*, 

which  thus  results,  can  never  have  imaginary  roots. 


CHAP.  II.]  CASE  OF  8BLF-CONJUGATIOK.  461 

(1.)  If  ire  write, 
V.  ..  ♦ps^pf  cp,    *p  =  ^'p  +  cp,    or  briefly,    V.  ..*  =  ^  +  c,    *'  =  f+c, 
where  els  an  ari>itni7  ecalar,  and  if  we  denote  by  "i",  "i^,  and  M  what  ^,  ^',  and 
M  become,  by  this  change  of  ^  to  f +  c  or  «,  the  calculationa  in  863,  (6.),  (6.)f 
ahow  that  we  have  the  exprearions, 

VI.  ..*=,^  +  cx  +  c«,     ^  =  *'+cx'+c», 
and  VII. , .  If  c=  m  +  m'o  +  mV  +  c>, 

with  VIII.  .  .  -af=**  =  **  =  #'^  =  ^*'. 

(2.)  Hence  it  may  be  inferred  that  the  fdnctions  Xi  x'y  <"^d  the  constants  m', 
«"  become, 

IX...X  =  Dc*  =  x  +  2c,     X'=Dc*'  =  x'  +  2«^, 
fAf'  =  DeAf  =  m'+  2m"c  +  8c«, 

with  the  yerifications, 

XI..  .*+x=o'+x'=Ar",   *x  +  *=*'X'  +  *'=Ar, 

as  we  had,  by  the  sub-artides  to  860, 

(8.)  The  new  linear  eymbol  ^  most  satisfy  the  new  cuhie^ 

XII. .  .  0  «  M -  AT*  +  Af  "Oa- ♦> ; 

which  accordingly  can  be  at  once  derived  from  the  old  cubic  860,  I.,  under  the  form, 

XIII.  ..0  =  m4m'(c-*)  +  m"(<^-*)a+(c-*)». 

(i.)  Now  it  is  always  possible  to  satisfy  the  condition, 

XIV...  Af=0, 

by  sabstitating  for  e  a  real  root  of  the  »ealar  eubie  IIL ;  and  thereby  to  reduce  the 

»cw  epmboHeal  cubic  XII.  to  the  ybrm, 

XV.  . .  0  «  ♦»  -  Af "♦»  +  Af' ♦; 

which  is  precisely  similar  to  the  form, 

O^^'-ai^fi+mV,  862,11., 

and  conducts  to  analogous  consequences,  which  need  not  here  be  developed  in  detail, 

since  they  can  easily  be  supplied  by  any  one  who  will  take  the  trouble  to  read  again 

the  few  recent  series  of  sub-articles. 

(6.)  For  example,  unless  it  happen  that  Yp  conetantfy  vaiitf  Am,  in  which  case 

•Afs  0,  and  9p  (if  not  identicaOy  null)  takes  a  monomial  fonuy  which  is  reduced  to 

zero  (oomp.  862,  (7.)  )  for  every  direction  of  p  in  a  given  plane,  the  operation  ^ 

''ediieei  (comp.  861)  an  arbitrary  vector  to  a  given  direction:  and  the  operation  4 

deetroye  every  line  in  that  direction :  so  that,  m  every  caee,  there  is  at  least  one  real 

«^  of  satisfying  the  vector  equation  ^p  =  0,  and  therefore  also  (as  above  asserted) 

the  equation  L,  without  causing  p  ittelfio  vanish. 

(6.)  And  since  that  equation  I.  may  be  thus  written, 

XVI.  .  .  Vp*p  =  0,     or    *p  II  p, 

we  see  that  it  can  be  satisfied  without  4>p  vanithing^  if  this  new  ecalar  and  quadratic 

•qoaUon, 

XVII.  .  .  0  =  C»  +  Af"C+  AT,  comp.  368, 1., 
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have  real  and  unequal  roaU  Ci,  Cz ;  for  if  we  then  write, 

XVIII.  .  .♦i- ♦  +  (?!,  «i=4»+C^ 
the  line  •p  will  ffeneraify  haw  fbr  ila  ioeuM  a  ^ven  plane,  and  (here  will  be  tw0  real 
and  dietinct  direeHona  pi  and  pi  in  that  plaaei  for  one  of  which  ^ipi  =  0,  whik 
^%-  0  for  the  other,  bo  that  each  satisfiee  XYL,  or  L ;  and  these  are  predaely  the 
fixed  direeHone  of  ^ip  and  ^sp,  if  Yi  and  "¥%  be  formed  from  4^  by  changing  ^  to 
4i  and  ^s  respectively. 

(7.)  Gases  of  equal  and  of  imaffinarp  rooU  need  not  be  dwelt  on  here ;  bat  it  may 
be  remarked  in  passmg,  that  if  the  function  ^p  have  the  partiaUar  form  (jf  being 
any  scalar  constant), 

XIX. . .  ^p=yp,    then    XX.  .  .  O-^)»  =  0,    and    XXI. . .  ilf=(y+  c)»; 
the  cubic  XIY.  or  III.  having  thus  aU  its  roots  equalf  and  the  equation  I.  being  sa- 
tisfied by  eveiy  direeHon  o(  p,  in  this  paiticniar  case. 

(8.)  The  general  exiatenee  of  a  real  and  reettmgular  e^ttem  of  three  dunedums 
satisfying  I.,  when  the  condition  II.  is  satisfied,  may  be  proved  as  in  353,  (li.) ; 
and  it  is  unnecessary  to  dwell  on  the  case  where,  by  two  roots  of  the  cubic  beoommg 
equal,  all  linee  in  a  given  plane,  and  oZto- the  normal  to  that  plane,  are  vector  roots 
of  I.,  with  the  same  condition  II. 

(9.)  And  because  the  quadratic,  0  »  ^  +  "("tf  +  m'  (368, 1.),  has  been  proved  to 
have  always  real  roots  (858,  (18.)  )  when  fp  »  ^p,  the  analogous  quadratic  XYII. 
must  likewise  then  have  real  roots,  Ci,  C% ;  whence  it  immediately  follows  (oomp. 
XII.  and  XIII.),  that  (under  the  same  condition  of  self-conjugation)  the  ctdne  III. 
has  three  real  roots,  c,  c+  Ci,  c  +  Cs;  and  therefore  that  (as  above  stated)  the  other 
cubic  lY.,  which  is  formed  fh>m  the  self-^conjugaie  part  ^  of  the  general  linear  and 
vector  function  0,  and  which  may  on  that  account  be  thus  denoted, 
XXII.  . .  Afo«  0,  has  its  roots  ahsage  real 

(10.)  If  we  denote  in  like  manner  by  ^o  the  symbol  ^o  +  c,  the  equation 
m  =  mo  -  Sy^or  (349,  XXYI.,  comp.  849,  XXI.)  becomes, 

XXIII. . .  ir==Afo-Sy«or; 

whence,  by  comparing  powers  of  e,  we  recover  the  relations, 

m'  =  m'o  -  >•,    and    m"  =  m\  as  in  860,  (I.). 
(11.)  On  a  shnilar  plan,  the  equation  m^'V^i^ »  Y.^ffi^v  beoomes, 

XXIY. .  .  itf*'V^v=Y.*fi*v,  comp.  843,  (1.), 

in  which  fi  and  v  are  arbitrary  vectors,  and  c  is  an  arbitrarg  scalar;  or  more  fully, 

XXV. . .  (m  +  m'c  +  m V  +  c«)  (0' +  c)Vpi;  o  V.  (i^^  +  CXM  +  <?V)  (^»' +  ^X"  +  «^)  i 
whence  follow  these  new  equations, 

XXVI.  . .  (m  +  m'f)YM»'  =  Y(f ^ .  x v  -  +1^.  xmX 

XXYIL  ..(«'  +  m'^fyVfAv  =  V(^^v  -  v+^  +  xM-  xO, 

XXYin.  .  .  (»"+  f  )Y^v«=Y(/4Xv-t'XM)i 

which  can  all  be  otherwise  proved,  and  from  the  last  of  wfatch  (by  «hMtigi«*g  ^  to  f, 

&c.)  we  can  infer  this  other  of  the  same  kind, 

XXIX.  .  .  (m'  +  f  )V^v  =  V(M^xv  -  v^Xf*)^ 
(12.)  As  an  example  of  the  existence  of  a  real  and  rectangular  system  oi  three 
directions  (8.),  represented  Jointly  by  an  equation  of  the  form  I.,  and  of  a  system  of 
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ihrtarttdnatBOtihAMealaretUn^  III.,  wlMn  the  etmdUS^n  IL  k  saliifiod,  let  iu 
talcetlMfinrm, 

g  being  here  anj  rea/  and  ^iom  tealarf  and  X,  fi  any  real  and  non-paraltel  ffiven 
vectcTM  ;  to  whichybrm,  indeed,  we  shall  soon  find  that  every  self-conjugate  ftiDCtiOD 
^oC  can  be  brooght.    We  have  now  (after  some  rednctions), 

XXXI.  .  .  fl^^Y\pnSKf,^Y\,,Skp^-ffQS,ip^,ifXk^)^S/^, 
XXXII. . .  XP = -  (XSf»p  +  fiSXp)  +  2yjt>, 
and      XXnU.  ..i»-(y-8X;i)(^-XV^,    m'=-XV-?^A*+ V. 

«"«- 8X^  +  8^; 
where  the  part  of  ^p  which  is  independent  oTp  may  be  put  under  several  other  forms, 
such  aa  the  fbUowiag, 
XXXIV.  . .  y(Xp^SX/i-X^8Xfift>sXp/i6Xfi-X/*SXp/i 

=  X(pSXf»  +  SXfjpi)M=  iX(X«)  +  pX/»>=  X(\Btip  +f»SXp  -Xpf*)/!,  Aw. ; 

and  ♦,  *,  X,  A<;  iM',  Af "  may  be  formed  firom  f ,  ^,  x»  *■»  "*'»  "»"»  '^y  simply 
changing  ^  to  e  +g.  The  equation  Jf  s  0  has  therefore  here  three  real  and  unequal 
rootSi  namely  the  three  foUowmg^ 

XXXY.  ..c»~^+fiXfi,    tf+Ci  =  -y  +  TX^,     c+Ca=-y-TXfi; 
and  the  conesponding  forms  of  Yp  are  Ibond  to  be, 

XXXTI. .  .  ^p«VX/iSX/ip,    ♦ip=-(XT/i  +^TXjS.pCXT^+/»TX), 
+jp  =  -  (XT/»  -  /iTX)S.  p(XT^  -  f»TX). 

Thiia  "frp,  ^ip»  and  '¥^  hare  in  fiust  the  three  fixed  and  rectangular  directions  of 
YVt  XT/ft+fiTXy  and  XT^-^TX,  naoMly  of  tiie  normal  to  the  giren  plane  of  X^ 
ft,  and  the  bisectors  of  the  angles  made  by  those  two  given  lines ;  and  Mcse  are  ac- 
cordingly the  on/y  directions  which  utiaty  the  vector  equation  of  the  second  degree, 

XXXTII.  . .  (Tpfp  -  y .  pYXpn  ^)Vp\&fip  +  YpiMSkp  ^  0 ; 
ao  that  this  last  eqmaium  represents  (aa  was  expected)  a  eyetem  of  three  right  Knewy 
in  these  three  respective  direetume^ 

(13.)  In  general,  if  ci,  P2»  ^  denote  the  three  rode  (real  or  imaginary)  of  the 
cubie  equation  Ar=  0,  and  if  we  write, 

XXXVIII.  ..  •i  =  ^  +  ci,     *8=0  +  ca,     •8  =  f+f3. 
the  oorrrespooding  values  of  "9  will  be  (comp.  VI.), 

XXXIX.  .  .■*'i  =  +  +  cix+ci«,    *2=  +  +  cax4ca»,    *a=»(/  +  csx  + ^s'; 
also  we  have  the  relaticws, 

Sci  +  ca  +  «!i=-»"=-^-Xi 
«ac»  +  <ici  +  ciC2  =  +  m'  =  ^X  +  +♦ 

whence  it  is  easy  to  infer  the  expressions, 

XLI.  .  .  *i  =  (e* - C8)-t  (^; - ^2),    *s=  (c» -  ci)-i  (^1  -  *3), 

♦s  =  (*i-e»)-K^«-*i); 

wMch  enable  na  to  express  the>^iic<ioiM  4>ip,  <hp}  ^  m  hinomiaU  (comp.  851, 

fte.),  when  ^ip,  ^tp,  Ygp  have  been  expressed  as  monomee,  and  to  assign  the 

flanee  (real  or  imaginary),  which  are  the  loei  of  the  Unet  ^ip,  ^,  ^p. 
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(14.)  Accordingly,  the  three  operaHotu,  ^,  «i,  ^  by  which  fines  in  the  throe 
lately  detennined  dtreeHotu  (12.)  are  dettroyed,  or  reduced  to  zero,  and  which  at 
first  present  themselves  under  the  forms, 

XLII. . .  ♦p = XS/ip  +  /iSXp,    ♦ip  =  YXpfi  +  pTXfi,    ♦» = Wpfi  -  pTX/i, 
are  fonnd  to  adnut  of  the  transibrmationsy 

VTTTT       A      ^«P"^ip      ^        *sp-*p       ^       *p-*ip 
XLIII...#p=-^^_;    ♦,p  =  ___;     *^  =  _-_. 

where  "i",  "f^i,  ^s  have  the  recent  forms  XXXTI.,  and  the  2on  of  «p,  «ip,  ^  com- 
pose a  system  of  three  re^angmlar  pianee, 

(15.)  In  general,  the  relations  (18.)  give  also  (comp.  858,  (8.)), 

XLIV. .  .  ^i  =  *j»8,     ♦«  =  ♦a*!,    ^3  =  ♦i**, 
and  XLV. .  .  ^i'¥i=:^'¥i^^'¥z=^i^^^Q, 

whence  also,  XLVI. . .  **i^»  =  ♦a^j  «  ^s*i  =  0, 

the  eymhcle  (in  anyone  system  of  this  sort)  admitting  of  being  trantpoted  and  grontped 
at  pleasnre;  if  then  the  roots  of  M=  0  1>e  real  and  vnequal,  there  arises  a  system 
of  tkree  real  and  diUinet  pkmee,  wliich  are  connected  with  the  interpretation  of  the 
eymboUeal  equaium,  ^i^^  aO,  exactly  as  the  three  planes  in  853,  (9.)  were  con- 
nected with  the  analogous  eqoatioD,  ^i^  =  0. 

(16.)  And  when  the  cubic  has  two  imaginary  roote^  it  may  then  be  said  that  there 
is  one  real  plane  (such  as  the  plane  -i-  y  in  858,  (18.),  (19.)  ),  containing  the  tito 
imaginary  directione  which  then  satisfy  the  equation  I. ;  and  two  imaginary  pianetj 
which  respectively  contain  those  two  directions,  and  intereeet  each  other  in  one  real 
Hne  (such  as  the  line  y  in  the  example  dted),  namely  the  one  real  vector  root  of 
the  same  equation  L 

355.  Some  additional  light  may  be  thrown  upon  that  vector 
equation  of  the  second  d^ee^  by  considering  the  system  of  the  two 
scalar  equations^ 

I. . .  8Ap0p  =  0,    and    11.  . .  Sxp  «  0, 

and  investigating  the  condition  of  the  reality  of  the  tufo*  dtrections, 
Pi  and  p2,  by  which  they  are  generally  satisfied,  and  for  each  of 
which  the  plane  of  p  and  ^p  contains  generally  the  given  line  a  in 
I.,  or  is  normal  to  the  plane  locus  IL  of  p.  We  shall  find  that  these 
two  directions  are  always  real  and  rectangular  (except  that  they  may 
become  indeterminate)^  when  the  linear  function  ^  is  its  own  conju- 
gate ;  and  that  then,  if  A  be  a  root  Po  of  the  vector  equation, 

IIL..Vf)0/>  =  O, 

*  Geometrically,  the  equation  I.  represents  a  cone  of  the  second  order,  with  X 
for  one  eide,  and  with  the  three  Unee  p  which  satisfy  III.  for  three  other  sides ;  and 
II.  represents  a  plane  through  the  vertex,  perpendicular  to  the  side  A.  The  two  direc' 
tiont  sought  are  thus  the  two  sidee,  in  which  this  plane  cuts  the  cone. 
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-which  has  been  already  otherwise  discussed,  the  Unea  />i  and  />s  are 
cdso  roots  of  that  eqaation ;  the  general  existence  (364)  of  a  system  of 
three  real  and  rectangular  directions,  which  satisfy  this  equation  III. 
\rben  f'p  »  fp,  being  thus  proved  anew :  whence  also  will  follow  a 
new  proof  of  the  realittf  of  the  scalar  roots  of  the  cubic  M=0,  for  this 
C€ue  o{  self-conjugation  of  ^;  and  therefore  of  the  necessary  reality  of 
the  roots  of  that  other  cubic^  Mq^O,  which  is  formed  (354,  lY.  or 
XXII.)  from  the  setf-cot^jugats  part  ^  of  the  general  linear  and  rec* 
tor  function  ^  as  iV'^O  was  formed  from  f, 

(1.)  Let  \f  /ijvhetL  qrstem  of  three  reetanffvilar  vector  units,  following  in  all 
TCspoeto  the  Ibwb  (18S,  188),  of  the  qrmbola  iy  J,  k.    Writing  then, 

IT. . .  psy/i+7v,    andtiiertfoie,    Xp^ifp-tp,    ^p^y^ii-Vz^v, 

the  eqaation  IL  ie  aatisfied,  and  L  becomes, 

V. . .  0=y«Sy^fi+jrxC8j^y- 8/1^/1) -.**S^f; 

the  roots  of  which  qnadratle  wlU  be  resl  and  nneqaal,  if 

YI.  .  .  (Sy^v-S/t^/i)s+4S/A^ySv^/i>0; 

and  the  oorreiponding  diiecUons  of  p  will  be  rectangular,  if 

VII. . .  0  =  8(yi;i  +  «iv)  (srs/i  +  csv)  »  - (yijfa  +  riirs) ; 
that  is,  If 

at  least  fbr  this  paiticnlar  pair  of  vectors,  p  and  v. 

(2.)  Introducing  now  the  ezpresdon,  ^f>  ==  ^op  +  Typ  (849,  XII.),  the  condi- 
tions YI.  and  VIII.  take  the  forms, 

IX  . .  (Sv^v  -  S^0of*)'  +  4S0i^v)»  >  4  (Sy^i')»,    and    X. . .  Sy/tv  =  0 ; 

which  are  (o/A  satisfied  generally  when  y  =  0,  or  ^  =  ^'=^;  the  only  exception 
being,  that  the  quadratic  V.  may  happen  to  become  an  identity ^  by  all  its  coefficients 
Taniahing :  but  the  opposite  inequtdity  (to  VL  and  IX.)  can  never  hold  good,  that 
is  to  say,  the  roote  of  that  quadratic  can  never  be  tmayinory,  when  f  is  thus  self- 
eemjtigaie, 

(8.)  On  the  other  band,  when  y  Is  actual,  or  f'p  not  generally  s  ^p^  the  condl- 
tioa  X.  ot  reetanffnlarUy  can  only  ateideniaUy  be  satisfied,  namely  by  the  given  or 
Jlxed  Une  y  happening  to  be  in  the  assumed  plane  of  /i,  ^ ;  and  when  the  two  dire^ 
tiomt  of  p  are  thus  net  rectangular,  or  when  the  soalar  Bypv  does  not  yanisfa,  we 
have  only  to  suppose  that  the  square  of  this  scalar  becomes  large  enough,  in  order  to 
render  (by  IX.)  tiiose  directions  coincident,  or  imaginary, 

(4.)  When  ^'= ^,  or  y =0,  we  may  take  ft  and  v  for  the  two  rectangular  diree* 
tions  of  p,  or  may  reduce  the  quadratic  to  the  very  simple  form  yx  =  0',  but,  for  this 
purpose,  we  must  establish  the  relations, 

XI.  ..Qp^v  =  Bvfp^O. 

(6.)  And  if;  at  the  same  time,  X  satisfies  the  equation  III.,  so  that  ^  ||  X,  we 
shall  have  these  other  scalar  equations, 

3o 
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XII. .  .  0  -=  S/t^X  »  Stf^X  «  SX^^  =  SX^y ; 
whence  ^A'II^^^Ia'i    ^^^    ^^D^VI'^i 

or,  XIII. .  .  0  =  VX^X  =  Yfipfi  =  Yvfv ; 

X,  /I,  v  tbofl  forming  (as  above  stated)  a  <y«tem,  of  tAree  real  and  rectangolar  roeU 
of  that  vector  equation  III. 

(6.)  Bat  in  general,  if  III.  be  satisfied  by  even  two  real  and  dittvui  directions 
of  p,  the  Mcalar  and  cubic  equation  Af  =  0  can  have  mo  imaginary  root;  for  if  those 
two  directions  give  two  unequal  but  real  and  eealar  valuet^  ci  and  c^,  for  the  quo- 
iieni  —fpip,  then  ci  and  e%  are  fiM>  rea/  rooCf  of  the  cubic,  of  which  therefore 
the  third  root  is  ideo  real ;  and  if,  on  the  other  hand,  the  two  directions  pi  and  pi 
give  one  common  real  and  scalar  value,  such  as  ci,  for  that  quotient,  then  ^p  =  —  cip, 
or  #ip  =  (^  +  ei)p  =£  0,  for  every  line  m  the  plane  of  pi,  ps;  so  that  0p  must  be  of 
the  form,  —  cip  +  /3Spip2p}  and  the  cubic  will  have  at  least  two  equal  roott,  dnoe  it 
will  take  the  form, 

XIV.  .  .  0  =  (c  -  ci)«  (c  -  ci  +  Spipa/3), 

as  is  easily  shown  from  principles  and  formuln  already  established. 

(7.)  It  is  then  proved  anew,  that  tbe  equation  At=0  has  all  its  roots  real^  if 
p'p  =  ^p ;  and  tlierefore  that  the  equation  Afo  =  0  (as  above  stated)  can  never  have 
an  imaginary  root. 

(8.)  And  we  see,  at  the  same  time,  how  the  tea/ar  cubic  M=0  might  have  heen 
deduced  from  the  tymbolical  cubic  850,  I.,  or  from  the  equation  851, 1.,  as  the  con- 
dition for  the  vector  equation  III.  being  satisfied  by  any  actual  p ;  namely  by  ob- 
serving that  if  ^p  =  -  ep,  then  ^>p  =  c*p,  ^'p  =  -  e'p,  &c.,  and  therefore  Afp  =  0,  in 
which  p,  by  supposition,  is  different  from  zero. 

(9.)  Finally,  as  regards  the  case*  ofindetermineUion^  above  alluded  to,  when 
the  quadratic  V.  faile  to  assign  any  definite  valuea  to  y  :  2,  or  any  definite  direetiont 
in  the  given  plane  to  p,  this  case  is  evidently  distinguished  by  the  condition, 

XV..  .S^^/i=S>'^v, 
in  combination  with  the  equations  XI. 

356.  The  existence  of  the  Symbolic  and  Cubic  Equation  (350), 
which  is  satisfied  by  the  linear  and  vector  symbol  ^,  suggests  a  Theo* 
rem\  of  Oeomelrical  Deformation,  which  may  be  thus  enunciated: — 

*  It  wHl  be  found  that  this  ea«c  corresponds  to  the  eircuiar  eectione  of  a  eurfaee 
of  the  eecond  order;  while  the  less  particular  case  in  which  ^'p  =  ^p,  but  not 
Sfi^fi  =  Sv^v,  so  that  the  two  directions  of  p  are  determined,  real,  and  rectangular, 
corresponds  to  the  axee  of  a  non-circular  section  of  such  a  surface. 

t  This  theorem  was  stated,  nearly  in  the  same  way,  in  page  568  of  the  Lectures; 
and  the  problem  of  inversion  of  a  linear  and  vector  function  was  treated,  in  the  few 
preceding  pages  (559,  &a),  though  with  somewhat  less  of  completeness  and  perhaps 
of  simplicity  than  in  the  present  Section,  and  with  a  slightly  different  notation.  Tbe 
yeneral  form  of  such  a  function  which  was  there  adopted  may  now  be  thus  ex- 


^p  =  2/3Sap  4-  Yrpy  r  being  a  given  quaternion  ; 
the  resulting  value  of  m  was  found  to  be  (page  561), 
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"7/;  hy  any  ^en  Mode,  or  Law^  of  Linear  Derivation^  of  the 
kind  aboTe  denoted  by  the  symbol  0,  wepaeefrom  any  assumed  Vec- 
tor p  to  a  Series  of  Successively  Derived  Vectors,  />i,  ^„  a>s,  • . .  or  ^V> 
^ Vt  ^ V»  •  • ;  <*nd  if,  hy  constructing  a  Parallelepiped^  we  decompose  any 
Line  of  this  Series,  such  as  ^,  into  three  partial  or  component  lines^ 
mp,  -  m'pi,  m"ptf  in  the  Directions  of  the  three  which  precede  it,  as  here 
of  p,  Pij  Pi;  then  the  Three  Scalar  Coefficients,  my-m'y  m*',  or  the  Three 
Eatios  which  these  three  Components  of  the  Fourth  Line  ^  bear  to  the 
Three  Preceding  Lines  of  the  Series,  wUl  depend  only  on  the  given  Mode 
or  Law  of  Derivation,  and  will  be  entirely  independent  of  the  assumed 
Length  and  Direction  of  the  Initial  Vector.*^ 

(1.)  Ab  an  Example  of  sach  saocessive  Derivaium,  let  as  take  the  law, 
L..pi  =  ^p  =  -V/3py,    P2=^'p  =  -V/3piy,  &C., 
which  answers  to  the  eotutruetwn  in  805,  (1.),  &c.,  when  we  suppose  that  p  find  y 
are  umt-lmet.    Treating  them  at  first  as  any  two  given  veetore,  onr  general  method 
conducts  to  the  equation, 

IL  . .  p8  =  mp-»'pi +  »»>», 
with  the  following  values  of  the  coefficients, 

III...m  =  -i8«7«Si3y,     m'=-^Vi     m"  =  Si3y; 
as  maj  be  seen,  without  any  new  calculation,  by  merely  changing  g.  A,  and  p,, 
in  854,  XXXIII.,  to  0,  /3,  and  -  y, 

(2.)  Supposing  next,  for  comparison  with  805,  that 

IV.  ..i8»=y«=-l,     and    Bpy  =  -l, 
so  that  /3,  7  are  unit  Hues,  and  /  is  the  cosine  of  their  inclination  to  each  other,  the 
▼aines  III.  become, 

V.  ..«  =  i,     »'=-!,     m"  =  -7; 

and  the  equation  IL,  connecting />«r  eucceeeive  Knee  of  the  series,  takes  the  fbnn, 
VI.  .  .  pj=/p  +  pi-/pa,    or    VII.  .  .pj-pi  =  -/(p2-p)j 


m  =  2:Saa'a"S/r/3'j3  +  SS  (rVaa'.  V/y/3)  +  Sr28aj3r  -  SSarSjSr  +  S»Tr« ; 
and  the  auxiliary  function  wiiich  we  now  denote  by  ^  was, 

mf -i<r  =  i(/«r  =  2 Voo'S^'/3<r  +  S V.  aY(JP<r.r)  +  (V<rrSr  -  VrSkrr)  ; 
where  the  sum  of  the  two  last  terms  of  4/v  might  have  been  written  as  erSr  -  rSar. 
A  student  might  find  it  an  usefnl  exercise,  to  prove  the  correctness  of  these  expres- 
sions by  the  principles  of  the  present  Section.  One  way  of  doing  so  would  be,  to 
treat  S^Sap  and  r  as  respectively  equal  to  ^op  +  Vyp  and  c  +  e;  which  would 
transform  m  and  yf/fr,  ae  above  toritten,  into  the  following, 

Jfo-S(y+0(^  +  0(y+0,  Mid  ^o<T-(y+«)S(r +  «)<'  + V<r(0o  +  c)(y+O; 
that  is,  into  the  new  values  which  the  M  and  ^(r  of  the  Section  assume,  when  ^p 
takes  the  new  value,  *p  =  (^+  c)p  +  V(y  +  Op- 
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«  result  whioh  agcM0  ivith  806,  (3.)>  "n^  ^  ^^^^"^  found  that  if  p«  op,  &e.,  the 
interviU  PiPj  was  =  -  J  x  ppij. 

(8.)  And  as  regards  the  inverMum  of  a  linear  and  yector  function  (347),  or  the 
retuTH  from  any  one  line  pi  of  sach  a  genet  to  the  line  p  which  precedet  it,  our  ge- 
neral method  gives,  for  the  example  I.,  by  854,  (12.), 

VIII. .  .  ij/pi «  ifiCPypi  +  piPrh. 
and 

«  mult  whioh  it  is  easy  to  Tariff  and  to  interpret,  on  principles  already  explained. 

357.  We  are  now  prepared  to  assign  some  new  and  gene- 
ral Forms,  to  which  the  Linear  and  Vector  Function  (with  real 
constants)  of  a  variable  vector  can  be  brought,  trt'Mc^ti^  assum- 
ing its  self-conjugation;  one  of  the  simplest  of  which  forms  is 
the  following, 

I.  .  .  ^f> »  Vjop  +  VApju,     with     r.  .  .  Jo «^  +  7 ; 

qo  being  here  a  real  and  constant  quaternion,  and  X,  ii  two  real 
and  constant  vectors,  which  can  all  be  definitely  assigned,  when 
the  particular  form  of  ^  is  given :  except  that  X  and  /x  may  be 
interchanged  (by  295,  YII.))  and  that  either  may  be  multij^ied 
by  any  scalar,  if  the  other  be  divided  by  the  same.  It  will 
follow  that  the  scalar,  quadratic,  and  homogeneous  function  of 
a  vector,  denoted  by  Sp^p,  can  always  be  thus  expressed : 

II.  . .  Sp0p  »  gp^  +  SXpfip ; 
or  thus, 

ir. . .  Sp^f>  -/p'  +  2SXpS/ip,    if   g=g'S\fi; 

a  general  and  (as  above  remarked)  definite  transformation^ 
which  is  found  to  be  one  of  great  utility  in  the  theory  of  j^<r- 
faces*  of  the  Second  Order. 

(1.)  Attending  first  to  the  ease  ot  eelf-eonjugaie  functions  ^,  from  which  we 
can  pass  to  the  general  case  by  merely  adding  the  term  Vyp,  and  supposing  (in  yir- 
tue  of  what  precedes)  that  aiusota  are  three  real  and  reetangMlar  vector-unite,  and 
€ie%ez  three  real  eealare  (the  roots  of  the  cubic  Ma  =a  0),  such  that 


*  In  Uie  theory  of  such  surfaces,  the  two  constent  and  real  recton,  X  and  p, 
haye  the  dilections  of  what  are  called  the  egelic  normale. 
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lU.  ..fiai  =  Cfo  +  «i)ai«0,     ^•  =  (fo  +  «4)fl»«0,    ^•«9»(fo+ ei)«»«0, 

we  may  write 

IV. .  .  p  =s  -  (aiSaip  +  a2Sa]p  +  asSaap), 
and  tbenfora 

V.  . .  ^  s  ciaiSaip  -f  oaoaBasp  +  tfsiasSaip ; 
aotliat 

!^ip  =  (<^  -  ffi)  aaSajp  +  (cs  -  ci)  asSaap, 
^  =  (*»  -  08)<uSoap  +  (ei  -  c)  aiSaip, 
^  =  (ei  -  «»)  aiSaip  +  («»  -  c»)a8Saip, 
tlie  hmomkdfonu  of  ^i,  ^  03  being  thus  put  in  eridenoe. 
(2.)  We  have  thus  the  general  but  $ealar  expresaions: 

VII.  . .  -  p«  =  (Saip)»  +  (Saipy  +  (Saaf))' ; 

VIII.  . .  Spfp  =  Sp0op=ci(Saip)»  +  C8(Sa2P)*+«s(9«8p)* 

=  -  CipJ  +  (ca  -  ci)  (Saap)«  4-  (cj  -  ci)  (Sajp)* 

=  -  cap*  -  (C4  -  ci)  (Soip)»  +  (cs  -  ca)  (So3p)* 

=  -  cjp*  -  (ca  -  ci)  (Soip)«  -  (cs  -  C2)  (Saap^  : 

in  which  it  is  in  general  permitted  to  assume  that 

IX...  ci<02<C8,    or  that    X.  . .  «*  -  ci  =  2«",    cj-ci=2«^, 
«  and  tf'  being  real  scalars,  and  the  numerical  co^ffleienU  being  mtroduoed  for  a  mo- 
tive  of  convenience  which  will  presently  appear. 

(8.)  Comparing  the  last  but  one  of  the  expressions  VIII.  with  II'.,  we  see  that 
we  may  bring  Sp^p  to  the  proposed  form  II.,  by  assuming, 

XI. . .  X  =  eai  +  e'a3,     /4=-tfoi  + «'as,    ^r  =  SX/i -ca  =  - ^(ci  +  ca), 

because  SX/i  =  «s  -  e's=  sa  -  i  (ci  +  till)- 

(4.)  But  in  general  (comp.  849,  (4.)  )  we  cannot  have,  for  all  yalnes  of  p, 

XII. . .  Sp^p  =  Spf'pf    unless    XIII.  . .  ^=0Vi 
that  is,  unless  the  Melf-eo^jugate  parU  of  ^  and  0*  be  e^ual ;  we  can  therefore  i^fer 
from  11.  that  0Qp=^p  +  VXpf(,  because  VXp/A  =  VftpX  =  its  own  conjugate;  and 
thus  the  transformation  I.  is  proved  to  be  potnble,  and  reaU 

(6.)  Accordingly,  with  the  values  XI.  of  X,  /i,  ^,  the  ezpreasion, 

XIV.  ..fop=^p+VXp/»  =  p(y-SX/4)  +  XS/ip  +  /iSXp, 
becomes, 

XV.  .  .  ^p  =  -  ^  +  (e'aa  +  «ai)  S(e'aj- «ai)p  +  (/as -  ta\)  S(e'a8+  *ai)p 
=  -  C2P  -  2tf'aiSaip  +  2^a^^ ; 
which  agrees,  by  X.,  with  VI. 

(6.)  Conversely  if  ^,  X,  and  /i  be  constants  such  that  0op=^p  +  VXp/i,  then 
^VX|i  =  ^VX^  where  st  =g-  SX/t,  as  before ;  hence  -  g'  must  be  one  of  the  three 
roots  ei,  ca,  cj  of  the  cubic  Mq  =  0,  and  the  normal  to  the  plane  of  X,  /x  must  have 
one  of  the  three  directions  of  aj,  a2t  a^'y  if  then  we  assume,  on  trial,  that  this  plane 
is  that  of  ai,  aj,  and  write  aocordmgly, 

XVI.  .  .  X  =  aai  +  a'aj,     /t  =  6ai  +  ft'as,     02P  =  ^Sfip  +  /tSXp, 

we  are,  by  VI.,  to  seek  for  scalars  €LaW  which  shall  satisfy  the  three  conditions, 

XVII.  .  .  2a6  =  ci  -  Ci,     2a'6'  =  C3  -  C2,     06'  +  *o'  =  0  ; 

but  these  give 

XVIIL  .  .  (%aby  =  (%hay  * (es  -  c,)  (cj  -  e,). 
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■0  that  if  the  tnmsfonnation  is  to  be  a  real  ODe,  we  mart  suppose  that  et  —  ci  and 
Ci  —  e%$ie  either  both  potitive,  as  in  IX.,  or  else  both  AegaHve  ;  or  in  other  wordsr 
we  most  so  arrange  the  three  real  roots  of  the  cabie,  that  ca  may  be  (algebraicaUy} 
iiUermediate  in  valae  between  the  other  two.  Adopting  then  the  order  IX.,  with 
the  yaloes  X.,  we  satisfy  the  conditions  XVII.  hj  supposing  that 

XIX.  .  .  a' =  6' =  «',    «  =  — ft  =  «; 
and  are  thus  led  back  from  XVI.  to  the  expressions  XI.,  as  the  only  real  omee  for  X, 
fif  and  g  which  render  possible  the  transformations  I.  and  II. ;  except  that  X  and  /i 
may  be  interchanged^  &c.,  as  before. 

(7.)  We  see,  however,  that  in  an  imaginary  tente  there  exist  two  other  eobdiom 
of  the  problem,  to  transform  ^p  and  Spfp  as  above ;  for  if  we  retain  the  order  IX.,  and 
equate  g'  in  11'.  to  either  -  ci  or  -  c^  we  may  in  each  case  conceive  the  correqMuiding 
9um  of  two  equaree  in  VIII.  as  being  the  product  of  two  imaginary  but  linear  fac- 
tore  i  the  planet  of  the  two  imaginary  paire  of  vectors  which  result  being  real,  and 
perpendicular  respectively  to  ai  and  as. 

(8.)  And  if  the  real  expression  XIV.  for  ^op  be  given,  and  it  be  required  to  pass 
from  it  to  the  expression  V.,  with  the  order  of  inequality  IX.,  the  investigation  in 
864,  (12.)  enables  us  at  once  to  establish  the  fonnuls : 

XX.  .  .  ei  =  -^-TX/«,     ci  =  -^+SX^,    cs  =  -^  +  TX/*; 
XXL  .  .  ai  =  U(XT^  -  /4TX),     as  =  U VX^,     as  =  U(XT^  +  ^TX) ; 
in  which  however  it  is  permitted  to  change  the  sign  of  any  one  of  the  three  vector 
units.    Accordingly  the  expressions  XI.  give, 

TX/4  +  8X^  =  2«a  =  ca-  ci,     TX/i  -  SX^a  =  2e'«=  cs-  C2,     B\fi  =  g^  ct ; 
TX  =  T/i,  .X-f4  =  2eai,     VX/i  =  -  2e«'asai  =  +  2ee'ai,     X  +  fi=2e'as. 
(9.)  We  have  also  the  two  identical  transformations, 

XXII.  .  .  SXpfip  =  p^TXp,  +  { {Skfipy  +  (SXpT^i  +  S^pTX)»  }  (TX/t  -  SX^)-i, 
XXIIL  .  .  Skpfip  =  -  pr£\n -  {(SKfipy  +  (SXpTp, -  S/*pTX)«}  (TX^  +  Sk/iys 
which  hold  good  for  any  three  veetortf  X,  fi,  p,  and  may  (among  other  ways)  be  de- 
duced, through  the  expressions  XX.  and  XXI.,  from  II.  and  VIII. 

(10.)  Finally,  as  regards  the  expressions  VI.  for  ^ip,  &c.,  if  we  denote  the  cor- 
responding forms  of  ^p  by  i^ip,  &c.,  we  have  (comp.  854,  (15.)  )  these  other  ex- 
pressions, which  are  as  usual  (comp.  851,  &c)  of  monomial  form  : 
/  ^ip  =  ^0gp  =  (c2  -  ci)  (ci  -  cs)  aiSaip ; 
XXrV. .  .  I  V'ap  =  ^fip  =  (cj  -  Ci)  (ca  -  ci)  asSajp  ; 
I  t^sp  =  ^i^ap  =  (ci  -'Ci)(ci-  Ca)  asSosp ; 

and  which  verify  the  relations  854,  XLI.,  and  several  other  parts  of  the  whole  fore- 
going theory. 

368.  The  general  linear  and  vector  Junction  fp  of  a  vector  has  been 
seen  (347>  (!•)  )  to  contain,  at  least  implicitly,  nine  scalar  constants; 
and  accordingly  the  expression  357, 1,  involves  that  number,  namely 
four  in  the  term  YqoP,  on  account  of  the  constant  quaternion  q^^  and 
five  in  the  other  tenn  VX-p/a,  each  of  the  tuH)  untt-vectors^  UK  and  U;s 
counting  as  two  scalarSf  and  the  tensor  T\/a  as  one  more.    But  a  self- 
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conjugate  linear  and  vector  function,  or  the  sd/'Car^ugate  part  ^fP  of 
the  general  function  ^^,  involves  only  six  scalar  constants;  either  be- 
cause three  disappear  with  the  term  Y^^p  of  ^^;  or  because  the  con- 
ditum  of  self -conjugation,  2V/3a  =  27  =  0  (comp.  349,  XXII.  and  353, 
XXXVI.),  which  arises  when  we  take  for  ^p  the  form  ^fiSap  (347, 
XXXL),  is  equivalent  to  a  system  of  three  scalar  equations,  connect- 
ing the  nine  constants.  And  for  the  same  reason  Hne  general  quadra- 
tic but  scalar  function,  Sp^p,  involves  in  like  manner  only  six  scalar 
constants.  Accordingly  there  enter  only  six  such  constants  into  the 
expressions  357,  II.,  II'.,  V.,  VIII.,  XIV. ;  Ci,  c„  Cj,  for  instance, 
being  three  such,  and  the  rectangular  unit  system  ai,  a^  a,  answer- 
ing to  three  others.  The  following  other  general  transformations  of 
Bp^p  and  ^o/>,  although  not  quite  so  simple  as  357,  IL  and  XIV.,  in- 
volve the  same  number  (six)  of  scalar  constants,  and  deserve  to  be 
briefly  considered:  namely  the  forms, 

L..8pfp  =  a(Vapy-^h(Sfipy; 
n.  . .  V  =  -  aaVap  f  bfiSPp; 

in  which  a,  h  are  two  real  scalars,  and  a,  /9  are  two  real  unit-vec- 
tors. We  shall  merely  set  down  the  leading  formulae,  leaving  the 
reader  to  supply  the  analysis,  which  at  this  stage  he  cannot  find 
difficult. 

(1.)  In  acGompluhifig  the  redncUon  of  the  ezpnasionB, 

8p^p  =  ci(8aip)l+ej(Sa2p)«+C8(8a3p)»,  867,  VIII. 

*nd  ^op  =s  ciaiSaip  +  csagSasp  +  csasSoap,  867,  V., 

to  these  new  forms  I.  and  II.,  it  is  fonnd  that,  if  the  result  is  to  be  a  real  one,  -a 
must  be  thai  root  of  the  scalar  cubic  3fo=  0,  the  reciprocal  of  which  is  algebraicallf 
iniemediate,  between  the  reciprocals  of  the  other  two.  It  is  therefore  oonyenient 
Aer«  to  assame  this  new  eondiiionf  respecting  the  order  of  the  inequaliHeSf 

III.  .  .  cr*>«4->>C8-»; 

which  will  indeed  coincide  with  the  arrangement  867,  IX.,  if  the  three  roots  C],  £3, 
c^t  be  allpotiiivey  but  will  be  incompatible  with  it  in  every  other  case. 

(2.)  This  bemg  laid  down  (or  even,  if  we  choose,  the  fl!p|H>n<«  order  being  taken), 
the  (real)  values  of  a,  h;  a,  /3  may  be  thus  expressed : 

IV.  ..a  =  —  «t,     6  =  ci  —  ca  +  cs; 
V. .  .  a=a?ai  +«a8,     /3  =  *'ai  +  ^'aj ; 
in  which 

VI..    ,.  =  '4zfL;     z*=^^^,; 
VII.  . .  ^=  ^  =  6(xaj'  +  «0  =  -*Sa/3  =  (say)6'; 
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VIIL  .  .  ft^»ti«|-lfli»«€iV +  «»>«>;        IX  . .  ««+y*«*'>+|f'*«=l  i 

XL  .  .  ei««  +  <v^  =  cic,-ici  =  &-«6'«  =  6(8a^)»,     ci«i  =  -«ft(Sa^; 
XII. . .  h'p=-hpSaP=:eixai  +  cscot;  ke. 

(S.)  And  there  ranilt  the  transfbimatioiis: 

XnL  . .  ^  =(ci  -  ctOaiSai|>  +  (c»~ cOoaSa^ 

n- eft(Mi + sot)  8(mi  +  s«iii)p  +  —  («eiai  +  o^ob)  8(«ei«ii  +  M»a3)/9 ; 

XIY.  .  .  fop  ^  ciaiSaip  +  esa^Saap  -f  csasSaip 

=  Ci(xai  +  «oj)  V(a;ai  +  «ij) p  -I-  —  (^eeiat  +  Mftas)  S(j;eiai  +  xc^s)p ; 

XV. . .  Spfp=-c,(V(xoi  +  *aj)p)»+— (8(«ejoi  +  «:jai)p)«; 

*l«Sl 

which  iMt,  t/«i«!i  beiwfdbw,  gives  tUa  6«A«r  real  firm, 

XVI. .  .  Sp^p  =  —  N{S(«ciai  +  «8a,)p  +(eici)»  V(«ai  +  s<is)p}  i 

2>  and  x'  beiDg  deterrahied  by  the  exptemaoDB  VL 

(4.)  Those  expreeeioDe  allow  os  to  change  the  wign  of  s :  x,  and  thereby  to  deter- 
mine a  Mteondpair  of  real  tadt  Hmet^  a'  and  /S*,  which  may  be  substituted  for  a  and/3 
in  the  forms  I.  and  II. ;  the  order  of  inequalities  III.  (or  the  opposite  order),  and  the 
Tahies  IV.  of  a  and  A,  remaining  nnchanged.  We  have  therefore  the  d4mble  tnms- 
firwtatioma: 

XVII. . .  Sp^p  =  -  ei(Yap)^  +  (ci  -  e,  +  c»)  (Sj8p)»  =  -  c,(Vo'p)« 

+  (ci-c,  +  es)(S^p)«; 
XVIIL  ..fop  =  eiaVap  +  («i  -  «!  +  «s)/38/3p  «  ejo'Va'p  +  (ci  -  «*  +  cj^/yS/^p. 

(5.)  If  either  of  the  two  connected  fimu  L  and  II.  had  been  ^'veii,  we  might 
hare  proposed  to  deduce  from  it  the  vahies  of  eietCi,  and  of  aiasas,  by  the  gmend 
method  of  this  Section.    We  shoald  thus  have  had  the  enbic, 

XIX..0  =  jro=(c  +  «){c«+(a-ft)e-a6CSai8)«}; 

and  because  the  quadratic  (e+  o)~iAfo=0  may  be  thus  written, 

XX.  .  .  (c-i  +  a-i)'  (Sai3)»~(c-i+  a-i)  (a-iS.(a/3)«  +  6  0  +  «"*(Vai3)«  =  0, 

it  gives  two  real  values  of  «'i  +  a~^  one  positive  and  the  other  negative ;  if  then  we 
arrange  the  reciprocals  of  the  three  roots  of  Afo=  0  in  the  order  III.,  we  liave  the 
expressions, 

'  '  \c3  =  i(*-«)-J«*V(a-«+2a-ii-iS.(a/3)«-f  6-»); 

the  signs  of  the  radical  bdng  determined  by  the  condition  that  (ci  -c^^iah  (3a/3)' 
s  ci'i  -  e^'i  >  0.  Accordingly  these  expressions  for  the  roots  agree  evidently  with 
the  former  results,  IV.  and  XI.,  because  S.  (a/3)'  =  2(Sa/3)«- 1. 

(6.)  The  roote  ci,  cz,  oz  being  thus  known,  the  same  general  method  gives  fur 
the  direetiont  of  ai,  at,  a»  the  venore  of  the  following  expressions  (or  of  their  nega- 
tives) : 
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(♦ip  ==«!i"*(«ia  +  bpSafi)  S(e«a  +  fr0aa/3)p ; 
XXII. . .  (yhp^abYapapap ; 

(♦ip  «  aei'i(eia  +  */3Sa/3) 8(cia  +  hpSaP)p  ; 

ofwhkh  Uia  moiMMRia/ybnM  nuiy  again  be  noted,  and  which  give, 

XXir...ai«=±n(c^+»i3Sa/3),    oi=±DVaft    tfj=±U(<?ia+*^Sa/3). 
(7.)  Aisoardinglj  the  eacpnanions  in  (2.),  giye  (if  we  aoppoee  otaie  +  asX 
XXIIL  .  .  «ja  +  bpBaP  =  (c»- ci)a;ai,    Va/8=: (y*- a»')ai,     eia  +  6/3Saj3 

=  (*i  -  «4>as ; 

and  aa  an  additional  yerification  of  the  eomtiiUHejf  of  the  rariona  parte  of  thia  whole 

theoiy,  it  may  be  obaeryed  (oomp.  857,  XXIT.),  that 

XXIV.  .  .  -  a«s-K«»a  +  hpSap)^  «  («»  -  ci)  (ci  -  a),    «*(V«i3)» 

=  («»-•»)  («i-ei),    -acri(cia  +  6/3Sa/3)a  =  (ci-c)  (c,-c). 

(8.)  Aa  legarda  the  ueond  froiu/oniiatumff,  XYIL  and  XVIIL,  it  is  easy  to 
prove  that  we  may  write, 

XXV. . .  ((^-ei)a'B6/3a/3~<ur,     (c^-eOP^aafia-hfi, 
XXVI. ..-(«!-  ci)>«=(6/3a/5-ifa)>=r(oa^-6/3)« ; 

ao  that  we  have  the  following  equation, 

XXVII. .  .  (a(Vap)>+  6(Si3p)«)  (o«  +  2«ftS.(a/8)»+  6«) 
= a  (V(6i3a/3  -  aa»>  +  h  (8(afifia  -  6/3)p)«, 

which  ia  true  for  any  vector  p,  any  two  nnit  lines  a,  /S,  and  any  two  scalan  a,  6. 

(9.)  Accordingly  it  ia  evident  from  (4.),  that  ai,  as  moat  be  the  biaectora  of  the 
angles  made  by  a,  a',  and  also  of  those  made  by  /3,  0' ;  and  the  expressiona  XXV. 
noay  be  thna  written  (because  5  -  aa=  ci  +  «8)» 

XXVni. .  .  (c*  - ci)a'  =  («s  +  cOa  +  26/3Saj3,  (ci  -  c,)/^  =  (ci  +  c)/3 - 2aaSa/3; 

whence,  by  XXIII.,  we  may  write, 

XXIX  ..  a  +  a  s2«ai,     a-o'ss2aa3; 

80  that  ai  bisecta  the  internal  angle,  and  oa  the  external  angle,  of  the  linea  a,  a'. 

(10.)  At  the  aame  time  we  have  theae  other  expreasionB, 
XXX...(ci-i:»)(/3  +  /3')=:2(«i)3-aa8ai3),  (cs-ci)  03-/3')  =  2(c,|3-aaSai3)  ^ 
which  can  easily  be  redaoed  to  the  simple  foima, 

XXXI.  ..i3+/3'  =  2«'ai,    /8-/3'=2a'a,, 

with  the  recent  meanings  of  ih»  coefficienta  x'  and  «'. 

(11.)  And  although,  for  the  sake  of  obtaining  real  trauJormaHotUf  we  have 
aappoeed  (comp^  III.)  that 

XXXIL  . .  (ci-i  -  c-J)  (cj-»  -  ca'O  >  0, 

because  the  asaomed  relation  a=xai  +  zaz  between  the  three  unit  vectors  fluiios, 
wbenofthetwo  latter  are  rectangular,  gives  «>  +  «'«  1,  m  in  IX,  so  that  each  of 
the  two  expreasions  VL  involves  the  other,  and  their  comparison  gives  the  ratio, 

XXXIII.  .  .  ar«  :  zt=  (cr*  -  ciO :  (ci*  -  ^s"). 

3p 
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yet  we  see  UmU»  wUkgmi  Ihia  iiMqnlky  XXXIL  exM^,  the  fofegoing  tzMttfoima- 
tions  hold  good  in  an  iwMffimwy  (or  merelj  ifnnftoliMl)  miu*  :  so  that  we  majaaj, 
in  general,  that  the  ftuKtioDa  8pf  p  and  fop  can  be  bronght  to  theybrnu  L  and  II. 
in  fix  tSatimet  way$,  whereof  two  are  real^  and  the/wr  others  are  uno^uiary. 

(12.)  It  may  be  added  that  the  first  equation  XXII.  admits  of  being  replaced  by 
the  MowiBg, 

with  a  eorresponding  form  for  ^;  and  that  tha8>  instead  of  XXIl'.,  we  axe  at 
liberty  to  write  the  expressions, 

XXXV. ..  ais=n(tfi/3-aaSa^X    a»  =  UVo^,     a«  =  n(<^-aaSa^), 
for  the  rectangular  unit  system,  deduced  firom  I.  or  II. 

369.  If  we  call,  as  we  naturally  may,  the  expressions 

L  .  .  ^  =  CiaxSa^p  +  CaOaSo^  4-  C^a^^  357,  V., 

and         II.  .  .  Bpfpp  =  c^  {Saj>y  +  c,(Sa,p)«  +  c,{Sihp)\    357,  VUI., 

the  Rectangular  Tranaformatiom  of  the  Funetiona  <pop  and  Spfpp, 
then  by  another  geometrical  analogy^  which  will  be  seen  when  we 
come  to  speak  briefly  of  the  theory  of  Burfacea  of  the  Seeemd  Order^ 
we  may  call  the  expressions, 

IIL .  .  ^oR  =9P  +  VV;»S  357,  XIV., 

and  IV.  . .  SH>/»  =  flf^» + SX/^^,  357,  H., 

the  Pgdic*  Transfirmations  of  the  same  two  fimctions;  and  may 
say  that  the  two  other  and  more  recent  expressions, 

V. .  .  0aP  =  -  aaYap  +  ft/3S/3^,  358,  II., 

and  VI. .  .  8p(f>p^a{Vapy-['b(SPp)\  358,  L, 

are  FoccU]  Trana/ormations  of  the  same.     We  have  already  shown 

(357)  how  to  exchange  rectangular  forma  with  cydic  ones;  and  also 

(358)  how  to  pass  from  rectangular  expressiooa  to  focal  ones,  and 
reciprocally:  but  it  may  be  worth  while  to  consider  briefly  the  mu- 
tual relations  which  exist,  between  egcHe  andy«>ca/expresBion8,and 
the  modes  of  passing  from  either  to  the  other. 

(1.)  To  pass  from  IV.  to  VI.,  or  from  the  cyc/tc  to  the  focal  form,  we  may  first 
accomplish  the  rectangular  transformation  II.,  with  the  values  857,  XX.,  and  XXI., 
of  ei,  C3,  c^  and  of  ai,  as,  at,  the  order  of  inequality  being  assumed  to  be 


*  Compare  the  Kote  to  Art.  857. 

I  It  will  be  found  that  the  two  real  veetore  a,  a*,  of  858,  are  the  two  remifooal 
UHee  of  the  real  or  imaginary  eonej  which  is  aagmptoth  to  the  turfotee  of  ike  toeond 
order  J  S(»^p  =  const 
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OPip  =  tu^'K^ta  +  hpSaP)  8 (e«a  +  6^8a/5)p  ; 
XXII. . .  }4ftp=^ahYapapap ; 

i^f^p  «  «?r» (<?ia  +  hpSaP)  S(cia  +  &/3Sa/3)p  ; 

of  which  the  momomial  forwu  nuiy  agafai  be  noted,  and  which  give, 

XXir. . .  ai=±U(cia+  ftj3Sa/8),    aa=±UVaft    «j=s±U(<?ia  +  6/8Sa/8> 

(7.)  AfiOQTdinglj  the  ezpreeBrions  in  (2.),  giye  (if  we  soppose  a^ai »  +  as), 

XXnL  .  .  esa  +  ij3Sa/3  =  («a  -  ci)a:ai,     Va/3  =  («'«  -  aw')  as,     eia  +  hfiSaP 

=  («i  -  cs)afa8 ; 

and  ae  an  additional  verification  of  the  eonrittemey  of  the  yariouB  parts  of  this  whole 
tbeoiy,  it  may  be  obeecyed  (comp.  857,  XXTV.),  that 

XXIV.  . .  - aefK<^  +  hpSapy  =  (cj- ci)  (n - «^),    o*(Va/3)« 

=  (c*  -  c»)  («a  -  «i)»    -  aci-Kcia  +  ftjSSa/S)*  =  (ci  -  ci)  (cj  -  «*). 
(8.)  Aa  ngardfl  the  ieeond  traiufirmaHoiu,  XVII.  and  XVIII.,  it  is  easy  to 
proTB  that  we  may  write, 

XXV.  . .  (cs-ci)a'«=6/3a/3-aa,     {e^-eOp^aapa-hfi, 
XXVL  .  .  -  (C8  -  ci)«  =  (6^a/8  -  aaf  =  (aa^a  -  6/8)»  ; 

eo  that  we  have  the  following  equation, 

XXVII. .  .  (a(Vap)>+5(S/3p)»)  (a»+2a6S.(a^»+»») 
=  a  (V(6/3aj8  -  aa)p)«  +  h  (8(aizPa  -  6/3)p)«, 

which  is  true  for  any  vector  p,  any  two  unit  lines  a,  /3,  and  any  two  scalers  a,  6. 

(9.)  Accordingly  it  Is  evident  from  (4.),  that  ai,  as  mnst  be  the  bisectors  of  the 
angles  made  by  a,  a%  and  also  of  those  made  by  ^3,  /3' ;  and  the  expressions  XXV. 
may  be  thus  written  (because  6  -  a = ci  +  cs) , 

XXVni. .  .  (cs-ci)a'  =  (cs  +  ci)a  +  26j3Saft  (ci-fls)^  =  (ci  +  cs)p-2aaSa/3; 
whence,  by  XXIH.,  we  may  write, 

XXIX...  a  +  a'=2a:ai,     o-o'=2«a5; 

so  that  ai  bisects  the  internal  angle,  and  as  the  external  angle,  of  the  lines  a,  a\ 

(10.)  At  the  same  time  we  have  these  other  expressions, 
XXX. . .  (ci-e,)0S+/3')  =  2(c,)3-aaSa^),  (cs-«i)  {p'-fi*)--2(c9p-aaSap)  . 
which  can  easily  be  reduced  to  the  nmple  forms, 

XXXI. .  .  ^+  /y  =  2« ai,    jS  -/3'= 2s'as, 

with  the  recent  meanings  of  the  coefficients  x'  and  z', 

(11.)  And  although,  for  the  sake  of  obtaining  real  trantformoHont,  we  have 
supposed  (comp^  III.)  that 

XXXII. . .  (cr»  -  cs-i)  (c3-»  -  «s-0  >  0, 
because  the  assumed  relation  as=»ai  +  «as  between  the  three  unit  vectors  aaias, 
whereof  the  two  latter  are  rectangular,  gives  ««  +  ?«=  1,  as  in  IX,  so  that  each  of 
the  two  expreanons  VI.  involves  the  other,  and  their  comparison  gives  the  ratio, 

XXXIII.  . .  «• :  «"^=  (*r*  -  «J'0  ••  (<^"*  -  <^"')i 

3p 
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(5.)  Or  we  may  make 
XX  . .  »  =  J(ci-*+r^-i)UX,    K  =  !(<?!-» ~r^-»)U/i,    whence    ic*-e*  =  ^-»<!i-»; 
and  shall  then  have  the  traoafonnation, 

which  may  be  compared  with  the  equation  281,  XXIX.  of  the  eWpaoid,  and  for  the 
reality  of  which  form,  or  of  its  two  vector  eonsUtnte,  i,  c,  it  is  neoessaiy  that  Uie 
roots  0  of  the  cubic  should  all  be  poniivt  as  above. 

(6.)  It  was  lately  shown  (in  858,  (8.),  &&),  how  to  pass  from  a  given  and  rco/ 
foealform  to  a  eecond  of  the  same  kind,  with  its  new  real  unit  Unee  a',  /3'  in  the 
fame  plane  as  the  two  old  or  given  lineBf  a,  j3 ;  but  we  have  not  yet  shown  how  to 
pass  from  hjbeal  form  to  a  egelic  one,  although  the  eemveree  passsge  has  been  re- 
cently discussed.  Let  us  then  now  suppose  that  the^rm  YI.  is  real  and  given,  or 
that  the  two  scalar  constants  a,  6,  and  the  two  unit  vectors  a,  /3,  have  real  and 
given  values ;  and  let  us  seek  to  reduce  this  expression  VI.  to  the  earlier  form  lY. 

(7.)  We  might,  for  this  purpose,  begin  by  assuming  that 
XXIL  .  .  ey^  > e%-^>ei-\  as  in  858,  IIL ; 
which  would  give  the  expressions  358,  XXI.  and  XXII.,  for  ^0>>e^  and  aia«ai»  and 
so  would  supply  the  rectangular  transformation,  from  which  we  could  pass,  as  be- 
fore, to  the  cyclic  one. 

(8.)  But  to  vary  a  little  the  analysis,  let  us  now  suppose  that  the  given  focal 
form  is  some  one  of  the  four  following  (comp.  (1.)  ) : 

XXIIL  .  .  Sf)^p  =  (8/5op)«  -  (Vacpy;  XXIII'. . .  Sp^p  =  (Yaof»)«  -  (SpopY  i 
XXIY. . .  8p^p-(S/3op)«+(Yfl(^)»;  XXPT. . .  Sp^p«-(Yaop)«-(Si8flp)«; 
in  each  of  which  oo  and  /3o  are  conceived  to  be  given  and  real  veotore,  but  not  gene- 
rally unit  Hnee;  and  which  are  in  fact  the  four  caeca  included  under  the  general 
form,  a  (Yap)s  f  6(S/3p)',  according  as  the  scalars  a  and  h  are  positive  or  negative. 
It  will  be  sufficient  to  connder  the  two  cases,  XXIII.  and  XXIY.,  fkom  which  the 
two  others  will  follow  at  once.' 

(9.)  For  the  case  XXIII.  we  easily  derive  the  real  cgdie  tranefbrmalion, 

XX Y. .  .  Spfp  =  (Spof))"  -  (Baopy  +  a^p^ 

=  S03o  +  ao)p .  S(i3o- ao)  p  +  ao»p« 
=^p"  +  SXp^p  =  (^  -  SXfi)p»  +  2SA/tSfip, 
where         XXYL  . .  X  =  j8o+ao,    M  =  J08o-ao).    y=K«<)^  +  /3o')5 
and  the  equations  857,  (9.)  enable  us  to  pass  thence  to  the  two  imaginary  cydic 
fcrme* 

(10.)  For  example,  if  the  proposed  function  be  (comp.  XIX.), 

XXYII. .  .  Sp^p  =  N(iop  +  p«o) «  (S(io  +  Ko)py  -  (V(io  -  ico)p)*, 
we  may  write 

ao««o-Ko,     /3o=»«o+iroi     Xs=2io,     fi  =  ieo,    y  =  *o^  +  *o'i 
and  the  required  transformation  is  (comp.  886,  XL), 

XXYin.  .  .  N(iop4  pro)  =  (i()>+ico')p'  +  2Siopicop. 
(11.)  To  treat  the  case  XXIY.  by  our  general  method,  we  may  omit  for  simpli- 
city the  sttbhidices  o*  imd  write  simply  (comp.  Y.  and  YI.)  the  expressions, 
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XXIX..  ^p  =  -aVap+ /38ft),    and    XXX.  . .  Sp^p  =  (Va/>)«  +  (8/3rt«  ; 
in  which  however  it  is  to  be  observed  that  a  and  /3,  thongh  real  veeion,  are  not  now 
unit  Nnet  (8.).     Hence  because  —  aVap  ^  aSap  —  a^p,  we  easily  form  the  ezpres- 


XXXI.  ..m  =  a«(8a^)»,    «'  =  a*(a*-^)- (Saj8)«,    m"  = /3«  -  2aa ; 

iyj/p  =VapSpap  -  a«(oVtfp  +  PVPp)  +  a*p 
=  YapPSap  -\-a(a'^-  p^)  Sap, 
XP  «-  (aSap  +  /3Sft>)  +  (jS*  -  a«)p ; 
and  therefoie        XXXIIL  . .  Af=(c-a«)  (c«  +  08«-a«)c-(Sa/S)«), 
and    XXXIV. ..  ^p=Vap/3Sa/3+ 03* -a2)  (cp-aSap)-c(aSap  +  /3SiSp)  +  cap 
«(a(a»-/3«-«)+j38a/3)Sap  +  (aS«^-cp)S/3p  +  (c«  +  03«-a«)c-(Sa/3)«)p. 
(12.)  Introdacing  then  a  zeal  and  positive  scalar  constant,  r,  such  that 

XXXV. . .  r*  =  (a«  - /3«)»  +  4  (S«0)>  =  (a«  +  i8«)«  +  4  (Va/3)» 
=  a*  +  (a/3)»  +  (0a)»+/3<=a*+2S.(a/3)>+i8* 
«  a-»  (a»  +  papy  =  p-^(^  +  apay  =  &c., 
in  which  (by  199,  &&), 

S.(«/3)»  =  (8«P)t+ (Va/3)«  =  2(9«/3)«-a»^=2C^a/8)«  +  a«/3», 
the  roota  of  if»0  admit  of  being  expressed  as  follows : 

XXXVL..<»i  =  i(o*-/3«  +  r*),    ca  =  a>,     c5=i(«*-/3*-^; 
and  when  they  are  thus  arranged,  we  have  the  inequalities, 

XXXVIL  . .  ei>0>(^>e»,     ci-»>0>C2-*>cs-^ 
(18.)  The  corresponding  forms  of  ^p  are  the  three  monomial  expressions, 

XXXVIII        /*iP  =  «»"K««*+^Sa/3)S(acs  +  /3Sa/3)p,    ^  =  Vaj3Sft«p, 
\^  =  cr»(aci  + /3Sa^)  S(aci  +  j3Sap)p  i 
which  may  be  variously  transformed  and  verified,  and  give  the  three  following  rect- 
angular  vector  units, 

XXXIX.  . .  ai  s  n(a0s  +  i39a/3),    a% = UVa0,     as  »  U(aci + /3Sa/3) ; 
in  connexion  with  which  it  is  easy  to  prove  that 

(T(a«s+^Sa/3)  =  (-*3)i  (tfi-^)»  ((Ti-es)»=r((M-^>  (-ij^)*, 
XL.  .  .  jTVai3=:  (tfi-<^)K^-<*)*; 

(T(aci+/3Sa/3)=  tfi»(^ - «&)»  (tfi- d*)»=r(<?i- o»)*tfi» ; 

the  radicals  being  all  real,  by  XXXVIL 

(14.)  We  have  thus,  for  the  given  focal  Jbrm  XXX.,  the  reetamgmlar  iranrfoT" 
motion, 

XLI. . .  Sp^p = (Vapy  +  (S/3p)« 

^Ci(S(aei-^pBaP)py  ^       e»(BaPpy       ^  C»(S(aci-H/3Sa/3)p)» 

°      -Ci{ei -ctir*^         (ci-^)(flii-<?2)  ft(<^-<^)r«        ' 

or  briefly, 

XLIL  . .  8p^p=(Vap)«  +  (S^p)»  =  tfi(S.pU(a<%  +  i8Sa/3)p)« 

+  o»(8.  pUVa/3)«  +  cs(S .  pU(atfi  +  pSap)y ; 
in  which  the  first  term  is  positive,  but  the  two  others  are  negative,  and  ci,  e^  are 
the  roots  of  the  quadratic, 

•   XLin.  .  .  0  =  c»+  (^ -  a«)<J-  (Qapy. 


478  BLBMBMTS  OF  QUATBRNIONS.  [bOOK  III. 

(15.)  We  have  abo  tha  paralletiamB, 

becaiue  <?itfk=-(Sa/3}>i 

and  maj  therefore  write, 

+  a«  (8.  pUVa/3)2  +  <5i(S.  pU(j3c4  -  aSa^))« ; 
while 

XLVI. .  .  T03«M-aStfi3)«re,»(e, -«»)*,    T(/3e*-a8a/5)  =  r(-i?i)*(^-<>4)l, 

and  r  s  (^  -  ci^")!,  with  real  radicals  as  hefore. 

(16.)  Multiplying  then  by  r«(TVa)3)»,  or  by  (ei  -  c»)  {a  -  ^)  (<^  -  fl»),  we  ob- 
tain ihia  new  equation, 

XLVII.  .  .  ((^  -  ^)  {(TVa/3)>  ((Vap)«  +  (Spp^)  -  a« (SajSp)*} 

=  (<!*-  a>)  (<?i8/8p  -  Sa^p)«  -  {ci  -  a*)  («s8^p  -  aSo^* ; 
which  is  only  another  way  of  expressing  the  same  rectangular  transformation  as  be- 
fore, but  has  the  advantage  of  being  freed  from  divitort. 

(17.)  Developing  the  second  member  of  XLVII.,  and  dividing  by  ci-cj,  we 
obtain  this  new  transformation : 
XLVm. . .  (TYapy  Sp^p  =  -  (V«/3)t  ((Viip)i  +  (OPpY) 

«a«(Sa/3p)«-(Saffi»  (Sap)«  +  2a»So/3SapSft>  +  C(8pp)«; 
in  which  we  haye  written  for  abridgment, 

XLIX. . .  C=ei«i— «*(ci-f€ii). 
(18.)  The  expressions  XXXYI.  for  ei,  ca  ^ve  thus, 
L.  ..  C=-a*-(Va/3)»; 

and  accordingly,  when  this  value  is  substituted  for  C  in  XLVIII.,  that  e^moHan 
becomes  an  identity^  or  holds  good  for  aU  vabtei  of  the  thret  vector*,  a,  fi,  p\  as 
may  be  proved*  in  various  ways. 

(19.)  Admitthig  this  result,  we  see  that  for  the  mere  establishment  of  the  equa- 
tion XLVII.,  it  is  not  neceuary  that  ei  and  02  should  be  roots  of  the  parHeuIar  qma- 
dratie  XLIII.  It  is  snfficisDt,  for  tkia  purpose,  that  they  should  bt  roots  of  onjr  qua- 
dratic, 

LL  .  .  c«  +  -4c  +  jB  =  0,     with  the  relation    LII.  .  .  Aa*  ^B+a^-h  (Va/S)"  =  0, 
between  its  coefficients.     But  when  we  combine  with  this  the  eomdUUm  ofreeiangm' 
hnritsfy  as  -*-  ai,  or 

Un.  .  .  0  =  S.(ci^-aSaj3)(c,/3-a8a/3)  =  il(Sa/3)»+5)3«  +  a«(SaP)», 

we  obtain  thus  a  eeeond  relation,  which  gives  defimieiy,  for  the  two  ooeffidents,  the 
values, 

UV.  ..il=^-o«,    P=-(Sa/3)«; 

and  so  conducts,  in  a  new  way,  to  the  equation  XLIIL 


*  Many  such  prooft,  or  verifications,  as  the  one  here  aUnded  to,  are  purpoady 
left,  at  this  stage,  as  exercises,  to  the  student.  * 
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(20.)  In  this  numiMr,  then^  we  mijfhi  haTe  been  led  to  peroeSve  the  trath  of  the 
xectmgBlaT  tnumfetnuitioa  XLYII.,  with  the  quadratie  eqaation  XLIII.  of  which 
ci  and  ck  an  roots,  wilhoiU  haying  pravioodj  tend  the  eii6tc  XXXIII.,  of  which 
the  qnadimtic  ia  a>SMier,  and  of  which  the  oiher  root  ia  ei= a*.  But  if  we  bad  not 
eoDployed  the  ffmerai  mHkod  of  the  praflnt  Section,  which  oondoctad  na  to  fom^«l 
that  cubic  equation,  there  would  have  been  nothing  to  cmg^ui  Hm  particular  form 
XLYII.,  which  ooold  thna  have  only  been  by  some  sort  of  chance  arrived  at 

(21.)  The  valaes  of  aiasas  give  also  (oomp.  857,  YII.), 

LV. .  .  -p«=(8.pU0Sci-aSa/3))»+  (S.pUY«jS)>  +  (8.pU(|8«s-aSa/S))« ; 
thai  to,  by  XL.  and  XLYI., 

LYI.  . .  cic»(ci-c)  (pKVa/3)«-(Sa^p)«)  =  c»(c3-a>)  (ciS^p  -  8a/3S«p)» 

-  ci  (ci  -  a«)  (cjS^p  -  SaPSap)  ; 

and  aeeordingly  the  Talaes  XXXYI.  ci  ci,  cs  enable  ns  to  exitfeas  each  member  of 
this  last  equation  nnder  the  common  fSorm,  —  eiC8(ei  —  cs)  (aS/3p  — /SSap)*. 

(22.)  Comparing  the  recent  ineqaalitiee  ci>c&>e2  (XXXYII.)  with  the  ar- 
rangement 857,  IX.,  we  see,  by  857,  (6.),  that  for  the  real  cyclic  trtmrfomudion 
(6.)  at  present  sooght,  the  plane  of  X,  /a  is  to  be  perpendiealar  to  as  (and  not  to  a^, 
as  ui  857,  (3.x  !(<•).  We  are  therefore  to  eliminato  (e^fip  -  Sa/3Sap)*  between 
the  equations  XLYII.  and  LYI.,  which  gives  (after  a  tsw  redactions)  the  real  trans- 
formation : 

LYIL  .  .  ((Sa/3)»-  cipt)  ((Y«p)i4  (S^p)«)  -  (tf, -  a«)  (S«/3)t/)t 

=  (ciSPp  -  SapSapy  -  ei  (So/3p)» 

=  S.p(#i|9-«Sa|S  +  tfi*Ya^S.p(tfi/3-aSa/S-<Ji4Va/3); 

whieh  is  of  the  kind  required.  • 

(28.)  Accordingly  it  will  be  found  that  the  following  equation, 

LYin. . .  ((Saj8)t-c/3»)  (Yap)3+(c-a«)  «Si3p)» - p«S(«i3)«) 

=: (cSPp  -  Saj3Sap)«  -  c(Sa/3p)>, 
is  an  identity,  or  that  it  holds  good  for  all  values  of  the  scalar  r,  and  of  the  vectors 
a,fi,p;  since,  by  addition  of  e(Yaj3)2pS  on  both  sides,  it  takes  this  obviouily  iden- 
tical form, 

UX.  . .  ((Sfl/8)«  -  «/3«)  (8<ip)>  +  c(c  -  a*)  (Spp^  =  (eS/8p  -  SapSapy 

-c(aS/3p-/3Sap)<; 
80  that  if  ei  be  either  root  of  the  quadratic  XLIII.,  or  if  ci  (01  -  a')  =  (Sa/3)>  -  ci/3*, 
the  traneformation  LYII.  ia  at  least  eymholieally  vaUd :  but  we  must  take,  as  above, 
thepoeitive  root  of  that  quadratic  for  ci,  if  we  wish  that  transformation  to  be  a  real 
one,  as  regards  the  eonetant$  which  it  employs.  And  if  we  had  happened  (oomp. 
(20.))  to  perceive  this  identity  LIX.,  and  to  see  ito  transformation  LYIII.,  we 
might  have  been  in  that  way  led  to  form  the  quadratic  XLIII.,  without  having 
previously  formed  the  cubic  XXXIII. 

(24.)  Already,  then,  we  see  how  to  obtain  one  of  the  two  imaginary  cyclic  trans- 
firmatian§  of  the  given  focal  form  XXX.,  namely  by  changing  ci  to  cs  in  LYIL  ; 
and  the  ether  imaginaiy  transformation  is  had,  on  principles  before  exphiined,  by 
eKminaltng  (Safipy  between  XLYII.  and  LYI. ;  a  process  iriuch  easily  conducts  to 
the  equation, 
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LX. .  .  (Vap)«  +  (Si8p)«  +  aV*«  («i - «8)-»{eri(eSi3p -  SajSSap)' 

where  the  eeoond  member  ie  the  ium  of  two  §gmare$  (ci  bong  >  0,  batc!s<  0),  as  the 
aecond  ezpreeeion  LVII.  would  tleo  become,  if  ci  were  replaced  by  c^  Aooordfaigly, 
each  member  of  LX.  ia  equal  to  (Sap)*  +  (SPp)\  if  ci,  es  be  the  roots  of  oiijr  (jvadis- 
tic  LI.,  with  only  the  omt  conditioD, 

LXI.  .  .  «ics= J=-(Sa/3)"; 
which  however,  when  eomhinod  with  the  cotutitum  ofreetaMpUarUy  LIIL,  mffiees 
to  give  also  ^  =  /3>-  a*,  as  in  LIV.,  and  so  to  lead  us  back  to  the  quadratic  XLIII., 
which  had  been  deduced  by  the  general  method,  as  tkjheior  of  the  euHc  eqnatk» 
XXXIIL 

(25.)  And  since  the  values  XXXYI.  of  ci,  cs  reduce,  as  above,  the  second  mem- 
ber of  LX.  to  the  simple  form  (Sap)>  +  (SPp)\  we  may  thus,  or  even  without  em- 
ploying  the  roots  ri,  03  at  all,  deduce  the  following  expression  for  the  last  imaginary 
Oyclic  transformation : 

LXn.  . .  S/)^p==(Vap)«+CSi8p)a  =  -aV"+S(a  +  v/^/3)p.S(«-v/ri/5)p, 

where  \/-lis  the  Imaginaiy  of  algebra  (oomp.  214,  (6.)) ;  while  the  real  $ealar 
r*  of  XXXY.  may  at  the  same  time  receive  the  oonnected  imaffmmy /bnm, 

LXIIL  .  .  r«  =  («>-/3«)«  +  4(Sa/3)«  =  Ca  ^^^py  (a-^/ll/S)!. 

(26.)  Finally,  as  regards  the  passage  from  the  ^veii  firm  XXX.,  to  a  oeeond 
real  ficol  firm  (comp.  858,  (4.)  ),  or  the  transformation, 

LXIV.  . .  (Vap)»  +  (S/3p)«=  (Va»«  +  (S/^p)', 
in  which  a*  and  /S*  are  real  vectors,  distinct  fh>m  ±  a  and  +/3,  botin  the  same  plane 
with  them,  it  may  be  sufficient  (comp.  858,  (8.)  ),  to  write  down  the  formul« : 

LXV. .  .  r»a'  =  -(a>+j8a^.     ri^' =- (/S*  +  a/Ja), 

with  the  same  real  value  of  r*  as  before ;  so  that  (by  XXXV.,  Sec)  we  have  the 
relations, 

LXVL..Ta=Ta,     T/y  =  T/3,    Sa'/r^Sa/S; 
LXVII        /»*(«  +  «')  =  «('*-«»  +  i8')-2^S«/3=-2(ao  +  /3Sa/3)|ai, 
'  •  •  V>(a-a')  =  a(r»  +  a»-/3«)  +  2/3Sa/3  =  2(oc+/5Sa/3)|aa; 
/'•«(i3  +  /3')=/3(r« +  a«-/3«)-2a8ai3=  208ci-oSa/3)  I  ai, 
lr»03-/3')  =  i8(ra-a«  +  /3«)  +  2aSai3=s-2(^-aSa/3)|ai. 

(27.)  We  have  then  the  identity, 

LXIX. . .  (V(a»  +  /3ai3)p)»  +  (S(/3»  +  apa^p)* 

«(«*  +  2S.(a«»+  p*)  iCVapy  +  (S/3p)«); 

with  which  may  be  oomUned  this  other  of  the  same  kind, 

LXX.  . .  -  (V(a»  -  PaP)py  +  (S{/3»  -  apa)py 

=  (a*  -  2S.  iapy  +  pi)  (-(V«p)«  +  (S/3p)>). 

which  enables  us  to  pass  from  the  focal  form  XXIIL,  to  a  second  real  focal  form, 
with  its  two  new  lines  in  the  same  plane  as  the  two  old  ones :  and  it  may  be  noted 
that  we  can  pass  from  LXIX.  to  LXX.,  by  changing  a  to  ay/^  1. 
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360.  Besides  the  rectongalary  oydic,  and  focal  traosformations 
of  S/)0/>,  whicli  baTe  been  Idreadj  considered^  there  are  others,  al- 
though perhaps  of  less  importance:  but  we  shall  here  mention  only 
two  of  them,  as  specimens,  whereof  one  may  be  called  the  Bifocal^ 
and  the  other  the  Mixed  Transformation, 

(1.)  The  two  lines  d,  t^^  of  869^  LXY.,  being  caSkdfieat  Una,*  an  expreerion 
which  shall  inftodnoe  them  bath  may  be  ealkd  ca  that  aeeomit  a  bifocal  tramfortna" 
turn. 

(2.)  Retaining  iben  the  Talne  869»  XXXY.  of  H,  and  intfedneing  a  new  anxi- 
liaiy  constant  e,  which  shall  satisfy  the  equation, 

L.4/3'-a>»r«»,    and  therefore    IL  . .  4(Sa/9)>ar«(l-e>), 
so  that  III. . .  4e»  (Sa/8)««  (1  -  ««)  08* -  «')*» 

the  first  equation  859,  LXY.  giyes, 

IV.  . .  r«  (ea-a*)  =  S/SScrft        V. . .  r>  (eSap  -  Sap)  =  2Sa/3S/3p ; 
and  thexefore,  with  the  form  859,  XXX.  of  Bp^p, 

VI. .  .  (l-«»)8p^p  =  (l-s«)  ((Vapy  +  (SPp)«) 

=  (1  -  ««)  (Vop)»  +  (eSap  -  Sa'p)« 
=  (€«  -  i;  a^p*  +  (Bapy  -  2«SopSa'p  +  (Sa'p)« ; 
in  which  gL*ssa\  by  859,  LXVI.,  so  fhit  a  and  a  may  be  considered  to  enter  sym- 
netrtcalfy  into  this  last  transformation,  which  Is  of  the  bifocal  khid  above  men- 
tioned. 

(8.)  For  the  same  reason,  the  expression  last  fonnd  for  Sp^p  involves  agahi 
(eomp.  858)  six  scalar  constants;  namely,  «,  Ta(=Ta'),  and  the  four  involt^ed  in 
the  two  unit  Ihies,  Ua,  Va\ 

(4.)  In  all  the  foregoing  transformations,  the  scalar  and  quadratic  fimction  Sp^p 
has  been  evidently  homogeneoug,  or  has  been  seen  to  involve  no  terms  below  the  te- 
cond  degree  in  p.  We  may  however  also  employ  this  apparently  heterogeneoue  or 
sitwd  fonn, 

VII...Sp^p=/(p-€)a  +  2SX(p~0S^0-0  +  *; 

in  which  g\  X,  /c  have  the  same  significations  as  in  857,  but  e,  e,  (  are  three  n«m 
coajlanif,  subject  to  the  two  conditione  of  homogeneity^ 

VIII.  .  .  /€  +  \%p}:  +  /uSXC  «  0, 
and  IX. .  ,  /£«  +  2SX;S;*^  +  e  =  0, 

in  order  tliat  the  expression  VII.  may  admit  of  redaction  to  the  form, 
X. . .  Sp0p  «pV  +  2SXpS;<p,  as  in  857,  If. 
(5.)  Other  general  homogeneona  transformations  of  Sp^p,  which  are  themSeWes 
^eol,  alAougb  caimeated  with  imaginttryf  cyclic  forme  (oomp.  867,  (7.)  ),  because 


*  Compare  the  Note  to  Art.  859. 

t  Xi  i  \/^  ^1,  and  Xj  +  y/-~  1  /is,  may  here  be  said  to  be  two  pairs  of  ma- 
ginary  cyclic  normale,  of  that  real  eurface  of  the  second  order,  of  which  tlie  equa- 
tion is,  as  before,  Sp^p  =  const.    Compare  the  Notes  to  pages  468, 474. 
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a  ram  ofttco  »guare§  of  linear  and  scalar  ftmctioiis  ia,  in  an  imaginary  aenae,  a  pro- 
duct  of  two  rach  ftmctiona,  are  the  two  fDllowing  (comp.  857,  (9.) ) : 
XL  , .  Sp^p=yp>  +  SXp^p=yip«+(SXip)«  +  (S^ip)»; 
XII. . .  Sp^p  =  ^p«  +  SXp/ip = ^sp«  -  (SXap)'  -  (S/43p)« ; 
in  which  (comp.  867,  (2.)  and  (8.)  ), 

XIII.  .  .  yi  =y  +  TX/*  =  - ci,    ^  =y -  TX/i  =  - et, 
XIV. . .  Xi  =  VX^  (TX/i  -SX^i)-*,    fn  =  (XT/i  +  fiTK)  (TX^  -  SX;i)4, 
and     XV. . .  X,  =  VX/i  {TX/*  +  SX/*)-*,    /is  =  (XT/i  -  ;«TX)  (TX/i  +  SX/«)-* ; 
80  that  gu  ^h  f^h  "^^  ^  Xs,  /is  Are  rea/,  if  ^,  X,  /i  be  such. 

(6.)  We  have  therefore  the  two  new  mixed  iramrfarmaiume  following : 

XVI. . .  Sp0p=yi(p-ii)«  +  (SXi(p-:i))H(8/«i(p-W)'  +  *i; 

XVII. . .  Sp^P=ps(p-««)»-(SXs(p- W)>-(S/*s(p-«)«+-»; 

with  these  two  new  pairs  of  equations,  as  eonSiumM  of  homoffeneiiyf 
XVIII.  .  .  pm  +  XiS^iXi  +  iiiSZifti  =  0, 

XIX. . .  iri«i* +(s:iXi)«+ (s:i/ii)« + «i = 0, 

and  XX. . .  ^cs  -  XsS^sXs  -  /i»SC»/is = 0, 

XXI.  .  .psfs»-(S:sXs)»-(S/i,&)>  +  «s=0. 

361.  We  saw,  in  the  sub-articles  to  336,  that  the  diffe- 
rentialj  d/)>,  of  a  scalar  function  of  a  vector  ^  may  in  general  be 
expressed  under  the  form, 

I.  .  .  d^  =  nSvdpi 
where  i;  is  a  derived  vector  Junction^  of  the  same  variable  vec- 
tor p^  and  71  is  a  scalar  coefficient.     And  we  now  propose  to 
show,  that  if 

II-  .  •fp'^Spippi 
0p  still  denoting  the  linear  and  vector  function  which  has  been 
considered  in  the  present  Section,  and  of  which  ^o^  is  still  the 
self-conjugate  part,  we  shall  have  the  equation  I.  with  the  va- 
lues, 

III. .  •  na2,  v^ipop; 
so  that  the  part  ^op  may  thus  be  deduced  from  ^p  by  aperat" 
ing  with  ^dS.p,  and  seekmg  the  coefficient  of  d/o  under  the 
sign  S.  in  the  result:  while  there  exist  certain  general  rebt- 
tions  of  reciprocity  (comp.  336,  (6.)),  between  the  two  vectors 
p  and  V,  which  are  in  this  way  connected^  as  linear  functions  of 
each  other, 

(1.)  We  haye  here,  by  the  supposed  linear  form  of  ^p,  the  di£ferentia1  equation 
(comp.  884,  VI.), 

rV.  ..d^p  =  ^dp; 
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aUo  S(dp.^p)=S(^p.dp),    and    S(p.0dp)  =  SC0'p.dp); 

heoce,  by  849,  XIII.,  we  hare,  as  asserted, 

y. . .  dSp^p  =  S  (^p  +  0'p)  dp = 2S .  ^opdp. 

(2.)  As  an  example  of  the  employment  of  this  formula,  In  the  dedaction  of  ^ 
from  ^p,  let  OS  take  the  ezpressioD, 

YI.  . .  0p  =  S^Sap,  847,  XXXI., 

which  gives, 

YII.  . .  /p  =  Sp0p  s  2SapSi3p, 
and  therefore 

Vin. .  .  d/p  s  2  (J3Sap  +  aSPp)  dp. 

mparing  this  with  the  general  formula, 

IX. . .  |d/p  =  Svdp  =  S.  ^dp, 
we  find  that  the  form  VI.  of  ^p  has  for  its  self-oonjagate  part, 

X.  .  .  v=0op  =  l2(PSap  +  «8^p); 
and  in  ftct  we  saw  (847,  XXXIL)  that  this  form  gives,  as  its  eonjugate,  the  ex- 
prossioD, 

XI. .  .  ^'p  =  2aSi3p. 

(8.)  Supposing  now,  for  simplicity,  that  the  fimction  ^  is  given^  or  mad«y  telf- 
conjugate,  by  taking  (if  necessary)  the  semisum  of  itself  and  its  own  conjugate  func- 
tion, we  may  write  ^  instead  of  ^o,  and  shall  thus  have,  simply, 

XII. . .  V  =  ^p,        XIII.  .  .  /p  =  St/p,         XIV.  .  .  d/p  =  2Si/dp ; 
whence  also  (comp.  848, 1.  II.), 

XV.  . .  p  =  ^-V  =  m->+v,    and    XVI. .  .  Svdp  =  Spdj/. 
(4.)  Writing,  then, 

XVII.  .  .  Fv  =  Sv^-»v  =  m-»SvV^v, 
we  shall  have  the  equations, 

XVIIL  . .  Fv  =fp,        XIX. . .  dfV  =  2Spdv  =  2S.  ^-»vdv ; 
so  that  p  mag  be  deduced  from  Fv,  as  v  wot  deduced  from  fp ;  and  generally,  as 
above  stated,  there  exists  a  perfect  reeiproeUg  of  relations,  between  the  veetore  p  and 
V,  and  also  between  their  eealar  frmetioHSj  fp  and  Fv, 

(5.)  As  regards  the  deduetionf  or  derivation,  of  v  from  fp,  and  of  p  from  /V,  it 
may  occasionally  be  convenient  to  denote  it  thus : 

XX. . .  vs  I  (S.dp)-»d/p  ;        XXL  .  .  p  =  HS.dv)-idFv ; 

in  foct,  these  last  may  be  considered  as  only  symbolical  transformations  of  the  ex- 
pressions, 

XXII. . .  d/p  =  2S  (dp.  v),     dFv  =  2S(dv.  p), 

which  follow  immediately  from  XIV.  and  XIX. 

(6.)  As  an  example  of  the  passage  from  an  expression  such  as  y^,  to  an  equal 
expression  of  the  reciprocal  form  Fv,  let  us  resume  the  cyclic  form  857,  II.,  writing 

thus, 

XXIII. .  .  /p  =  Sp0p  =  gp^  +  SXp/*p, 

and  supposing  that  g,  X,  and  fi  are  reaL     Here,  by  what  has  been  already  shown  (in 
sub-articles  to  854  and  857),  if  ^p  be  supposed  self-conjugate,  as  in  (3.),  we  have, 
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XXIV.  .  .  V  =r  0p  =pp  +  V\p^  ; 

XXV.  .  .  m  =  (sr  -  S\/i)  (p«  -  \V»)  =  -  C1C2CS ; 
XXVI.  .  .  if/v a  V\v/tSX/A  -  VX/*SXvf«  -^(XS/iv  +  /iSXv)  4  p'v ; 

and  therefore 

XXVII.  .  .  mFv  =  Svif^v 
=  8Xv/*i'SX/i  +  (SXv|i)»  -  2gS\vSfiv  +  ^ v» 
=  (^»  -  XV')  >'»  +  Xa(S/«v)«  +  /*«(SXv)«  -  2gS\vSfiV ; 
which  lost,  when  compared  with  860,  VI.,  is  seen  to  be  what  we  have  called  a  bifo- 
cal form  :  its  focal  linea  a,  a'  (360,  (1.))  having  here  the  directions  of  X,  /i,  that  is 
of  what  may  be  called  the  cyeh'e  linea*  of  the /orm  XXIII.     Tlie  cyclic  and  bifocal 
transformation  9  are  therefore  reciprocah  of  each  other. 

(7.)  As  another  example  of  tliis  reciprocal  relation  between  cyclic  and  focal  lines, 
in  the  passage  from  fp  to  Fv,  or  conversely  from  the  latter  to  the  former,  let  us  now 
begin  with  the /oca/ ^ofTii, 

XXVIII.  .  .  /p  =  Sp^p  =  (yapy  +  (SjSp)*,  359,  XXX., 

in  which  a  and  /3  are  supposed  to  be  given  and  real  vectors.    We  have  now,  by  859, 

(11.). 

TYTY         r»'  =  0p  =  -aVap  +  /3S/3p,     m  =  a«(Sa/3)«, 

ii.AiA.  .  .  '^^y^  Vov/3Sa/3+  a(aa-|3«)Saj/, 
and  therefore, 

XXX.  .  .  mFv  =  a«(Sa/3)*  Fv  =  Si'i^v 

«         =  Sav/3vSai8  +  (a*  -  /3«)  (Sav)* 

=  -  v« (Sai3)«  +  Sav((a«  -  /32)Sa v  4-  2Sa/?S/3v) 
=  -  v« (Sa/3)«  +  Sa>'S(o5  +  /3a/3)v, 

an  expression  which  is  of  cyc/ic /orm;  one  cyclic  line  ofFv  being  \ht  given  focal 
line  a  of  fp ;  and  the  other  cyclic  line  of  Fi/  having  the  direction  of  +  (a*  +/3fl/3), 
and  consequently  (by  359,  LXV.)  of  +  a',  where  a'  is  the  second  real  and  focal  line 
of /p. 

(8.)  And  to  verify  the  equation  XVIII.,  or  to  show  by  an  example  that  the  two 
functions  fp  and  Fv  are  equal  in  value,  although  they  are  (generally)  different  in 
form,  it  is  sufficient  to  substitute  in  XXX.  the  value  XXIX.  of  v  ;  which,  after  a 
few  reductions,  will  exhibit  the  asserted  equality. 

362.  It  is  often  convenient  to  introduce  a  certain  scalar  and  sym- 
metric function  of  two  independent  vectors^  p  and  /,  which  is /rnear 
with  respect  to  each  of  them,  and  is  deduced  from  the  linear  and 
self-conjugate  vector  function  <f>p^  of  a  sirigle  vector  />,  as  follows: 

I.  . .  /(/>,  />')  =/(/>',  P)  =  S/>'0/>  =  Sp<t>p'. 
With  this  notation,  we  have 

•  They  are  in  fact  (compare  the  Note  to  page  468)  the  cyclic  normals^  or  the 
normals  to  the  cyclic  planes,  of  that  svrface  of  the  second  order,  which  has  for  its 
equation /p  =  const ;  while  they  arc,  as  above,  the  focal  lines  of  that  other  or  re- 
ciprocal surface,  of  which  v  is  the  variable  vector,  and  the  equation  is  Fv  =  const. 
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II.  •  *f(p^P^)-^fp^2f{t^.ff)^ff^\ 

UI. .  .f{p.p'^pf^^f(p,p')^f{p.P^')% 
IV-  .  .f{pyP)^fpi        V. . .  d/>«2/(/i,d/i); 
VI.  ../(a:/>,yrt-«3/(p./>'X    if    Va?  =  Vy-0; 
and  as  a  Teiification,     

a  result  wbicb  might  have  been  obtained,  without  introducing  this 
new  function  I. 

(1.)  It  appean  to  be  minecesBaiy,  at  this  stage,  to  write  down  proofii  of  the  fne- 
going  consequences,  IL  to  YI.,  of  the  definition  L;  but  it  nuiy  be  worth  remarking, 
that  we  A«r«  depart  a  little,  in  the  fonnoU  Y.,  from  a  notfalioa  (825)  which  was 
used  in  some  early  Articles  of  the  present  Chapter,  although  avowedly  only  sa  a 
temporary  one,  and  adopted  merely  for  convenience  of  exposition  of  theprtactp^^s  of 
Qostemion  Differentials. 

(2.)  In  that  provisional  notation  (oomp.  825,  IX.)  we  shonld  have  had,  Ibr  the 
differentiation  of  the  recent  function /p  (861,  IL),  the  formnle, 

d/p=/(p,dp).    /(p,pO  =  2SpVp; 
the  nnmeikal  ooeffident  being  thus  trantfirrtd  from  one  ol  them  to  the  otiier,  as 
compared  with  the  recent  equations,  I.  snd  Y.    But  there  is  a  convenience  now  in 
adopting  these  Isst  equations  Y.  and  I.,  nameljr, 

d/p  =  2/(p,  dp),    /(p,  p') = Sp>p ; 
because  MtoB  function  Sp'^p,  or  Sp^p',  occurs  frequently  in  the  spplications  of  qua- 
ternions to  snrfsces  of  the  second  order,  and  not  always  with  the  coefficient  2. 

(8.)  Retaining  then  the  recent  notations,  and  treating  dp  ss  constant,  or  d*p  ss 
Aulli  suceessive  differentiation  of »  gives^  by  I Y.  and  Y.,  the  fiormols, 

YIII. . .  dVp » y(dp) ;     d»/p  =  0;  &a ; 
Bo  that  the  theorem  842, 1,  is  here  verified,  under  the  form, 
li.  ..«-/b  =  (l  +  d+id«)/p 

=y?>+2/(p,dp)+yap} 

«  briefly,  X, . .  t^fp  =f(p  +  dp), 

ui  equation  which  by  II.  is  rifforousfy  exact  (comp.  839,  (4.)),  without  any  suppo- 
sition whatever  being  made,  respecting  any  emalbteu  of  the  tensor,  Tdp. 

363.  Linecar  and  vector  functions  of  vectors,  such  as  those  con- 
sidered in  the  present  Section,  although  not  generallif  satisfying  the 
condition  of  self-conjugation,  present  themselves  generally  in  the  dif' 
ferentiation  of  non-linear  but  vector  functions  of  vectors.  In  fact,  if 
we  denote  for  the  moment  such  a  non-linear  function  by  <o(p),  or 
simply  by  wp,  the  general  distributive  property  (326)  of  differential 
expressions  allaws  us  to  write, 

I. .  .  dw(p)=  0(dp),     or  briefly,     1'.  .  .  dwp  =  0d/>; 
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where  0  has  all  the  properties  hitherto  employed,  inclading  that  of 
not  being  gemraUy  self-conj agate,  as  has  been  just  observed.  There 
is,  however,  as  we  shall  soon  see,  an  extensive  and  important  oom^ 
in  which  the  property  of  self-conjugation  exists^  for  such  a  function 
0;  namely  when  the  differenliaUd  function,  wp,  is  ^df  the  result  v 
of  the  differentiation  of  a  eccUar  Junction  fp  of  the  variable  vector  />, 
although  not  necessarily  a  function  of  the  second  dimension^  such  as 
has  been  recently  considered  (361) ;  or  more  fully,  when  it  is  the 
coefficient  of  d/>,  under  the  sign  S.,  in  the  differential  (361,  L)  of 
that  scalar  function  y/>,  whether  it  be  multiplied  or  not  by  any  sect-- 
lar  constant  (such  as  n,  in  the  formula  last  referred  to).  And  gene* 
rally  (comp.  346),  the  inversion  of  the  linear  and  vector  function  0 
in  L  corresponds  to  the  differentiation  of  the  inverse  (or  implicit)  func- 
tion w~^'  in  such  a  manner  that  the  equation  L  or  F.  may  be  writ* 
ten  under  this  other  form, 

II. . .  d«"V  s=  0"'d<r  =  m*' Y^d<r,     if    <r  =  wp. 

(1.)  As  a  very  simple  example  of  a  non-linear  bat  vector  Auction,  let  ua  tike 
the  form, 

III. « .  9  s  ci>(p)  B  papt  where  a  is  a  constant  vector. 

This  gives,  if  dp  =  p', 

IV. .  .0p'  as  ^p  =  dwp  5=  p'ap  +  pap'  =  2Ypap  ; 

V. .  .  SX^p'  =  2SXpap'  =  Sp>'X ; 
VI. . .  ^'X  =  2 VXpa  =  2 V«pX,    f'p'  =  2Vapp' ; 

so  that  ^p'  and  fp'  are  unequal,  and  the  linear  fimction  ^p'  is  not  self- conjugate. 

(2.)  To  find  its  self-co^jngate  |Mir<  fop\  by  the  method  of  Ait.  86 1»  we  are  to 
fbrm  the  scalar  expression, 

VIL..J/p'  =  48pV=P'«Sap; 
of  which  the  differential,  taken  with  respect  to  p',  is 

VIIL . .  |d/p'  =  S .  ^'dp'  =  2SapSp'dp',    giving    IX. . .  ^'  =  2p'Sap ; 

and  accordingly  this  is  equal  to  the  semisum  of  the  two  expressions,  IV.  and  VI.,  for 
fp'  and  its  conjugate. 

(3.)  On  the  other  hand,  as  an  example  o/tho  edf- compilation  of  the  linear  and 
vector  function, 

X. . .  dv  =  dwp  =  ^dp,    when    X'.  . .  d/p  =  2Sydp  »  2S .  wpdp, 

even  if  the  eealar  function  /p  be  of  a  higher  dimenaiou  than  the  second,  let  this 
last  Amction  have  the  form, 

XI.  •  »fp  =  ^P9'p9"Pi    9i  ^1  9"  bang  three  constant  quaternions. 
Here  XII. .  .  j/  =  wp  =  iViqpq'pq"  +  9 P«>9  +  j'p^P^O  ; 

XIII.  .  .  dv  =  ^dp  =  0p'=}VC9pVP«''+9'MV9)  +  JV(9y9''M  +  9"WpY) 

+  iV(9V9W'+9MV9'0j 
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and  XIV,  .  .  SKfp' = }S.  q'pq'XXqp'  +  p'qX)  +  &c.  =  Sp'^X ; 

80tliat^'=^,  as  asserted. 

(4.)  In  general,  if  ^  be  naed  as  a  second  and  incUpendemi  tymhoi  of  differentia- 
tioD,  we  may  write  (oomp.  846,  rv.)f 

XV.  . .  M/^=da/^, 
where^  may  denote  any  fimction  of  a  quaternion ;  In  fkct,  each  member  is,  by  the 
principles  of  the  present  Chapter  (oomp.  844, 1.,  and  845,  IX.),  an  expression  for 
the  KmU^ 

XVI.  .  .  lim.  ««' {f{q  +  irid^r  +  «'-i^g)  -/(j  +  «-id«)  -/(j  +  n'-\iq)  +fq } . 

(5.)  As  another  statement  of  the  same  theorem,  we  may  remark  that  a  first  dif- 
ferentiation of  ^,  with  each  symbol  separately  takeo,  gives  results  of  the  forms, 

XVII.  .  .  dfq  =fiq,  dg),     dfy  =f(q,  dq)  ; 
and  then  the  assertion  is,  that  if  we  differentiate  the  first  of  these  with  ^,  and  these- 
oond  with  d,  operating  only  on  q  with  each,  and  not  on  d^  nor  on  Sq,  we  obtain 
equal  rentltg,  of  these  other  forms, 

XVIII.  .  .  ad/^=/(9,  dg,  iq)  ^f(q,  dq,  dg)  =  ddfy. 
For  example,  if 

XIX  ,  *fq^  qcq,  where  e  is  a  constant  quaternion, 
the  common  valne  of  these  last  expressions  is, 

XX.  .  .  Bdfq^6dfq  =  Sq*e,dq-\-dq.e»Sq, 
(6.)  Writing  then,  by  X., 

XXI. .  .  d/p  =  2Swpdpy     Sfp  =  2Stapdpf 
^d  XXII.  .,S(ap  =  ^ip,    with    dtop  =  fdp,  as  before, 

we  have  the  general  equation, 

XXIIL . .  S(dp.^^p)«S(ap.^dp), 
m  which  dp  and  dp  may  represent  any  two  veeton  ;  the  linuor  and  vector  fimeHon^ 
^1  which  is  ihue  derived  from  a  eealar  Junction  fp  by  differ enOaiiony  is  therefore  (as 
above  asserted  and  exemplified)  aJwaya  eelf-conjugate, 
(7.)  The  equation  XXIIL  may  be  thus  briefly  written, 
XXIV.  ..Sdp^v^S^pdv; 
AQd  it  will  be  found  to  be  yirtnally  equivalent  to  the  following  system  of  three  known 
equations,  in  the  calcalos  of  partial  differential  coefficient^ 

XXV.  . .  D,Dy  =  DyD„    DyD,  =  D,Dy,    D,D,  =  D.D,. 

364.  At  the  commencement  of  the  present  Section,  we 
reduced  (in  347)  the  problem  of  the  inversion  (346)  of  a  linear 
(or  distributive)  quaternion  Jimction  of  a  quaternion^  to  the 

*  We  may  also  say  that  each  of  the  two  symbols  XV.  represents  the  coefficient 
of  a^V,  in  the  development  off{q+xdq+ifdq)  according  to  ascending  powers  of  « 
*nd  y,  when  soch  development  is  possiblew 
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corresponding  problem  for  vectors;  and,  under  this  reduced 
or  simplified  ybmt,  have  resolved  it.  Yet  it  may  be  interest- 
ing, and  it  will  now  be  easy,  to  resume  the  linear  and  quater^ 
nion  equation^ 

L  .  ./y  =  r,    with    IL  .  >f{q'^q')-'fq'^fq9 
and  to  assign  a  quaternion  expression  for  the  solution  of  that 
equation,  or  for  the  inverse  quaternion  Junction^ 
IIL..9=/-'r, 

with  the  aid  of  notations  already  employed,  and  of  results  al- 
ready established. 

(1.)  The  eof|fi^«  of  tiM  fioetf  and  qjOitemloB  ftmctlony^  being ddiaed  («oi^p. 
847,  TV.)  bf  the  eqaatioo, 

in  which  p  tnd  q  §n  tMltnry  qvAtenioni^  if  ire  let  oat  (oomp.  847,  XXXI.)  wiUi 
thejbrm, 

V.  ,  ./j  -iqa  +  t'qa'-k- . .  =  ^tqa, 

in  which  «,  «',.••  "^^  <,  I*, . . .  an  arbiirafy  bat  eonttamt  quaternumt^  and  which  is 
more  than  sufficiently  general,  we  shall  ba^e  (comp.  847,  XXXI I.)  the  confugaie 

VI.  ../p  =  jp«  +  «><'  +  ...«2ip*; 
whence  yiL../l>2««,    and    VIIL  .  ./IsStf; 

it  is  then  possible,  for  each  jfiaen  parHeuktr  form  of  the  linear  fhnction  /$,  to  assign 
one  gealar  eomtant  «,  and  two  vector  constants,  f ,  <',  such  that 

IX... /!»«  +  {,   y^l  =«+€'; 
and  than  wa  shatt  have  the  general  tranrformations  (oomp.  847,  L) : 
X. . .  Sff  =  a.y/'l  ««S9  +  Si'f  J 
XL  .  .  Yfj^tSq  +  r./Tq^t^-^fYq; 
and  XII. .  ./y  =  (e+  OSy+  St'y  +  ^Vy; 

in  which  B^q  =  S.i'Vj,  and  ^V^  or  YfVq  Is  a  Knear  and  vector  fwction  of  Vy,  of 
the  hind  already  conaiderad  in  thie  Section ;  being  aka  aueh  that,  wHh  the  fona  V. 
of /g,  we  have 

XIII. .  .  ^p  =  XVtpt, 

(2.)  As  regards  the  number  of  independent  and  tealar  eonetanie  which  enter,  at 
least  implicitly,  into  the  composition  of  the  qnatemion  fnnetion^,  it  may  in  varions 
ways  be  shown  to  be  eixteen;  and  accordingly,  in  the  expreaslon  XII.,  the  eealar  e 
is  ones  the  tmo  veetorg,  t  and  c",  eouat  eaek  as  threes  and  the  Unenr  and  weetor 
fimction^  ^V^,  counts  as  nine  (comp.  847,  (1.))- 

(8.)  Since  we  already  know  (847,  &c.)  how  to  invert  a  function  of  this  last  kind 
^,  we  may  in  general  write, 

XrV.  .  .  r  =  Sr  +  Vr  =  Sr  +  ^p,    where    XV...  p  =  ^-»Vr  =  m-i^Vr; 
the  tccdar  conetani,  m,  and  the  eatxUiary  linear  and  veciorflmeti&n,  iff,  being  dedueed 
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from  the  ftmetioB  ^  by  netlMda  akoidy  ezpUdned.  It  is  nquind  then  to  czpraM  9, 
<nr  8f  and  Vg,  In  terms  of  r,  or  of  Sr  and  p,  so  as  to  satisfy  tha  linear  eqnatlon, 

XVI.  . .  (e  +  i)Sq  +  Si'q  +  ^V^sfir  +  0p  ; 
the  constants  «,  t,  t\  and  the  form  of  0,  being  given. 
(4.)  Ai^ntnfag  for  this  purpose  the  expression, 

XVII.  ..y  =  g'+p, 
in  which  ^  is  a  new  songht  qoatemion,  we  have  the  new  equation, 

XVIII... ;y=Sr+^p-/p  =  S(r-.»j 
wbeooe  XIX. . .  ^-  S(r- t'p)./-»l. 

and  XX. . .  ^  =  p  +  S(r-f»./-il ; 

iu  which  p  is  (by  supposition)  a  known  vector,  and  S(r  —  e'p)  is  a  Jhioam  icaJar;  so 
tlint  it  only  remains  to  determine  the  unknown  but  eonttant  quiUtmion,  /'*!,  or  to 
resolye  the  partieular  equaHon^ 

XXI.  .  .>^o « I)    in  which    XXII.  ..qo^e-\-y  =/-»!, 
e  being  a  wew  and  mh^A'  «ea/ar  eonttonf,  and  y  being  a  nev  and  90ughi  vector  con- 
stunt, 

(6.)  Taking  scalar  and  yector  parts*  the  quaternion  equation  XXI.  breaks  up 
into  the  two  following  (comp.  X.  and  XL) : 

XXIII.  . .  l  =  S/(c  +  y)  =  ec  +  S€'7;        XXIV.  .  .  0=V/(c  +  y)  =  «c  +  ^7 ; 
which  gire  the  required  yalnes  of  c  and  7,  namely, 

XXV. . .  c  =  («  -  S«>->«)"S    and    XXVI. .  .  y  =  -  c^U  ; 
whence  XXVII. .  ./-U  =  J-l£!i  ; 

and  accordingly  we  have,  by  XII.,  the  equation, 

XXVIII. .  ./(l-0-i«)=:«-St>-i«aV-»O. 

(6.)  The  problem  of  quatemum  invenion  is  therefore  reduced  anew  to  that  of 

vettor  moernon^  and  eolwed  thereby ;  but  we  can  now  advance  some  steps  further, 

in  the  eUminatUm  of  inveree  operations,  and  in  the  tubetitution  for  them  of  direct 

ones.    Thus,  if  we  observe,  that  ^'^  =  m-if ,  as  before,  and  write  for  abridgment, 

XXIX.  ..»  =  ««-  Sf'^f  =/(m  -  ^0» 

80  that »  is  a  new  and  known  eealar  eonstant,  we  shall  have,  by  XV.  XX.  XXVII. 

XXIX., 

XXX.  . .  iap  =  ^Vr;         XXXI. .  .  ii/-«l=m-fi; 

and  XXXII.  ..mnq  =  a^Vr  +  (mSr  -  S«'+ Vr) .  (m  -  ^f ), 

an  expression  from  which  all  inverse  operations  have  disappeared,  but  which  stiU  ad- 
mitB  of  being  simplified,  through  a  division  by  m,  as  follows. 

(7.)  SobsUtnting  (by  XXIX),  in  the  term  n^^Vr  of  XXXII.,  the  value  me 
-  S«'^€  for  n,  and  changing  (by  XXX.)  if^Vr  to  mp,  m  the  terms  which  are  not  ob- 
viously divisible  by  m,  such  a  division  gives, 

XXXIII.  .  .  «9  =  (m  -  if/e)  Sr  +  ei/zVr  -  Siij/Yr  +  <t, 
where  XXXIV. .  .  <f  =  -p8«'tf^£  +  i(/«Sf>  =  V.ft'7p!;^«. 

But  (by  348,  VII.,  interchanging  accents)  we  have  the  transformation, 
XXXV.  .  .  Vpif/*  ==  -  ^Ti^p  =  -  f'ViVr, 

3  a 
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becaiue  ^p  =  Vr,  hj  XIV.  or  XV, ;  eveiytfaing  inver§e  tbeiefora  as/aim  disappears^ 
with  this  new  elimioatioii  of  the  anxiUary  Tector  p,  and  we  have  this  final  ezpres- 
sion, 

XXXVI.  ..nq^ nf'W  =  (»w -  &'i^«;./-»r 
=  (w  -  ^«)  Sr  +  e^Yr  -  St'if/ Vr  -  Vf^Te  Vr, 
in  which  each  symbol  of  operation  govems  all  that  follows  it,  except  where  a  point 
indicates  the  contrary,  and  which  it  appears  to  be  impossible  farther  to  reduce,  as 
the  ybrmu/a  of$chUwn,  of  the  linear  egmaiion  I.,  with  theybrm  XII.  of  the  qmaier- 
nUm  /unction^  /q» 

(6.)  Snch  haying  been  the  amalyth  of  the  problem,  the  Mynthetu,  by  which  an 
^  potteriori  proof  of  the  correctness  of  the  resulting  formula  is  to  be  given,  may  be 
simplified  by  using  the  Moaiar  yalne  XXIX.  of  f(m-  ^e);  and  it  is  sufficient  to 
show  (denoting  Vr  by  w),  that  for  eveiy  vector  w  the  following  equation  holds  good, 
with  the  same  form  XII.  of/: 

XXXVII. .  ./(«.;/«-S«'^«)-/V€>'V£«  =  (m«-S£'i^£).«. 
(9.)  Accordingly,  that  form  of/ gives,  with  the  help  of  the  prindple  employed 
in  XXXV., 
XXXVIII       /'/^«  =  <S«'+«  +  ««)»     -/Se't^«  =  -(«  +  €)S«'iJ/«, 

\-/V€y  Vtw = -  ^viy  V€« = v  (V€« .  4^1^)  =cS«'i(/«  -^  «Sf'f «, 

because  Sttf ^'c'  =  Sc'^w ,  &c. ;  and  thus  the  equation  XXXVI.  is  proyed,  by  actually 
operating  with/ 

(10.)  As  an  example^  if  we  take  the  particular  form, 
XXXIX..  .r=/^=py  +  9p, 
in  which  XL. . .  p  =  a  +  a  =  a  giren  quaternion, 

we  have  then, 

XLI.  .. /!=/'!  =2p,     e=2a,     i  =  t'  =  2a,    ^p  =  2ap; 

whence  by  the  theory  of  linear  and  vector  functions, 

XLII.  ^  .  ^'p  =  2ap,     i^p  =  4a*p,    m  =  8a», 
and  therefore,     XUII. . .  ^e  =  8a«a,    m-^£  =  8a»(a-a),    «  =  16a'(a>-a*); 
so  that,  dividing  by  8a,  the  formula  XXXVI.  becomes, 

XLIV. .  .  2a(a*-aa)7  =  o(a-a)Sr+a«Vr-oS.oVr-aV.aVr, 
or  XLV.  .  .  2a (o  +  a)y  =  oSr  +  (a  +  a)yr  -  Sar, 

or  XLVI. .  .  2pgSp  =  S.rKp  +  pVr  =  rSp+ V(Vp.Vr), 

or  XLVII.  . .  4p^Sp  =  2rSp  +  (pr  -  rp)  =pr  +  rKp ; 

or  finally. 

Accordingly, 

XLIX.  .  .  (pr  +  rKp)+  (Tp  +  Kp.r)  =  2r(p  +  Kp)  =  4rSp. 

(11.)  In  so  nmple  an  example  as  the  last,  we  may  with  advantage  avail  our- 
selves of  tpecial  methods;  for  instance  (comp.  846),  we  may  use  that  which  waa 
employed  in  882,  (6.),  to  differentiate  the  square  root  of  a  qvatenUon,  and  which 
conducted  there  more  rapidly  to  a  formula  (882,  XIX.)  agreeing  with  the  recent 
XLVIII. 

(12.)  We  might  also  have  observed,  in  the  same  case  XXXIX.,  that 
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whence />9  —  qpi  and  therefore  j^  and  qp,  can  be  at  once  deduced,  with  the  same  re- 
sulting value  for  q,  or  for  f-hr,  as  before :  and  generalljit  is  possible  to  c&^e»fta<e, 
on  a  simllaT  plan,  the  n^  root  of  a  quaternion* 

366.  We  shall  conclude  this  Section  on  Linear  Fkmctionsj 
of  the  kmds  above  considered,  by  proving  the  general  exist- 
ence of  a  Symbolic  and  Biquadratic  Equation^  of  the  form, 

I.  .  .  0-n-w'/+n'7»-n7^+/», 
which  is  thus  satisfied  by  the  Symbol  (f)  of  Linear  and  Qua^ 
temion  Operation  on  a  Quaternion^  as  the  Symbolic  and  Cubic 
JEguation, 

r.  •  .  0  =  m  -  w'^  +  m'y  -  0%  350,  I., 

was  satisfied  by  the  symbol  (^)  of  linear  and  vector  operation 
on  a  vector;  the  four  coefficients^  w,  n',  »",  n"',  being,/&ur  sca^ 
Jar  constants y  deduced  from  the  function /in  this  extended  or 
quaternion  theory^  as  the  three  scalar  coefficients  tti,  m*y  m" 
were  constants  deduced  from  ^,  in  the  former  or  vector  theory. 
And  at  the  same  time  we  shall  see  that  there  exists  a  System^ 
of  Three  Auxiliary  Functions^  -F,  G,  -ff,  of  the  Linear  and 
Quaternion  kind,  analogous  to  the  two  vector  functions^  xjj  and 
Xf  which  have  been  so  useful  in  the  foregoing  theory  of  vec- 
tors, and  like  them  connected  with  each  other,  and  with  the 
given  quaternion  function y^  by  several  simple  and  useful  re- 
lations. 

(1.)  The  formnhi  of  solation,  864,  XXXVL,  of  the  linear  and  qnatemlon  equa- 
tion/^  =r,  being  denoted  briefly  as  follows, 

II.  .  .«g  =  f»/->r=i7', 
so  that  (oomp.  84S,  III'.}  we  maj  write,  briefly  and  symbolically, 

III.  ../F=iy=ii, 
it  may  next  be  proposed  to  examine  the  changes  which  the  scalarn  and  the  fimction 
Fr  undergo,  when/i-  is  changed  to/r  +  cr,  or/to/+  c,  where  c  is  any  scalar  con- 
stant; that  is,  by  864,  XII.,  when  e  is  changed  to  e+  c,  and  ^  to  0  +  c ;  ^',  ^,  and 
in  being  at  the  same  time  changed,  according  to  the  laws  of  the  earlier  theoiy. 
(2.)  Writing,  then, 

rV.  ../c=/+c,     ec=«  +  c,     ^c  =  0+C,     ^'e=f  +  c, 
and  V. . .  ifes=^+cx+c»,    iit0=:m  +  mV  +  m''e>+c3, 

we  may  represent  the  new  form  of  the  equation  864,  XXXVI.  as  follows : 
VI.  ..  fie/e-ir  =  FcT,    or    VII.../,F,  =  ii,; 


XIIL. 


493  BLBMBNT8  OF  QUATERNIONS*  [bOOR  III. 

whm       VIII. . .  Firte(fiw-+rf)Si'+t4r«Vr-Si'i^cVr- ViVcVfVr, 
and  IX. . .  Mc^em^S^iftS* 

(8.)  In  thit  duuiiMr  it  Ib  aeen  that  we  may  writa^ 

X. . .  Fe  =  -F+  c(?+  c»JT+  c», 
and  XI. .  .114;  =  ii  +  n'c+ »"<?«  + n'"c»+c<; 

Wbare  jP,  (7,  ff,  an  ihne  fitntHtmtd  tymbohf  anch  that 

!Fr  -  (»  -  +0  Sr  +  e^Vr  -  S«'+Vr-  V«VV«Vr ; 
{>=(m'-xOS'  +  («X  +  +)▼»•- Si'xVr-VfTiVri 
13r=(m''-c)Sr+(«  +  x)Vr-S€Vj 
and  tt,  »',  m",  »'"  uefimr  $ealar  eantitanUj  namelj, 

' »  ^  m  -  Sc>c  (as  in  864,  XXIX) ; 
m's  a»  +  «»*—  Si'x*  • 
»"=»»'  + em" -S«'«; 
fi"'=m''  +  «w 

(4.)  Developing  then  the  STmboUcal  equation  Y II.,  with  the  help  of  X.  and  XI., 
and  comparing  powers  of  e,  we  obtain  these  new  STmbolical  equations  (comp.  850, 
XTI.  XXI.  xxin.) : 

and  flnallyi 

XV. . .  Jic=  j3r«ny-»y«+«'y*-A 

which  is  on^  another  way  of  writing  the  tjfmboiic  amd  hiqmadraitic  eqmitum  I. 

(5.)  Other  funetional  relatiotu  exist,  between  these  various  symbols  of  operation, 
which  we  cannot  here  delay  to  develope :  but  we  may  remark  that,  as  in  the  theory 
of  linear  and  vector  functions,  these  usually  introduce  a  mixture  of  fhnctions  with 
their  conjugatee  (comp.  847,  XL,  &c.). 

(6.)  This  seems  however  to  be  a  proper  place  for  observing,  that  if  we  write^  as 
temporary  notations,  for  any  four  fuatemione^  j),  9,  r,  «,  the  equations, 
XVI.  .  .  M=P^~«P5         XVII.  .  .  (p9^)  =  S.i>[9r]; 
XVIII.  . .  [pqrl  =  (p^r)  +  \rq\  Sp  +  [pr]  Sj?  +  [«p] Sr  j 
and  XIX. . .  (pqra)  =  S.p  [^s], 

so  that  [pg]  is  a  vector,  (pqr)  and  (^pqrg)  are  scalars,  and  [p^r]  is  a  quaternion,  we 
shall  have,  in  the  first  place,  the  relations : 

XX..[pg]=-[jp],     [pp]=0; 

XXI. .  .  (pyr)  =  -  (<jpr)  =  (qrp)  t=  &c.,     (ppr)  =  0 ; 

XXII.  . .  Ipqr]  =  -  [7pr]  =  {qrp]  =  &c,     [ppr]  =  0  ; 

and      XXIII. .  .  (pqre)  =  -  (gpr»)  =  {qrp§)  =  -  (^rjp)  =  &c,     {ppn)  =  0. 

(7.)  In  the  next  place,  if  <  be  anyjijih  quaternion,  the  quaternion  eqnaiton, 

XXIV.  .  .  0  =  p  (qr$t)  +  q  (rttp)  +  r(ttpq)  +  f(tpqr)  +  «(pjrj), 

which  may  also  be  thus  written, 

XXV.  .  .  q  (^pret)  =p  {qrel)  +  r(pqgt)  +  s {prqt)  +  ^(prf^), 
and  which  is  analogous  to  the  vector  equationy 

XXVI.  .  .  O^aSPyd-PSyda  +  ySiaP-'iSafiyy 
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or  to  tiie  ooD^BnaOj*  ocfsaniog  tmnfennatioii  (cotnp.  294,  XIV.^ 

XXTIL  . .  dSaPy  =  a&SPy  +  pSaSy  +  ySap8, 
ifl  salMed  ffeneraJfy,  becaoM  it  is  satiafied  for  the  four  distinct  wppo$itUm$j 
XXVIII. . .  9 s^,    J  =  '"i    9=*>    q^t. 
(&)  In  the  third  place,  we  liave  this  otktr  general  quaternion  equatUm^ 
XXIX  .  .  g(pr«<)  =  \rtt]  Bpq  -  [ttp^  Sr^  +  [tpr^  ^q  -  [pri\  Stq, 
which  is  analogDOS  to  this  otherf  utefkl  teetor  formula  (coinp.  294,  XV.), 

XXX  .  .  ^Sfl/3y  =  V/3ySaa+VyaS/3^+ Va^Sy^; 
because  the  equation  XXIX  gives  troe  resnItSy  when  it  is  operated  on  by  tbey&vr 
diffmcf  eymhole  (oomp.  312), 

XXXI.  . .  S./>,    S.r,    S.«,     S.<. 

(9.)  Aeamming  then  any  four  quatemUmaf  />,  r,  «,  <,  which  are  not  connected  by 
therekfioo, 

XXXII.  .  .  (pr*0=0, 

and  deducing  from  them/ow  o<A«r«,  p\  r%  s\  t^  \sj  the  equations, 

xxxiii. . .  /^'('"■"^  =/['*0»   '^0'^»<) = -/[•«» 


■{: 


L*'(prrf)=/[<pr],     *'(pr,<)  =  -/|>f], 

in  wliich/is  still  sapposed  to  be  a  symbol  of  linear  and  qnatemion  operation  on  a 
qnatemion,  the  formula  XXIX  allows  us  to  write  generally,  as  an  expression  for 
the  function  fq^  which  may  here  be  denoted  by  q[  (because  r  is  now  otherwise  used) : 

XXXIV.  .*^^fq  =p'&pq  +  fSrq  +  ^B$q  +  t'Stq ; 

and  its  tixteen  scalar  conatante  (comp.  864,  (2.))  are  now  those  which  are  involved 
in  Wbfour  quaternion  conetanttf  p\  r\  «',  Z', 

(10.)  Operating  on  this  last  equation  with  the  four  83rmbols, 

XXXV...S.[/.'ri,    8.  [•'<>'],    S.[<pV],    S.  [>'/#•], 
we  obtain  the  four  following  results : 

f(9VVO=(pVVO?P!7;     (9V<y)  =  (r'.'«'p')Sr9; 


XXXVL, 


r(9VVO=(pVVO?P!7;   (9V<y)=(r'.'«'p')Sr9; 
\(9rpV)=(*Yp'OS*9;   (9y'V)=(«'pvV)»7; 

and  when  the  values  thus  found  for  the  four  scalars, 

XXXVII.  .  .  Spq,     Sry,     Stq,     Stq, 
are  substituted  hi  the  formula  XXIX.,  we  have  the  following  new  formula  of  quater- 
nion invertion : 

XXXVIU. . .  (pVf'iO  (pr9t)q  =  (j>yyf)  iprtt)f-iq' 
=  [rK]  (« WO  +  [»ip]  (9 V«y)  +  lipr-]  {qipr-)  +  [pr,-]  fg'pVV)  ; 


*  The  equations  XXVII.  and  XXX,  which  had  been  proved  under  slightly  diffe- 
rent forms  in  the  sub-articles  to  294,  have  been  in  fact  freely  employed  as  trans- 
formatbns  in  the  course  of  the  present  Chapter,  and  are  supposed  to  he  familiar  to 
the  student.    Compare  the  Note  to  page  487. 

t  Compare  the  Note  immediately  preceding. 
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'which  shows,  in  a  new  way,  how  to  retolv  a  Unear  equatioit  w  quaterniaiu,  wfaea 
put  nnder  what  wq  may  call  (oomp.  847,  (l.))  the  Standard  Quadrinomial  Forai, 
XXXIV. 

(11.)  Accordingly,  if  we  operate  on  the  formola  XXXVIIL'  with/  attending  to 
the  equations  XXXIII.,  and  diyidlng  by  (prft),  we  get  this  new  equation, 

XXXIX.  .  .  (p'rVO/g=;i'(gy«'O-''(yV<>')  +  f'(3'*yr0-''(9y»''O; 
whence  fy^^i^  XXV. 

(12.)  It  has  been  remarked  (9.),  thatp,  r,  t,  f,  in  recent  formula,  may  be  amy 
faw  ^uatemiofu^  which  do  not  satisfy  the  equation  XXXII. ;  we  may  therefore  as- 


XL...|>=1,       rsBt,       ts=y,       trzkf 

with  the  laws  of  182,  &c.,  for  the  symbols  t,y,  A,  because  those  laws  c^ve  here^ 

XU.  ..(lv*)  =  -2; 
and  then  it  will  be  found  that  the  equations  XXXIII.  give  simply, 
XLII...p'=/l,    r'  =  -y»,    /=-jff,    r^-fk; 
80  that  the  wtandard  quadrinomial  form  XXXIV.  becomes,  with  this  selection  of 

XUII. .  ./y=/l.Sg-/I.Sig-j&-.%V-/»S*S'» 
and  admits  of  an  immediate  yeriflcation,  because  amy  ^atemion,  9,  may  be  ex- 
pressed (comp.  221)  by  the  quadrinomial, 

XLI V. . .  y  =  Sg  -  iStg  -JBjq  -  hSkq. 
(18.)  Conversely,  if  we  get  out  with  the  expression, 

XLV. .  .q  =  W'\-ix  +Jy  +  kz,  221,  III., 

which  gives, 

XLVI. .  .fq^wfl+xfi  +  siJS+xfl, 
or  briefly, 

XLVII.  ..eBot0  +  &a;  +  c$r+<i<, 

the  letters  ahede  being  here  used  to  denote  five  known  quaternions,  while  wxyz  are 
four  sought  tedlart^  the  problem  of  quaternion  invereion  comes  to  be  that  of  the  «e- 
parate  determination  (comp.  312)  of  these  four  scalars,  so  as  to  satisfy  the  one 
equation  XLVII. ;  and  it  is  resolved  (comp.  XXV.)  by  the  system  of  the  foor  fol- 
lowing formulA : 

XLVIII.       f  »(«^<'^  =  («*«<0  J    «(a6cd)  =  (ae«0 ; 
*  * '  \y  (a6cd)  =  (abed) ;    x(abed)  =  (abee)  j 

the  notations  (6.)  being  retained. 

(14.)  Finally  it  may  be  shown,  as  follows,  that  the  biquadratie  equation  I.,  for 
linear  functions  of  quaternions^  includes*  the  cubic  I'.,  or  850,  I.,  for  vectors.    Sup- 


*  In  like  numner  it  may  be  said,  that  the  cubic  equation  includes  a  quadratic 
one,  when  we  confine  ourselves  to  the  consideration  of  vectors  in  one  plane ;  for 
which  case  m  =  0,  and  also  ^p  =  0,  if  p  be  a  line  in  the  given  plane :  for  we  have 
then  ^X  ="•"•  +  =  ""'i  0' 
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pose,  for  tliifl  purpose,  tbat  the  linear  and  qoatemion  fiinctioii,  fii,  redaces  itself  to 
tlifl  last  term  of  the  general  expression  864,  XII.,  or  becomes, 

XLnL..fq=^Yq,    so  that    L.  ..eaO,     i«=«'s=0,    /Iss/'leOf 
the  coeffidents  »,  n\  »",  m'"  take  then,  by  XIIL,  the  Talaes, 

LI.  ..11  =  0,    V  =  m,    ii*  =  m',    ttTssm"; 
and  the  biquadratic  I.  becomes, 

LIL  . .  0  =  (-»+m'/-»V«+/*)/ 
Bat>^  ia  now  a  vector^  by  XLIX.,  and  it  may  be  tmy  vector,  p  ;  also  the  operaiion 
/is  now  equivalent  to  that  denoted  by  0,  when  the  wuhfeet  of  the  operation  is  a  vec- 
tor ;  we  may  therefore,  in  the  case  here  considered,  write  this  last  equation  LII.  under 
the  form, 

LIIL  .  •  O  =  (-«+m>-»V+0»)P. 

wliidi  agrees  with  851, 1.,  and  reproduces  the  tymholieal  enftic,  when  the  symbol  of 
the  cperand  (p)  Is  suppressed. 


CHAPTER  m. 

ON  80MB  ADDITIONAL  APPLICATIOKS  OF  QUATERNIONS,  WITH 
SOME  CONCLUDING  REMARKS. 


Section  1. — Remarks  Introdtictory  to  this  Concluding 
Chapter. 

366.  When  the  Third  Book  of  the  present  Elements  was 
beguD,  it  was  hoped  (277)  that  this  Book  might  be  made  a 
much  shorter  one,  than  either  of  the  two  preceding.  That 
purpose  it  was  found  impossible  to  accomplish,  without  injus- 
tice to  the  subject ;  but  at  least  an  intention  was  expressed 
(317),  at  the  commencement  of  the  Second  Chapter^  of  render- 
ing that  Chapter  the  last :  while  some  new  Examples  of  Geo- 

unth  this  understanding  at  to  the  operand.    In  fact,  the  evbie  gires  here  (because 

and  therefore  (^  -  m'*^  +  m')  o*  =  0 ; 

if  <r  be  already  the  result  of  an  operation  with  0,  on  any  vector  p :  that  is  if  it  be,  as 
abore  supposed,  a  line  in  the  given  plane. 
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metrical  Applicatiansy  and  eome  few  Specimens  of  Physical 
ones,  were  promised. 

367.  The  promise,  thus  referred  to,  has  been  perhaps  al- 
ready in  part  redeemed ;  for  instance,  by  the  investigations 
(315)  respecting  certain  tangents^  normahj  areas ^  volumes^  and 
pressures^  which  have  served  to  illustrate  certain  portions  of 
the  theory  of  differentials  and  integrals  of  qnatemions.  But  it 
may  be  admitted,  that  the  six  preceding  Sections  have  treated 
chiefly  of  that  Theory  of  Quaternion  Differentials^  including 
of  course  its  Principles  and  Rules;  and  of  the  connected  and 
scarcely  less  important  theory  of  Linear  or  Distributive  Func- 
tionSf  of  Vectors  and  Quaternions :  Examples  and  AppUca^ 
turns  having  thus  played  hitherto  a  merely  subordinate  or  illus- 
trative part,  in  the  progress  of  the  present  Volume. 

368.  Such  was,  indeed,  designed  from  the  outset  to  be, 
upon  the  whole^  the  result  of  the  present  undertaking :  which 
was  rather  to  teach,  than  to  apply,  the  Calculus  of  (^Quaternions. 
Yet  it  still  appears  to  be  possible,  without  quite  exceeding 
suitable  limits,  and  accordingly  we  shall  now  endeavour,  to 
condense  into  a  short  Third  Chapter  some  Additional  Exam- 
ples, geometrical  and  physical,  of  the  application  of  the  princi- 
ples and  rules  of  that  Calculus,  supposed  to  be  already  known, 
and  even  to  have  become  by  this  \Am%  familiar*  to  the  reader. 
And  then,  with  a  few  general  remarks,  the  work  may  be 
brought  to  its  close. 

Section  2. —  On  Tangents  and  Normal  Planes  to  Curves  in 

Space. 

369*  It  was  shown  (100)  towards  the  close  of  the  First  Book, 
that  if  the  equation  of  a  curve  in  spacer  whether  plane  or  of  double 
curvature,  be  given  under  the  form, 

I...^  =  0(O=0^ 
where  ^  is  a  scalar  variable,  and  0  is  a  functional  sign,  then  the  de- 
rived vector, 

11.  .  .  Dp=D(pt  =  (t>^t^fl^=^dp:dt, 

*  Accordingly,  even  refereneti  to  former  Articles  will  now  be  «npptied  more 
sparingly  than  before. 
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represents  a  line  which  is,  or  is  parallel  to,  the  tangent  to  the  curve, 
drawn  at  the  extremity  of  the  variable  vector  />.  If  then  we  sup- 
pose that  T  is  a  point  situated  upon  the  tangent  thus  drawn  to  a 
cuire  TQ,  at  p  and  that  u  is  a  point  in  the  corresponding  normal 
plane,  so  that  the  angle  tpu  is  right,  and  if  we  denote  the  vectors 
op,  oT,  on  by  p,  t,  v,  the  equations  of  the  tangent  line  and  normal 
plane  at  p  may  now  be  thus  expressed : 

HL  .  .  Y(r-p)p'  =  0;         IV.  .  .  S(t;-.p)p'=0; 
the  vector  t  being  treated  as  the  only  variable  in  III.,  and  in  like 
manner  v  as  the  only  variable  in  lY.,  when  once  the  curve  fq  is 
giveny  and  the  point  p  is  selected, 

(1.)  It  is  pennittedi  however,  to  ezpreas  theae  lost  equations  under  other  form§; 
for  example,  we  may  replace  p'  by  dp,  and  thus  write,  for  the  aame  tangent  line  and 
normal  plane, 

V.  ..  V(r-p)dp  =  0;        VL  .  .S(v-p)dp  =  0; 

where  the  vector  differential  dp  may  represent  any  Kne,  parallel  to  the  tangent  to 
the  cur^e  at  p,  and  is  twt  neceuarUy  email  (compare  again  100). 
(2.)  We  may  also  write,  as  the  equation  of  the  tangent, 

VIL  . .  r  =  p  +  xp\  where  jb  ia  a  scalar  variable ; 
and  as  the  equation  of  the  normal  plane, 

VIII.  .  .  d^T(v  -  f»)  =  0,    or    Vlir.  .  .  dT(u  -  p)  =  0,    if    dw  =  0 ; 

because  this  partial  differential  of  T(w  -  p),  or  of  Pu,  is  (by  834,  XIL,  Ac), 

IX.  . .  dT(w-p)  =  S(U(v-p).dp). 

(8.)  For  the  circular  loeue  814,  (1.),  or  337,  (1.),  of  which  the  equation  is, 

X.  .  .  p  =  a%     with     Ta  =  1,     and    Sa/3  =  0, 

the  equation  of  the  tangent  is,  by  VII.,  and  by  the  value  837,  VI.  of  p', 

XL  .  .  r= p  -^-jfap,    where    y  is  a  new  scalar  variable ; 
the  perpeMdieulariiy  of  the  tangent  to  the  radiue  being  thus  put  in  evidence. 
(4.)  For  the  plane  but  elliptic  foctw,  814,  (2.),  or  387,  (2*.),  for  which, 
XII.  .  .  p  =  V.  a%    with    Ta  =  1,     but  not    Saj8  =  0, 
the  value  337,  VIII.  of  p'  shows  that  the  tangent,  at  the  extremity  of  any  one  semi- 
diameter  p,  is  parallel  to  the  conjugate  semidiameter  of  the  curve;  that  is,  to  the 
one  obtained  by  altering  the  excentric  anomaly  (314,  (2.)),  by  a  quadrant:  or  to 
the  value  of  p  which  results,  when  we  change  <  to  f  + 1. 
(5.)  For  the  Aetix,  314,  (10.),  of  which  the  equation  is, 

XIIL..p  =  c<a+a'/3,     with    Ta  =  l,    and    Sa/8=0, 
e  being  a  scalar  instant,  we  have  the  derived  vector, 

XIV.  ..p'^ea^^  a«+i/J ;     whence    XV.  .  .  Sa-»p'  =  <?, 

XVI.  .  .  TVa-ip'  =  |Tft     and     XVII.  .  .  (TV:  S)a-ip'=^; 
*  2c 

38 
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the  tangent  Hue  Q/)  to  the  heUx  fa  therelbre  inclined  to  the  axis  (a)  of  the  e^mdmr 
whereon  that  curve  is  traced,  at  a  contiant  angle  (a),  whereof  the  trigonometrieal 
tangent  (tan  a)  is  given  by  this  formula  XVII. ;  and  accordingly,  the  namerttor 
irTP  of  that  formula  represents  the  Memieireumference  of  the  cylindric  boMc  ;  while 
the  denominator  2e  is  an  expression  for  half  the  interval  between  two  wneeetnve 
epiree,  measured  in  a  direction  parallel  to  the  axis.    We  may  then  write, 

XVIII.  .  .  wTp  =  2e  tan  a  =  2c  cot  6, 

if  a  thus  denote  the  eonaiant  inelinatian  of  the  helix  to  the  axt«,  while  h  denotes  the 
constant  and  complementary  inclination  of  that  curve  to  the  haeej  or  to  the  eireUe 
which  it  crosses  on  the  cylinder. 

(6.)  In  general,  the  parattdi  p*  to  the  tangemte  to  a  curve  of  double  euroahcre^ 
which  are  drawn  from  a  fixed  origin  o,  have  a  certain  eone  for  their  loena;  and  for 
the  case  of  the  heHx^  the  equation  of  tliis  cone  is  given  by  the  fbrmula  XYII.,  or  by 
any  legitimate  transformation  thereof,  such  as  the  following, 

XIX.  .  .  SUa->p'  =  +  coso=±8in6; 

it  is  therefore,  in  this  case,  a  eone  of  revolution,  with  its  semiangle  =a. 

(7.)  As  an  example  of  the  determination  of  a  normal  plane  to  a  curve  of  double 
curvature,  we  may  observe  that  the  equation  XIII.  of  the  helix  gives, 

XX. . .  f)»=p^-i^f    and  therefore    XXI.  . .  Spp'=  - eU ; 

the  equation  IV.  becomes  therefore,  for  the  case  of  this  curve, 

XXII.  .  .  0  =  Sp'w  +  c^,  with  the  value  XIV.  of  p*. 

(8.)  If  then  it  be  required  to  assign  the  point  u  in  which  the  normal  plane  to  the 
helix  meeti  the  axit  of  the  cylmder,  we  have  only  to  combine  this  equation  XXII. 
with  the  condition  v  ||  a,  and  we  find,  by  XIII.  and  XIV., 

XXIII.  .  .ou  =  v  =  -c><a:8ap'  =  rfa,         XXFV.  .  .Sa(w-p)  =  0; 

the  line  pu  is  \henSor9perpendieular  to  the  axis,  being  in  fact  a  normal  to  the  ejf- 
linder, 

370.  Another  view  of  tangents  and  normal  planes  may  be  proposed, 
which  shall  connect  them  in  calculation  with  Tayhr^s  ^Sl^nef  adapted 
to  quaternions  (342),  as  follows. 

(1.)  Writing        I.  . .  pt  =  po  +  ««*p'o,    or  briefly,    I'. .  .  p« = p  +  irfp', 
the  eqffieeient  ut  or  u  will  generally  be  a  quaternion^  but  its  limiting  value  will  be 
positive  unity  f  when  t  tends  to  zero  as  its  limit ;  or  in  symbols, 

II. .  •  ffo  =  lim.  «=  1. 

«-o 

(2.)  Admitting  this,  which  follows  either  from  Taylor's  Series,  or  (in  so  simple  a 
case)  from  the  mere  definition  of  the  derived  vector  p\  we  may  conceive  that  vector 
p'  to  be  constructed  by  some  given  Ime  ft,  without  yet  supposing  it  to  be  known  that 
this  Hne  is  tangential  at  p  to  the  curve  pq,  of  which  the  variable  vector  is  OQspi, 
while  OP  s=  po = Pi  80  that  the  line  pq  =  utp'  is  a  vector  chord  from  p,  which  diminishes 
indefinitely  with  the  scalar  variable,  r,  and  is  small,  if  the  small. 
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(8.)  Conceiving  next  that  w  «  ob=  the  vector  of  some  new  and  arbitnury  point 
B,  we  may  let  &U  a  perpendicnlar  qm  on  the  line  pb,  and  so  decompo$e  the  chord 
FQ  into  the  two  rectangular  Imes,  rM  and  mq  ;  which,  when  divided  by  the  same 
chord,  give  rigorou^  the  two  (generally)  quatemiom  fuottetttM, 

PQ       «p(«-p)  PQ       up[ia-p) 

the  variable  i  thna  dieap^iearing  through  the  dhiaion,  except  so  fin  as  it  enters  into 
«,  which  te»d»  aa  above  to  1. 

(4.)  Pasdng  then  to  the  /tmtte,  we  have  these  other  rigorous  equations, 

V...lim.=?=?£:<^>,  VI...lim.!L^=M^>; 

PQ        p(«-p)'  PQ        f>(«-p) 

by  oompazing  which  with  369,  III.  and  lY.,  we  see  that  those  two  equations  retire- 
aoit  respectiTely,  as  before  stated,  the  tangeiU  and  the  normal  plane  to  the  proposed 
curve  at  p;  because,  if  Vp'(<*'  -~  p)  >=  ^i  ^^  chord  pq  tend*^  by  Y.  or  YL,  to  cota- 
cide^  both  in  length  and  in  direction^  with  iia  projection  pm  on  the  line  PR ;  whilei 
on  the  other  hand,  if  QpXta  —  p)  =  0,  that  projection  tends  to  tameh,  even  as  compared 
with  the  chord  pq  ;  which  chord  tends  now  to  coincide  with  its  other  projeeticm  uq, 
or  with  the  perpendieular  to  the  line  pb,  erected  so  as  to  reach  the  point  q  :  whence 
PB  must,  in  this  last  case,  be  a  normal  to  the  curve  at  p. 

(5.)  We  may  also  investigate  an  equation  for  the  normal  plane^  by  considering  it 
as  the  Umiting  poeition  of  the  plane  which  perpendicularly  hiaecte  the  chord.  If  b 
be  supposed  to  be  a  point  of  this  last  plane,  then,  with  the  recent  notations,  the  vec- 
tor w  =  ob  must  satisfy  the  condition, 

YIL..T(«-pO  =  T(«^po),    or    YIII. . .  («  -  p  -  u<p')a  =  («  -  p)», 
or  IX.  . .  2Sttp'(«  -  p)  =  K^py, 

in  which  it  may  be  noted  that  up'  is  a  vector  (in  the  direction  of  the  chord,  pq),  al- 
though  «  itself  is  generally  a  quatemum,  as  before :  such  then  is  the  equation  of  the 
bigeeting  plane,  with  w  for  its  variable  vector,  and  its  limU^ 

X. . .  Sp'(a>— p)=  0,  as  before. 

(6.)  The  last  prooeas  may  also  be  presented  under  the  form, 

XL.  .0=lim.r i{T(w- pi)- T(«-po)}=DtT(« -p<),    when    *  =  0; 

and  thus  the  equation  869,  YIII.  may  be  obtained  anew. 

(7.)  Geometrically,  if  we  set  off  on  Bq  a  portion  rs  equal  in 
length  to  BP,  as  in  the  annexed  Figure  76,  we  shall  have  the 
limiting  equation, 

XII.  .  .  ±8Q:fq  =  (bq  — Up):fq  — («A<)na<«'y)-cosBPT; 

which  agrees  with  369,  IX. 

(8.)   If  then  the  point  r  be  taken  out  of  the  normal  -^^ 
plane  at  p,  this  limit  of  the  quotient,  bq  —  ^  divided  by  pq,  pig^  jg, 

has  ti  finite  value,  positive  or  negative;  and  if  the  chord  pq  be 
called  tnui/i  of  the ^«t  order,  the  difference  of  dittancee  of  its  extremities  from  b 
may  then  be  said  to  be  email  of  the  eame  (first)  order.  But  if  b  be  taken  t»  the  nor- 
mal pUne  at  p  (and  not  coincident  with  that  point  p  iteelf),  this  difference  of  dis- 
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tanoes  may  then  be  said  to  be  imall,  of  an  order  higher  than  thefirtt:  which  ao- 
■wen  to  the  eoaiie«c««e«  of  the /r«l  dtfferemdcd  of  the  («ii«or,  T(a»  -  p)  in  XI.,  or 
T(w-p)in869,VIir. 

371.  A  curve  may  occasiooallj  be  represented  in  quatemionsy  by 
an  equation  whicb  is  not  of  the /orm,  369,  !•>  although  it  must 
always  be  conceived  capable  of  reduction  to  that  form :  for  instance, 
this  new  equation, 

I.  .  .  Yap  .Ypa'  «=  {Yaay,     with     TYaa'  >  0, 

is  not  immediatdy  of  the  form  p  e0<,  but  it  is  reducible  to  that  form 
as  follows, 

II.  ..p  =  ta  +  r'o'. 

An  equation  such  as  I.  may  therefore  have  its  differential  or  its  deri^ 
votive  taken,  with  respect  to  the  scalar  variable  t  on  which  p  is  thus 
conceived  to  depend,  even  if  the  exact  law  of  such  dependence  be  un- 
known:  and  d/>,  or  //,  may  then  be  changed  to  the  tangential  vector 
n'  -  p  to  which  it  is  parallel,  in  order  to  form  an  equation  of  the  ton- 
gent,  or  a  condition  which  the  vector  w  of  a  point  on  that  sought 
line  must  satisfy. 

(1.)  To  pass  from  I.  to  XL,  we  may  first  operate  with  the  sign  Y,  which  gives, 
III.  .  .  pSaa'p  =  0,     or  simply,     IIF.  .  .  Saa'p  =  0 ; 
whence,  t  and  f'  being  scalars,  we  may  write, 

IV.  .  .  p  =r to  +  fV,     Yap  =  fVaa,     Ypa  =  tVaa',     it  =  1, 

and  the  required  rednotfon  is  effected  :  while  the  return  from  II.  to  L,  or  the  e&td- 
naiwn  of  the  scalar  t,  is  an  even  easier  operation. 

(2.)  Under  the  form  II.,  it  is  at  once  seen  that  p  is  the  vector  of  ap/one  Aiper- 
holek,  with  the  origin  for  centre,  and  the  lines  a,  a'  for  asymptotet;  and  accordingly 
all  the  properties  of  snch  a  corve  may  be  deduced  iiom  the  expression  IL,  by  the 
roles  of  the  present  Calcnlus. 

(3.)  For  example,  since  the  derivative  of  that  expression  is, 
v..  .p'^a-t^a, 
the  Ungent  may  (oomp.  869,  VII.)  have  its  equation  thus  written : 

VI.  ..  w  =  (f  +  a!)a  +  H(l-a?)a*; 
it  intersects  therefore  the  lines  a,  a*  in  the  points  of  which  the  vectors  are  2<a,  2l~>a' ; 
so  that  (as  is  well  known)  the  intereept^  upon  the  tangent,  between  the  aayn^ttatet, 
is  bUected  at  the  point  of  contact :  and  the  intercepted  area  is  constant,  because 
V(la.Ha')  =  Voa',&c. 

(4.)  But  we  may  also  operate  immediately,  as  above  remarked,  on  theybrm  I. ; 
and  thus  arrive  (by  substitution  ofof-pfordp,  &c.)  dX  ih^  equation  of  eonjnga- 
Hon, 

VII.  .  .  Vrtw  Vpa'  +  \ap  .Vwa'  =  2(Vart')», 
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wUch  expresses  (oomp.  216,  (18.))  &cO  tluit  if  p  »  op,  and  w  s  ob,  as  before,  then 
eiiher  b  is  on  the  tamgent  to  the  curve,  at  the  point  p,  or  at  least  each  of  these  two 
points  is  sifenated  on  the  polar  of  the  other,  with  respect  to  the  same  hyperbohu 

(5.)  Agun,  it  is  frequently  convenient  to  consider  a  nerve  as  the  vUeraeeHon  of 
two  ttirfaeei;  and,  in  connexion  with  tku  conception,  to  represent  it  by  a  system  of 
two  aetHar  equaHons,  not  explicitly  involving  any  tealar  variable :  in  which  case, 
both  equations  are  to  be  differentiated,  or  derivated,  with  reference  to  such  a  varia- 
ble uHdentood^  and  dp  or  p'  deduced,  or  replaced  by  w  —  p  as  before. 

(6.)  Thus  we  may  substitute,  for  the  equation  L,  the  system  of  the  two  follow- 
ing (whereof  the  first  had  occurred  as  III'.) ; 

VIIL  . .  Sart'p  =  0,     p»Saa'  -  ScrpSa'p  =  (Vaay ; 
and  the  derivated  equations  corresponding  are, 

IX  . .  Saa'p'  =  0,     2Sao'Spp'  -  Sap'Sa'p  -  SapSa'p'  =  0 ; 
or,  with  the  substitution  of  m  -  p  for  p',  &c., 

X  .  .  Saa'ctf  =  0,     2Saa'Spw  -  SawSa'p  -  SapSa 'ui  =  2  (Yaa')* ; 
the  last  of  which  might  also  have  been  deduced  from  VII.,  by  operatiog  with  S. 

(7.)  And  it  may  be  remarked  that  the  two  equations  V III.  represent  respectively 
in  general  a  plane  and  an  hyperholoid,  of  which  the  intereeetum  (6.)  is  the  hsfperbola 
I.  or  II.;  or  a  plane  and  an  hyperbolic  eylinder^  if  Saa'=  0. 

Section  3 — On  Normab  and  Tangent  Planes  to  Surfaces, 

372-  It  was  early  shown  (100,  (90)i  that  when  a  curved  surface 
is  represented  bj  an  equation  of  the  form, 

I.  ..p=K^,y), 

in  which  0  is  a  functional  sign,  and  a;,  y  are  two  independent  and 
scalar  variables,  then  either  the  two  partial  differentials,  or  the  two 
partial  derivatives^  of  the^r^  order^ 

11.  • .  d^,  d^,     or    ni.  .  .  D^,  D/), 

represent  two  tangential  vectors^  or  at  least  vectors  parallel  to  two 
tangents  to  the  surface,  drawn  at  the  extremity  or  term  p  of  p ;  so 
that  the  plane  of  these  two  differential  vectors,  or  of  lines  parallel 
to  them,  is  (or  is  parallel  to)  the  tangent  plane  at  that  point:  and 
the  principle  has  been  since  exemplified,  in  100,  (11.)  and  (12.), 
and  in  the  sub-articles  to  345,  &c.  It  follows  that  any  vector  p, 
which  is  perpendicular  to  both  of  two  such  non-parallel  differentials, 
or  derivatives,  must  (comp.  345,  (11*))  he  a  normal  vector  at  p,  or  at 
least  one  having  the  direction  of  the  normal  to  the  surface  at  that 
point;  so  that  each  of  the  two  vectors, 

IV. . .  V.d^d/>,        V.  . .  V.  D^D^, 

if  aetualj  represents  such  a  normal. 
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(1.)  As  an  AdditioiuJ  ezampUi  let  ns  take  the  cue  of  the  ruled  panAoloidf  oo 
which  a  given  jfuueKe  qnadrihterai  abcd  is  smpencribed.  The  ezpresaon  fbr  €bm 
vector  p  of  a  variable  point  p  of  this  sarfiue,  considered  as  a  ftmction  of  two  inde- 
pendent and  scalar  variables,  a  and  y,  may  be  thus  written  (oomp.  99,  (9.)}: 

VI...p  =  xya  +  (l-«)yP  +  (l-«)(l-y)y+*(l-y)^; 
where  the  sapposition  y  =  1  places  the  pomt  p  on  the  lineAB;  :r =0  places  it  on  bc; 
y  =  0,  on  CD ;  and  x=  1,  on  da. 

(2.)  We  have  here,  by  partial  derivations, 

viL..iv=,(«-|8)+a-J')(«-y);   iV=«(«-«)+(i-*)(^-r)5 

these  then  represent  the  directions  of  two  disUnct  tanffenis  to  the  paraboloid  YL,  at 
what  may  be  called  the  point  (x,  y) ;  whence  it  is  easy  to  deduce  the  tangent  pioMm 
and  the  normal  at  that  point,  by  constmctions  on  which  we  cannot  here  delay,  ex- 
cept to  remark  that  if  (oomp.  Fig.  81,  Art  98)  we  draw  two  right  luies,  qb  and  bt, 
through  p,  so  as  to  cat  the  sides  ab,  bo,  od,  da  of  the  quadrilateral  in  points  %  b, 
8,  T,  we  shall  have  by  VI.  the  vectors, 

VIII.  c     /o«  =  ««  +  (l-«)A    OB=yj3  +  (l-y)y, 


I' 


(,08  =  »^  +  (X-a:)y,      OTeya+(l-y)*, 
and  therefore,  by  VIL, 

IX...D«p»RT,    Dyp^SQ; 
BO  that  then  two  tangents  are  simply  the  two  generating  Unet  of  the  sniftce,  which 
pass  through  the  propoeed  point  p. 

(8.)  For  example,  at  the  point  (1,  1),  or  a,  the  tangente  thus  found  are  the  tidee 
BA,  DA,  and  the  tttngent  plane  is  that  of  the  angle  bad,  as  indeed  is  evident  from 
geometry. 

(4.)  Again,  the  equation  of  the  eerew  ewrjaee  (comp.  814,  XVI.), 
X.. .  f>  =  M;a+ya«/3,    with    Ta  =  l,     and    Sa/3  =  0, 
gives  the  two  tangents, 

XI...D^  =  ca+|ya**iA     D^=a«A 

whereof  the  latter  is  perpendicular  to  the  former,  and  to  the  axis  a  of  the  cylinder ; 
80  that  the  corresponding  nofrmal  to  the  surface  Z.  at  the  point  («,  y)  is  xepresented 
by  the  product, 

XIL  .  .  v  =  D^.D^  =  ca^i^  +  ^yj8«a. 

373.  Whenever  a  variable  vector  p  is  thas  expressed  or  even 
conceived  to  be  expressed,  as  9k  function  of  two  scalar  variables,  x  and 
y  (or  8  and  f,  &c.),  if  we  assume  any  three  diplanar  vectors,  such  as 
^>  A  7  (or  «,  Ky  X,  &C.),  the  three  scalar  expressione^  Sap,  Sfip^  S^p 
(or  Sif>,  Sep,  Sap,  &c.)  will  then  be  functions  of  the  same  two  scalar 
variables;  and  will  therefore  be  connected  with  each  other  by  some 
one  scalar  equation^  of  the  form, 

I. .  .F(Sap,  S/3p,  S7P)  =  0, 
or  briefly. 
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n. .  .fi^C% 
where  Cis  n  scalar  constant,  introdaced  (instead  of  zero)  for  greater 
generality  of  expression;  and  F^f  tire  nsed  as  functional  but  scalar 
signs.    If  then  (comp.  361,  XIY.)  we  express  iiie  first  differendal  of 
ihis  scalar  function /p  under  the  form, 

m.  ..d/p  =  2SK[p, 
in  which  y  is  a  certain  derived  vector^  and  is  here  considered  as  being 
(at  least  implicitly)  a  vector  function  (like  p)  of  the  two  scalar  varia- 
bles above  mentioned,  we  shall  have  the  two  equations, 

IV. .  .  Si'd^  =  0,    Si'd^  =  0, 
or  these  two  other  and  corresponding  ones, 

V. . .  SvD^p  =  0,     Si'D/)  =  0 ; 
from  which  it  follows  (by  372)  that  v  has  the  direction  of  the  nor- 
mal to  the  surface  I.  or  XL,  at  the  point  p  in  which  the  vector  p  ter- 
minates.    Hence  the  equation  of  that  normal  (with  to  for  its  variable 
vector)  may,  under  these  conditions,  be  thus  written : 

VI.  .  .  Vi'(«-p)  =  0; 

and  the  corresponding  equation  of  the  tangent  plane  at  the  same  point 

Pis, 

VII.  ..Sv(«-p)  =  0. 

(1.^  For  example,  if  we  take  the  expression  808,  XVIII.,  or  845,  XII.,  namely 
VIII...p  =  r*y'*;-**''»    to  which    kj-'=j'k,&c, 
treating  the  scalar  r  as  constant,  bat  t  and  I  as  variable,  we  have  then  (compw  846, 
XIV.),  the  equations,  a  denoting  any  onit-Tector, 

IX.  . .  SJp=rS.a«S.a«»*i,    8jp  =  rS.a««->S.a««*i,     S*p«r8.a«^; 
between  which  t  and  t  can  be  eliminated,  by  simply  adding  their  squares,  becanse 
(aO*  +  (a«-»)«  =  1,  by  315,  V.,  if  Ta  =  1.   In  this  manner  then  we  arrive  at  equa- 
tions of  the  forms  I.  and  II.,  namely  (comp.  857,  VII.,  and  808,  (10.)  and  (18.)), 

X.  . .  (8ip)>  +  (J^py  +  (S*p)>  -  r«  =  0, 
and  XL  .  ./p  =  p"«-r»  =  const,     or    XI'.  . .  Tp^r; 

which  last  resnlts  had  indeed  been  otherwise  obtained  before. 

(2.)  With  this  form  XI.  of  ^,  we  have  the  differential  expreuion  of  the  first 
ofder, 

XIL  . .  d/bs2Svdp  =  2Spdp,    whence    XIII. . .  v^p^ 

and  if  we  stiff  conceive  that  p  is,  as  above,  eome  vector  function  of  two  ecalar  varia" 
bieg,  M  and  I,  althongb  the  partieutar  law  Till,  of  its  dependence  on  them  may  now 
be  supposed  to  be  taiAiimpii  (or  to  be  foigotten),  we  may  write  also, 

XIV.  .  .  Jd/p=8vdp=Spdpr=Sp(d,  +  dOp  =  SpD.p.d#  +  SpD<p.d*; 

if  then  t\i»  function  fp  hsve  (as  above)  a  oa/ne,  =  -  r»,  which  is  constant,  or  istwe/tf- 
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pendent  of  halh  the  TarUUea,  •  and  f,  while  their  differantiak  are  orAdnuy,  and  are 
independent  of  each  oAer^  we  shall  thoa  have  separately  (comp.  V.,  and  837,  XIIL, 
XVIL), 

xv. . .  SpDtp = 0,   SpDfp  =>  o: 

The  radina  p  of  the  ephere  XL  is  theiefore  in  this  way  seen  to  have  the  direetian  of 
the  norma/  at  its  own  extremity,  becanse  it  is  perpemdieular  to  two  diatinet  tamffemiM, 
Dtp  and  Dip,  at  that  point;  which  are  indeed,  in  the  present  case,  perpendicalar  to 
each  other  also  (387,  (8.)). 

(3.)  Instead  of  treating  the  t»o  scalar  yariables^  a  and  y,  or  t  and  <,  &c.,  as  M& 
entirely  arbitrary  and  independetAf  we  may  conceive  that  one  is  an  asrbitrary  (bat 
scalar) /vncKoii  of  the  other;  and  theti  the  vector  v,  detennined  by  the  equation 
III.,  will  be  seen  anew  to  be  the  norma/  at  the  extremity  p  of  p,  because  it  is  per- 
pendicular to  the  tangent  at  p  to  an  arbitrary  curve  upon  the  surface,  which  passes 
through  that  point :  or  (otherwise  stated)  because  it  is  a  line  hi  an  arbitrary  narmai 
plane  at  p,  if  a  normal  plane  to  a  cutm  on  a  surface  be  called  (as  usual)  a  normal 
plane  to  that  eurfaee  also. 

(4.)  For  example,  if  we  conceive  that  s  in  VIII.  is  thus  an  arlntrary  fonction  of 
tf  the  last  expression  XIV.  will  take  the  form, 

XVI. ..  0  =  id/p  =  S.p(»'D^  +  D<p)d/,    if    d«  =  #'d/; 
whence,  df  being  still  arbitrary,  we  have  the  one  scalar  equation, 

XVII.  . .  S .p(«'D,p  +  Dip)  =  0,  or  XVIII.  ..p-J- eD^i  +  Dip , 
and  although,  on  accoant  of  the  arbitrary  coefficient  #',  this  one  equation  XVII.  is 
equivalent  to  the  system  of  the  two  equations  XV.,  yet  it  immediatebf  signifies,  as  in 
XVIII.,  that  the  directed  radiue  p,  of  the  sphere  XI.,  is  perpendicular  to  the  ar6i. 
trary  tanyent,  e'Dtp  +  Dip ;  or  to  the  tangent  to  an  arbitrary  epherical  curve  through 
p,  the  centre  o  and  tensor  Tp  (or  undirected  radiue,  r)  remaining  as  before. 

(5.)  As  regards  the  logic  of  the  subject,  it  may  be  worth  while  to  read  again  the 
/>roo/ (381),  of  the  validity  of  the  rule  for  differentiating  a  function  of  a  Junction; 
because  this  rule  is  virtually  employed,  when  after  thus  reducing,  or  conceiving  as 
reduced,  the  scalar  function  /p  of  a  vector  p,  to  another  scalar  function  such  as  /Y  of 
a  ecalar  t,  by  treating  p  as  equal  to  some  vector  function  ^t  of  this  last  scalar,  we 
infer  that 

XIX. . .  dfV  =:  dfpt  =  2S.  vdipt,    if    d/p  =  2Si'dp,  as  before. 

(6.)  And  as  regards  the  application  of  the  formulaa  VI.  and  VII.,  or  of  the  equa- 
tions given  by  them  for  the  normal  and  tangent  plane  to  a  turface  generally,  the 
difficulty  is  only  to  teleet,  out  of  a  multitude  of  examples  which  might  be  given: 
yet  It  may  not  be  useless  to  add  a,  few  such  here,  the  case  of  the  ephere  having  of 
course  been  only  taken  to  illustrate  the  theory ^  because  the  normal  property  of  its 
rarfit  was  manifest,  independently  of  any  calculation. 

(7.)  Taking  then  the  equation  of  the  ellipeoid,  under  the  form, 

XX.  .  .  T(ip  +  pjc)  =  «»  -  4«,  282,  XIX, 

of  which  the  first  difi^erential  may  (see  the  sub -articles  to  386)  be  tlius  wiitten, 

XXI. .  .  0  =  S.{(i-ic)V  +  2(iSiep  +  icSip)}dp  =  Svdp, 
and  introducing  an  auxiliary  vector,  on  or  ^,  such  that 

XXI I. .  .  OK  =  ?  =  -  2  (i  -  r)  >  (iSrp  +  rSip), 
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we  hare  y  )  p  -C,  and  may  write,  as  the  equation  of  the  normal  at  tbe  extremity  f 
of  p,  the  following, 

XXm. ..  V.(5-p)(«-p)  =  0,    or    XXIV...«  =  p+aj(|-p), 
in  which  a;  ia  a  scalar  variable  (comp.  869,  VIl.) ;  making  then  x=l,  we  see  that 
C  is  the  vector  of  the  point  n  in  which  the  normal  intersects  the  plane  of  the  two 
fixed  lines  i,  c,  supposed  to  be  drawn  from  the  origin,  which  is  here  the  centre  of 
tbe  ellipsoid. 

(&)  If  we  look  back  on  the  snb-articles  to  216  and  217,  we  shall  see  that  these 
lines  c,  k  have  the  directions  of  the  two  real  eyeUe  normaUf  or  of  the  normals  to  the 
two  (real)  eycHeplane$;  which  pLines  are  now  represented  by  the  two  equations, 

XXV.  ..SipsO,     Sicp  =  0. 
Accordingly  the  equation  XX.  of  the  ellipsoid  may  be  pat  (oomp.  836,  857,  859) 
under  the  etfcUefinnB^ 

XXVI. . .  Sp^p  =  (fi  +  k')p«  +  2StpKp 

=  (» -  k)»  p« + 4SipSKp  =  (*:»  - »»)»  =  const ; 
bence  each  of  the  two  diametral  planee  XXV.  cuts  the  surtSMse  in  a  ctrd«,  the  com- 
mon radhu  of  these  two  circular  sections  being 

where  b  denotes,  as  in  219,  (1.),  the  length  of  the  mean  semiaxis  of  the  ellipsoid ; 
and  in  fact,  this  value  of  Tp  can  be  at  once  obtained  from  the  equation  XX.,  by 
making  either  cp  s=  -  pi,  or  pc  e=  ~  cp,  in  virtue  of  XXY. 

(9.)  By  the  sob-article  last  cited,  the  greatest  and  least  semiaxes  have  for  their 

lengths. 

XXVIIl.  ..a  =  T*  +  Tic,    c  =  Tt-Tic; 

and  tbe  construction  in  219,  (2.)  shows  (by  Fig.  58,  annexed  to  217,  (4.))  that 

these  three  semiaxes  a,  5,  c  have  the  respective  directions  of  the  lines, 

XXIX...iT«-icT«,    V«,     iT«  +  KT»; 

all  which  agrees  with  the  rectangular  tranrformatiom^ 

YTT        1        8p»f>         /T(ip  +  pr)Y 
^^^"•••^"(^^li)!-^     ,i-*s     j 

(8.pU(iTg-icT0Y     fT(i-jc)S.pUV«OY      /  S.pU(iTK-f  kTQ ^ 

in  deducing  which  (comp.  859,  (1.))  from  857,  VIII.,  by  means  of  the  formulie 
357,  XX.  and  XXI.,  we  employ  the  values  (comp.  XXVI.), 
XXXL.  .^  =  *«  +  !:•,     X=^2i,     fi  =  i:. 
(10.)  The  fixed  plane  (7.),  of  the  cyclic  normals  «  and  k  (8.),  is  therefore  also 
tbe  plane  of  the  extreme  semiaxes,  a  and  c  (9.),  or  that  which  may  be  called  per- 
haps the  principal  plane*  of  the  ellipsoid  :  namely,  the  plane  of  the  generating  tri- 


*  This  plane  may  also  be  said  to  be  the  plane  of  the  principal  elHptie  section 
(^219,  (9.)) ;  or  it  may  be  distinguished  (comp.  the  Note  to  page  231)  as  the  plane 
of  the  focal  hyperbola^  of  which  important  curve  we  shall  soon  assign  the  equation 
in  qoatemions. 

3  T 
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anple  (218),  (1.)),  in  that  eonttruetioH  of  the  sarfaoe  (217,  (6.)  or  (7.))  which  is 
iUostrated  by  Fig.  53,  aod  waa  dedaced  as  an  interpretaiion  of  the  guatermion  equa- 
tion XX.,  or  of  the  somewhat  leas  simple  form  217,  XYL,  with  the  ▼aloe  Tt>-  Tc* 

(1 1.)  Let  II  denote  the  length  of  that  portion  of  the  normal,  which  ia  interested 
between  the  surface  and  the  principal  plane  (10.),  so  that,  by  (7.), 

XXXII...  ii  =  NP=T(p-0.    »*=-(/>- 1)*, 
with  the  valae  XXII.  of  (.     Let  o'  =  os  be  the  rector  of  a  point  s  on  the  sorfaoe  of 
a  new  or  auxiliary  tpherej  described  about  the  point  k  as  centre,  with  a  radius  =  Mj 
and  therefore  tangential  to  the  ellipsoid  at  F ;  and  let  us  inquire  in  what  curve  or 
ewrvee,  real  or  imaginary,  does  this  sphere  eni  the  ellipsoid. 

(12.)  The  equations  (oomp.  871,  (6.))  of  the  sought  intersection  are  the  twoft>l* 
lowing, 

XXXin...(<r-O«  +  n«  =  0,     and    XXXIV.  ..  T(icf  +  <ric)  =  r»  - 1« ; 
whereof  the  first  expresses  that  b  is  a  point  of  the  sphere,  and  the  second  that  it  ia  a 
point  of  the  ellipsoid ;  while  p  or  op  enters  virtually  into  XXXIII.,  through  C  and  m, 
but  is  here  treated  as  a  constant^  the  point  p  being  now  supposed  to  be  a  given  one. 
(13.)  We  shall  remove  (18)  the  origin  to  this  point  p  of  the  ellipsoid,  if  we 
write, 

XXXV.  ..<r=p+ff',     or    XXXV. .  .  <r'=ff-p  =  P8; 

and  thus  we  obtain  the  new  or  transformed  equations, 

XXXVL  .  .  0=<t'«  +  2S(p-O<'',         XXXVIL  . .  0  =  N(i<r'  + 0'O  +  2Si'0'; 
in  which  (as  in  (7.),  comp.  also  210,  XX), 

XXX VIII.  .  .  V  =  (t  -  ic)a  p  +  2  (iS«p  +  rS«p)  =  (»  -  c)«  (p  - 1), 
and  XXXIX.  . .  K  (lo'  +  o'k)  =  (i -  «)» <r'«  4-  4Si<r'Sccf'. 

(14.)  Eliminating  then  a'*,  we  obtain  from  the  two  equations  XX XVI.  and 
XXXVU.  this  other, 

XL...S«ff'.S«a'  =  0; 

which  like  them  is  of  the  second  degree  in  <r',  but  brealcs  up,  as  we  see,  into  two  linear 
and  scalar  factors^  representing  faro  distinct  planes^  parallel  by  XXV.  to  the  two 
diametral  and  cyclic  planes  of  the  ellipsoids  The  sought  intersection  consists  then 
of  a  pair  of  (real)  circles,  upon  that  given  surface ;  namely,  two  circular  (but  not 
diametral)  sections,  which  pass  through  the  given  point  p. 

(15.)  Conversely,  because  the  equations  XXXVIL  XXXVIIL  XXXIX  XL. 
give  XXXVI.  and  XXXIII.^  with  the  foregoing  values  of  {  and  n,  it  follows  that 
these  two  plane  sections  of  the  ellipsoid  at  p  are  on  one  common  sphere,  namely 
that  which  has  n  for  centre,  and  n  for  radius,  as  above;  and  thus  we  might  have 
found,  without  differentials,  that  the  line  pn  is  the  normal  at  p;  or  that  this  normal 
crosses  the  principal  plane  (10.),  in  the  point  determined  by  the  formula  XXII. 

(16.)  In  general,  the  cyclic  form  of  the  equation  of  any  central  surface  of  the 
second  order,  namely  the  form  (oomp.  357,  II.), 

XLL  . .  Spfp»y  p<  +  2SXpS/ip  =  (7^=: const, 
shows  that  the  two  cirdes  (real  or  imaginary)  in  which  that  surface  is  cot  by  any 
two  planes, 

XLIL  .  .  SXp  =  2,     Sfip  =  m, 
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drawn  parallel  respectively  to  the  two  real  eycUe  planea,  which  are  jointlj  repre- 
aented  (comp.  XL.,  and  216,  (7.))  hy  the  one  equation, 

are  homospheriealy  being  both  on  that  one  sphere  of  which  the  equation  is, 

XLI V.  .  .  p'p"  +  2  QSfip  +  mSXp)  =  2/m  +  C. 

(17.)  But  the  centre  (say  s)  of  this  new  sphere,  has  for  its  vector  (say  (), 

XLV.  .  .  ON ^l^-gXlit  +  mX) ; 

it  is  therefore  situated  in  the  plane  of  the  two  real  eyclie  normo/f,  X  and  /i ;  and  if 
/  and  m  in  XLV.  receive  the  values  XLII.,  then  this  new  {  is  the  vector  ofintereee- 
ticn  of  thai  plane,  with  the  normal^  to  the  surface  at  p  :  because  it  is  (comp.  15.)) 
the  vector  of  the  centre  of  a  sphere  which  touchee  (though  also  cutting,  in  the  two 
circular  sections)  the  surface  at  that  point 

(18.)  We  can  therefore  thus  infer  (comp.  again  (15.)),  wUhovt  the  differential 
calculus,  that  the  line, 

XLVI.  . .  i?'(p  - 1)  = /p  +  XS/ip  + /iSXp  =  0p, 

as  having  the  direction  of  np,  u  the  normal  at  p  to  the  surface  XLI. ;  which  agrees 
with,  and  may  be  considered  as  confirming  (if  confirmation  were  required),  the  con- 
clusion otherwise  obtained  through  the  differential  expression  (861), 

XLYIL  .  .  dSp^p  =  2S»'dp  =  2S^pdp; 
the  linear  function  0p  being  here  supposed  (comp.  861,  (8.))  to  be  self-conjugate. 

(19.)  Hence,  with  the  notation  862,  I.,  the  equation  of  the  tangent  plane  to  a 
central  surface  of  the  second  order,  at  the  same  point  p,  may  by  VII.  be  thus 
-written, 

XLVIII.  . .  /(w,  p)  =  C,     if    Sp^p  =  C=  const ; 

in  which  it  is  to  be  remembered,  that 

XLIX.  . .  /(w,  p)  =/(p,  w)  =  Sii>0p  =  Sptput. 

(20.)  And  if  we  choose  to  interpret  this  equation  XLVIII.,  which  is  only  of  the 
jSr«<  degree  (362)  with  respect  to  each  separately  of  the  two  vectors,  p  and  oi,  or  op 
and  OB,  and  involves  them  symmetrically,  without  requiring  that  p  shall  be  a  point 
on  the  surface,  we  may  then  say  (comp.  215,  (18.),  and  816,  (31.)),  that  the  for- 
mula in  question  is  an  equation  of  conjugation,  which  expresses  that  each  of  the  two 
points  p  and  b,  is  situated  in  the  polar  plane  of  the  other, 

(21.)  In  general,  if  we  suppose  that  the  length  and  direction  of  a  line  v  are  so 
adjusted  as  to  satisfy  (he  two  equations  (comp.  336,  XII.  XIII.  XIV.), 

L. . .  Svp  =  1,    Svdp  =  0,    and  therefore  also    LI.  . .  Spdv  =  0 ; 
then,  because  the  equation  VIL  of  the  tangent  plane  to  any  curved  surface  may  now 
be  thus  written, 

LIL  ..Sv(w-v-»)  =  0, 

it  follows  that  v  >  represents,  in  length  and  direction,  the  perpendicular  from  o  on 
that  tangent  plane  at  p ;  so  that  v  itee/f  represents  the  reciprocal  of  that  perpendi- 
cular, or  what  may  be  called  (comp.  886,  (8.))  the  vector  of  proximity,  of  the  tan- 
gent plane  to  the  origin.  And  we  see,  by  LI.,  that  the  two  vectors,  p  and  v,  if 
drawn  from  a  common  origin,  terminate  on  two  surfaces  which  are,  in  a  known  and 
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important  Boue  (comp.  the  sob-arts,  to  861),  reciproeaU^  of  one  another:  the  line 
p-i,  for  instance,  being  the  perpendicular  from  o  on  the  tangent  plane  to  the  teeomd 
sorfiuiei  at  the  extremity  of  the  vector  v. 

374.  In  the  two  preceding  Articles,  we  have  treated  the  symbol 
dp  as  representing  (rigorously)  a  tangent  to  a  curve  on  a  given  surface, 
and  therefore  also  to  that  surface  itself;  and  thus  the  formula 
Svdp  =  0  has  been  considered  as  expressing  that  v  has  the  direction  of 
the  normal  to  that  surface,  because  it  is  perpendicular  to  two  tangents 
(372),  and  therefore  generally  to  every  tangent  (373),  which  can  be 
drawn  at  a  given  point  P.  But  without  at  present  introducing  any 
other^  signification  for  this  symbol  d/>,  we  may  interpret  in  another 
way,  and  with  a  reference  to  chords  rather  than  to  curves^  the  diffe- 
rential equation, 

I.  .  .dfp=2Svdpy 

supposed  still  to  be  a  rigorous  one  (in  virtue  of  our  definitions  of  dif- 
ferentials, which  do  not  require  that  dp  should  be  small) ;  and  may 
stUl  deduce  from  it  the  norma/ property  of  the  vector  i',  but  now  with 
the  help  of  Taylcr^s  Series  adapted  to  quaternions  (comp.  342,  370). 
In  fact,  that  series  gives  here  a  differenced  equation,  of  the  form, 

11.  .  .  A//)  =  2Si'A/>+-R; 
where  22  is  a  scalar  remainder  (comp.  again  342),  having  the  pro- 
perty that 

III. .  .  lim.  (JB :  TA/))  =  0,     if    lim.  TA/>  =  0 ; 
whence  IV. .  .  lim.  (A//> :  TAp)  =  2  lim.  SvUAp, 

whatever  the  ultimate  direction  of  Ap  may  be.  If  then  we  conceive  that 

*  Compare  the  Note  to  page  484. 

t  It  is  permitted,  for  example,  by  general  principles  above  explained,  to  treat  the 
differential  dp  as  denoUng  a  ehordal  vector,  or  to  substitute  it  for  Ap,  and  so  to  re- 
present the  differenced  equation  of  the  surface  under  the  form  (comp.  842), 

but  with  thie  meaning  of  the  tymhol  dp,  the  eqnation  dfp  s  0,  or  Svdp  =  0,  is  no 
longer  rigorous^  and  must  (for  rigour)  be  replaced  by  such  an  equation  as  the  follow- 
ing) 

0  =  2Si/dp  +  Sdvdp  + /^,    if    d/p  =  2Svdp,  as  before ; 

the  remainder  R  vaniehingy  when  the  eurfaee  Is  only  of  the  teeond  order  (comp. 
862,  (8.)).  Accordingly  this  last /orm  is  neeful  in  some  investigations,  especially 
in  those  which  relate  to  the  cwrvaturet  of  normal  eections :  but  for  the  present  it 
seems  to  be  clearer  to  adhere  to  the  recent  signification  of  dp,  and  therefore  to  treat 
it  as  still  denoting  a  tangent,  which  may  or  may  not  be  email. 
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Ap  represents  m  imaU  and  ind^finkdy  decreasing  chord  pq  of  the  sur- 
face^ drawn  from  the  extremity  p  of  f>,  so  that 

Y...Afp=f{p^:^)-fp  =  0,     and    lim.Ti^f>  =  0, 
the  equation  lY.  becomes  simply, 

VI. .  .Um.QvUj^p  =  0; 
and  thus  proTes,  in  a  new  way^  that  v  is  normal  to  the  surface  at  the 
proposed  point  p,  bj  proving  that  it  is  ultimatdy  perpendicular  to  all 
the  chords  Ti^  from  that  point,  when  those  chords  become  indefinitely 
smaUy  or  tend  indefinitely  to  vanish, 

(1.)  For  example,  if 
VII.  ../p  =  p>,     v  =  p,    then    VIII.  ..A=Ap«,    and    il:TAp=-TAp; 
thns,  for  ectry  pohU  ofapaee,  we  have  rigaromMfy,  with  this  form  of  ^, 

IX.  .  .  A/p:TAp  =  2SpUAp-TAp; 
and  for  every  pemt  q  of  the  epkerie  ettrfaee^fp  s  eouet,  we  have  tnth  equal  nffoWy 

X. .  .  2SpnAp=TAp,    or    XL  . .  FQ=-2op*coeoPQ ; 
in  fact,  either  of  tbeee  two  hut  formuls  ezpreeses  simply,  that  the  projection  of  a 
diameter  of  a  ephere,  on  a  eomtermhums  chord,  is  eqttal  to  that  chord  Heelf,  and  of 
oomm  cfimtnuAef  with  it, 

(2.)  Passing  then  to  the  limit,  or  conceiTing  the  point  q  of  the  surface  to  ap- 
proach indefinitely  to  p,  we  derive  the  limiting  equations, 

XII. . .  lim.SpI7Ap  =  0;        XIII. .  .  Ihn. cos opq » O ; 

either  of  which  shows,  in  a  new  way,  that  the  raiSi  of  a  ephere  are  its  normals; 
with  the  analogome  reeult  for  other  aurfaeee,  that  the  vector  v  in  L  has  a  normal  di- 
rection, as  before:  becauee  its  projection  on  a  chord  Fq  tends  indefinitely  to  diminish 
with  that  chord, 

(8.)  We  may  also  interpret  the  differential  equation  I.  as  expressing,  through 
II.  and  III.,  that  ihie  plane  873,  VII.,  which  is  drawn  through  the  point  p  in  a 
direction  perpendicular  to  v,  is  the  tangent  plane  to  the  surface :  because  the  pro- 
jection of  the  chord  Ap  on  the  normal  v  to  that  plane,  or  Wi^ perpendicular  dietanee, 

XIV. .  .  -  S(Uv.  Ap)  =  Jii.Tv-i, 

of  a  near  point  Qfrom  the  plane  thus  drawn  through  p,  is  email  of  an  order  higher 
than  thejb-et  (oomp.  870,  (8.)},  if  the  chord  fq  iteelfhe  considered  as  email  of  the 
JSrst  order. 

375.  This  occasion  may  be  taken  (comp.  374, 1.  II.  III.),  to  give 
a  new  Enunciation  of  Taylor's  Theorem,  in  a  form  adapted  to  Quater- 
nions^  which  has  some  advantages  over  that  given  (342)  in  the  pre- 
ceding Chapter.  We  shall  therefore  now  express  that  important 
Theorem  as  follows : — 

'^  If  none  of  them  ^^l  functions, 
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L  . .  y^,  dfq,  dyg, . . .     d^/y,     in  which     dl^q  «  0, 
become  infinite  in  the  immediate  vicinity  of  a  given  quaternion  q,  then  the 
quotient, 

dVq      dyg 


II.  .  .  Q=  {/(^  +  dg)-./(?-d/y-  -^-  2^-&c. 


d-/^  )  .     d^ 


2.3. .m)  '  2.3..fii' 
can  be  made  to  tend  indefinitely  to  zei'0,for  any  ultimate  value  of  the 
versor  VJdq,  by  indefinitely  diminishing  the  tensor  Tdq.^ 

(1.)  Th%  proof  of  the  theoran,  as  thus  enuncuitedi  can  easily  be  supplied  by  an 
attentive  reader  of  Articles  841,  842,  and  their  sab-articles ;  a  few  hint*  may  how- 
ever here  be  giv«n. 

(2.)  We  do  not  now  sappose,  as  in  842,  that  d^^fq  mnst  be  different  from  zero; 
we  only  assume  that  It  is  not  infinite:  and  we  add^  to  the  expression  842,  YI.  for 
FXf  the  term, 

III. . .  ^*;°  -^^ 

2.8.  ..m 
(8.)  Hence  each  of  the  expressions  842,  VII ,  for  the  sucoessire  dertvativee  of 
Fgf  recdves  an  additional  term;  the  laet  of  them  thus  becoming, 
IV.  .  .  D^Fs  =  Z^")*  =  d'»»/(^  +  xtluc)  -  d^fq ; 
so  that  we  have  now  (comp.  842,  X.)  the  values 

V. ..JD=o,    ro,    f^0=0,...    F(-»0=0,    /^-)0  =  0. 
(4.)  Assuming  therefore  now  (comp.  842,  XII.)  the  new  aoxiliary  function, 

VI...*«  =  2~^,    with    Tdg>0, 
which  gives, 

VII.  ..+0  =  0,    i(/'0  =  0,    V'"©  =  0, . .    +(■•■  00  =  0,    i^<-)0  =  dq% 
we  find  (by  841,  (8.),  (9.),  comp.  again  342,  XII.)  that 
VIII.  ..lira.  (F*:+aj)=0. 

(5.)  But  these  two  new  functions,  Fx  and  if^x,  are  formed  from  the  dividend  and 
the  divisor  of  the  quotient  Q  in  II.,  by  changing  d^  to  xdq;  and  (comp.  842,  (3.)) 
instead  of  thus  multiplying  a  given  qttatemi'm  differential  dq,  by  a  email  and  indefi- 
nitely deereaeing  eealar,  x,  we  may  indefinitely  diminish  the  tetuor,  Tdq,  wUhont 
changing  the  vereor^  JJdq, 

(6.)  And  even  ifUdq  he  changed^  while  the  differential  d^  is  thus  made  to  tend 
to  zero,  we  can  always  conceive  that  it  tende  to  sonitf.  limit ;  which  limiting  or  nlti- 
mate  vahie  of  that  versor  Udg  may  then  be  treated  ae  if  it  were  a  cofuten/  one,  with- 
out affecting  the  limit  of  the  quotient  Q. 

(7.)  The  theorem,  as  above  enunciated,  is  therefore  fully  proved ;  and  we  are  at 
liberty  to  ehoote,  in  any  application,  between  the  two  forms  of  statement,  842  and 
875,  of  which  one  is  more  convenient  at  one  time,  and  the  other  at  another. 


CHAP.  III.]    OSCULATING  PLANES  TO  CURVES  IN  SPACE.     *     511 


Section  4 — On  Osculating  Planesy  and  Absolute  Normals^  to 
Curves  of  Double  Curvature. 

376.  The  variable  vector  pt  of  a  curve  in  space  may  in  general 
be  thus  expressed,  with  the  help  of  Taylor's  Series  (comp.  370, 

(1.)): 

I.  ••/>/  =  /> +  ^/  +  i^tt/»",     with     tto=l; 

/),  p\  //',  u  being  here  abridged  symbols  for  p^  /o*  />"oi  «<;  and  the 
product  «//'  being  a  vector,  although  the  factor  u  is  generally  a  qua- 
ternion (comp.  370,  (5.)).  And  the  different  terms  of  this  expres- 
sion I.  may  be  thus  constructed  (compare  the  annexed  Figure  77) : 

11.  •  .  p  =  0P;     //=  pt;     i^tt/>''  =  tq; 
while     III. .  .  /)<  =  0Q,     and    f/>'+iCtt/'=PQ; 

the  line  tq,  or  the  term  ^hip^'^  being  thus  what 

may  be  called  the  deflexion  of  the  curve  pqr,  at  q, 

from  its  tangent  ft  at  P,  measured  in  a  direction 

"which  depends  on  the  law  according  to  which  /», 

varies  with  ty  and  on  the  distance  of  a  from  p. 

The  equation  of  the  plane  of  the  triangle  ptq  is 

rigorotAsly  (by  II.)  the  following,  with  to  for  its  Fig.  77. 

variable  vector, 

IV.  ..0=S«//y(«-^); 

this  plane  IV.  then  touches  the  curve  at  p,  and  (generally)  cuts  it  at 
^;  so  that  if  the  point  a  be  conceived  to  approach  indefinitely  top, 
the  resulting  formula, 

V.  . .  0  =  S/y(w-/>),     or    Y',  . .  0  =  S/>y'(w-^), 
is  the  equation  of  the  plane  ptq  in  that  limiting  position^  in  which  it 
IS  called  the  osculating  plane^  or  is  said  to  osculate  to  the  curve  pqe, 
at  the  point  p. 

(1.)  If  the  variable  vector  p  be  immediate^  given  as  9l  function  p,  of  a  variable 
'calar,  *,  which  is  itaelfti  function  of  the  former  scalar  variable  t,  we  shall  then 
^ve  (comp.  831)  the  expressions, 

VL..p'«  =  «'D,p^     p"i=«"D4>i  +  »'»D,%,     with    «'  =  D^,    •"=Dt»t; 

thos  the  vector  p"  may  change^  even  in  directiony  when  we  change  the  independent 
*calar  variable  ;  but  p"  will  alwaye  be  a  line,  either  in  or  parallel  to  the  oeeuloHng 
P^e;  while  p  will  always  represent  a  tangent,  whatever  scalar  variable  may  be 
•elected. 
(2.)  As  an  example,  let  us  take  the  equation  814,  XV.,  or  369,  XIII.,  of  the 
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helix.  With  the  independent  variable  t  of  that  equation,  we  have  (comp.  869,  XIY.) 
tbe  derived  ezpreBsions, 

VII. . .  p-  -  ««  +  ^af'ip,      p-  =  -  J|y«'^  -  ^1  )V—  rt  i 

p"  has  therefore  here  (comp.  869,  (8.))  the  direction  of  the  normal  to  the  cyiinder ; 
and  confleqaentij,  tbe  Oiculating  plane  to  the  helix  ie  a  normal  plane  to  the  cfUnder 
of  revolation,  on  which  tbat  carve  is  traced:  a  reeult  well  known,  and  which  will 
soon  be  greatly  extended. 

(8.)  When  a  curve  of  double  curvature  degeneratee  into  r  plane  curve,  its  oeen- 
loHng  plane  becomes  eofutoat,  and  reciprocally.  The  condition  ofplanariiy  of  a 
ettrve  in  epaee  may  therefore  be  expressed  by  the  equation, 

VIII. . .  VYp'p"  ei  ±  a  constant  unit  line ; 
or,  bv  885,  II.,  and  888,  VIII., 

,X...O  =  V^^'  =  vI?iC; 
YpY  Vp'p- 

or  finally,  X. .  .  Sp'pV'sO,    or    XI.  .  .  p'"  |||  p',  p". 

(4.)  Aoooidingly,  for  a  plane  curve,  if  X  be  a  given  normal  to  its  plane,  we  have 
the  three  equations, 

XII. .  .  S\p'  =  0,     SXp"  =  0,    SXp'"  =  0 ; 
which  conduct,  by  294,  (11.),  to  X. 

(5.)  For  example,  if  we  had  not  otherwise  known  that  the  equation  887,  (2.) 
represented  a  plane  ellipee^  we  might  have  perceived  that  it  was  the  equation  ofoome 
plane  curve,  because  it  gives  tbe  three  successive  derivatives, 

xiii...p'=^v«^>/3,  p-=-(^iyv«'A  p"=-(^yv«-'ft 

which  are  complanar  lines,  the  third  having  a  direction  opporite  to  the  first. 

(6.)  And  generally,  tbe  formula  X.  enables  us  to  assign,  on  any  curve  of  double 
curvature,  for  which  p  is  expressed  as  a  function  of  <,  tbe  pointt*  at  which  it  iiio«# 
rcfsaiMef  a  plane  curve,  or  approaehee  moet  cloeelff  to  its  own  oocnlating  plane. 

377.  An  important  and  characterUtic  property  of  the  otculoAing 
plane  to  a  curve  of  double  curvature,  is  that  the  perpendiculars  let 
fall  on  it,  from  points  of  the  curve  near  to  the  point  of  osculation, 
are  emaU  of  an  order  higher  than  the  second,  if  their  distances  from 
thtit  point  be  considered  as  small  of  the  first  order. 

(1.)  To  exhibit  this  by  quaternions,  let  us  begin  by  considering  an  arUirarp 
plane, 


•  Namely,  in  a  modem  phraseology,  the  places  of  four-point  contact  with  a 
plane.  The  equation,  Ypp" = 0,  indicates  in  like  manner  the  places,  if  any,  at  which 
a  curve  has  three-point  contact  with  a  right  line.  For  curves  of  double  curvature, 
these  are  also  called  points  of  eimple  and  double  inflexion. 
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I.  ..flX(a#-p)»0,    with    TX=:1, 
dnim  throogh  a  point  p  of  tlM  canre.    Vdog  tbo  expreaion  876, 1.,  for  the  vector 
OQ)  or  pf,  of  another  point  q  of  the  eame  curve,  we  have,  for  the  perpendienlar  dis- 
tance of  Q  from  the  plane  L,  this  other  xigorotu  expreaaion, 

II. . .  GX((H  -  p) = tSkp  +  jPSXnp" ; 
which  represents,  in  general,  a  small  quantity  of  ibBjbrtt  ord^r^  if  <  be  aasmned  to 
1)0  sodlL 

(2.)  The  ezpreaeion  II.  represents  however,  generaUj^^  a  small  quantity  of  the 
9e€omd  order,  if  the  dirtctum  of  \  satisfy  the  oondition, 

ni.  ..SV'^O; 
that  is,  if  tiie  pltau  I.  Unmh  the  Mrot. 
(8.)  And  if  the  oondition, 

IV. .  .  SAp"=0, 

he  dUo  satisfied  l>y  X,  tkeny  bat  mot  oiktrwiM,  the  ezpnesion  II.  ttnd$  to  bear  an 
wameBemt  ratio  to  <*,  or  is  mnail  of  an  order  higher  than  the  aeetmiL 

(4.)  But  tha  combination  of  the  f»o  eoadi/um#,  III.  and  IT.,  oondncts  to  the 

V.  ..XsiUVpyj 

oomparing  whidi  with  376,  V^  we  see  that  the  property  above  stated  is  one  which 
belongs  to  the  otadaHnff  plane,  and  to  no  Uker. 

378.  Another  remarkable  property*  of  the  osculating  plane  to  a 
curve  is,  that  it  is  the  tangent  plane  to  the  eone  of  parallels  to  tangents 
(369)  (6.))9  which  has  its  vertex  at  the  point  of  osculatunL 

(1.)  In  general,  if  p=^  be  (comp.  869, 1.)  the  equation  of  a  ettrve  in  space, 
tbe  equation  of  the  eone  which  has  its  vertex  at  the  origin,  and  passes  through  this 
curve,  is  of  the  Ibrm, 

I.  ..psy^x; 

In  which  x  and  y  are  Am  independent  and  scalar  variables. 
(2.)  We  have  thus  the  two  partial  derivatives, 

II...D.p«y^'a?,     D^=:fr; 
and  the  tangent  plane  along  the  tide  (x)  has  for  equation, 

III. .  .  0  =  S(<i) .  ^x .  ^'x)  I    or  briefly.    III'.  .  .  0  «  Sa>^0'. 
(8.)  Changing  then  «,  ^,  ^\  «#  to  f,  p',  p",  «  -  p,  we  see  that  the  equation  876, 
v.,  of  the  oeemUUmg  plane  to  the  cares  876, 1.,  is  also  that  of  the  tangent  plane  to 
the  eone  ofparaUeie^  Ac,  as  asserted. 

379-  Among  all  the  normals  to  a  cwve^  at  any  one  point,  there 
are  two  which  deserve  special  attention ;  namely  the  one  which  is  in 

*  The  writer  does  not  remember  seeing  thit  property  in  print;  but  of  course  it 
is  an  easy  consequence  from  the  doctrine  of  infiniteeimaUf  which  doctrine  however  it 
has  not  been  thought  convenient  to  adopt,  as  the  hatit  of  the  present  exposition. 

3  U 
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the  osculating  plane,  and  is  called  the  absolute  (or  principal)  normal; 
and  the  one  which  is  perpendicular  to  that  plane,  and  which  it  has  • 
been  lately  proposed  to  name  the  hinormal.*  It  is  easy  to  assign  ex- 
pressions, by  quaternions,  for  these  two  normals,  as  follows. 

(1.)  The  dbtoliite  normal,  as  being  perpendicular  to  p',  bnt  oomplanar  with  p' 
and  p'\  has  a  direction  expreased  by  any  one  of  the  following  fommliB  (comp.  203, 
884): 

I.  . .  Ypy.p'-i ;     or    II.  . .  dUp' ;    or    IIL  .  .  dUdp. 

(2.)  There  is  an  extensive  dassf  of  cases,  for  which  the  following  equations  hold 
good: 

IV. . .  Tp'soonsL  ;        V. . .  p** soonsL ;        VI.  .  .  SpV^O; 

and  in  all  such  caaoo,  the  expresrion  I.  reduces  itself  to  p",  which  is  therefore  then  a 
representative  of  the  absolute  normal 

(8.)  For  example,  in  the  case  of  the  helix,  with  the  equation  several  times  be- 
fore employed,  the  conditions  (2.)  are  satisfied ;  and  accordingly  the  abeolote  nor- 
mal to  that  curve  coincides  with  the  normal  p"  to  the  cylinder,  on  which  it  is  traced ; 
the  loeue  of  the  abioluie  normal  being  here  that  eerew  eurfaee  or  ffelieoid,  which 
has  been  already  partially  considered  (comp.  814,  (11<})  and  872,  (4.)). 

(4.J  And  as  regards  the  binormal,  It  may  be  sufficient  here  to  remark,  that  be- 
cause it  IS  perpendicular  to  the  osculating  plane,  it  has  the  direction  expressed  by 
one  or  other  of  the  two  symbols  (comp.  877,  V.), 

VII...  Vp'p",    or    Vir. . .  Vdpd«p. 

(6.)  There  exists,  of  course,  a  system  of  three  rectanffuJar  planet,  the  oteulatinff 
plane  bebig  one,  which  are  connected  with  the  system  of  the  three  rectangular  Imet, 
the  tangent,  the  absolute  normal,  and  the  binormal,  and  of  which  any  one  who  has 
studied  the  Quaternions  so  fei  can  easily  form  the  expresrions. 

(6.)  And  a  eonstruetionX  for  the  aheoltUe  normal  may  be  assigned,  analogous 
to  and  including  that  lately  given  (378)  for  the  oeeulalting  plane,  as  an  interpreta- 
tion of  the  expression  II.  or  III.,  or  of  the  eymhol  dUp'or  dUdp.  From  any  origin 
o  conceive  a  system  of  unit  lines  (Up'  or  Udp)  to  be  drawn,  in  the  direetume  of  the 
successive  tangentt  to  the  given  curve  of  double  curvature ;  these  lines  will  terminate 


*  By  M.  de  Saint-Venant,  as  being  perpendicular  at  once  to  two  consecutive  ele- 
mente  of  the  curve,  in  the^infinitesimal  treatment  of  this  subject.  See  page  261  of  the 
very  valuable  Treatise  on  Analytic  Geometry  of  Three  Dimensiont  (Hodges  and  Smith, 
Dublin),  by  the  Rev.  George  Salmon,  D.D.,  which  has  been  published  in  the  present 
year  (1662),  bnt  not  till  after  the  printing  of  these  Elements  ofQuatemione  (begun  in 
I860)  had  been  too  far  advanced,  to  allow  the  writer  of  them  to  profit  by  the  study 
of  it,  so  much  as  he  would  otherwise  have  sought  to  do. 

t  Namely,  those  in  which  the  are  of  the  curve,  or  that  arc  multiplied  by  a  scalar 
constant,  is  taken  as  the  independent  variable. 

X  Thit  construction  also -has  not  been  met  with  by  the  writer  in  print,  so  far  as 
he  remembers;  but  it  may  easily  have  escaped  his  notice,  even  in  the  books  which  he 
has  seen. 


CHAP.  III.]    ABSOLUTE  NORMALS,  QSODETIC  LINES.  515 

cm  a  certain  tpherieal  aarv;  and  the  toMgentj  say  ss'^  to  this  new  curve,  at  the  point 
B  which  correspondt  to  the  point  P  of  the  old  one,  will  have  the  direction  of  the  ab- 
solate  nonnal  at  that  old  pdnt 

(7.)  At  the  same  time,  the  plane  oss'  of  the^eo/  eircle^  which  touche*  the  new 
enrve  npon  the  unit  sphere,  being  the  tangent  plane  to  the  cane  ofparaUeU  (378), 
taA  the  direction  of  the  oeeulating  plane  to  the  old  curve;  and  the  radius  drawn  to 
iUpole  is  parallel  to  the  binomud, 

(8.)  As  an  example  of  the  auxiliary  (or  spherical)  curve,  constructed  as  in  (6.)t 
we  may  take  again  the  helix  (869,  XIIL,  &c)  as  the  given  curve  of  double  curva- 
tore,  and  observe  that  the  expression  869,  XIY.,  namely, 

ir  w*i3> 

VIII.  . .  /b'  =  ea  +  -  a**i/3,  gives  IX.  .  .  p  « =-  e>  +  -——= const  (comp.  (3.)) ; 

whence  Tp'  is  coii«fa»t  (as  in  IV.),  and  we  have  the  equation  (comp.  869,  XV. 
XIX.), 

X.  .  ,  SaUp's=-c[  c* J-  j   C3~  cos  as  const, 

a  being  again  the  inclination  of  the  helix  to  the  axis  of  its  cylinder;  which  shows 
that  the  new  curve  is  in  this  case  a  plane  one,  namely  a  certain  small  circle  of 
the  unit  sphere. 

(9.)  In  general,  if  the  given  curve  be  conceived  to  be  an  orbit  described  by  a 
point,  which  moves  with  a  eonst4X»t  velocity  taken  for  unity,  the  auxiliary  or  sphe^ 
rical  curve  becomes  what  we  have  proposed  (100,  (6.))  to  call  the  hodograph  of  that 
motion. 

(10.)  And  if  the  given  curve  be  supposed  to  be  described  with  a  variable  velo- 
city, the  hodograph  is  still  some  curve  upon  the  cone  of  parallels  to  tangents. 

Section  5 — On  Geodetic  Lines,  and  Families  of  Surfaces, 

380.  Adopting  as  the  definition  of  a  geodetic  line,  on  any  proposed 
curred  sarface,  the  property  that  it  is  one  of  which  the  osculating 
plane  is  always  a  normal  plane  to  that  surface,  or  that  the  absolute 
normal  to  the  curve  is  also  the  normal  to  the  suyface,  we  have  two 
principal  modes  of  expressing  by  quaternions  this  general  and  ckaraC' 
teristic property.    For  we  may  either  write, 

I.  . .  S v^y  =  0,     or    IL  . .  Si/d/)dV  =  0, 
to  express  that  the  normal  v  to  the  surface  (comp,  373)  is  perpen- 
dicular to  the  hinormal  Ypy  or  Vd/)dV  to  the  curve  (comp.  379, 
VII,  VII'.) ;  or  else,  at  pleasure, 

III...  Vv(U//y  =  0,     or    IV. ..  VrdUdf>=0, 
to  express  that  ,the  same  nonnal  v  has  the  direction  of  the  absolute 
normal  (TIp^  or  dUd/)  (comp.  379,  II.  III.),  to  the  same  geodetic 
line.    And  thus  it  becomes  easy  to  deduce  the  known  relations  of 
such  lmes{pT  curves)  to  some  important /amt/t^j  of  surfaces^  on  which 
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they  can  be  traced.  Accordingly,  after  beginning  for  simplicity 
with  the  sphere,  we  shall  proceed  in  the  following  sub-articles  to  de-, 
termine  the  geodetic  lines  on  cylindrical  and  conical  surfaces,  with 
arbitrary  bases ;  intending  afterwards  to  show  how  the  correspond- 
ing lines  can  be  investigated,  upon  devdopaJbU  surfaces^  and  sur&oes 
of  revolution, 

(1.)  On  a  tphw,  wifch  centre  at  the  origin,  we  have  v  ||  p,  and  the  diffimHal 
eguatum  lY.  admita  of  an  immediate  inUgratum  ;*  for  it  here  beoomeSi 
V. . .  0=VpdUdp  =  dV/BUdp,  whence  VI. . .  VpUdf)  =  w,  and  VII. . .  S«i»p  =  0, 
w  being  some  constant  yector ;  the  curre  is  therefore  in  this  case  a  great  cir^,  aa 
being  wholly  contained  in  one  diametral  plane, 

(2.)  Or  we  may  observe  that  the  equation, 

VIII.  .  .  Spjo'p"=0,    or    IX.  . .  SpdpdV  =  0, 
obtained  by  changing  y  to  p  in  I.  or  II.,  has  generally  for  a  flret  integral  (compb 
835,  (1.)),  whether  Tp  be  constant  or  variable, 

X..  .  UVpp'eUVpdp^ 61=  const.; 
it  expresses  therefore  that  p  is  the  vector  of  tome  curve  (or  Ime)  m  a  plane  through 
the  origin  ;  which  curve  must  consequently  be  here  a  great  circle,  as  before. 

(8.)  Accordingly,  as  a  verification  of  X.,  if  we  write 

XL  .  .  p  =  ax-\-pgf  z  and  y  being  scalar  functions  of  C, 
where  t  is  still  some  independent  scalar  variable,  and  a,  j3  are  two  vector  constants, 
we  shall  have  the  derivatives, 

XII...p'  =  ax'+i3y',    p"=a*"  +  /3y-|||p,p'; 
BO  that  the  equation  VIII.  is  satisfied. 

(4.)  For  an  arbitrary  cylinder ^  with  generating  lines  parallel  to  a  fixed  line  a, 
we  may  write, 

XIII. .  .  Say  =  0,        XIV. .  .  SadUdp  =  0,        XV. . .  SaUdp  coonst ; 

a  geodetic  on  a  cylinder  eroeeee  therefore  the  generating  Itnee  at  a  eonetant  angle, 
and  consequently  becomes  a  right  line  when  the  cylinder  is  unfolded  into  a  plane : 
both  which  known  properties  are  accordingly  verified  (comp.  369,  (5.),  and  376, 
(2.))  for  the  case  of  a  cylinder  of  revolution,  in  which  case  the  geodetic  is  a  hdix, 
(5.)  For  an  arbitrary  cone^  with  vertex  at  the  origin,  we  have  the  equations, 

XVI.  .  .  Svp  =  0,        XVII.  . .  SpdUdp  t=  0, 
XVIIL  .  .  dSpUdp  =  S(dp.Udp)  =  -  Tdp ; 

moltiplyfaig  the  last  of  which  equations  by  2SpUdp,  and  observing  that  -  2Sipdp 
es-d.p^i  we  obtain  the  transformations, 


*  We  here  assume  as  evident,  that  the  differential  of  a  variable  cannot  be  con- 
ttantly  zero  (comp.  336,  (7.)) ;  and  we  employ  the  principle  (comp.  338,  (5.)X 
that  V.  dp  Udp  =  -  VTdp  =  0. 
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XIX. .  .  0  =  d { (SpTJdpy  +  pM  =  d.  (VpUdp)«,        XX.  . .  TVpUdp  =  court. ; 
the  perptndieularfrcm  the  vertex,  tm  a  iangetU  to  meg  ome  geodeUe  upon  ft  cone,  has 
therefore  a  eometant  lemgth;  and  all  emeh  tugenta  temch  ulso  a  eomeemtric  ^here^* 
or  ODe  which  has  its  centn  at  the  yertei:  of  the  c<me. 

(6.)  CoBcdye  then  that  at  each  point  p  or  f'  of  the  geodetic  a  tangent  ft  or  p't' 
b  drawn,  and  that  the  anglea  otp,  <nfy  are  right ;  we  shall  haye,  by  what  has  jnst 
been  shown, 

XXI. . .  dT» of' ~  const = radios  of  ooncentric  sphere ; 
and  if  the  cone  be  developed  (or  unfolded)  into  a  pfanef  this  constant  or  common 
Umgthy  of  the  perpendicnlars  from  o  on  the  tan- 
gents, will  remain  unchanged,  because  the  length 
OP  and  the  angle  opt  are  imaltered  by  such  de- 
velopment; the  geodetic  becomes  therefore  feme 
plane  line,  with  the  eame  property  as  before ; 
and  although  thie  property  would  belong,  not 
only  to  a  right  line,  but  also  to  a  drele  with  o 
for  centre  (compare  the  second  part  of  the  an- 
nexed Figure  78),  jet  we  have  in  this  result  0 
merely  an  effect  of  ih^  foreign  factor  SpUdp, 
which  was  introduced  in  (5.)}  in  order  to  facili- 
tate the  integration  of  the  differential  equation  ^^' 
XYIII.,  and  which  (by  that  yery  equation)  cannot  be  constantly  equal  to  zero.  We 
are  therefore  to  exclude  the  curvee  in  which  the  cone  is  cat  by  epheree  concentric 
with  it :  and  there  remain,  as  the  sought  geodetic  lines,  only  those  of  which  the  de- 
velopmente  are  rectilinear,  as  In  (4.). 

(7.)  Another  mode  of  interpreting,  and  at  the  same  time  of  integrating,  the 
equation  XYIIL,  is  connected  with  the  interpretation  of  Uie  tgmbol  Tdp ;  which  can 
be  proved,  on  the  principles  of  the  present  Calculus,  to  represent  rigorously  the  dif- 
ferential ds  of  the  are  (•)  of  that  curve,  whatever  it  may  be,  of  which  p  is  the  oarta- 
ble  vector  ;  so  that  we  have  the  general  and  rigorous  equation, 

XXIL  . .  Tdp  sds,  iff  thus  denote  the  are : 
whether  that  are  itsiif,  or  some  other  scalar,  t,  be  taken  as  the  independent  variable; 
and  whether  its  differential  dj  be  smtdl  or  large,  provided  that  it  be|>on^*M. 

(8.)  In  fact  if  we  suppoee,  for  the  sake  of  greater  generality,  that  the  vector  p 
and  the  scalar  •  are  thus  both  functions,  pt  and  st,  of  some  one  independent  and  sca- 
lar variable,  t,  our  principles  direct  us  first  to  take,  or  to  conceive  as  taken,  a  submrnl- 
t^U,  n-^di,  of  ihejinite  differential  dt,  considered  as  an  assumed  and  arbitrary  in- 
crement of  that  independent  variable,  t ;  to  determine  next  the  vector  pt^n'^dtt  and 
the  scaltw  stnT^iU,  which  correspond  to  the  point  rtrn'^dt  of  the  curve  on  which  pt  ter- 
minates in  p#,  and  of  which  •#  is  the  arc,  ^(,  measured  to  p<  from  some  fixed  point 
To  on  the  same  curve ;  to  take  the  dijffereneesy 


•  When  the  cone  is  of  the  second  order,  this  becomes  a  case  of  a  known  theorem 
reepecting  geodetic  lines  on  a  surface  of  the  same  second  order,  the  tangents  to  any 
one  of  which  curves  touch  also  a  eo^focal  smtfaee. 
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pt^'kt-pt,  and  ttm'^at^ttt 
which  repnMDt  reqieetiydj  the  direeted  ehord^  and  the  length,  of  the  are  P(f  «««~Vf(, 
which  arc  will  genenlly  be  mall,  if  the  nnmber  n  be  larpe,  and  will  mdefimUefy  tS- 
mmUh  whea  that  fiMii5«r  tends  to  infinity;  to  multiply  these  two  decreanng  difle- 
renoeSi  of  pt  and  «!»  by  n ;  and  finally  to  seek  the  Umiig  to  which  the  prodmet$  tendj 
when  M  thus  tends  to  od  :  such  limitM  being,  by  oar  defimUont^  the  values  of  the  two 
sought  and  siMult€uuous  difftretUiaU,  dp  and  da,  which  answer  to  the  aasomed  va- 
lues of  I  and  dt.  And  because  the  tmall  are,  A«,  and  the  length,  TAp,  of  its  email 
ehordf  in  the  foregoing  construction,  tend  indefiuitely  to  a  ratio  of  equality,  such 
must  be  the  rigcrout  ratio  of  de  and  Tdp,  which  are  (comp.  820)  the  Umite  of  their 
equimultq>lee. 

(9.)  Admitting  then  the  exact  equality  XXII.  of  Tdp  and  d«,  at  least  when  the 
latter  like  the  former  is  taken  poeitivefy,  we  have  only  to  sabstitute  ~  d«  fbr  -  Tdp  in 
the  equation  XVIIL,  which  then  becomes  immediately  integrable,  and  gives, 

XXIII. . .  s  +  SpUdp  =  •  -  S (p :  Udp)  ^const ; 
where  S  (p :  Udp)  denotes  the  projection  fPi  of  the  vector  p  or  op,  on  the  tangent  to 
the  geodetic  at  p,  considered  as  a  poeiHve  ecalar  when  p  makes  an  acute  angle 
with  dp,  that  is,  when  the  dietance  Tp  or  oP  from  the  vertex  isinereasing;  while  • 
denotes,  as  above,  the  length  of  the  are  PqP  of  the  same  curve,  measured  from  aoaie 
Jlxed  point  Tq  thereon,  and  considered  as  a  ecalar  which  ehangee  sign,  when  the  va- 
riable point  p  passes  through  the  position  Po^ 

(10.)  But  the  length  of  tp  does  not  change  (comp.  (6.)),  when  the  cone  is  deve- 

loped,  as  before;  we  have  therefore  the  equations  (comp.  again  Fig.  78), 

/-N    —  /^     — -  /^    — 

XXIY. . .  PoP  -  TP = const = Pop  -  t'p  ,        XXV. . .  pp'  ss  tV  -  tp, 

which  must  hold  good  both  bejbre  and  after  the  supposed  development  of  the  conical 
eurface  ;  and  it  is  easy  to  see  that  this  can  only  be,  by  the  geodetic  on  the  cone  be- 
coming a  right  line,  as  before.  In  fkct,  if  or'  in  the  plane  be  supposed  to  intersect 
the  tangent  tp  In  a  point  t\  and  if  p'  be  conceived  to  approach  to  p,  the  second 
member  of  XXV .  bears  a  limiting  ratio  of  equality  to  the  first  member,  increased  or 
diminished  by  xTt ;  which  latter  line,  and  therefore  also  the  angle  tot^  between  the 
perpendiculars  on  the  two  near  tangents,  or  the  angle  between  those  tangents  them- 
selves, if  existing,  must  bear  an  indefinitely  decreasing  ratio  to  the  ore  ^ ;  so  that 
the  radiue  of  curvature  of  the  euppoeed  curve  is  infinite,  or  t'  ccinddee  with  t,  and 
the  development  is  rectilinear  as  before. 

(11.)  The  important  and  general  equation,  Tdp  s  dt  (XXII.),  conducts  to  many 
other  consequences,  and  may  be  put  under  several  other  forms.  For  example,  we 
may  write  generally, 

XXVI.  .  .  TD,p  =  1,        XXVII.  . .  (Dip)«  + 1  =  0| 
also  XXVIII.  ..(d«p)«+(d*»)«=0,    or    XXIX. .  .  p'H t**  =  O, 

if  p'  and  •'  be  the  first  derivatives  of  p  and  $,  taken  with  respect  to  any  independent 
scalar  variable,  such  as  t ;  whence,  by  continued  derivation, 

XXX. . .  Spp"+»V'=o,      XXXI. . .  Sp'p'"+p"»+tr+t"»=o,  &c 

(12.)  And  if  the  arc  •  be  itself  taken  as  the  independent  variable,  then  (comp. 
879,  (2.))  the  equations  XXIX.,  &c.,  become, 

XXXII.  . .  p •  + 1  =  0,    Sp'p"  =  0,     Spp"'  +  ^ = 0,  &c 
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381.  In  genera],  if  we  conceive  (comp.  372, 1.)  that  the  vector  p 
of  a  given  surface  is  expressed  as  a  given  function  of  two  scalar  varia- 
blee^  X  and  ^,  whereof  one^  suppose  y,  is  regarded  at  first  as  an  tin- 
knoum  function  of  the  other,  so  that  we  have  again, 

L  ,  .  p  =  0(ir,  y),    but  now  with    II. .  .  y  =/c, 
-where  the  farm  of  0  is  hnoum^  but  that  of/ is  sought;  we  may  then 
regard  p  as  being  implicidy  a  function  of  the  single  (or  ind^^^endenit) 
scalar  variMe^  as,  and  may  consider  the  equation^ 

III.  ../>  =  0(a,/c), 
as  being  that  of  some  curve  on  the  given  surface,  to  be  determined  by 
assigned  conditions.  Denoting  then  the  unknown  total  derivative 
D0(a;,/c)  by  /»',  but  the  knoum  partial  derivatives  of  the  same  first 
order  by  d,0  and  Dy0,  with  analogous  notations  for  orders  higher 
than  the  first,  we  have  (comp.  376,  YI.)  the  expressions, 

IV.  .  p'  =  D,0  +  y'D/^,      p''  =T>j?(i>  +  2/D^y0  +  y  V0  +  y"l>ir0.  &C-  ; 

in  lyhich  ff^v^  =/'«,  y''  =  T)Jg^f%  &c.  Hence,  writing  for  the 
normal  v  to  the  surface  the  expression, 

V. .  .  V  =  V(d,0  .  D^)  =  V.  D,0D„0,    comp.  372,  V., 

or  this  vector  multiplied  by  any  scalar,  the  equation  380,  I.  of  a 
geodetic  line  takes  this  newform^ 

VI. . .  o=Si'///>''=s(v.D,0Dy0.V/)yO; 

or,  by  a  general  transformation  which  has  been  often  employed 
already  (comp.  352,  XXXI.,  &c.), 

VII. . .  O=S/d^.S/>"d,0-S/)'d.0.S/'d^; 

and  thus,  by  substituting  the  expressions  IV.  for  p'  and  p'\  we  ob- 
tain an  ordinary  (or  scalar)  differential  equation,  of  the  second  order, 
in  X  and  y,  which  is  satisfied  by  all  the  geodetics  on  the  given  surface^ 
and  of  which  the  complete  integral  (when  found)  expresses,  with  two 
arbitrary  and  scalar  constants,  the  form  of  the  scalar  function  fin  II., 
or  the  law  of  the  dependence  of  y  on  x,  for  the  geodetic  curves  in 
question. 

(1.)  Afl"an  exampU,  let  qb  take  the  equation, 

VIII.  . .  p  =  0  («,  y)  =  y1^^x,  comp.  878,  L, 

of  a  cone  with  its  vertex  at  the  origin ;  which  cone  becomes  a  known  one,  when  the 
form  of  the  vector  function  ^  is  given,  that  is,  when  we  know  a  guiding  curve  p  c=  ^x, 
through  which  the  ddee  of  the  cone  all  pass.    We  have  here  the  partial  deriratiyea, 
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IX...o^»SroW"y^i    iVf-<«=+,        coMp.  B78,  II. ; 

tbe  ezpranons  lY.  become,  Umo, 

XL  . .  p'=jrf +y'*,    p-«jr+''+ Vf +*>; 
and  aince  only  the  dire€iio»  of  the  aonnal  ii  importont,  ire  may  divide  V.  by  —  y, 
and  write, 

xn. . .  v^Tf^r. 

(S.)  The  exproMiona  XI.  and  XII.  give  (comp.  VL  and  YII.)  for  the  ^todttia 
am  <A«  AMM  YIIL,  the  diffiomtial  equation  of  the  seoond  order, 

XIIL  . .  0  =  SCV+^'.Vp'pO  «=  Sp^Sp'f  -  SpV8p'+ 

= (ySiW" + s/Sij/*' + y"**)  (y*'» + y'S^') 

in  which  ifA  and  ^  are  abridged  symbols  ibr  (^x)*  and  (^'o;)*-  bat  this  equation  in 
X  and  y  may  be  greatly  simplified,  by  some  permitted  sappoeitions. 

(8.)  Thus,  we  are  allowed  to  sappoee  that  the  fftiidmff  emne  (1.)  is  the  nrfcrMC- 
tiom  of  the  con€  with  the  ccmeattrie  miSt  tphert,  so  that 

XIV.,.'IV«  =  1,    ipa^-l,    S+^-O,    S^''+4''»  =  0; 
and  if  we  fiirtber  assame  that  the  are  of  this  ^herical  curve  is  taken  as  the  tiule- 
pendemt  vtaiable^  «,  we  have  then,  by  880,  (12.),  combined  with  the  last  equation 
XIV., 

XV.  ..Tf«=l.    f2  =  -l,    S+'i//'*  =  0,    S^''=-+'«=l. 

(4.)  With  these  simplifications,  the  differential  equatitm  XIII.  beoomesp 

XVI, . .  o-(y-y'')(~y)-(-2y')(-y')=yy"-2y'»-y«; 

and  its  eompkte  imiegral  is  foond  by  ordinary  methods  to  be, 
XVIL  .  .  y  a 6sec (»  +  «), 

in  which  6  and  e  are  two  arbitraiy  bat  scalar  constants. 

(5.)  To  interpret  now  this  integrated  and  ecalar  equation  in  x  and  y,  of  the  ^m- 
diefiet  on  an  arbitrary  cone,  we  may  observe  that,  by  the  soppodtions  (3.),  y  repre- 
sents the  dittanee^  Tp  or  of,  from  the  vertex  o,  and  x  +  c  represents  the  angle  aop, 
in  the  developed  gtate  of  cone  and  carve,  from  wvat  fixed  line  oa  in  the  plano^  to  the 
variable  line  op  ;  the  projection  of  this  new  op  on  that^tftf  line  oa  is  therefore  cow- 
gtamt  (befaig  «  ft,  by  XVIL),  and  the  developed  geodetic  is  again  found  to  be  a  right 
Ime,  as  before. 

382.  Let  ABCDB , . .  (see  the  annexed  Figure  79)  be  any  ghm  se- 
ries of  points  in  space.     Draw  the  succes*  , 
sive  right  lines,  ab,  bc,  cd,  de,  . .  and  pro-                      --"'"'^'\c' 
long  them  to  points  b',  c',  d',  e',  . . .  the  ^.^-^'^'is" — 5^'-----)3>' 
lengths  of  these  prolongations  being  ar-  ^                        ^""-^' 
bitraiy;  join  also  b'c',  cV,  i/b',  ...  We                  ^'  ^^• 
shall  thas  have  a  series  of  plane  triangles^  BfB&y  &cv'y  d'de^  ...  oZ?  ge- 
nerally in  different  planes  ;  so  that  bci/c'b^  cds'd'c',  . . .  are  generally 
gauche  pentagons^  while  bcdb'd^c'b'  is  a  gauche  heptagon,  &c.   But  we 
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can  oonceire  the  Jirgt  triangle  B'n&  to  turn  round  its  side  bcc\  till  it 
conies  into  the  plane  of  the  second  triangle,  (fci/\  which  will  trans- 
form the  first  gauche  pentagon  into  a  plane  one,  denoted  still  by 
bco^c'b'.  We  can  then  conceive  this  plane  figure  to  turn  round  its 
side  CDD'y  till  it  comes  into  the  plane  of  the  third  triangle^  i/ds^; 
wherebj  the  first  gauche  heptagon  will  have  become  a  plane  one,  de- 
noted as  before  by  bcdk^p'c^b':  and  so  we  can  proceed  indefinitely. 
Passing  then  to  the  limiU  at  which  the  points  abode  . . .  are  conceived 
to  be  each  indefinitely  near  to  the  one  which  precedes  or  follows  it  in 
the  series,  we  conclude  as  usual  (comp.  98,  (12.))  that  the  locus  of 
the  tangents  to  a  curve  of  double  curvature  is  a  developable  surface  :  or 
that  it  admits  of  being  unfolded  (like  a  cone  or  cylinder)  into  aplane^ 
without  any  breach  of  continuity.  It  is  now  proposed  to  translate 
these  conceptions  into  the  language  of  quaternions,  and  to  draw  from 
them  some  of  their  consequences:  especially  as  regards  the  determi- 
nation of  the  geodetic  lines,  on  such  a  developable  surface. 

(1.)  Let  ^9,  or  ^mply  ^,  denote  the  yariable  vector  of  a  point  opon  the  cicrre, 
or  cir«p-ed<^,  or  edge  ofreffreuion  of  the  developable,  to  which  curve  the  generating 
Uneg  of  that  tmrfaee  are  thus  tangentg,  considered  as  a  function  ^  of  its  are,  a;,  mea- 
sored  flrom  some  fixed  point  A  upon  it ;  so  that  while  the  equation  of  the  surface 
will  be  of  the  form  (comp.  100,  (8.)), 

T. .  .  p  =  0(«,y)=if.+W''.=  +  +W", 
y  being  a  second  scalar  yariable,  we  shall  have  the  relations  (comp.  881,  XV.), 
11.  ..Tif/',=  1,    +^  =  -1,    Sf*"=0,    St^'if^  =  -t^"«  =  z«,    if    *=Ti//". 
(2.)  Hence  III.  .  .  D^  « i^'  +  yi^",     D,^  =  +' ; 

IV. . .  p'=(i+y')i^'+yr,   P"=y'y +  (i+2y')r+y+'"; 

and  V. .  .  V  =  V^'^'  =  ^'V'l  multiplied  by  any  scalar. 

(8.)  The  differential  equation  of  the  geodetics  may  therefore  be  thus  written 
(oomp.  881,  XIII.), 

VL . .  0 = s  (Vi^>".  Vp'p"; = 8p'i//"Sp>'  -  Sp"f 'Sp 'f ; 

in  which,  by  (1.)  and  (2.), 

VTT       /8p'r=-y*'.  Sp''+'=-y"+yz«, 

''*'-  •  •  lSp"i(/"=-(l  +  2y')z«-y«',     SpT  =  -(l+y)5 
the  equation  becomes  therefore,  after  division  by  -  z, 

VIII. . .  0 = *{(i  +y')*  +  (ya)»}  +  (1  +/)  (yO'-y Vi 

or  simply, 

IX.  ..«+©'=:0,  or  IX'.  ..TdJ/'  +  dt»=0,  if  X. .  .  tan  t;=i-^,  =  ?I^. 

1  +  y      1+y^ 

(4.)  To  imierpret  now  this  very  ample  equation  IX.  or  IX'.,  we  may  observe 
that  X,  or  T^,  or  Tdif/' :  d«,  expresses  the  limiting  ratio^  which  the  angle  between 
^190  near  tangents  if/  and  ^'  +  ^^'t  to  the  euep^edge  (1.),  bears  to  the  smaU  arc  Ax 

3  X 
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of  that  ennre  which  it  interMptod  betwoen  their  points  of  contact ;  while  « i^  by  IV^ 
that  other  amffle,  at  which  tmch  a  rariable  tangent,  or^merofta^  liiie  of  the  deve. 
lopable,  eroMtea  the  geodetic  on  that  enriaoe ;  and  therefore  ita  derivoHve,  1/  or  dr :  dr, 
representa  the  limiting  ratio,  which  the  eharngfe  Av  of  this  last  angle,  in  passing  from 
one  generating  line  to  another,  bears  to  the  same  email  are  Ax  of  the  carve  which 
those  lines  tomeh. 

(6.)  Referring  then  to  Figure  79,  In  which,  instead  of  fro  eoaCtmotu  emrvm^ 
there  were  <wo  fftmehe  polysome,  or  at  least  ttpo  eyeleme  of  mceetttM  r^ht  ttus,  con- 
nected by  proUmgaHone  at  the  lines  of  the  first  system,  we  see  that  the  recent  fonnoU 
IX.  or  IX'.  is  eqniyalent  to  this  Hwuting  efuationf 

__       „      cd'o'-bo'b' 

XI. .  .  lim. : — ; =  —  1 : 

0*00 

but  these  three  amglee  remain  unalteredj  in  the  deoelopmeiU  of  the  surfitee :  the  hemt 
Kne  bVo'  for  epaee  becomes  therefore  vltimaielg  a  etraigkt  line  in  the  ^^oiiei^  and  si- 
milaily  for  all  other  portions  of  the  original  polygon,  or  twieted  Une^  b VdV  . . .,  of 
which  bVd'  was  a  part. 

(6.)  Returning  then  to  eurvee  and  eurfacee  in  epaee,  the  quaternion  analysis  (3.) 
is  found,  by  this  simple  reasoning,*  to  conduct  to  an  expression  for  the  known  nod 
eharaeierietie  property  of  the  geodetiee  om  a  developable :  namely  that  they  keowe 
right  Knee,  as  those  on  eglimdere  (880,  (4.)),  and  on  eonee  (880,  (6.)  and  (10.),  or 
881,  (5.))i  were  lately  seen  to  do,  when  the  emrfaee  on  which  they  are  thus  traced 
is  tmfilded  into  a  plane. 

383.  This  known  result,  respecting  geodetics  on  deodopahUs,  mmj 
be  very  simply  verified,  by  means  of  a  new  determination  of  the  ah- 
BoluU^  normal  (379)  to  a  curve  in  space,  as  follows. 

(1.)  The  arc  •  of  any  curve  being  taken  for  the  independent  variable,  we  mny 
write  (oomp.  876,  I.),  by  Taylor's  Series,  the  following  rigorous  expressions, 

I.  .  .  p..  «  p  -  *p'  +  i*'"^",    po  =  p»  p«  =  p  +  »p'  +  i^'M-p",     with    no  =  If 
for  the  vectors  of  three  near  pointe,  p_«,  pq,  p«,  on  the  curve,  whereof  the  second  hi- 
eeele  the  are,  2«,  intercepted  between  the  first  and  third. 

(2.)  If  then  we  conceive  the  parall^ogram  p_«poPcB«  to  be  completed,  we  shall 
have,  for  the  tmo  diagonale  of  tbia  new  figure  these  other  rigorous  ezpressiona, 

II.  .  .  P^P,=  p,-p-.  =  2*p'  +  i««(«,-i«^)p*'; 
III. . .  PoB«  =  p,  +  p^-2po  =  *•*(«•  +  »-«)/»''•» 


*  In  the  Leeturet  (psge  581),  nearly  the  same  analgeiM  was  employed,  for  geo- 
detics on  a  developable ;  but  the  interpretation  of  the  result  was  made  to  depend  on 
an  equation  which,  with  the  recent  significations  of  ^  and  e,  may  be  thus  written,  aa 
the  integral  of  IX'.,  v  +  jTd^' »  const ;  where  jTd^'  represents  thejinite  amgU  be- 
tween the  extreme  tangente  to  iiMjSniie  are  J  Td^,  or  Ax,  of  the  eatp-^tfye,  when 
that  curve  is  developed  into  a  plane  one. 

t  Called  also,  snd  perhaps  more  usually,  the  prineipal  normah 
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wbicb  give  the  linitiBg  aqoations, 

TV. . .  lim. t"ip-,Pi = «p' ;        V. . .  lim.  t~>PoB«  =  p\ 

(8.)  Bat  the  Un^  rl^t  of  what  may  be  called  the  lonff  diagonal,  or  the  chwd 
of  the  dtmbU  are,  2«,  is  miiimaiely  equal  to  that  doable  arc ;  we  have  therefore,  by 
IV.,  the  eqoation, 

YL  .  .  Tp's  1,    if    p'  B  Daf),  and  if  t  denote  the  are, 

considered  as  the  scalar  yariable  on  which  the  vector  p  depends :  a  result  agreeing 
with  what  was  otherwise  foand  in  880,  (12.)> 

(4.)  At  the  same  time,  since  the  uUimate  direction  of  the  same  long  diagonal  is 
evidently  that  of  the  tanffent  at  Po,  we  see  anew  that  the  same  Jint  derived  vector  p' 
represents  what  may  be  called  the  umt-tangenf  to  the  curve  at  that  point. 

(5.)  And  because  the  lengthe  of  the  two  eidee  P^Pt)  and  PoP«,  considered  as  ehorde 
of  the  two  saccessive  and  equal  aree,  §  and  g,  are  ultimately  equal  to  tbem  and  to 
each  other,  it  follows  that  the  parallelogram  (2.)  iBultimatelg  equilateral,  and  there- 
fore that  its  diagonale  are  ultimately  rectangular;  but  these  diagonals,  by  lY.  and 
Y.,  have  ultimately  the  directions  of  p'  and  p" ;  we  find  therefore  anew  the  equation, 

YII. . .  Spy =0,  if  the  arc  be  the  independent  variable, 

which  had  been  otherwise  deduced  before,  in  880,  (12.)< 

(6.)  But  onder  the  same  condition,  we  saw  (879,  (2.))  that  the  tecond  derived 
vector  p"  has  the  Erection  of  the  absolute  normal  to  the  curve ;  such  then  is  by  Y. 
the  ultimate  direction  of  what  we  may  call  the  ehort  diagonal  PoR«,  constructed  as 
in  (2.) ;  or,  ultimately,  the  direction  of  the  bisector  of  the  (obtuse)  angle  p_^oP<)  be- 
tween the  two  near  and  nearly  equal  chords  from  the  point  Vq  :  while  the  plane  of 
ih»  parallelogram  becomes  ultimately  the  osculating  plane. 

(7.)  All  this  is  quite  independent  of  the  conrideration  of  any  surface,  on  which 
the  curve  may  be  conceived  to  be  traced.  But  if  we  now  conceive  that  this  curve 
is  formed /rom  a  right  line  b'cV  . . .  (comp.  Fig.  79),  by  wrapping  round  a  develop* 
ohU  surface  a  plane  on  which  the  line  had  been  drawn,  and  if  the  successive  por- 
tions bV,  </d',  . .  of  that  line  be  supposed  to  have  been  equal,  then  because  the  two 
^ht  Unee  c'b'  and  du'  originally  made  supplementary  angles  with  any  other  line 
c'c  in  the  plane,  the  two  chords  c'b'  and  c'd'  of  the  curve  on  the  developable  tend  to 
make  supplementary  angles  with  the  generatrix  c'c  of  that  surface ;  on  which  ac- 
count the  bisector  (6.)  of  their  angle  bVd'  tends  to  be  perpendicular  to  that  generat- 
*ug  line  o'c,  as  well  as  to  the  chord  b'j}',  or  ultimately  to  the  tangent  to  the  curve  at 
o',  when  chords  and  arcs  diminish  together.  The  absolute  normal  (6.)  to  the  curve 
thus  formed  is  therefore  perpendicular  to  two  distinct  tangents  to  the  surface  at  o', 
and  ie  consequently  (comp.  372)  the  normal  to  that  surface  at  that  point ;  whence, 
^y  the  definition  (880),  the  curve  is,  as  before,  a  geodetic  on  the  developable, 

(8.)  As  regards  the  asserted  reetangularity  (7.),  of  the  bisector  of  the  angle 
b'c'd'  to  the  line  c'c,  when  the  angles  C€fB'  and  co'd'  are  supposed  to  be  supple* 
^entary^  but  not  in  one  plane,  a  simple  proof  may  be  given  by  conceiving  that  the 


*  Compare  the  Note  to  page  152. 
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right  line  b'o'  is  prolonged  to  c",  in  such  a  manner  that  ^^'s^ ;  for  tben  tlieae 
two  equally  long  lines  from  o'  make  equal  anglee  with  the  Une  c'o,  so  that  tbe  one  may 
be  formed  from  the  other  bj  a  rotation  round  that  line  as  an  axU;  whence  cTd', 
which  is  evidently  parallel  to  the  bisector  of  b  Vd',  is  also  perpendicular  to  c'a 

(9.)  In  qnatemions,  if  a  and  p  be  any  two  vectori,  and  if  f  be  any  scalar,  we 
have  the  equation, 

VIII.  ..S.a(a«pa-<-p)  =  0; 

which  is,  by  808,  (8.)i  an  expression  for  tbe  geometrical  principle  last  stated. 

384.  The  recent  analysis  (382)  enables  us  to  deduce  with  ease, 
by  quaternions,  other  known  and  important  properties  of  develop- 
able surfaces :  for  instance,  the  property  that  each  such  surface  may 
be  considered  as  the  envelope  of  a  eeries  of  planes^  involving  only  one 
scalar  and  arbitrary  coneUmt  {or  parameter)  in  their  common  equation; 
and  that  each  plane  of  this  series  osculates  to  the  cusp-^e  of  the  de- 
velopable. 

(1.)  The  equation  of  the  developable  eurfaee  being  still, 

1. . .  p  =  0(a?,jr)=i^,+y^',  =  +  +yifr',  as  in  882, 1., 

its  normal  v  is  easily  found  to  have  as  in  882,  Y.,  the  direeiion  of  V^'^",  whether 
the  scalar  variable  s  be,  or  be  not,  the  arc  of  the  cutp-edge,  of  which  conre  the 
equation  is, 

II...p  =  i^^ 

(2.)  Hence,  by  378,  VII.,  the  equation  of  the  tangent  plane  takes  the  form, 
III...S«i^'f  sSi^+'if^", 
fW)m  which  the  second  scalar  variable  g  thus  diaappeare :  this  common  equatiom,  of 
all  the  tangent  planes  to  the  developable,  involves  therefore,  as  above  stated,  only 
one  variable  and  scaler  parameter^  namely  x ;  and  the  envelope  of  all  these /y/oJMf  b 
the  developable  surface  itself. 

(8.)  The  plane  III.,  for  any  given  value  of  this  parameter  jp,  that  is,  for  any  given 
point  of  the  cusp>edge,  touehee  the  surface  along  the  whole  extent  of  the  gencraHmg 
HnCf  which  is  the  tangent  to  this  last  curve. 

(4.)  And  by  comparing  its  equation  IIL  with  the  formula  876,  V.,  we  see  at 
once  that  this  plane  osculates  to  the  same  cusp-edge,  at  the  point  of  contact  of  that 
curve  with  the  same  generatrix  of  the  developable. 

385.  If  the  reciprocals  of  the  perpencUeulars,  let  fall  from  a  given 
origin,  on  the  tangent  planes  to  a  developable  surface,  be  considered 
as  being  themselves  vectors  from  that  origin,  they  terminate  on  a 
curve^  which  is  connected  with  the  cusp-edge  of  the  developable  by 
some  interesting  relations  oi  reciprocity  (comp.  373,  (21.)):  in  such 
a  manner  that  if  this  new  curve  be  made  the  cusp-edge  of  a  new  de- 
vdopablCy  we  can  return  from  it  to  the  former  surface,  and  to  its  cusp- 
edge,  by  a  similar  process  of  construction. 
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(1.)  In  gmenlj  if  if^g  and  Xsi  <>t  briefly  ^  «nd  x»  be  two  vector  ftinctioiiB  of  a 
scalar  variable  oe,  sach  that  x  °^7  be  deduced  Aram  ^  bj  the  three  scalar  equa- 
tions, 

in  which  Sif^x  is  written  briefly  for  B(^s.  Xs)i  '"'^^  ^  ^  '^^7  Bcalar  constant,  we  have 
then  tbia  reciprocal  system  of  three  snob  equations, 

lI...Sx*  =  c,     Sx'+  =  0,    Sx"+  =  0; 
an  intermediate  step  being  the  eqnation, 

m.  ..Sfx  =Sx'f  =0. 
(2.)  Hence,  generally,  ^ 

IV.  ..ifY  =  — ^^     then    V.  ..  0/=  ^^^  . 

(3.)  But  if  p  be  the  variable  vector  of  a  curve  in  space,  and  p\  p"  its  first  and 
second  derivatives  with  respect  to  any  scalar  variable,  then,  by  the  equation  876,  Y. 
of  the  oscolating  plane  to  the  curve,  we  have  the  general  expression, 

Bpp'p" 
VI* . .  •!,.,,  ^  perpendicular  from  origin  on  oseulaHng  plane  i 
Vpp  • 

so  that  if  ^  and  x  be  considered  as  the  vectors  of  two  enrvesy  each  vector  is  c  x  the 
reeiproeal  of  the  perpendicular,  thus  let  fall  from  a  common  point,  on  the  osculating 
plane  to  the  other. 

(4.)  We  have  therefore  this  Theorem: — 

Jffjrom  any  assumed  pointy  o,  there  he  drawn  lines  equal  to  the  reciprocals  o/ 
the  perpendiculars  from  that  pointy  on  the  osculating  planes  to  a  given  curve  ofdou- 
hle  curv€Unrey  or  to  those  perpendiculars  multiplied  by  any  given  and  constant  «ea- 
lor;  then  the  locus  of  the  extremities  of  the  lines  so  drawn  will  he  a  second*  curve, 
from  which  we  can  return  to  the  first  curve  by  a  precisely  similar  process. 

386.  The  theory  of  developable  surfaces^  considered  as  envdopes 
of  planes  ivith  one  scalar  and  variable  parameter  (384),  may  be  addi- 
tionally illustrated  by  connecting  it  with  Taylor* 8  Series ,  as  follows. 

(1.)  Let  at  denote  any  vector  Junction  of  a  scalar  variable  f,  so  that 
I.  .  .  dti  =  ao  +  tnta'o  =  a  +  tua\     with    «o  =  1 » 
O'l  by  another  step  in  the  expansion, 

II.  . .  a<  =  oo  +  <a'o  +  it^vta^o  =^a-\-ta'+  i<*»a*',     »o  =  1 » 
^here  u  and  v  are  generally  quatemionsy  but  ua'  and  va"  are  vectors. 


*  The  two  curves  may  be  said  to  be  polar  reciprocalsy  with  respect  to  the  (real  or 
imaginary)  sphere,  p'  =  e;  and  an  analogous  relation  of  reciprocity  exwta  gencrallyy 
"when  the  points  of  one  curve  are  the  poles  of  the  osculating  planes  of  the  other,  with 
Kspect  to  any  surface  of  the  second  order:  corresponding  tangents  being  then  reci- 
procal polars.  Compare  the  theory  of  developables  reciprocal  to  curvesy  given  in 
Salmon's  A  naJytical  Geometry  of  Three  DimensianSy  page  89 ;  see  also  Chapter  XI. 
(page  224,  &c),  of  the  same  excellent  work. 
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(2.)  Then,  as  the  rigoromt  eTttofum  of  the  variabU  pUme^  the  reciprocal  of  the 
perpendicular  on  which  from  the  origin  is  -  ai,  we  have  either, 

III. . .  -lsSaip»Sa^-|-lSiia>, 
or 

IV. .  .  - 1  =  Sop  +  f Sa'p  +  ^«S»o>, 

according  as  we  adopt  the  expression  I.,  or  the  eqnallj  but  not  more  ligoioos  ex- 
pression II.,  for  the  variable  vector  a^ 

(8.)  Hence,  by  the  form  III.,  the  Kne  ofiateneHiom  of  the  iiooplamm^  which 
answer  to  the  £wo  valuer  0  and  t  of  the  scalar  variable,  or  paramHeTf  t,  is  riponmt^ 
represented  by  the  system  of  the  two  Mcaiar  equaHong, 

V.  , .  Siilf+1  =  0,    SMa>  =  0. 

(4.)  And  the  limUinp  potUUm  of  this  right  Une  V.,  which  answers  to  the  con- 
ceived imdefinite  approach  of  the  9«eond  plane  to  the  ytrsf,  is  given  with  eqmalrijfoar 
by  the  equations, 

VI.  ..Sop+i=0,     Sa'p  =  0; 

whereof  it  is  seen  that  the  weomd  may  be  formed  from  the,/Irtt,  by  derwatiMg  with 
respect  to  f,  and  treating  p  as  eonaUuU:  although  no  nteh  rmU  of  eaieidatiom  lisd 
been  previougfy  laid  down,  for  the  comparatively  ptometrieal  proeest  which  is  here 
supposed  to  be  adopted. 

(6.)  The  lo€u»  of  all  the  Ztast  VI.  is  evidently  tonu  ruled  nafaee;  to  determine 
the  norwuU  v  to  which,  at  the  extremity  of  the  vector  p,  we  nuy  consider  that  vec- 
tor to  be  a  function  (872)  of  two  independent  and  scalar  variables,  whereof  one  is  f, 
and  the  other  may  be  called  for  the  moment  w ;  and  thus  we  shall  have  the  two 
partial  derivatives, 

YII.  . .  SaDtp  =  0,     SaDwp  s^  0,     giving    v  ||  a. 

(6.)  Hence  the  line  a  has  the  direction  of  the  required  normal  v\  the  plane 
Sap  -1-1=0  tonchet  the  eurfaee  (comp.  884,  (8.))  along  the  whole  extent  of  the  /»- 
miting  Une  VI. ;  and  the  loent  of  all  eueh  linee  is  the  envelope  of  all  the  planee,  of 
the  system  recently  considered. 

(7.)  The  line  YI.  cuts  generally  the  plane  lY .,  in  a  point  which  is  rigorously  de- 
termined by  the  three  equations, 

YIII.  .  .  Sap  +  1  -  0,     Sap  =  0,     Sea>  =  0 ; 
and  the  limiting  position  of  this  intersection  is,  with  equal  rigour,  the  point  deter- 
mined by  this  other  system  of  equations, 

IX. .  .  Sap-Hl  =  0,     Sa'p^O,    Sa'p^O; 

in  which  it  may  be  remarked  (comp.  (4.)X  that  the  third  is  the  derioaiive  of  the 
second,  if  p  be  treated  as  constant, 

(8.)  The  locns  of  all  these  points  IX.  is  generally  some  curve  upon  the  surface 
(5.),  which  is  the  locus  of  the  lines  YI.,  and  has  been  seen  to  be  the  envelope  (6.)  of 
the  planes  III.  or  lY. ;  snd  to  find  the  toii^«ii<  to  this  curve,  at  the  point  answering 
to  a  ^'oeii  value  off,  or  to  a  given  line  YI.,  we  have  by  IX.  the  derived  eqaatious, 

X.  . .  Sap' = 0,     Sa'p'  =  0,     whence    p'  |  Yaa' ; 

comparing  which  with  the  equations  YI.  we  see  that  the  lines  YI.  touch  the  curve, 
-which  is  thus  <Aeir  common  envelope. 
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(9.)  Wd  see  then,  in  a  new  way,  that  the  envelope  of  the  planee  III.,  which  haye 
one  eealar  parameter  (t)  in  their  eornmon  equation,  and  may  represent  any  eyetem  of 
planes  subject  to  this  condition,  is  a  deoelopahU  ntrjktee  :  becaose  it  is  fn  general 
(joom^  882)  the  loens  of  the  tangents  to  a  enrve  in  space,  although  this  curve  nuiy 
reduce  ifcMlf  to  a  pointy  as  we  shall  shortly  see. 

(10.)  We  may  add  that  if  a<  in  IIL  be  considered  as  the  vector  of  a^tM»  curve, 
ibis  curve  is  the  locus  of  the  poles*  of  the  tangent  planes  to  the  developable,  taken 
with  respect  to  the  unit  sphere;  and  conversely,  that  the  developable  surfoce  is  the 
envelope  of  the  polar  planes  of  the  points  of  the  same  given  curve,  with  respect  to 
the  same  sphere. 

(11.)  If  then  it  happen  that  this  given  curve,  with  at  for  vector,  is  a  plane  one, 
so  that  we  have  this  new  condition, 

XI. . .  S^a«+ 1  =  0,  )3  being  any  constant  vector, 
namely  the  vector  of  the  pole  of  the  supposed  plane  of  the  given  curve,  the  variable 
plane  III.,  or  Spa<+  1  =  0,  of  which  the  surface  (5.)  is  the  envelope,  passes  con- 
stantly through  Una  Jixed pole;  so  that  the  developable  becomes  in  this  case  a  cone, 
with  j3  for  the  vector  of  its  vertex :  the  equations  IX.  giving  now  p  =  fi, 

(12.)  The  same  degeneration,  of  a  developable  into  a  conical  surfkce,  may  also 

be  oooodved  to  take  place  in  another  way,  by  the  cusp-edge  (or  at  least  some  finite 

portion  thereof)  tending  to  become  indefinitdy  small,  while  yet  the  direction  of  its 

tangents  does  not  tend  to  become  constant,    'For  example,  with  recent  notations,  the 

developable  which  is  the  locus  of  the  tangents  to  the  helix  may  have  its  equation 

written  thus : 

2 
XII.  ..p  =  ^(af,y)  =  c(a:«+-tano.a*U/3)+ya(l  +  tano.a»U/3); 

which  when  the  quarter-interval,  c,  between  the  spires,  tends  to  xero,  without  their 
inclination  a  to  the  axis  a  being  changed,  tends  to  become  a  coim  of  revolution 
round  that  axis,  with  its  semiangle  =r  a. 

387.  So  far,  then,  we  may  be  said  to  have  considered,  in  the  pre- 
sent Section,  and  in  connexion  with  geodetic  lines,  the  four  following 
fcmiliea  of  surfaces  (if  the  first  of  them  may  be  so  called).  First, 
spherical  surfaces^  of  which  the  characteristic /7ro/>^y  is  expressed 
bj  the  equation, 

I. . .  Vi'(^-  o)  =  0,  if  a  be  vector  of  centre; 
second,  cylindrical  surfaces,  with  the  property, 

II.  .  .  ^va  =  0,  if  a  be  parallel  to  the  generating  lines ; 
third,  conical  surfaces,  with  the  property, 

III. . .  Si/(/>  -  a)  =0,  if  o  be  vector  of  vertex; 

and  fourth^  developable  surfaces,  with  the  distinguishing  property 
expressed  by  the  more  general  equation, 

*  Compare  the  Note  to  page  526. 
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IV.  .  .  Yt^ir  =  0,  if  d/>  haye  the  direction  of  a  generatrix  ; 

V  being  in  each  the  normal  vector  to  the  surface,  so  that 

Y.  •  •  Svd/>  =  O9  for  all  tangential  directions  of  dp ; 
and  the  fourth  family  induding  the  third,  which  in  its  turn  includes 
the  second.    A  few  additional  remarks  on  these  equations  maj  be 
here  made. 

(1.)  Th«  geometrieai  iigmificaHon  of  Ihe  equation  L  (as  regards  the  radn^  is  ob- 
vioos ;  bat  on  the  side  of  caleuUttioH  it  may  be  useful  to  renuuk,  that  elimvuMtum  of 

V  between  I.  and  V.  gives,  for  tpkwretf 

VI, .  .  S(p  -  a)dp  =  0,    or    VII. . .  T(p  -  o)  =  const 
(2.)  The  equations  11.  and  V.  show  that  dp,  and  therefore  Ap,  may  have  the 
given  direction  of  a;  for  an  arbitrary  eyHnderf  then,  we  have  the  vector  eqwttiou. 
(872), 

VnT...p«f(«,3r)«+.+3rtf, 

where  if'*  is  an  arbitrary  tector  fttnetio*  of  x, 

(8.)  From  VIII.  we  can  at  once  infer,  that 

IX.  ..S^p  =  S^^«,     Syp=Sy+^     if    a  =  V/3y; 

the  tealar  equation  (373)  of  a  eyUndrieal  surface  is  therefore  geoenUlj  of  thejbrm 

(comp.  871,  (6.),  (7.)),  ,«.     «     . 

X.  ..0=F(Si3p,S7p); 

P  and  y  being  two  constant  vectors,  and  the  generating  lines  being  perpendicolar  to 
both. 

(4.)  The  eqnation  III.  may  be  thus  written, 

XI. . .  SvUa  =  Ta-»Svp ;    whence    XII.  . .  SvUa  =  0,    if    Ta  =  qd  ; 
the  equation  for  conee  includes  therefore  that  for  cylmdere,  as  was  to  be  expected, 
and  reduces  itself  thereto,  when  the  vertex  becomes  infinitely  distant 

(5.)  The  same  equation  IIL,  when  compared  with  V.,  shows  that  dp  may  have 
the  direction  of  p  -  a,  and  therefore  that  p  —  a  may  be  multiplied  by  any  scalar ;  the 
vector  equation  of  a  conical  surface  is  therefore  of  the  form,     • 

XIII. . .  p  .=  a  +  yif'x,  ^«  being  an  arbitrary  vector  function. 

(6.)  The  scalar  equation  of  a  cone  may  be  said  to  be  the  result  of  the  eZmiaatiOA 
of  a  scalar  variable  f,  between  two  equations  of  the  forms, 

XIV...S(p-a)xi  =  0,     S(p-a)x'<  =  0, 
which  express  that  the  cone  is  the  envelope  (comp.  386,  (11.))  of  a  variable  ptanCf 
which  passes  through  k  fixed  pointy  and  involves  only  one  scalar  parameter  in  its 
equation  :  with  a  new  redaction  to  a  cylinder,  in  a  case  on  which  we  need  not  here 
delay. 

(7.)  The  equation  IV.  implies,  that  for  each  point  of  the  surface  there  is  a  direct 
tion  along  which  we  may  move,  without  changing  the  tangent  plane  ;  and  therefore 
that  the  surbce  is  an  envelope  of  planes,  &c.,  as  In  386,  and  consequently  that  it  is 
developable^  in  the  sense  of  Art.  882. 

(8.)  The  vector  equation  of  a  general  developable  surface  may  be  written  under 
the  form, 
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the  dgH  of  a  9er90T  being  hen  introdooed,  for  tfat  Bake  of  faeiHtating  the  passage, 
at  a  certain  Umit,  to  a  cone  (corop.  886,  (12.)). 

(9.)  And  the  scalar  equation  of  the  same  arbitrary  developable  may  be  repre- 
seated  aa  the  result  of  the  elimination  of  f,  between  the  two  equations, 

XyL..Spx«+l=0,     Spx'i^Oj 
io  wUeh  xt  ^s  *n  arbitrary  veotor  function  of  t, 

(10.)  The  envelope  of  a  plane  with  two  arbitrary  and  scalar  parameters,  t  and 
«,  is  generally  a  curved  but  undevelopable  mrfaee,  which  may  be  represented  by  the 
system  of  the  three  ecalar  equatione^ 

XVII.  ..Spx«i«+ 1=0,        SpD«x  =  0,        fipD«x  =  0; 
where  —  x  denotes  the  reciprocal  of  the  perpendicular  from  the  origin  on  the  tan- 
gent plane  to  the  suifiuse,  at  what  may  be  called  the  point  (<,  «). 

388.  It  remftinsy  on  the  plan  lately  stated  (380),  to  consider 
briefly  surfaees  qf  revolution^  and  to  investigate  the  geodetic  lines,  on 
this  additional ^mt'/y  of  surfaces;  of  which  the  equation^  analogous 
to  those  marked  I.  II.  III.  IV.  in  387,  for  spheres,  cylinders,  cones, 
and  derelopables,  is  of  the  form, 

I. .  .  SapysiOy 
if  a  be  a  given  line  in  the  direction  of  the  axis  of  revolution,  sup- 
posed for  simplicity  to  pass  through  the  origin ;  but  which  may  also 
be  represented  by  either  of  these  two  other  equations,  not  involving 
the  normal  i^, 

JL..Tp^f(Sap),    or    Ul...TYap^F{Sap), 

vrhere  /and  F  are  used  as  characteristics  of  two  arbitrary  but  sca- 
lar Jimctions  :  between  which  Sap  may  be  conceived  to  be  eliminated, 
and  so  a  third  form  of  the  same  sort  obtained. 

(1.)  In  fact,  the  equation  I.  expresses  that  v  |||  a,  p,  or  that  the  normal  to  the 
snrftuM  interteete  the  axis  ;  while  II.  expresses  that  the  dietanee  from  9^  fixed  point 
upon  that  axis  is  %frnetion  of  its  own  projection  on  the  vam^  fixed  line,  or  that  the 
meetione  made  by  planet  perpendicular  to  the  axis  are  circle*  ;  and  the  same  ctrcu- 
larity  of  these  sections  is  otherwise  expressed  by  III.,  since  that  equation  signifies 
that  the  distance  from  the  axis  depends  on  the  poM  Aon  of  the  cutting  plane,  and  ia 
constant  or  variable  with  it :  while  the  two  last  forms  are  connected  with  each  other 
in  edUulatum,  by  means  of  the  general  relation  (oomp.  204,  XXI.), 
IV.  . .  (Tap)«  =  (Sap)«  +  (TVap)«. 

(2.)  The'equation  I.  is  analogous,  in  quaternions,  to  a  partial  ti^erential  e^a- 
tioH  of  the  first  order,  and  either  of  the  two  other  equations,  IL  and  III.,  is  analogous 
to  the  integral  of  that  equation,  in  the  usual  differential  calculus  of  scalars. 

3  Y 
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(8.)  To  accomplish  the  corresponding  integration  in  qwUernionSj  or  to  pue  from 
the  fonn  L  to  II.,  whence  III.  can  be  deduced  by  IV.,  we  may  obeeiTe  that  the 
equation  I.  allows  us  to  write  (because  Svdp  =  0), 

V.  . .  V  =  af«  +yp,         VI.  .  .  xSadp  +  ySpdp  =  0, 
so  that  the  two  scalars  Sap  and  Tp  are  together  eonttantj  or  together  wariMe^  and 
roust  therefore  be/imeft'oii«  of  each  other. 

(4.)  Conversely,  to  eliminate  the  arbitrary  fimetion  from  the  form  II.,  quater- 
nion differentiation  giyes, 

Vn.  .  .  0  =  S(Up.dp)+/'(Sap).Sadp=S.(Up  +  a/'Sap)dj>; 
hence        VIII.  .  .  v  ||  Up  +  afSap,     and    IX. .  .  v  ||  |  a,  p,  as  before ; 

so  that  we  can  retwm  in  this  way  to  the  equation  I.,  iht  Junctional  eign  f  dtaappear- 
ing. 

(5.)  We  have  thus  the  germs  of  a  Caladtu  of  Partial  Differentia!*  in  Qmater- 
nionSf*  analogoue  to  that  employed  by  Monge,  in  his  researches  respecting ycomftey 
tfeurfaees:  but  we  cannot  attempt  to  pursue  the  subject  farther  here. 

(6.)  But  as  regards  the  geodetic  linet  upon  a  surface  of  revolution,  we  have  only 
to  subsUtnte  for  v,  in  the  recent  formula  I.,  by  880,  IV.,  the  espreasion  dUdp, 
which  gives  at  once  the  dijfferential  equation, 

X.  .  .  0  =  SapdUdp  =  d.SapUdp  (because  S(adp.Udp)  =  -SaTdp  =  0); 

whence,  by  a  first  integration,  e  being  a  scalar  constant, 

XI. . .  c  =  SapUdp  =  T Vap .  SU  (Vap .  dp). 

(7.)  The  characteristic  property  of  the  sought  curves  is,  therefore,  that  for  each 
of  them  the  perpendieular  distance  from  the  axi$  ofrevohttum  varieeiM9ereelgasthe 
eoeinef  of  the  angles  at  which  the  geodetic  crosses  a  parallel,  or  dreular  section  of 
the  surface :  because,  if  Ta  =  1,  the  line  Yap  has  the  length  of  the  perpendicular  let 
fkll  from  a  point  of  the  cinre  on  the  axis,  and  has  the  direction  of  a  tangent  to  the 
paraDel. 


*  The  same  remark  was  made  in  page  574  of  the  Lectures,  in  which  also  was 
given  the  elimination  of  the  arbitrary  function  firom  an  equation  of  the  recent  fbnn 
III.  It  was  also  observed,  in  page  678,  that  geodeties  furnish  a  very  simple  example 
of  what  may  be  called  the  Calculus  of  Variaiions  tn  Quaternions;  since  we  may 
write, 

^Jd«  =  JfTdp=JWdp  =  -fS(Udp.«dp) 
=  - JS(Udp.d^p)  =-  AS(Udp.  Jp)  +  JS(dlTdp.^p), 

and  therefore  dUdp  Q  y,  or  VydUdp  =  0,  as  in  880,  IV.,  in  order  that  the  expression 
under  the  last  mtegral  sign  may  vanish  for  all  variations  dp  consistent  with  the 
equation  of  the  surface:  while  the  evanescence  of  the  part  which  is  outeidethht  sign 
J  supplies  the  equations  of  limits,  or  shows  that  the  shortest  line  between  two  curves 
on  a  given  surface  is  perpendicular  to  both,  as  usuaL 

f  Unless  it  happen  that  this  cosine  is  constantly  zero,  in  which  case  c  =  0,  and 
the  geodetic  is  a  meridian  of  the  surface. 
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(S.)  The  eqoaticni  XI.  maj  alao  be  thus  written, 

XII. . .  eTp'  =  Sapp',    where    p'  s  Dip ; 

and  if  the  indqiendent  variable  t  be  sappoaed  to  denote  the  time,  while  the  geodeHe 
is  conceived  to  be  a  carve  described  by  a  motimg  point,  then  while  Tp'  evidently  re- 
presents the  linear  velocity  of  that  point,  as  being  =  d« :  df,  if  •  denote  the  are  (oomp. 
100,  (5.),  and  380,  (7.)i  (ll-))t  ^^  ^  ^^^  ^  P>^^^  ^^^  Sapp'represento  the  double 
areal  velocity,  projected  on  a  plane  perpendicular  to  the  axis;  the  one  of  these  two 
velocitiee  varies  therefore  directly  ae  the  other:  and  m  fistct,  it  is  known  from  mecha- 
nics, that  each  velocity  would  be  constant,*  if  the  point  were  to  describe  the  eurvCf 
subject  only  to  the  normal  reaction  of  the  surface,  and  nndisturbed  by  any  other 
force, 

(9.)  As  regards  the  analyeie,  it  is  to  be  observed  that  the  differential  equation 
X  is  satisfied,  not  only  by  the  geodetica  on  the  sorftoe  of  revolution,  bat  aleo  by  the 
paralUle  on  that  surface :  which  fact  of  calculation  is  connected  with  the  obvious 
geometrical  property,  that  every  normal  plane  to  such  a  parallel  eontaine  the  axu  of 
revolution. 

(10.)  In  &ct  if  we  draw  the  normal  plane  to  any  curve  on  the  surface,  at  a  pohit 
where  it  croseee  a  parallel,  this  plane  will  intersect  the  axis,  in  the  point  where  that 
axis  is  met  by  the  normal  to  the  surface,  drawn  at  the  same  point  of  crossing ;  but 
this  construction  ybtVf  to  determine  that  normal,  if  the  curve  coincide  with,  or  even 
toudi  a  parallel,  at  the  point  where  its  normal  plane  is  drawn. 

Section  6 — On  Osculating  Circles  and  Spheres^  to  Curves 
in  Space;  with  some  connected  Constructions. 

389.  Besaming  the  expression  376, 1,  for  p^  and  referring  again 
to  Fig.  77,  we  see  that  if  a  circle  fqd  be  described,  so  as  to  touch  a 
given  curve  fqb,  or  its  tangent  ft,  at  a  given  point  p,  and  to  cut  the 
curve  at  a  near  point  q,  and  if  fm  be  the  projection  of  the  chord  pq 
on  the  diameter  pd,  or  on  the  radius  cp,  then  because  we  have,  rigo- 
rously, 

I.  .  .  pa=  tp'i-^fup^',     with     t«  =  1     for    t  =  0, 

we  have  also 

U...m=^Vup^y:p^, 
and 

1       2  _2pn  VwpV 


PC    PD     PQ»     (p'  +  i^ttp'OV 

Conceiving  then  that  the  near  point  a  approaches  indefinitely  to  the 
given  point  f,  in  which  case  the  ultimate  state  or  limiting  position  of 

*  This  remark  is  virtually  made  hi  page  443  of  Professor  l>e  Moigan's  Dijffe» 
rential  and  Integral  Calculus  (London,  1S42),  which  was  alluded  to  in  page  57S 
of  the  Lectures  on  Quaternions. 
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the  circle  pod  is  said  to  be  that  of  the  cmmlaiing  etreU  to  the  cnire  at 
that  point  p,  we  see  that  while  the  plane  of  this  last  circle  is  the  oa- 
eukUing  plane  (376),  the  vector  k  of  its  centre  k,  or  of  the  limiting  po- 
eition  of  the  point  o,  is  rigorously  expressed  by  the  formula: 

which  may  however  be  in  many  ways  tr€mrformed,  by  the  roles  of 
the  present  Calculus. 

(1.)  Thus,  ?re  maj  write,  as  tramMfirmaiUnu  of  the  expreanoa  IV.,  the  follow- 
lug  I 

p'  Tp'  Tp' 

or  introducing  diffbreniiah  instead  of  cferlvaKoef,  bnt  learing  still  the  indqModeni 
variable  arbitrary ^ 

VI  -    _     ^P'     -  d(g  Tdp  _  ds 

"*~^     Vdf»d«p'"^'^Vd«pdf»"*'''^     dOp'""^     dUdji' 
if  f  be  the  ore  of  the  carve ;  so  that  the  last  expression  gives  this  veiy  simple  for- 
mula, for  the  reciprocal  of  the  radiue  of  cmatwre^  or  for  the  ultimate  talme  of 

1 :  GP, 

VII. . .  (p  -  «)-» =  D.Up ,    where    Vp'  =  Ud/»,  as  before. 

(2.)  To  interpret  this  result,  we  mav  employ  again  that  auxUiarjf  and  ttpherieai 
mroe,  upon  the  cone  ofparalldi  to  ttmffents,  which  has  already  served  us  to  com^ 
&tructy  in  879,  (6.)  and  (7.),  the  oeculating  plane,  the  abeolute  normal,  and  the  bi- 
normal,  to  the  given  curve  in  space.  And  thus  we  see,  that  while  the  semidiameter 
PC  has  ultimately  the  direetion  of  dU/»',  and  therefore  that  of  the  absolute  normal 
(879,  II.)  at  p,  the  length  of  the  same  radius  is  ultimately  equal  to  the  arc  pq  (or 
At)  of  the  given  curve,  divided  bg  the  correeponding  are  of  the  aumiliarg  eurue;  or 
that  the  radius  of  curvature,  or  radius  of  the  osculating  circle  at  p,  is  equal  to  the 
ultimate  quotient  of  the  are  pq,  divided  by  the  angle  between  the  tangents,  pt  and 
(say)  QU,  to  that  are  pq  itself  Sit  p,  and  to  its  prolongation  qr  at  Q,  although  these 
two  tangents  are  generally  in  different  planes,  and  have  no  common  point,  so  long 
as  PQ  remains ^nif0.*  because  we  suppose  that  the  given  curve  is  in  general  one  of 
double  curvature,  although  the  formuUe,  and  the  construction,  above  given,  are  ap> 
pltcable  to  plane  curves  also. 

(8.)  For  the  helix,  the  formula  lY.  gives,  by  values  already  assigned  for  p,p,p"', 
and  a,  the  expression, 

VIII.  .  .  «  =  «<a--«</3cot*o,    whence    IX. . .  p-c  =  aV3cosec^a, 
a  being  the  inclination  of  the  given  helix  to  the  axis ;  the  locus  of  the  centre  of  the 
osculating  circle  is  therefore  in  this  case  a  seoond  Ae/ue,  on  the  same  eglinder^  if 

a  =  — ,  but  otherwise  on  a  co^axal  cylinder,  of  which  the  radius  =s  the  given  radios 
4 

Tp,  multiplied  by  the  square  of  the  cotangent  of  a ;  and  the  radius  of  curvature 
Es  T(p  -  «)  =  T/3  X  cosec*  a,  so  that  this  radius  always  exceeds  the  radius  of  the  cy- 
linder, and  ia  cut  perpendicularly  (without  being  prolonged)  by  tbs  axis. 
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(4.)  In  gMicral,  if  T(/« const,  and  fthflnlbra  Spp'-O  (oomp.  879,  (2.))i  tU 
exprankm  IT.  beooniM,* 

X...ic  =  p+^, ;    whenee,    XI. .  .  K=p-p"->,    if    Tp'al, 
P 
that  ia,  if  tlia  arc  be  taken  as  the  independent  variable  (880,  (12.)).     Under  thia 
last  condition,  then,  the  formula  YII.  reduces  itself  to  the  following, 

XII.  .  ,  (jp  —  k)->  a  p^s  D«*p  =  vJUimate  reeiproeal  ofradiui  gp  ; 

10  that  p"  (for  Tp'«=  1)  may  be  called  the  Fector  of  Curvature,  because  ito  tenear 
Tp"  is  a  nmmerieal  mea$mre  for  what  is  utMoUjf  called  the  atrvatvref  at  the  point  p, 
and  its  wraor  Up*  represents  the  ultimate  direction  of  the  •emidiameter  po,  of  the 
eireU  constructed  as  above. 

^5.)  As  an  example  of  the  application  (2.)  of  the  formula  IV.  for  c,  to  a  plane 
eioTe,  let  us  take  the  ell^ee, 

XIII...  p  =  Va«A    To  =  l,     Ba/3^0,  887,(2.), 

conridered  aa  an  oblige  aedion  (814,  (4.))  of  a  ri^ht  cylinder.  The  expressions 
876,  (5.)  for  the  derivatiyes  ofp,  combined  with  the  expression  XIII.  for  that  Tec- 
tor  itself,  give  here  the  reUtions, 

XIV...Vpp''=0,    Vp'p'"«0; 
and  therefore  comp.  (888,  (6.)), 

XV...Vpp'  =  consLt=^/37,    Vp'p-  =  const.«f ^j*0y,    if    r  =  V«/3; 

hence  for  the  present  curve  we  have  by  IV., 

XVL  . .  «  =  p  -  -r^  »  Ya*p  -  (Va*^ip)«  (/3y)-». 
ypp 

(6.)  To  hUerpret  thia  result,  we  may  write  it  aa  follows^ 

XYIL..ic=p---  ^!*  ._,,    where    XVIU.  .  .  pi  =  -p'=Va*^»/3; 

Ypp • p  V 

BO  that  pi  ia  the  ccnjugate  temidiameter  of  the  ellipse  (comp.  869,  (4.);,  and  Ypfi'ip' 
ia  the  perpendicular  from  the  centre  of  that  curve  on  the  tangent.    We  recover  then, 
by  this  simple  analysis,  the  known  result,  that  the  radius  of  curvature  of  an  ellipse 
u  equal  to  the  square  of  the  conjugate  aemidiameter,  divided  by  the  perpendicular. 
(7.)  We  may  also  write  the  equation  XYI.  under  the  form, 

01* 

XIX...ip  =  p- —-,    where    XX. ..  Vppi^jSy^ const; 
Vppi 

*  The  expressions  X.  XI.  may  also  be  easily  deduced  by  limits,  from  the  con- 
•traction  in  888,  (2.). 

t  It  may  be  reouuked  that  the  quantity  a,  or  T^",  fai  the  investigatioii  (882) 
latpeeting  ffeodetiee  on  a  developable,  represents  thoa  the  emrva^irv  of  the  cuep^ed^ 
fcr  any  proposed  value  of  the  are,  x,  of  that  eorvew 

%  These  valBea  XT.  might  hava  been  obtained  wiOout  intepratione,  bat  this 
— Itobethenadieslway. 
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ftnd  may  interpret  it  aa  expresnng,  that  the  ndiua  of  conratnze  ia  equal  to  the  cube 
of  the  coiyugatt  lemidiameter,  divided  by  the  ccmUnU  porallelogram  nnder  m^  two 
each  conjagatee ;  or  by  the  rectangle  under  the  mqfor  and  minor  eemiaxea,  which 
are  here  the  vectors  /3  and  y  (comp.  314,  (2.))- 

(8.)  The  expression  XVI.  or  XIX.  for  c  ia  eiaily  seen  to  vanieh,  aa  it  ought  to 
dOy  at  the  limit  where  the  ellipse  becomes  a  circle,  by  the  cy/tnder  being  cut  perpe»- 
dieularlyt  or  by  the  condition  Sa/3=  0  being  satisfied ;  and  accordingly  if  we  write, 

XXI.  .  .  e  »  SVafi  =  exeentrieiiy  ofellipee,    or    XXII. . .  yt  =  (i  .  ^s)^, 
we  easily  find  the  expressions, 

XXIII.  .  .  p  =  i3S.a«+y8.a«-i,    pi«-/3S.a*-i  +  y8.a«; 

XXIV...pi«=/3«(l-e>(S.aOO,    ^  =  |^'=/^(^8-'+ T^^)? 
BO  that  the  formula  XIX.  becomes,  • 

XXV. . .  jc  =  e»f /3(S.  aO»  - -^l^l^^'y  e«03(8.a«)»-^^^ 

thus  Gontainhig  e>  as  a  factor. 

(9.)  And  it  may  be  remarked  in  passing,  that  the  expression  XYL,  or  its  recent 
transformation  XXY.,  for  jc  as  a  function  of  <,  may  be  considered  as  bdng  in  qaa- 
temions  the  vector  equation  (comp.  99,  L,  or  369,  L)  of  the  evolute*  of  the  ellipse, 
or  the  equation  of  the  locus  of  centres  of  cnrvatwe  of  that  plane  curve ;  and  that  the 
last  form  gives,  by  elimination  off  (comp-f  815,  (I.),  and  871,  (5.)),  the  following 
system  of  two  scalar  equations  for  the  same  evolate, 

XXVI...(s^)*+/sp)*  =  e*     S^y.  =  0; 

or  XXVr.  .  .  (S/3jc)*  +  (Syic)*  =  (e/8)*,  &c. ; 

which  win  be  found  to  agree  with  known  results. 

(10.)  As  another  example  of  application  to  a  plane  curve,  we  mxy  conaidsr  the 
kjfperbolaf 

XXVII.  ..p^ta-^- 1-%  comp.  871,  U., 

with  a  snd  /3  for  asymptotes,  and  with  its  centre  at  the  origfaL    In  this  case  thede- 
rived  vectors  are, 

XXVIII. .  .  p'  =  a  -  <  «/3,    p"  =  2^»A 
whence  XXIX. .  .  Ypy  =  2<-»V/3a = <"^pf)', 

and  the  formula  IV.  becomes, 

XXX.  .  .  C-p  =  =— ; ;=     — , 

Vpp : p       ov 
where  ov  is  the  perpendicular  from  the  centre  o  on  the  tangent  to  the  curve  at  p, 
and  FT  ia  the  portion  of  that  tangent,  intercepted  between  the  same  point  p  and  sn 
asymptote  (comp.  (6.)  and  871,  (8.)). 


*  That  is  to  say,  of  the  pkme  ewoluie:  for  we  shall  soon  have  occasion  to  consi. 
der  briefly  those  evolutes  of  double  cKrvatere,  which  have  been  shown  by  Monge  to 
exist,  even  when  the  given  curve  is  plane. 

t  In  lately  referring  (878,  (1.))  to  the  formuU  816,  V.,  that  formula  was  inad- 
vertendy  printed  as  (a*)*  +  (a*-i)>«  1,  the  sign  S.  before  each  power  being  omitted. 
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(11.)  We  may  also  interpret  the  denominator  in  XXX.  as  denoting  theprojec' 
Hon  of  the  §emidianuter  op  on  the  normal^  or  as  the  line  HP  where  n  is  the  foot  of 
the  perpendicular  from  the  curve  on  that  normal  line ;  if  then  k  be  the  sought  centre 
of  the  osculating  circle,  we  have  the  geometrical  equations, 

XXXr.  ..iip.PK=PT«,        XXXIL..zimt=-; 

whereof  the  last  furnishes  evidently  an  extremely  simple  eonetrueiion  for  the  centre 
of  curvature  of  an  hyperholOf  which  we  shall  soon  find  to  admit  of  being  extended, 
with  little  modification,  to  a  spherical  conic*  and  its  cye/tc  ares» 
(12.)  The  logarUhmic  spiral  with  itsj9o£0  at  the  originy 

XXXin...p  =  o«/5,    Sai3  =  0,    Ta^l,         comp.814,  (5.) 

may  be  taken  as  a  third  example  of  a  plane  curve,  for  the  implication  of  the  foregoing 
formulas.     A  first  derivation  gives,  by  888,  TIL, 

XXXIV.  ..<»'  =  (c+y)p  =  p(c -y),  p'p-»  =  c  +  y,  if  tf  =  lTa,  and  y^^T]a\ 

the  constant  quaternion  quotient^  p' :  p,  here  showing  that  the  prolonged  vector  op 
makes  with  the  tangent  pt  a  cotutant  angle,  »,  which  is  given  by  the  formula, 

XXXV.  ..tan  «  =  (TV:S)(p':  p)  =  c-»T7,    or    cot«=-lTa;t 
and  a  second  derivation  gives  next, 

XXXVI. ..p^^ic^ y)ap,   Vpv = («•  - y') (I'y - p'»y. 

The  formula  IV.  becomes  therefore,  in  this  case, 

21Ta 
XXXVIL  .  .K  =  p4p'r»  =  pcy-*  =  -<'r*P=-sr-'a***/3; 

IT  Pec 

the  cooUste  is  therefore  a  second  spiral,  of  the  same  kind  as  the  first,  and  the  radins 
of  curvature  kp  subtends  a  right  angle  at  the  common  pole.  But  we  cannot  longer 
here  delay  on  applications  within  the  plane,  and  must  resume  the  treatment  by  qua- 
temiona  of  curves  of  double  curvature, 

390.  When  the  logic  by  which  the  expression  389>  lY.  was  ob- 
Udned,  for  the  vector  k  of  the  centre  of  the  osculating  circle,  has 
once  been  fully  understoodf  the  process  may  be  conveniently  and  safely 
abridged^  as  follows.  Referring  still  to  Fig.  77,  we  may  write  briefly, 

*  It  was  in  fact  for  the  spherical  curve  that  the  geometrical  construction  alluded 
to  wu  first  perceived  by  the  writer,  soon  after  the  invention  of  the  quaternions,  and 
as  a  consequence  of  calculation  with  them :  but  it  has  been  thought  that  a  sub-arti- 
cle or  two  might  be  devoted,  as  above,  to  the  plane  case,  or  hyperbolic  Umit,  which 
may  serve  at  least  as  a  verification. 

t  If  r  be  radius  vector,  and  0  polar  angle,  and  if  we  suppose  for  simplicity  that 

T/3  =  1,  the  ordinary  polar  equation  of  the  spiral  becomes  r  =  a^,  with  a  =  Ta^,  and 
cot  n  =  Us,  as  usual. 
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•8  equations  whidi  are  all  ultimately  IrtM,  or  true  at  the  Umk^  in  a 

sense  which  is  supposed  to  be  now  distinctly  seen: 

I.  ..PT=dp,    TQ«^/»9    Fii«(partofFaXPT»)-5-^, 
by  203,  &c ;  whence,  ultimately, 

as  before:  this  last  expression,  in  which  Yd^pdp  denotes  briefly 
y(dV-d/>),  being  rigorous^  and  permitting  the  choice  of  any  walar^ 
to  be  used  as  the  ind^endaU  variabU.    And  then,  by  writing, 

IIL..d/>=/d/,    d'«  =  0,    dV^/^^'dl". 

the  factor  d^  disappears,  and  we  pass  at  once  to  the  expression, 

^^•••'-''-V^"  389.  IV., 

which  had  been  otherwise  found  before. 

(1.)  When  the  arc  of  the  cunre  is  taken  for  the  independent  variabK  ^^^"^  (oomp. 
SSO,  (18.)t  ^0  ^®  ezpreBsrion  IL  rednoes  itself  to  the  following, 

dp* 
V.  .  .  «-.p  =  -^,    becanae    Sd'pdp»0} 

Cflp 

and  aooordlngly  the  angU  ttq  in  Fig.  77  is  then  vlhmafefjr  right  (comp.  888,  (5.))f 
•0  that  we  may  at  once  write^  with  iku  ekoiet  of  the  scalar  variablev 

VL  . .  «-f.-(iJfc)»o.(Wt) g  «  ^,  a.  A^ 

(2.)  SoppOM  then  thai  we  have  tkna  pmmttriamify  (aad  mrf  mmpfy)  rfwfaeerf 
the  expression  V.  for  c  -  p,  for  this  partietUar  ekoic9  of  the  aealar  variable ;  and  kt 
ns  consider  how  we  might  thence  pasB^  in  ca/ctc/oium,  to  the  more  geueral  formola 
IL,  in  which  that  ▼ariaUe  is  left  arhHrarf,  For  Chit  purpose,  wa  may  wriCa,  by 
principles  ahresdy  stated, 

VII       rn     cV-    ^^     -    ^    A^  _dUd^_Vd»^dpr».Udp 
^•^    ^       (Tdp)i     Tdp    Tdp       Tdp  Td^ 

d^  dp»    ' 

and  the  required  transformation  is  aocomplished. 

(a.)  And  generally,  if  «  denote  the  m  of  any  eorre  of  which  ^  la  the  variabis 
VMtor,  wa  Biay  estabUsh  tha  lymMkaf  sfacrftoM, 

(4.)  For  example  (oomp.  889,  XIL),  the  Vtdor  •/  CWtwIiirg,  d«V» 
being  expressed  gtweraUy  onder  any  one  of  the  five  last  forms  YII. 
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391*  Instead  of  detenoiiung  the  yector  c  of  the  centre  of  the  os- 
culating circle  by  one  vector  expressionj  such  as  389>  IV. ,  or  any  of 
its  transformations,  we  may  determine  it  by  a  system  of  three  scalar 
equations^  such  as  the  following, 

I.  .  .  S(ic -/>)// =  0;  II.  .  .  S(«:-p)^'-/y>  =  0; 

III.  ..S  («-/>) />V  =  0, 

of  which  it  may  be  observed  that  the  second  is  the  derivative  of  the 
first,  if  ic  be  treated  as  constant  (comp.  386,  (4.));  and  of  which  the 
first  expresses  (3699  IV.)  that  the  sought  centre  is  in  the  normal 
plane  to  the  curve,  while  the  third  expresses  (376,  Y.)  that  it  is  in 
the  osculating  plane ;  and  the  second  serves  to  ^x  its  position  on  the 
absolute  normal  (379)9  ii^  which  those  two  planes  intersect. 

(1.)  Uaing  dtffareniial§  instead  of  derivatives,  but  leaving  still  the  independent 
variable  arbitraiy,  we  maj  establish  this  equivalent  system  of  three  equations, 

IV..,  S(c-p)dp  =  0;  V.  ..S(«-p)<:V-dp«  =  0;  VI. . .  S(«r-.p)dpdV=0; 

of  which  the  second  Is  the  differentia]  of  the  first,  if  c  be  again  treated  as  constant 

(2.)  It  18  also  permitted  (comp.  869,  (2.)*  376,  (8.),  and  880,  (2.)),  with  the 
same  sappoeition  respecting  c,  to  write  these  equations  under  the  forms, 

VIL  .  .  dTCK-p)  =  0;      VIIL  .  .d2T(ic-p)  =  0;      IX. . .  dUV(jc-p)dp  =  05 

and  to  connect  them  with  geometrieal  interpreiaiioiu, 

(8.)  For  instance,  we  may  say  that  the  centre  of  the  osculating  circle  la  the  point, 
in  wMcb  the  osculating  planej  III.  or  VI.  or  IX.,  is  inteneeted  by  the  axie  of  that 
wHb  ;  namely,  by  the  right  line  which  is  drawn  through  its  centre,  at  right  angles 
to  its  plane :  and  which  is  represented  by  the  two  scalar  equations, 

I.  and  II.,    or    IV.  and  V.,    or    VII.  and  VIII. 

(4.)  And  we  may  observe  (comp.  870,  (8.)),  that  whereas  for  a  point  B  taken 
arbitnurily  in  the  normal  plane  to  a  curve  at  a  given  point  p,  we  can  only  say  in  ge~ 
neraJf  that  if  a  chord  pq  be  called  tmaU  of  ihejirat  order,  then  the  difference  of  die- 
taneecj  bq-bFi  is  small  of  an  order  higher  than  the  Jirtt;  yet,  if  the  point  r  be 
taken  on  the  axie  (3.)  of  the  oecalating  circle,  then  this  difference  of  distances  Is 
mial],  of  an  order  higher  than  the  eecondy  in  virtue  of  the  equations  VII.  and  VIII. 

(5.)  The  right  line  I.  IL,  or  IV.  V.,  or  VII.  VIII.,  as  being  the  locus  ofpointe 
which  may  be  called  poles  of  the  osculating  circle,  on  all  possible  epheres  passing 
through  it,  is  also  called  the  Polar  Axis  of  the  curve  itsdf,  corresponding  to  the 
given  jDoinf  of  osculation, 

(6.)  And  because  the  equation  II.  is  (as  above  remarked)  the  derivative  of  I.,  the 
^own  theorem  follows  (comp.  886),  that  the  locus  of  all  such  polar  axes  is  a  deve- 
lopahle  surface,  namely  that  which  is  called  the  Polar  Developable^  or  the  envelope 
of  the  normal  planes  to  the  ^ven  curve;  of  which  surface  we  shall  soon  have  oc- 
casion to  consider  briefly  the  cusp- edge. 

3z 


IV. . .  V  -=i-  =v-^^  =:  ^  v.(i  +  i<»pV-0-^=-v.«pV"Ki  +  4'«vV-')* 
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392.  The  following  Is  an  entirely  different  metbod  of  investlgat- 
ing»  ^J  quaternions,  not  merely  the  reuiius  or  the  centre  of  the  oscu- 
lating circle  to  a  curve  in  epace,  but  the  vector  equation  of  that  circU 
itadf:  and  in  a  way  which  is  applicable  aUkCj  to  plane  ouxYeSy  and  to 
curyes  of  double  curvature, 

(1.)  In  general,  conceive  that  or  s  r  is  a  ffivem  tangent  to  a  drde,  at  a  given 
point  which  is  for  the  moment  taken  as  the  origin ;  and  let  pp'  =  p'  represent  a  «e- 
riahle  tangent^  drawn  at  the  extremity  of  the  variable  chord  op=  p :  also  let  u  be 
the  inUvMeHion^  ot'Pp',  of  these  two  tangents.  Then  the  isosceles  triangle  odp, 
combined  with  th«  formula  824,  XI.  for  the  dlfierential  of  a  reciprocal,  gives  easilj 
the  equations, 

I.  .  .  p'  II  pr->p ;         II.  .  .  Vrp-ip'p-i  =  -  (Vrp-0'  =  0 ; 
III. . .  Vrp-i  =  const  =  Vra-S  as  in  296,  IX.", 
if  a  be  the  vector  OA  of  any  second  given  point  a  of  the  circumference. 
(2.)  The  wctor  equation  of  the  circle  pqd  (389)  is  therefore, 

«-p     e<-p 

whence,  passing  to  the  limit  (t  =  0,  v  s  l),  the  analogous  equation  of  the  ofculofui^ 
<ieel€  is  at  once  found  to  be, 

w-p  p"  V^-P       ^1 

with  the  verification  (comp.  296,  (9.))}  that  when  we  suppose, 

VII.  ..«-p  =  2(«-p)4-p', 
the  vector  c  of  the  centre  is  seen  to  satisfy  the  equation, 

Vni...-£l=-V?;,    or    IX...^  +  V^^=0; 
«-p  p  «-p         dp   ^j 

which  agrees  with  recent  resulU  (389,  IV.,  &c). 

(8.)  Instead  of  conceiving  that  a  circle  is  described  (389),  so  as  to  touch  a  given 
curve  (Fig.  77)  at  p,  and  to  cut  it  at  one  near  point  q,  we  may  concdve  that  a  circle 
eut»  the  curve  in  the  given  point  p,  and  alto  in  two  near  pomts,  q  and  r,  uncon- 
nected by  any  given  /aw,  but  both  tending  together  to  coincidence  with  p  :  and  may 
inquire  what  is  the  limiting  potition  (if  any)  of  the  circle  pqb,  which  thus  intenectt 
the  curve  in  three  near  points^  whereof  one  (p)  is  given. 

(4.)  In  general,  if  a,  /3,  p  be  three  co-initial  ehorde^  OA,  on,  op,  of  any  one  cir- 
cle, their  reciprocal*  a-\  j3~S  p'\  if  still  co-initial,  are  fermtno-eoZ/tnear  (260);  ap- 
plying which  principle,  we  are  led  to  investigate  the  condition  for  the  three  co-ini- 
tial vectors, 

X...(«-p)-«,    (.p'+},««.p")->,    («p'  +  J»V^-)-i. 

with  Mo  »  1)  thus  ultimatelg  terminating  on  one  right  line  ;  or  for  our  having  ulti- 
mately a  relation  of  the  form, 

xe-k-gt  »  y 


XL 


«-p     p'-^W    p'^tW' 
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xiL.  &i±i?>:. 


in  which  last  equation,  both  membera  are  generally  quaternunu. 

(6.)  The  compariaon  of  the  scalar  partt  gives  here  no  nsefnl  information,  on  ac- 
ooant  of  the  arbitrary  character  of  the  coefficients  x  and  y ;  but  thete  disappear,  with 
the  two  other  scalars,  «  and  f,  in  the  compariaon  of  the  vector  partt,  whence  foUows 
the  determimate  and  limiting  equation^ 

XUL  . .  2Vp'(«-p)"*  =  -VpV-i, 

which  evidently  agrees  with  T. 

(6.)  It  is  then  fonnd,  by  this  little  qnatemion  calculation,  as  was  of  course  to  be 
expected,*  that  the  circte  (8.),  through  amy  three  near  points  of  a  curve  in  space, 
coincides  ultimately  with  the  osculating  circle,  if  the  latter  be  still  defined  (889)  with 
reference  to  a  given  tangent^  and  a  near  point,  which  tends  to  coincide  with  ike  given 
point  of  contact. 

893.  An  osculating  circle  to  a  curve  o£  double  currature  does 
not  generally  meet  that  curve  again;  but  it  intersects  generally  a 
plane  curve,  of  the  degree  n,  to  vrhich  it  osculates,  in  2n  -  3  points, 
distinct  from  the  point  p  of  osculation,  whereof  one  at  least  must  be 
real^  although  it  may  happen  to  coincide  with  that  point  p :  and 
such  a  circle  intersects  also  generally  a  spherical  curve  of  double 
curvature,  and  of  the  degree  n,  in  n  -  3  other  points,  namely  in 
those  where  the  osculating  plane  to  the  curve  meets  it  again.  An 
example  of  each  of  these  two  last  cases,  as  treated  by  quaternions, 
may  be  useful. 

(1.)  In  general,  if  we  dear  the  recent  equation,  892,  Y.  or  XIII.,  of  fractions,  it 
becomes, 

L  . .  0  =  2p'2Vp'  (o^-p)  +  (a^p)«Vp'Vj 

in  which  p  =  of  =  the  vector  of  the  given  point  of  osculation,  and  p',  p"  are  its  first 
and  second  derivatives,  taken  with  respect  to  any  scalar  variable  t,  and  for  the  par- 
ticular value  (whether  zero  or  not)  of  that  variable,  which  answers  to  ih»  particular 
point  p ;  while  ut  denotes  generally  the  vector  of  any  point  upon  the  circle,  which 
osculates  to  the  given  curve  at  that  point  p. 
(2.)  Writing  then  (comp.  889,  (10.)), 

lL..p=te  +  rift    p'=o-r^ft    p"  =  2r8/8, 
•ad  UL  . .  w  8  OQ  =:  tea  +  a'% 

to  express  that  we  are  seeking  for  the  remaining  intersection  Q  of  a  plane  hyperbola 


*  This  conclusion  is  indeed  so  well  known,  and  follows  so  obviously  from  the  doe- 
trine  of  infiniteeimals,  that  it  is  only  deduced  here  as  a  verification  of  previons  for- 
>&ul«,  and  for  the  sake  otpraetiee  in  the  present  Calculus. 
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with  its  09culatimg  dreU  at  p,  the  equation  I.  beoomes,  after  a  few  easy  nductioiu, 
indodlng  a  diyisioii  by  Va/3,  the  following  htquadrotie  in  sr, 

IV..  .0^(«-  <)*(«»a%B-/3"); 
in  which  the  cubic  factor  is  to  be  set  aside,  as  answering  only  to  the  point  p  HaeUl 

(8.)  Sabetitnting  then,  in  III.,  the  remaining  Talne  IV.  of «,  we  find  the  ex- 
pressston. 

comparing  which  with  871,  (8.),  we  see  that  if  the  tangent  to  the  hyperbola  at  the 
given  point  p  intersects  the  asymptotes  in  the  points  a,  b,  then  the  tangent  at  the 
sought  point  Q  meets  the  same  lines  oa«  on  in  points  ▲',  b',  sach  that 

VL  . .  OA .  oa'  =  OB>,    OB .  on'  as  OA'*- ; 
whenoe  q  is  at  onoe  fonnd,  as  the  biseoting  p<unt  of  the  line  a'b'. 

(4.)  A  still  more  simple  constmction,  and  one  more  obrioosly  agnehig  with 
known  resalts,  may  be  derived  from  the  following  expression  for  the  eAeri  pq: 
VII. .  .  PQ  =  «  -  p  =  [Cpr^  -  t*a'*)  (ta^p  -  <-»aj8«) 

=  (<9^-t  -  via't)afi'P  g  ap'-^pi 
whenoe  it  follows  (oomp.  22C)  that  if  thto  chofd  pq,  both  ways  prolonged,  meets  the 
two  asymptotes  on  and  OA  in  the  points  R  and  a,  we  have  then  the  Moerst  mmiiUwdc 
oftriangUt  (118), 

Yin.  .  .  A  R08  oc'  AOB. 

(6.)  As  regards  the  eqvalUy  of  the  intercepts,  bp  and  qe,  it  can  be  verified 
mthamt  upccififing  the  teccmd  point  q  on  the  hyperbola,  or  the  $ccomd  scalar,  «.  by 
obeerving  that  the  formula  III.,  combined  with  the  first  equation  ll.,  oondncta  to 
the  expressions, 

IX...OB«-^--j-a(a-i  +  ri)/3,       08a-^~--  =  (»  +  «)«; 

which  give^  generslly, 

X. . . .  B?  =  QS  =  to  -flri/3. 

(6.)  And  as  regards  the  pemerat  rcduetioHy  of  the  detennlnation  of  the  «w»l«Htiy 
circle  to  a  spherical  curve  of  double  curvature,  to  the  determination  of  the  eeea- 
lating  plane,  it  is  sufficient  to  observe  that  when  we  take  the  centre  of  the  sphere  for 
the  origin,  and  therefore  write  (eomp.  881,  XIV.), 

XI. . .  p»  =  const,    Spp'  =  0,    Spp"  =  -  p*», 
then  if  we  operate  on  the  vector  equation  L  with  the  symbol  V .  p,  and  divide  by 
—  p'\  there  results  the  scalar  equation, 

XII...0  =  2Sp(«-p)+(«-p)«»«"^p», 
which  expresses  that  the  circle  is  entirely  contained  on  the  ume  epherie*  mrfaee  as 
the  curve ;  while  the  olAer  scalar  equation, 

XIII.  ...0«SpV(«~p), 
obtained  by  operating  on  I.  with  S .  p",  expresses  (comp.  876,  V.)  that  the  same 


*  This  conclusion  is  geometrically  evident,  but  is  here  drawn  as  abo?«,  for  the 
sake  of  practice  in  the  quaternions. 
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drole  is  tn  <^  otculaiimff  plant  :*  00  that  its  centre  k  is  the  foot  of  the  perpendi^ 
cnlar  let  Call  00  that  plane  from  the  origiOf  and  we  may  therefore  write  (oomp. 
385,  VL), 

XIV.  ..OK  =  K  =  ^^-^,i^ththerelation«,XV.  ..S-=S?=1; 

and  with  the  verification  that  the  ezpreenon  XIV.  agrees  with  the  general  formula, 
889,  IT.,  becaoae 

XVI...pV/)y+/)'»«SpVp» 
when  the  conditions  XI.  are  satisfied. 

(7.)  And  even  if  the  given  canre  he  iio<  a  epherieal  one,  yet  if  we  retain  the 
general  expression  for  c, 

XVn...«=p  +  ^^„  889,  IV., 

and  operate  <m  I.  with  S.  p"  and  S.  pV*  we  find  again  the  equation  XIII.  of  the  os- 
colating  plane,  combined  with  a  new  scalar  equation,  which'^may  after  a  fow  rsduco 
tions  he  written  thus, 

XVIII.  ..(«-ic)«  =  (p-e)a5 

and  which  represents  a  ftew  ephere^  whereon  the  osculating  circle  to  the  curve  is  a 
greai  eirde. 

394.  To  give  now  an  example  of  a  spherical  curve  of  double  oar- 
vature,  with  its  osculating  circle  and  plane  for  any  proposed  point  p, 
and  with  a  determination  of  the  point  q  in  which  these  meet  the 
cnrve  ctgain  (393),  we  may  consider  that  spherical  conicy  or  spherO' 
come,  of  which  the  equations  are  (comp.  357,  II.)) 

I.  ..^Hr»  =  0,        ll...gp^-¥S\pfip  =  Oi 

namely  the  intersection  of  the  sphere^  which  has  its  centre  at  the 
origin,  and  its  radius  =r,  with  a  cone  of  the  second  order,  which  has 
the  same  origin  for  vertex,  and  has  the  given  lines  X  and  fi  for  its 
two  (real)  cyclic  normals.  And  thus  we  shall  be  led  to  some  suffi- 
ciently simple  spherical  constrwtions^  which  include^  as  their  plane 
limits^  the  analogous  constructions  recently  assigned  for  the  case  of 
the  common  hyperbola. 

(1.)  Since  SXp/xp  s  2SXpS/xp  -  p'SX/x  (oomp.  857, 11'.),  the  equations  I.  and  IL 
allow  us  to  write,  as  their  first  derivatives,  or  at  least  as  equations  consistent  there- 
with, 

III. . .  Spp'  =  0,    SXp'  +  SXp  =  0,    S/«p'  -  S/«p  =  0, 

hecanse  the  independent  variahle  is  here  arbitrary,  so  that  we  may  conceive  the  first 
derived  vector  p'  to  be  multiplied  by  any  convenient  acahur ;  in  fact,  it  is  only  the 


*  Compare  the  Note  immediately  preceding. 
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direction  of  this  tangential  yector  p'  which  ia  here  important,  althongh  we  must  cos- 
Hnue  the  derivations  consisteiitly,  and  so  must  write,  as  consequences  of  IIL,  the 
equations, 

IV. . .  Spp"  +  p'«  =  0,     S\p"+ SV'= 0,    Slip"  -  Sf*p'=  0. 

(2.)  Introdndng  then  the  auxiliary  vectors, 

V.  ..ifsVX^    <r=\Sfip+fiSXpt    T^p-^-p^    v=p-p', 
whence 

VI.  .  .  OE:Sir<f=SXr  =  S/iv,    Sp<f«2SXpS^p,    S/ir=2S/fp,    SXv=:2SXp, 
ri=»»=  pi  +  p", 
and  by  new  derivations, 

VIL  .  .  a'«Vijp,     r'sp'+p",     t/sp'-p",    SXr'sSftv'sO,    8/fti^=S/ir, 
SXv'«-SXw, 
we  see  first  that  r  and  v  are  the  vectors  ot  and  or  of  the  points  in  which  the  rtcH" 
linear  tangent  to  the  curve  at  F  meets  the  two  eyelie  planet^  perpendicular  respec- 
tively to  X  and  fi ;  and  because  the  radiut  op  is  seen  to  be  the  perp^n<SaJar  (tseetor 
of  the  linear  intercept  tu  between  those  two  planes,  so  that 

VIII. . .  p'  s=  PT  =  UP  -i-  OP,    we  have    IX. .  .  uop=pot, 

or  X  .  .   rt  AP  =  o  PB, 

if  the  tangent  are  on  the  sphere,  to  the  same  conic  at  the  same  point  p,  meet  the  two 
cyclic  arce  CA  and  cb  in  the  points  A  and  b  :  the  intercepted  arc  ab  bemg  thus  6t- 
eected  at  its  point  of  contact  p,  which  is  a  well-known  property  of  such  a  curve. 

(8.)  Another  known  property  of  a  aphero-'eonic  is,  that  for  any  one  such  curve 
the  aum  of  the  two  epherical  anglee  gab  and  ABO,  and  therefore  also  the  «irea  of  the 
epherical  triangle  ABC,  is  eonetant.  We  can  only  here  remark,  in  passing,  that 
quaternions  recognise  this  property,  nnder  the  form  (com p.  II.), 

XL  . .  cos  (A  +  b) =-  SUXpup  =  -  y :  TX^  sconst. 

(4.)  The  scalar  equations  III.  and  IV.  give  immediately  the  vector  expressioos, 

TTf       .'     Vp(XS/ip  +  ^SXp)                                     (fl+P*)VX/». 
XIL  . .  p  = ^^- ,        XIIL  . .  p  -p ^—^ 

or  by  (2.), 
^^^•••^'=S^'     •"'    XV...p"=p-t    if    XVI... C=g 

=  T  -  r*  e=  W  +  W', 

the  new  auxiliary  vector  C  being  thus  that  of  the  point  x,  in  which  the  osculating 
plane  to  the  conic  at  p  meets  the  line  ti  of  intersection  of  the  cyclic  planes :  so  that 
we  have  the  geometrical  expressions, 

XVIL..p"  =  xp,     r'  =  XT,    -v'  =  xu,    if    C^ox, 
and  the  lines*  r  and  v'  are  the  traces  of  the  osculating  plane  on  those  two  cydie 


*  We  may  also  consider  the  derived  vectors  r*  and  i/,  or  the  lines  zr  and  xu, 
as  correeponding  tangents,  at  the  points  T  and  n  (2.),  to  the  too  eecHonej  made  1^ 
the  cyclic  plane$t  of  that  deoelopahle  cwjhce  which  is  the  heme  of  the  iangenta  IPU 
to  the  epherical  conic  in  question. 
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planes,  or  of  the  latter  on  the  former ;  while  (r  and  v\  as  being  perpendicular  lespec- 
tively  to  p*  and  p,  while  each  4. 9|,  are  the  traces  on  the  plane  \/i  of  the  two  cydie 
nonnala,  of  the  normal  plane  to  the  conic  at  the  point  p,  and  of  the  tangent 
plane  to  the  sphere  at  that  point :  or  at  least  these  lines  have  the  dtreetiotu  of  those 
traeet. 

(5.)  Already,  from  the  expression  XYL  for  the  portion  ox  of  the  radins  oo  (2.), 
or  of  that  radins  prolonged,  which  is  cnt  off  by  the  osculating  plane  at  f,  we  can 
derive  a  simple  eomtruetion  for  the  position  of  the  tpherical  centret  or  po/e,  say  e, 
of  the  amall  fireU  which  osculates  at  that  point  p,  to  the  proposed  tphero-eonie. 
For  if  we  take  the  radios  r  for  nnity,  we  have  the  trigonometric  expressions, 

XYIIL  .  .8ecOB008KPs:(TCs=Tr*:Sn]|-ip=)8e(^PB8ecop; 


or  letttng  ikil  (comp.  Fig.  SO)  the  perpendicular  od  on  the  normal  arc  pb, 

XIX.  .  .  C0SDB  =  C0SDPC06PB.COSPBO08FXss0OSDBCOSBS; 

or  finally,  XX. . .  dbb  (or  dab)  =  ~. 

(6.)  But  although  it  is  a  perfectly  legitimate  process  to  mix  thus  tpherical  tri^ 
gomometry  with  quaternions  (since  in  fact  the  latter  include  the  former),  yet  it  may 
be  satisfactory  to  deduce  this  last  result  by  a  more  purely  quatemionic  method,  which 
can  easily  be  done  as  foUows.    The  values  (4.)  of  p'  and  p"  give, 

XXL  . .  Vp'p''Sj|p=spS<rp''-<rSpp"=pSp(r+p'»<r 

=  (*"  -  P*)  S^r  +  <rSpV  =  rS<rr  +  Yrpo  1 1 1  r,    Vrp'<r, 

in  which  pV  denotes  a  vector  4.  p'  (becaose  Sp'tr  ^  o),  and  1 1 1  9,  p'  (because  S^p  p'ff 
~  0) ;  this  line  p'ff  has  therefore  the  direction  of  the  projection  of  the  line  9  on  a 
plane  perpendicular  to  p',  and  we  are  thus  led  to  draw,  through  the  line  oo  of  inter- 
nction  of  the  cyclic  planes,  Aplane  cod  perpendicular  to  the  normal  plane  to  the  conic 
At  p,  or  to  let  fall  (as  in  Fig.  80)  a  perpendicular  arc  cd  on  the  normal  arc  pd  ;  after 
which  the  normal  to  the  sought  osculating  plane,  or  the  axis  ob  of  the  osculating 
circle  songht,  as  ^ng  |  Yp'p",  will  be  contained  in  the  plane  through  the  trace  r,  or 
or,  or  OB,  which  is  perpendicular  to  the  plane  ofr  and  p'o,  or  to  the  plane  dob  ; 
>nd  therefore  the  spherical  angle  dbb  (or  dab)  will  be  a  right  angle,  as  before. 

(7.)  We  may  also  observe  that  if  k  be  the  centre  of  the  osculating  cirde,  consi- 
dered in  its  awn  plane,  or  the /bol  of  the  perpendicular  on  that  plane  fkom  o,  then 

by  XXL, 
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uid  therefore 

XXIII.  ..  —  =  ?^li^=  ^-spef,    XXIV..  .  taoBPaaiikSpBcoiPDL 

wUcfa  giTee  Again  the  angular  relation  XX. ;  the  quotient  XXIIL  being  tfaoB  a  eec- 
for,  as  it  ooght  bj  898,  XT.  to  be ;  and  the  trigowtMbrU  formula  XXIY.  being  ob- 
tained from  its  expreea&on,  bj  obaenring  that 

XXV.  . .  Tp'r-i  s=  pT :  of = sin  pot=s sin pb,    and    (V :  S)p(r s Up'. eoi pd, 
because         (r-^pV,    bat    ||| p,pV,    or    p'^-l-^,    bnt    JHpy^. 

(8.)  The  rectangnlarity  of  the  planes  of  r,  c  and  t,  pV  is  also  ezpresBed  by  the 
equation, 

XXVI. .  .  0  -  S  (ytcr . VpVr)  =  ScrSpW  -  r«SpVjc ; 

in  proving  which  we  may  employ  the  valaes, 

XXVII.  . .  Sric-i  =  1,    SpViri  =  (-  r^^S^p  =)  SpVr-i. 
(9.)  We  may  also  interpret  these  equations  XXVIL,  as  expressing  the  aystem  of 
the  two  relations, 

XXVIII. .  .  e-«  -  r-»  -A-  r,    r-i  -  r-i  -L  p> ; 
from  which  it  follows  that  k'\  and  therefore  also  that  c,  is  a  line  in  the  plane  so 
drawn  through  r,  as  to  be  perpendicular  to  the  plane  through  r  and  pV,  as  before. 

(10.)  And  the  two  relations  XXVIII.  are  both  included  in  the  foUowing  ex- 
pression, 

XXIX.  . .  K-i  -  r-i  =s  Yr-^p'if :  Sp«r. 

(11.)  We  may  also  easily  dedao^  firom  the  foregoing  tphtricaX  ectuirficiiou,  the 
following  frt^onome^e  expreuioiUf  for  the  areual  radius  r  =  BP  of  the  otetdaHmff 
•mall  eireh  (5.),  and  for  the  om^/e  a  =s  PAB  =  bbp  wfaidi  it  subtends  at  ▲  or  at  b  : 

XXX...taBr=>sin|t8na;        XXXI. ..  tana  a^(cotA-t>ootB); 

A  and  B  ktre  denoting,  as  in  XL,  the  btue  aangUt  of  the  triangle  abo  with  o  for  ver- 
tex, and  c  denoting  as  usual  the  hate  ab,  namely  the  portion  of  the  arcmal  tamgemt 
(2.)  to  the  conic,  which  is  intercepted  between  the  cyclic  arcai 

(12.)  The  osculating  plane  and  eireU  at  p  being  thus  fully  and  in  Tarions  ways 
determined,  we  may  next  inquire  (893)  m  what  point  q  do  they  meet  the  conic 
a^om.  In  symbols,  denoting  by  at  the  vector  of  this  point,  we  haye  the  tknt  sca^ 
lar  equatione, 

XXXIL  . .  Sew  =  SKfi,    8XwS/&itf  =  SXpS/xp,    e»*  s  p<, 

whidi  are  all  evidently  taOgfied  by  the  yalue  w  spt  but  can  in  general  be  tntiirfitii 
also  by  one  other  vector  valuer  which  it  is  the  object  of  the  problem  to  assign. 

(18.)  We  satisfy  the  two  first  of  these  three  equations  XXXIt,  by  assomingthe 
expression, 

XXXIIL  .  .  «  =  ^  + 1  (ar>r'  -  «i/), 

in  which  x  is  any  scalar ;  in  fisct  we  have  the  relations, 

XXXIV.  . .  SicC  =  Sep,    SXi/  «  -  2SXp,    S^r* »  23^p, 
0  B  SXC  »  S/sl  s  SXr'  r=  S^v* »  Sc  r' «  Scv", 
whence  XXXIII.  gives,     XXXV.  .  .  SXiu  =  xSXp,     S^m  =  »-iS/ip,  &c. 
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And  because 

XXXVI...  p  =  ^  +  l(r'-w')» 
we  ohall  satisfy-  also  the  third  equation  XXXII.,  if  we  adopt  for  x  any  root  of  that 
new  scalar  equation,  which  is  obtained  by  equating  the  square  of  the  expression 
XXXIII.  fbr  Of,  to  what  that  square  becomes  when  x  is  changed  to  I. 

(14.)  To  fiieUitate  the  formation  of  thto  new  equation,  we  may  observe  thst  the 
relaUons, 

C  =  f>-p%    r'^fT-k-p';     i;'«p'-/>",    Spp'«0,     S/)p-  =  -p'», 
which  have  all  occurred  before,  give 

XXXVII.  .  .  -  4S|r  =  8t'»  +  «'>,    4SCv' «  r**  +  Sy'« ; 
the  resulting  equation  is  therefore,  after  a  few  slight  rsduotions,  the  foUowing  hiqua- 
dratie  tn  x. 

XXXVIII.  .  .  0  =  C«  -  ly  [v'^x  -  r'«)  ; 
of  which  the  cubic  factor  is  to  be  rejected  (comp.  898,  (2.)),  as  answering  only  to 
the  point  p  itaelf. 

(15.)  We  have  then  the  values, 

XXXIX.  ..»^r'V-«,    and     XL. . .  oq«^*i«^  + J  f  ^  -  ^  ]; 

comparing  which  last  expression  with  the  formulsB  XVII.,  we  see  that  the  required 
point  of  intersection  q,  of  the  sphero-conic  with  its  osculating  circle,  can  be  contiructtd 
by  the  following  rule.  On  the  traces  (4.),  of  the  osculating  plane  on  the  two  cyclic 
planes,  determine  two  points  t^  and  Uj,  by  the  conditions, 

XLI.  . .  XT. XTi  =s xu*,    xu. zui  s  XT' ;     then    XLIL  .  .  TiQ  =  qui, 
or  in  words,  the  right  line  TiUi  it  bisected  by  the  sought  point  Q. 

(16.)  But  a  still  mure  simple  or  more  graphic  construction  may  be  obtaioiid,  by 
investigating  (comp.  893,  (4.))  the  direction  of  the  chord  pq.  The  vector  value  of 
this  rectilinear  chord  Is,  by  XXXVI.  and  XL., 

XLIII.  .  .  PQ  =  «-p  =  K«''-'"«)  (w'-i  +  t'-i)«  JC'-*-^'"*)  r  (r'+w')»' 


"  (S  ~  i^)^^"'*'''  ^*"~  P'  =  i(r'+ 1;') ; 


the  chord  rq  has  therefore  the  direction  (or  its  opposite)  of  the  fourth  proportional 
(226)  to  the  three  vectors,  p\  r',  and  "  v\  or  pt,  xt,  and  xu ;  if  then  we  conceive 
this  chord  or  its  prolongations  to  meet  the  traces  xt,  xu  in  two  new  points  r^^  Us, 
we  shall  have  (comp.  893,  VIII.)  the  two  inversely  similar  triangles  (118), 
XLIV.  .  .  A  Tixvz  (x'  uxt. 
(17.)  To  dednce  hence  a  spherical  construction  for  q,  we  may  conceive  four 
planes,  through  the  axis  OKS,  perpendicular  respectively  to  the  four  following  right 
lines  in  the  osculating  plane : 

XLV.  . .  r',  -  v\  p',  w-p,    or    xt,  xu,  pt,  pq; 
which  planes  will  cut  the  sphere  in  four  great  circles ^  whereof  the  four  arcs, 

XL VI.  .  .  ET,   BO,   KP,   KH, 

are  parts,  if  f,  a,  h  (see  again  Fig.  80)  be  the  feet  of  the  three  arcual  perpendiculars 
from  the  pole  e  of  the  oscuUting  circle  on  the  two  cyclic  arcs  cb,  oa,  and  on  the 
arcoal  chord  pq. 

4  a 
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(18.)  Thu^fow  are»  XLYI.  are  therefore  connected  by  the  »ame  angmiur  refa- 
Horn  as  the  four  Knei  XLV. ;  and  we  have  thus  the  very  simple  formula, 

XLYII.  .  .  OBB  a  FBF, 

expressing  an  ^qoallty  between  hoo  gpherieal  augUa  at  the  pole  s,  which  serves  to 
determine  the  direction  of  the  are  eh,  and  therefore  also  ihapoaUiomg  of  the  paixU 
H  and  Q,  by  means  of  the  relationa, 

XLYIII.  .  .  PHB  =  -,       n  PH  =  O  HQ. 
2 

(19.)  If  the  arcaal  chord  pq,  both  ways  prolonged,  or  any  chord  of  the  conic. 
cut  the  cyclic  arcs  cb  and  ca  in  the  points  k  and  s  (Fig.  80),  it  is  well  known  that 
there  exists  the  equality  of  intercepts  (comp.  270,  (2.)), 

XLIX.  . .  '^  BP  =  n  08 ; 
and  conversely  this  equation,  combined  with  the  formnlts  (11.),  or  with  the  trigono- 
metric expression, 

L. .  .  tanPB  =  tanr=|sin-(cotA  +  cotB), 

2 

for  the  tangent  of  the  arcual  radhu  of  the  osculating  circle,  enables  us  to  determine 
what  may  be  called  perhaps  the  arcual  chord  ofoeculation  pq,  by  determining  the 
spherical  angle  bpb,  or  simply  p,  from  principles  of  apherical  trigonometry  aiouc, 
in  a  way  which  may  serve  as  a  verification  of  the  results  above  deduced  from  qimater^ 
niont, 

(20.)  Denoting  by  t  the  semitransversal  bh  =  hs,  and  by  « the  semichord  ph  =  hq, 
the  oblique-angled  triangles  rpb,  spa  give  the  equations, 


LI. 


c  c 

cot  (f  -  *)  sin  -  =  cos  p  cos  -  +  sin  p  cot  B, 

£  2 

c  c 

cot  (<  +  «)  sin  -  s  cos  pcos  --  ~  sin  p  cot  a; 
^        '       2  2 


while  the  right  angled  triangle  fhb  gives, 

LII.  . .  tan  «  =  sin  p  tan  r. 
Equating  then  the  values  of  cot  2«,  deduced  firom  LI.  and  LII.,  we  eliminate  «  and  t, 
and  obtain  a  quadratic  in  tan  p,  of  which  one  root  is  sero,  when  tan  r  has  tlie  value 
L. ;  such  then  might  in  this  new  way  be  inferred  to  be  the  tangent  of  the  arcual  ra- 
dius of  curvature  of  the  conic,  and  the  remaining  root  of  the  equation  is  then, 

cos  -  (cot  B  -  cot  a) 
LIIL..tanp=  ^ 


e 
cot  A  cot  B  +  coss  -  —  tan*  r 


a  formula  which  ought  to  determine  the  inclination  p,  or  bpb,  or  qpa,  of  the  chord 
PQ  to  the  tangent  pa,  but  which  does  not  appear  at  first  sight  to  admit  of  any  ample 
interpTetation.* 


*  We  might  however  at  once  see  from  this  formula,  that  p  =  a  -  b  at  tbep2oiic 
/t'mif ;  which  agrees  with  the  known  construction  898,  (4.),  for  the  corresponding 
chord  PQ  in  the  case  of  the  plane  hyperbola. 
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(21.)  On  the  other  band,  the  eoHiirucHon  (17.)  (18.),  to  which  the  quaternion 
analysis  led  us,  gives 

LIV.  .  .  HBP  =  GBP  -OEH  =  OBP—  PEF=  FEB  +  OBA, 

and  therefore,  by  the  foar  right-angled  triangleB,  phb,  bfb,  aoe,  and  bpb  or  epa, 
»)ndacta  to  this  other  formola, 

LV.  .  .  cot-i  (cos  r  cotp)  =  cot-M  cos  r  cos  -  tan  (b  +  o)  j 

—  cot-M  COS r  cos  -tan  (A  +  a  j, 

in  which  a  is  the  same  aaziliary  angle  as  in  XXXI. ;  we  ought  therefore  to  find,  as 
the  proposed  verification  (19.),  that  this  last  equation  LV.  expresses  yirtually  the  game 
relation  between  A,  b,  c,  and  p,  as  the  formula  LIII.,  although  there  seems  at  first  to 
be  no  connexion  between  them ;  and  such  agreement  can  accordingly  be  proved  to 
exist,  by  a  chain  of  ordinary  trtgonometrxe  tramformationtf  which  it  may  be  left  to 
the  reader  to  investigate. 

(22.)  K  geometrical  proof  of  ihe  validity  of  the  construction  (17.)  (18.)  may 
be  derived  in  the  following  way.  The  product  of  the  sinet  of  the  areual  perpendi' 
culare^  from  a  point  of  a  given  aphero-eonie  on  its  two  cf/elie  ares,  is  well  known  to 
be  eonstcMt ;  hence  also  the  rectangle  under  the  distances  of  the  same  variable  point 
from  the  two  cgcHe  planes  is  constant,  and  the  curve  is  .therefore  the  intersection  of 
the  sphere  with  an  hyperbolic  cylinder ^  to  which  those  planes  are  asymptotic.  It 
may  then  be  considered  to  be  thus  geometrically  evident,  that  the  circle  which  oeeu- 
lates  to  the  spherical  curve,  at  any  given  point  p,  osculates  also  to  the  hyperbola, 
which  is  the  section  of  that  cylinder^  made  by  the  oeculating  plane  at  this  point ; 
and  that  the  point  q,  of  recent  investigations,  is  the  point  in  which  this  hyperbola  is 
met  again,  by  its  own  osculating  circle  at  p.  But  the  determination  898,  (4.)  of 
euch  a  point  of  intersection,  although  above  deduced  (for  practice)  by  quaternions, 
is  a  plane  prohlem  of  which  the  solution  was  known  ;  we  may  then  be  considered  to 
have  reduced,  to  this  known  and  plane  problem,  the  corresponding  spherical  prob" 
Ifm  (12.) ;  and  thus  the  inverse  similarity  of  the  two  plane  triangles  XUV., 
although  found  by  the  quaternion  analysis,  may  be  said  to  be  geometrically  ex- 
plained, or  accounted  for :  the  traces  xt  and  xu,  or  r  and  -  i/,  of  the  osculatmg 
pUine  to  the  conic  on  the  two  cyclic  planes  (4.),  being  evidently  the  asymptotee  of 
the  hyperbola  in  question. 

(23.)  In  quaternions,  the  constant  product  of  sines,  &c,  is  expressed  by  this 
form  of  the  equation  II.  of  the  cone, 

LVI. . .  SUXp .  SU/ip  =  (^  -  SX/a)  :  2TX/«  =  const. ; 

and  the  scalar  equation  of  the  hyperbolic  cylinder,  obtained  by  eliminating  pS  be- 
tween I.  and  II.,  after  the  first  substitution  (1.),  is 

.    LVII. .  .  SXpS/ip  =  4r«  Of  -  a\ti)  =  const. ; 

while  the  expression  XXXIII.  for  u  may  be  considered  as  the  vector  equationof 
the  hyperbola,  of  which  the  Intersection  q  with  the  circle,  or  with  the  sphere,  is  de- 
termined by  combining  that  equation  with  the  condition  a»'  ss  p<  (=  —  r>). 
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(fi.)  In  the  foregoing  iov6sUgati<ni,  yrt  h«Te  treated  a  «pAer(HCioiu>  in  eonnezion 
with  iU  cyelie  arc$  (2.) ;  bat  it  would  have  been  about  equally  «4]r  to  hare  treated 
the  same  carve,  with  reference  to  itaybca/  pointt :  or  to  the>bco/  Uneg  of  the  cone, 
of  which  it  is  the  itUerMeetion  with  a  concentric  aphere.  (Compare  what  has  been 
called  the  bifocal  trantformation,  in  860,  (2.))* 

(25.)  We  can  however  only  state  generally  here  the  ratdt  of  sach  an  application 
of  qnaternions,  as  regards  the  constraetion  of  the  escalating  small  circle  to  a  spheri- 
cal coniCf  considered  relatively  to  its^bct :  which  ennstructum*  can  indeed  be  also 
geometrically  deduced,  as  a  certain  po!ar  reciprocal  of  the  one  given  above.  Two 
focal  points  (not  matually  opposite)  being  called  f  and  g,  let  pk  be  the  normal  arc 
at  p,  which  is  thus  equally  inclined^  by  a  well-known  principle,  to  the  two  vector 
ttrei$,  FP,  OP ;  so  that  if  the  focus  o  be  suitably  distinguished  from  its  own  opposite, 
the  spherical  angle  fpo  is  hieected  by  the  arc  nx,  which  is  here  supposed  to  termt- 
naie  on  the  yiven  are  FO.  At  K  erect  an  are  qnr,  perpendicular  to  FN,  and  iermi- 
nating  in  Q  and  n  on  the  two  vector  arcs.  Perpendicular»y  qb,  rb,  to  these  Uut 
arcty  will  meet  on  the  normal  arc  px,  in  the  Bougkt  pok  (or  spherical  centre)  e,  of 
the  sought  small  circle^  which  osetdates  to  the  conic  at  the  given  point  p. 

(26.)  The  two  focal  and  arcaal  chords  of  curvature  from  p,  which  pass  through 
F  and  o,  and  terminate  on  the  osculating  circle,  are  evidently  hisected  at  q  and  r. 
In  virtue  of  the  foregoing  construction^  which  nuiy  therefore  be  thus  enunciated  :— 

The  great  circle  qb,  which  is  the  common  bisector  of  the  two  focal  and  areual 
chords  of  curvature  from  a  given  point  p,  intersects  the  normal  are  FN  on  the  fixed 
are  FO,  connecting  the  two  foci;  that  is,  on  the  areual  major  axis  of  the  conic. 

(27.)  The  construction  (5.)  fails  to  determine  the  position  of  the  auxiliary  point 
D  In  Fig.  80,  for  the  case  when  the  given  point  r  Uonthe  minor  axis  of  the  conic ; 
and  in  hd.  the  expressions  (4.)  for  p'  and  p"  become  infinite,  when  the  denominator 
SX|ip  is  zero.  But  it  is  easy  to  see  that  the  anxHiary  vector  tr,  which  represents 
generally  the  trace  of  the  normal  plane  to  the  curve  on  the  plane  of  the  two  <ye/i> 
normals^  becomes  at  the  limit  here  considered  the  required  axis  of  the  osculating 
drde ;  and  accordingly,  if  we  assume  simply  (comp.  (1.)  and  (2.)), 

L VIII.  . .  p'  =  \po^    and  therefore    p" = Vp V  +  Vp<r', 
we  have  LIX.  .  .  <r'  =  0,     and    Vp'p"  ||  <t,     when    SX/xp  =  0. 

(28.)  In  general,  if  we  detennioe  three  points  i^  u,  s  in  the  plane  of  X/t,  by  the 
formula  (comp.  again  (2.)), 

X/o*  lip'  <fp* 

LX.  .  .  OI,  =  gj^,      OM=^^,      08  =  g;;^=K01.  +  0M), 

then  L  and  m  will  be  the  intersections  of  the  cyclic  normds  X,  p  fnOt  the  tangent 


*  The  reader  can  easily  draw  the  Figure  for  himself.  As  regards  the  known 
rule,  lately  alluded  to  (in  893,  (4.),  and  394,  (22.)),  for  determining  the  chord  of 
intersection  of  a  plane  conic  with  its  osculating  oJrc/«,  it  will  be  fonnd  (for  instance) 
in  page  194  of  HamiHosCs  Conic  Sections  (in  Latin,  London,  1758).  The  two  ^she- 
rieal  eonotruetums,  for  the  smmll  eirele  osculating  to  a  spherical  eonic,  were  early 
deduced  and  published  by  the  present  writer,  as  consoqiiences  of  qaateroion  cal- 
culations.     Compare  the  first  Note  to  page  585. 
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pluM  to  the  sphere  at  p,  and  th«  normal  plane  to  the  carve  at  the  same  point  will 
biaect  the  ri^^Iit  line  uc  in  the  point  a ;  we  shall  alao  have  this  proportion  of  sines, 
LXI.  .  .  sin  LOS :  sin  SOM  =  SUXp :  SU/xp 
=  COS  LOP :  cos  POM  =  sin  ppi  :  sin  ppj,  comp.  (23.), 

if  PPi,  ppa  be  the  arcoal  perpendiculars  from  the  point  p  of  the  conic  on  the  two  cyclic 
arcs;  and  this  general  rule  for  determining  the  position  of  the  line  os,  or  9,  applies 
even  to  the  limiting  ease  (27.),  when  that  variable  line  becomes  the  axie  of  the  esca- 
lating circle,  at  a  minor  stcmmtf  of  the  curve. 

(29.)  As  an  exmmpU,  let  os  aappoae  that  the  constants  ^,  X,  fi  in  the  eqoation 
II.  aie  oonnected  by  the  relation, 

LXII-  .  .  ^  =  -  SX^,     whence    LXIIL  . .  S(VXp .Yfip)  =  0 ; 

the  eyelic  nprmals  are  therefore  in  thie  case  ddet  of  the  cone,  and  the  two  planes 
"Which  connect  them  with  any  third  side  am  mntaalljr  reetangtdar;  so  that  the  eonic 
ia  now  the  loeua  of  the  vertex  of  a  right-angled  spherical  triangle,  of  which  the 
hgpoUnMMe  is  given.  And  by  applying  either  the  formula  LXI.,  or  the  construction 
(28.)  which  it  represents,  we  find  that  the  trigonometric  tangent  o^thtareual  radius 
of  the  osculating  small  circle  to  snch  a  conic,  at  either  end  of  the  given  hypotenuse, 
is  equal  to  half*  the  tangent  of  that  hypotenuse  itself 

(30.)  It  is  obvious  that  eveiy  determination,  of  an  osculating  circle  to  a  spherical 
curve,  is  at  the  same  time  the  determination  of  what  may  be  (and  is)  called  an  os- 
culating right  cone  (or  cone  of  revolution),  to  the  cone  which  rests  upon  that  curve, 
and  has  its  vertex  at  the  centre  of  the  sphere.  Applying  this  remark  to  the  last  ex- 
ample (29.),  we  arrive  at  the  following  theorem,  which  can  however  be  otherwise 
dedoced: — 

If  a  cone  he  cut  in  a  circle  by  a  plane  perpendicular  to  a  side,  the  axis  of  the 
right  cone  which  osculates  to  it  miong  that  side  passes  through  the  centre  of  the  sec- 
tion. 

396.  When  a  given  curve  of  double  curvature  is  not  a  spherical 
curve,  we  may  propose  to  investigate  the  spheric  surface  which  ap- 
proaches to  it  mo^  daedy,  at  anj  assigned  points  An  oacuiating 
cirde  has  been  defined  (389)  to  be  the  ^tmt^of  a  circle,  which  touches 
ft  given  curve,  or  its  tangent  pt,  at  a  given  point  p,  and  cuts  the  same 
curve  at  a  near  point  q  ;  while  the  tangent  pt  itself  had  been  regarded 
(100)  as  the  limit  of  a  rectilinear  secant,  or  as  the  ultimate  position 
of  the  smedl  chord  pq.  It  is  natural  then  to  define  the  osculating 
sphere,  as  being  the  limit  of  a  qjkeric  surfaoe^  which  passes  tltrough 
the  osculating  circle,  at  a  given  point  p  of  a  curve,  and  also  cuts  that 
curve  in  a  point  Q,  which  is  supposed  to  approach  indefinitely  to  P, 
and  ultimately  to  coisaide  with  it.  Accordingly  we  shall  find  that 
^lA  definition  conducts  by  quaternions  to  formulcs  sufficiently  sim- 

*  This  may  also  be  infbrred  by  limits  from  the  fbrmolsB  (11.)  ;  in  which  r  and 
a.  were  used,  provisionally,  to  denote  a  certain  spherical  are  and  angle. 
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pie;  and  that  their  geometrical  interpretations  are  consisteiit  with 
known  results:  for  example,  the  centre  of  spherical  curvature^  or  the 
centre  of  the  osculating  sphere,  will  thus  be  shown  to  be,  as  usuaU  the 
point  in  which  the  po^ar  axis  (39 1>  (5.))  touches  the  cusp-edge  of  the 
polar  developable  (39 li  (6.))*  It  will  also  be  seen, that  whereas  in 
general,  if  R  be  a  point  in  the  normal  plane  (370,  (8.))  to  a  given 
curve  at  p,  we  can  only  say  that  the  difference  of  distances,  bq  -  bp* 
is  small  of  an  order  higher  than  the  firsts  if  the  chord  pr  be  snoali 
of  th^  first  order ;  and  whereas,  even  if  r  be  on  M«  polar  axis  (391, 
(4.)),  we  can  only  say  generally  that  this  difference  of  distances  is 
small,  of  an  order  higher  than  the  second ;  yet,  if  R  be  placed  at  the 
centre  s  of  spherical  curvature,  the  difference  sq-sp  is  small,  of  an 
order  higher  than  the  third :  so  that  the  distance  of  a  near  point  n^from 
the  osculating  sphere  at  the  given  point  p,  is  generally  small  of  the  fourth 
order,  the  chord  being  still  small  of  the^rs^ 

(1.)  Operating  with  S.X,  where  X  is  an  arbitrary  line,  on  the  vector  equation 
392,  V.  of  the  osculating  circle,  we  obtain  the  scalar  equation  of  a  sphere  through 
tiiat  circle  under  the  form, 

I...0  =  2S-^+S^'; 

which  may  however,  by  393,  (7.))  be  brought  to  this  other  form,  better  suited  to 
our  present  purpose, 

II..  .(w-ic)«  =  (p-i:)«  +  2cSf>V(«-f>); 
c  being  any  scalar  constant,  while  jc  is  still  the  vector  of  the  centre  x  of  the  circle  : 
and  the  vector  9  of  the  centre  s  of  the  sphere  is  given  by  the  formula, 

III.  .  .  a  =  jc  +  cVpy, 

which  evidently  expresses  that  this  last  centre  is  on  the  polar  axis. 

(2.)  To  express  now  that  tliis  sphere  cuts  the  curve  in  a  near  point  q,  we  are  to 
substitute  for  ^  the  expression, 

IV.  .  .  w  =  p«=p  +  *f>'  +  l<«p"  +  J*»«^"',    with    «o=l; 
but  <c  has  been  seen  (in  891)  to  satisfy  the  three  equations, 

V...O  =  Sp'(ic-rt,     0  =  Sp"(«-p)-p'»,     0=SpV(«-p); 

reducing  then,  dividing  by  {<',  and  passing  to  the  limit,  we  find  for  the  oaeuloHmp 
sphere  the  condition, 

VI.  .  .  Sp'"0)-jc)  +  8S|[)'p"  =  cSp'"pVi 
so  that  finally  the  vector  9  satisfies  the  three  scalar  equations, 

VII.  ..0=Sp*(<'-pN     0  =  Sp"(<r-p)-p'«,    0  =  Sp'^(<r-p)-8Sp'p'', 
by  which  it  is  completely  determined,  and  of  which  the  two  last  are  seen  to  be  the 
successive  derivatives  of  the  first,  while  that  first  is  the  equation  of  the  normal  plane : 
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irhenoe  the  centre  s  of  this  ephere  is  (by  the  sub-arts,  to  386,  comp.  391,  (6.))  the 
point  where  the  polar  axie  kh  iouehee  the  cuap-edge  of  the  polar  developable. 

(3.)  Differeatials  may  be  sabstituted  for  deriyatiyto  in  the  equations  YIL, 
-which  may  also  be  thus  written  (comp.  391,  (4.)), 

VIII.  ..0=dT(p-<r),     0  =  d«T(p-(r),     0  =  d»T(p-a),    if    d(T  =  0; 
the  stance  of  a  near  point  Q  of  the  given  curve  from  the  osculating  jpAere  is  there- 
fore nnaU  (as  above  said),  of  an  order  higher  than  the  third,  if  the  chord  pq  be  small 
of  thejiret  order. 

(4.)  The  two  first  equations  VII.,  combined  with  Y.,  give  also 

IX...O=Sp'(<'-K)i     0  =  Sp''(<r-jc),     0  =  S(ic-p)(<r-jc); 
which  express  that  the  line  xa  is  perpendicular  to  the  osculating  plane  and  absolute 
normal  at  p,  as  it  ought  to  be,  because  it  is  part  of  the  polar  axis. 

(5.)  Concaving  the  three  paints  p,  k,  s,  or  their  vectors  p,  jc,  ff,  to  f/ary  together, 
the  equations  T.  and  VII.,  combined  with  their  own  derivatives,  give  among  other 
results  the  following: 

X. .  .  0  *:  Sr'p'  =  S<T'p'  =  S^p"  =  S<T'(ic  -  p)  =  SiTp' ; 

of  which  the  geometrical  interpretations  are  easily  perceived. 

(6.)  Another  easy  combination  is  the  following, 

XL..0  =  ScV  +  p-2c), 
BB  appears  by  derivating  the  last  equation  IX.,  with  attention  to  other  relations ; 
but  2ff  -  p  is  the  vector  of  the  extremity,  say  m,  of  the  diameter  of  the  osculating 
circle,  drawn  from  the  given  point  p :  we  have  therefore  this  construction : — 

On  the  tangent  kk'  to  the  locus  of  the  centre  of  the  osculating  circle^  let  fall  a 
perpendicular  from  the  extremity  M  of  the  diameter  drawn  from  the  given  point  p  ; 
this  perpendicular  prolonged  will  interseei  the  polar  axis^  in  the  centre  a  ofiheoscu' 
lating  sphere  to  the  given  curve  at  p. 

(7.)  In  general,  the  three  scalar  equations  VII.  conduct  to  the  vector  expres- 
sion, 

3VpVSpy-t-p''VpV 

^^^' ' •  '"'^^-^ s^p" ' 

or  with  differentials, 

_„_  8Vdpd«pSdpd»p  +  dp«Vd»pdp 

XIII.  .  .  «r  =  p+  Sd^dV'^  ' 

the  scalar  variable  bemg  still  left  arbitrary. 

(8.)  And  if,  as  an  example,  we  introduce  the  values  for  the  helix, 

XIV...p  =  rt«+a«A     p'  =  ca+5a**>ft     p''=-[fy«'A 

'A 


(IT" 


whereof  the  three  first  occurred  before,  we  find  after  some  slight  reductions  tbe  ex- 
pression, in  which  a  denotes  again  the  constant  inclination  of  the  curve  to  the  axis  of 

the  cylinder, 

XV. . .  «r  =  p-o</3coeec»a  =  cte-o*/3cot«a; 

but  this  is  precisely  what  we  found  for  k,  in  889,  VIII. ;  for  the  helix,  then,  the 
two  centres,  K  and  s,  of  absolute  and  spherical  curvature,  coincide. 
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(9.)  This  known  result  to  a  oonsequencei  and  may  serve  as  an  illastration,  of  the 
general  coiuirmeiiom  (6.) ;  because  it  to  easy  to  inftr,  from  what  was  shown  in  389, 
(8.),  respeoting  the  loeuM  of  the  eemtre  k  of  the  otctdatimg  mreU  to  the  helix,  as  bong 
amoiher  helix  on  a  eo-axal  cylinder^  that  the  ten^cat  kk'  to  thiM  locus  to  perpendi- 
cnlar  to  the  radios  of  curvatore  kp,  while  the  same  tangent  (kk'  or  k)  is  •hvay 
perpendicular  (X.)  to  the  tangent  (fp'  or  p*)  to  the  curoe  ;  kk'  to  therefore  here  at 
right  angles  to  the  oeculating  plana  of  the  ^imm  helix,  or  coinddes  with  its  polar 
axis:  so  that  the  perpendicular  on  it  from  the  extremity  m  of  the  diameUr  ofcmr- 
vatmre  falls  at  the  point  k  itself^  with  which  consequently  the  point  s  in  the  present 
case  eoineidts,  as  found  by  calculation  in  (8.). 

(10.)  In  genera],  if  we  introduce  the  expressions  876,  VI.,  or  the  following, 

XVL  .  .  p'  =  #'D|p,     p"  =  »'2d,*p  +  8"DmP,     p"  =  #'*D,»p  +  8*'»"d,"p  +  «'"l>i/>, 

in  which  t  denotes  the  arc  of  the  carve,  but  theaooents  still  indicate  derivations  with 
respect  to  an  arbitraiy  scalar  t  \  and  if  we  observe  (oomp.  880,  (12.;)  that  th*  re- 
lations, 

XVII.  .  .  D,p«  =  -  I,      S.  D«pD«>p  =  0,      S . D«pD«>p  +  D,2p»  =  0, 

in  which  D«pS  and  d«V'  denote  the  squares  of  D«p  and  D«*p,  and  S .  Daf>D«*p  denotes 
S(Dt/D.D/p),  &C.,  exist  independently  of  the ybrm  of  the  curve  ;  we  find  that  «**  and 
s'~  disappear  Arom  the  numerator  and  denominator  of  the  expression  XII.  for  <r—  p, 
and  that  they  have  «'*  for  a  common  factor:  setting  aside  which,  we  haxt  thus  the 
simpler  formulft, 

XVIII. .  .  „_  VWp     ^     P.-P4.D.V 

S  .  D«pD«'pD.'p        S .  DapD«>pD^p 

And  accordingly  the  three  scslar  equations  YII.,  which  determine  the  centre  of  the 
osculating  sphere,  may  now  be  written  thus, 

XIX.  .  .  S(<r-p)D^  =  0,     S(ff-p)D,*p+  1  =  0,     S(«T-p)D.5p  =  0. 

(11.)  Conversely,  when  we  have  any  formula  involving  thus  the  saocessive  deri- 
vatives of  the  vector  p  taken  with  respect  to  the  arc,  «,  we  can  always  and  easOy 
generalize  the  expreenon^  and  introduce  an  arbitrary  variaUe  t,  by  inverting  the 
equations  XYI. ;  or  by  writing  (comp.  890,  VIII.), 

XX.  .  .  D^  ss'-Ip',      D^p  a^-l(,'-lp')'=  f'-lp'-  «'-«#>',  &c 

(12.)  It  may  happen  (comp.  879,  (2.))  that  the  independent  variable  t  is  only 
proportional  to  «,  without  being  equal  tliereto ;  but  as  we  have  the  genersl  relatioii, 

XXI.  .  .  Di»p  =  #'»D."p,    if    «•  =  Dif  =  Tp' = const, 
it  to  nearly  or  quite  as  easy  to  eflfeot  tlie  transformations  (10.)  and  (11.)  in  the  case 
here  supposed,  or  to  pass  from  ttoa  and  reciprocall}*,  as  if  we  bad  «'  =  1. 

(18.)  If  the  vector  tr  be  treated  as  eonetant  in  the  derivations,  or  if  we  consider 
for  a  moment  the  centre  s  of  the  sphere  as  hjixedpoint,  and  attend  only  to  the  ca- 
riatione  ofdietanee  of  a  point  on  the  atrve  from  if,  then  (remembering  that  T(p  -  «)> 
=  -  (p  —  <r)^)  we  not  only  easily  put  (comp.  VIII.)  the  three  equations  XIX.  under 
the  forms, 

XXII.  .  .  0  =  D,T(p  -  <r)  a  o/r(p  -  <r)  *  D/T(p  -  <t), 

but  also  obtain  by  XVI  I.  Hub  fourth  equation, 

XXIII.  .  .  T(p  -  «r)  D/T(p  -  a)  =  S.(a-p)D.V+  i>«V*. 
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(14.)  If  then  wo  write,  for  abridgment, 

XXiy. . .  r  s  T(c  -  p)  =  TD«2p~'  »  raiUm»  ofosaUatiag  eirds  ; 
ZXV. .  .  £  =  T(a  -  p)  —  roiltact  ofoteulatimff  sphere  ; 


and 


XXVL       S^  8((r-p)D/p  ^  S.Dip»PtVPt*p 

-  D^p>  S  .  D,pD,»p"D,"p' 


we  see  that  <Am  teaUtry  S,  muet  be  eonetaniiy  egmal  to  umitff  for  every  epherieal 
curve  :  but  that  for  a  conre  which  b  noa-fpAeHca/,  the  distance  bq  of  a  near  point 
Q,  flrom  the  «eii<re  s  of  the  oseulatinff  sphere  at  P',  is  generally  given  by  an  expres- 
■Son  of  the  form, 

XXVII. .  .  85=  a  +  ^^^J|~,    with  ««= 1 ; 

to  that,  at  least  for  near  points  q,  on  each  side  of  the  given  point  p,  the  curve  lies 
•nlJkoirf  oripifAm  the  sphere  which  ofcttZofet  at  that  given  pdnt,  according  as  the  sca- 
lar, a,  determined  as  above,  is  greater  or  less  than  unity, 

(15.)  In  the  case  (12.),  the  formula  XXVL  may  be  thus  written, 

xxviii. . .  s=^'^yy2\ 

whence,  by  carrying  the  derivations  one  step  fkrther  than  in  (8.),  we  And  for  the 
hdix, 

XXIX...  S^«oosec>a>l,    or    XXIX'.  .  .  J^-l8cot'a>0  ; 

and  accordingly  it  is  easy  to  prove  that  this  carve  lies  wholly  without  its  osculating 
sphere,  except  at  the  point  of  oacnlation. 

(16.)  In  general,  the  scalar  S-ly  which  vanishes  (14.)  foraU  spherical  curves, 
and  which  enters  as  a  confident  into  the  ezpres^on  XXYII.  for  the  deviation 
8Q  —  8P  of  a  near  point  of  any  other  carve  from  its  own  escalating  sphere,  may  be 
caJled  the  Confident  of  Non-Sphericity  ;  and  if  qt  be  the  perpendicular  from  that 
near  point  q  on  the  tangent  pt  to  the  carve  at  the  given  point  p,  we  have  then  this 
Umiting  equation,  by  which  the  valae  of  that  coefficient  may  be  expressed, 


XXX...  S'-lrsUm.S 


/bq'-8P'\ 


(17.)  Besides  the  forms  XVIII.,  other  transformations  of  the  expressions  XII. 
XIII.  for  the  vector  <r  of  the  centre  of  an  osculating  sphere  might  be  assigned;  but 
it  seems  sufficient  here  to  suggest  that  some  useful  practice  may  be  had,  in  proving 
that  those  expressions  for  <r  reduce  themselves  generally  to  zero,  when  the  condition, 

XXXI.  ..Tp  =  const 
is  satisfied. 

(1&)  It  may  just  be  rsmarked,  that  as  r-i  is  often  called  (comp.  889,  (4.))  the 
absolute  curvature,  or  simply  the  curvature,  of  the  curve  in  space  which  is  consi- 
dered, so  iZ-i  is  sometimes  called  the  spherical  curvature  of  that  curve :  while  r  and 
R  are  called  the  radU*  of  those  two  curvatures  respectively. 


*  We  shall  soon  have  occasion  to  consider  another  scalar  radSus,  which  we  prfr- 
pose  to  denote  by  the  small  roman  letter  r,  of  what  is  not  uncommonly  called  the 
torsion,  or  the  second  curvature,  of  the  same  curve  in  space. 

4b 


554  BLKMENTS  OF  QUATBRNIONS.  [BOOK  III. 

396.  When  the  arc  («)  of  the  curve  is  made  the  independent 
variable,  the  calctdcUians  (as  we  have  seen)  become  considerably  sim- 
plified, while  no  essential  generality  is  lost,  because  the  transforma- 
tions requisite  for  the  introduction  of  an  arbitrary  scalar  yariable  (/) 
follow  a  simple  and  uniform  law  (395,  (ll-)i  ^c.)*  Adopting  then 
the  expression  (comp.  396,  IV.), 

I. .  . />.  =  />  +  «T+ J5V  +  ^«H*,T",     with     tio«=l, 
in  which 

II. .  .  T  a  D^,     t'  =  D,Vi     t''  =  D,V, 
and  therefore 

III.  ..T*+1=0,  Stt'^O,  Stt"  +  t«  =  0, 
we  shall  proceed  to  deduce  some  other  affections  of  the  curve^  besides 
its  spherical  curvature  (395,  (18,)),  which  do  not  involve  the  consi- 
deration of  the  fourth  power  of  the  arc  (or  chord).  In  particular,  we 
shall  determine  expressions  for  that  known  Second  Curvature  (or 
torsion),  which  depends  on  the  change  of  the  osculating  plane,  and  is 
measured  by  the  ultimate  ratio  of  that  change,  expressed  as  an  angle, 
to  thcL  arc  of  the  curve  itself;  and  shall  assign  the  quaternion  equa- 
tions of  the  known  Rectifying  Plane,  and  Rectifying  Line,  which  are 
respectively  the  tangent  plane,  and  the  generating  line,  of  that  known 
Rectifying  J)evelopable,  whereon  the  proposed  curve  is  t^ geodetic  (382) : 
so  that  it  would  become  a  right  lint,  by  the  unfolding  of  this  last  sur- 
face  into  emplane.  But  first  it  may  be  well  to  express,  in  this  new 
notation,  the  principal  affections  or  properties  of  the  curve,  which 
depend  only  on  the  three  first  terms  of  the  expansion  I.,  or  on  the 
three  initial  vectors  />,  t,  t',  or  rather  on  the  ^t^  last  of  these;  and 
which  include,  as  we  shall  see,  the  rectifying  plane,  but  not  the  recti- 
fying line :  nor  what  has  been  called  above  the  second*  curvature. 

(1.)  UBing  then  first,  instead  of  I.,  this  less  expaoded  but  still  rigoroiu  express 
sion  (eomp.  876, 1.), 

I V.  .  .  p.  =  p  +  #r  +  }#«u,r',     with    no  =  1, 


*  In  a  Note  to  a  very  able  and  interesting  Memoir,  "  Sur  lea  ligmn  eonrbeM  iim 
piane§"  (referred  to  by  Dr.  Salmon  in  the  Note  to  page  277  of  bia  already  cited 
Treatise,  and  published  in  Cahier  XXX.  of  the  Journal  de  VEeole  PofyteckHiqve), 
H.  de  Saint-Venant  brings  forward  several  objections  to  the  use  of  this  appellatnn, 
and  also  to  the  phrases  torwm,JUxion,  &c,  instead  of  which  be  proposes  to  intro- 
duce the  new  name,  **  eam6rHre ;"  but  the  expression  ^^teamd  ewroaimr^  may 
servo  us  for  the  present,  as  being  at  least  not  unusual,  and  appearing  to  be  snffi- 
eiently  saggettive 
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and  with  the  relatioDS  II.  and  III.,  we  have  at  once  the  following  eyBttm  of  three 
rectemgrniar  Knety  which  are  conceived  to  be  all  drawn  from  the  given  point  p  of  the 
cnrve: 

V. .  .  r  a  unit  iangmU:        VI. . .  r'=  vector  ofeurvaiure  (889,  (4.)j 
and  VIL  . .  v  =  rr'  =  -  r'r  =  t't'^  =  hinarmal  (comp.  879,  (4.)) ; 

r  being  a  line  drawn  in  the  direction  of  a  conceived  motion  along  the  cnrve,  in  virtue 
of  which  the  are  («)  increatee;  while  t'  ie  directed  towarde  the  centre  of  curvature^ 
or  of  the  oeatUUtng  circle^  of  wlilch  centre  K  the  vector  is  now, 

VIII..  .OK»ic  =  p-r'">=p  +  rV  =  p  +  rUr', 
if    IX.  .  .  r->  =  Tr^  =  eurvatttre  at  P,    or    IX'.  .  .  r  =  Tr'-»  =  racUue  of  curvature  ; 
and  the  tkird  line  v  (which  is  norma/  at  p  to  the  curfbce  of  tangents  to  the  carve) 
baa  the  eamc  length  (Tv  a  i-i)  aa  r',  and  ia  directed  ao  that  the  rotation  roond  it 
from  r  to  r'  is  poeitive. 

(2.)  At  the  same  time,  we  have  evidently  a  system  of  three  rectangular  vector 
unite  from  the  same  point  p,  which  may  be  called  respectively  the  temgent  unit^  the 
normal  unitf  and  the  binormal  unitf  namely  the  three  lines, 

X.  .  .  Ur  =  r,     Ur'=rr,    Vv^rrr  ; 
the  normal  unit  being  thos  directed  (Uke  r)  tcmarde  the  centre  of  curvature. 

(8.)  The  vector  equation  (comp.  392,  (2.))  of  the  circle  of  curvature  takes  now 
the  form, 

XL  ..V— =  -v; 
w-p 

with  the  veriflcation  that  it  is  satisfied  by  the  valae, 

XII. . .  w  =  ^=2K-p=5p-2r'», 
in  which  fi  (comp.  395.  (6.))  is  the  vector  om  of  the  extremity  of  the  diameter  of 
curvature  Pic. 

(4.)  The  norma/ p^e,  the  rectifying  plane,  and  the  osculating  plane,  to  the 
carve  at  the  given  point,  form  n^reetangular  sgetem  of  planes  (comp.  879,  (5.)), 
perpendicular  respectively  to  the  three  lines  (1.) ;  so  that  their  scalar  equations  are,  in 
the  present  notation, 
XIII.  . .  Sr(ii»-p)  =  0;        XIV.  .  .  Sr'(«-p)=0;       XV. . .  Sv(ai-p)  =  0; 

by  pairing  which  we  can  represent  the  tangent,  normal,  and  binormal  to  tbe  curve, 
regarded  as  indefinite  right  lines;  or  by  the  three  vector  equations, 

XVI. ..  Vr(«-p)=0;     XVII.  .  .  V/(«-p)=0;     XVIII. ..  Vv  («- p)  =  0. 

(6.)  In  general,  if  the  two  vector  equations, 

XIX.  . .  Vj|  (w -  p)  =  0,    and    XIX'. .  .  Ytj, («.- p,)  =  0, 

represent  two  right  lines,  ph  and  p«H|,  which  are  conceived  to  emanate  according  to 
ang  given  law  from  any  given  curve  in  space,  the  identical  formula,* 


*  It  is  obvious  that  we  have  thus  an  easy  quaternion  solution  of  the  problem,  to 
draw  a  common  perpendicular  to  any  two  right  linee  in  epace. 
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shows  that  the  eammon  perpemdicuiar  to  these  two  ematumtg,  which  at  a  vector  is  re- 
presented hy  either  member  of  tbb  formula  XX.,  imUreeete  the  two  limee  in  the  two 
pouUe  of  which  the  Tectors  are, 

(6.)  In  gemeral  also,  the  pauage  of  a  right  lime  from  any  one  given  position  in 
space  to  any  other  may  be  conceived  to  be  accomplished  by  a  sort  oiecrew  wuium^  with 
the  roNimon  perpendicular  tor  the  axie  of  the  screw,  and  with  two  proporHonal  vdo* 
citietf  of  tramelation  along,  and  of  rotation  round  that  axis :  the  loeue  of  the  twogipem 
and  of  aff  the  intermediate  poeitione  of  the  Km  (when  thua  interpolated)  being  a 
5erao  Surface^  each  as  that  of  which  the  vector  equation  was  assigned  in  814,  (1 1.), 
and  wss  used  in  873,  (4.). 

(7.)  Again,  for  ang  quaternion,  q,  we  have  (by  816,  XX.  and  XXIII.*)  the  two 
equations, 

XXII. . .  lu? = z  g.uvg,      xxir. . .  yvq  ^Am  q.irvq  -. 

comparing  which  we  see  that 

XXIII. .  .yU9:lU9  =  sinZ9:Z9»(very  nearly)  1, 
if  the  angle  of  the  quaternion  be  email ;  so  that  the  logarithm  and  the  vector  ef  the 
vertor  of  a  email-angled  quaternion  are  very  nearly  equal  to  each  other,  and  we  may 
write  the  following  general  approximate  firmnla  for  such  a  o«rsor ; 

XXIV.  .  .  Ug  =  {t^^f  =)  •▼"€,  nearly,  \flqho  emaU; 
the  error  of  this  last  formula  being  in  Csct  small  of  the  third  order,  if  the  aaylr  be 
small  otthejiret, 

(8.)  And  thus  or  otherwise  (comp.  884,  XIII.  and  XY.),  we  may  pexoave  that 
if  the  quaternion  q  have  the  form  (oomp.  (5.)), 

XXV. .  .fsififr-i,    with    XXYI. . .  9ts9  +  *9'  +  *«i 
and  if  we  write  for  abridgment, 

XXVIL  . .  e  =  v2!,     and     XXVUI. . .  A  =  S  -, 
If  W 

we  shall  then  have  neariy,  if  «  be  small,  the  expressions, 

XXIX.  ..U9  =  U-  =  €««,     and     XXX. . .  Tj  =  T-  =  l  +  »A; 
n  •> 

or,  neglecting  «*, 

XXXI.  . .  ^,=  (1  +  «*)f«*i|  =  i«*v  +  ehti, 

in  which  last  binomial,  the  Jir$t  (or  exponential)  term  alone  influences  tlie  direction 
of  the  near  emanani  line  (5.). 


*  Although  the  expression  XXII'.  for  YVq  is  here  deduced  from  816,  XXIII.,  yet 
it  might  have  been  introduced  at  a  much  earlier  stage  of  these  Elemente  ;  for  instance, 
in  connexion  with  the  formula  204,  XIX.,  namely  TVUyssin  iq. 
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(9.)  At  the  same  timei  by  sappofling  « to  tend  to  0,  the  formnla  XXI.  givea,  as  a 
Umit, 

XXXII..  .oh««o  =  p  +  i|S=^,  =  P-9Sf-» 

tor  the  vector  of  the  pointt  Bay  B,  o«  the  ghem  miunumi  ph,  in  which  that  given 
line  is  nUimately  inier§eeted  by  the  comtnon  perpendietdar  (5.),  or  by  the  axU  of 
the  Mcrmr  ratatUm  (6.) ;  but  the  dirtoHon  of  that  axis  is  represented  by  the  vertor 
UO,  and  the  antptlar  velocity  of  that  rotation  ia  represented  by  the  temeor  T9,  if  the 
velocity  of  mofum  (1.)  along  the  give»  curve  be  taken  as  unity :  we  may  therefore 
say  that  the  vector  9  iteelf^  or  the  factor  which  multipliet  the  arcy  «,  in  the  exponentiaX 
term  XXXI.,  if  set  oSfrom  the  point  h  determined  by  XXXII.,  is  the  Vector  of 
Rotation  of  the  Emanant,  whatever  the  Una  (6.)  of  the  emanation  may  be. 

(10.)  And  as  regards  the  gerew  transloHom  (6.),  its  Knear  velocity  is  in  like 
manner  represented,  in  length  and  in  direction,  by  the  following  expression  (obtained 
by  limits  from  XX.), 

XXXIII.  .  .  I  =  9S  -  (set  off  firom  b)  ==  Vector  of  Trantlaiion  ofJBmanant, 
u 

=  prcjeetion  of  tmit-tangent  on  tcrew-axie  (or  of  r  on  0). 

And  the  indefinite  right  line  through  the  point  b,  of  which  this  line  i  is  a  part,  may 

be  called  the  Axie  of  Dieplacement  of  the  Emanant, 

(11.)  It  is  easy  in  this  manner  to  assign  what  may  be  called  the  OeeulaHng 
Screw  Surface  to  the  (generalty  gauehe)  Surface  of  EmanantCj  or  indeed  to  any 
proposed  ekew  surface ;  namely,  the  9cre»  surface  which  has  the  given  emanani 
(or  other)  line  for  one  of  its  gpurairicee^  and  touehet  the  tkew  turfaee  in  the  whole 
extent  of  that  right  line. 

(12.)  It  is  however  more  important  here  to  observe,  that  in  the  caee  when  the 
surface  of  emanants  is  developahle,  the  vector  t  of  translation  vanished  and  that 
conversely  this  vector  i  cannot  be  constantly  zero,  if  that  surface  be  undevelopable. 
The  Condition  of  Devdopabiliig  of  the  Surface  ofEmanante  is  therefore  expressed 
by  the  equation, 

XXXIV.  . .  e  =  0,    or    BrQ  =  0,    or    XXXIV. .  .  Sijij'r  =  0 ; 
and  accordingly  this  condition  is  satisfied  (as  was  to  be  expected)  when  ^  =  r,  that 
is,  for  the  eurface  oftangente. 

(13.)  In  the  same  case,  of  jf  =  or  |  r,  the  vector  0  of  rotation  becomes  equal  (by 
XXVII.and  VII.)  to  the  binormal  v ;  and  the  expression  XXXII.,  for  the  vector  <i»o 
of  the  foot  H  of  the  axis  reduces  itself  to  p ;  and  thus  we  might  be  led  to  see  (what 
indeed  is  othennse  evident),  that  the  passage  from  a  given  tangent  to  a  near  one 
may  be  approximately  made,  by  a  rotation  round  the  binormal,  through  the  small 
anglcy  sTv  =sr~^  =  arc  divided  by  radius  of  curvature, 

(14.)  Instead  of  emanating  lineSf  we  may  consider  a  system  of  emanating  planes, 
which  are  respectively  perpendicular  to  those  lines,  and  pass  through  the  same  points 
of  the  given  curve.  It  may  be  suffident  here  to  remark,  that  the  passage  from  one 
to  another  of  two  such  near  emanant  planes,  represented  by  the  equations, 

XXXV. .  .  Sjj(w-p)  =  0,      XXXV.  .  .  8j7«(«-p)  =  0, 
may  be  conceived  to  be  made  by  a  rotation  through  an  angle  =  «T9,  round  the  right 
line. 
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XXXVI.  . .  8v  («  -  f»)  =  0,    Sv'Cw  -  p)  -  Svra  0, 
or  XXXVr. .  .  Ve(«  -  p)  +  ij-»Sj|r  =  0, 

in  which  the  plane  XXXV.  toueheg  Us  developable  envelope,  and  which  is  paraUei 
to  the  roGent  vector  0,  or  to  the  vector  of  rotation  (9.)  of  tlie  emanant  Une;  bo  that 
if  an  equal  vector  be  set  ofF  on  thie  new  line  XXXVI.,  it  may  be  said  to  be  the  Fer- 
tor  Axit  of  Rotation  of  the  Emanant  Plane, 

(15.)  For  example,  if  we  agidn  make  v/=sr,  so  that  the  equation  XXXV.  repre- 
sents now  the  normal  plane  to  the  curve,  we  are  led  to  combine  the  equation  Xllf.  of 
that  plane  with  its  derived  equation,  and  so  to  form  the  sjstem  of  tlie  tvo  scalar 
equations, 

XXXVII...  Sr(«-p)»0,    8r'(«-p)  +  l  =  0. 

whereof  the  second  represents  a  plane  paralM  to  the  rectifying  plane  XTV.,  and 
d^owM  through  the  centre  ofcwvatura  VIII. ;  and  which  jointly  represent  the  peiar 
axis  (391,  (6.)),  considered  as  an  indefinite  right  line,  which  is  represented  otlienrin 
by  the  one  vector  equation, 

XXXVIIL..Vv(«-e)  =  0,    or    XXXVIIF- . .  Vv(«-p)  =  -r. 

(16.)  And  if,  on  thie  indefinite  line^  we  set  off  a  portion  equal  to  thebinorm^  v, 
such  portion  (which  may  conveniently  be  measured /rom  the  centre  k)  may  be  said, 
by  (14.),  to  be  the  Vector  Axie  of  Rotation  of  the  Normal  Plane;  or  briefly,  tJke 
Polar  AxiSf  considered  as  representing  not  only  the  direction  but  also  the  veiodtg  of 
that  rotation,  which  velocity  =Tv  =  r-i  =  the  curvature  (IX.)  of  the  given  curve  : 
while  another  portion  =  Uv  =  the  binormal  unit  (2.),  set  off  on  the  same  axis  finom 
the  same  centre  of  curvature,  may  be  called  the  Polar  Unit, 

(17.)  This  suggests  a  new  way  of  representing  the  osculating  circle  by  a  vector 
equation  (comp.  (8.),  and  316),  as  follows: 

XXXIX. .  .  «.=  ic  +  f«'(p-«)  =  p+(f"'-l)r'-i 

=  p  +  *r  +  (i-''-l-»y)r'-i 
=  p  +  •r+  i»»r'  + («••'-  1  -#v-  i#«v«)r'-i; 

which  agrees,  as  we  see,  with  the  expression  L  or  IV.,  if  «'  be  n«!glected;  and  of 
which,  when  the  expansion  is  continued,  the  next  term  is, 

XL...j*3v»r'-i=is3^r'  =  -g. 

(18.)  The  complete  expansion  of  the  exponential  form  XXXIX.,  for  the  variable 
vector  of  the  osculating  eirele,  may  be  briefly  summed  up  in  the  following  trigone-' 
metric  (but  oscfor)  expression  : 

•  XLI.  ..««  =  £+(  cos-  +  Uv. sin- ](p-ic), 

in  which,      XLII. . .  p  -  «  =  -  r'r',     and    Uv .  (p  -  e)  =  rvr'->  =  rr ; 

so  that  we  may  also  write,  neglecting  no  power  ofs, 

XLIII.  ..»«  =  p  +  rr  sin  -  4  r»r' vers  - ; 

and  if  this  be  subtracted  from  thtjull  expression  for  the  vector  p«,  the  remainder  may 
be  called  the  deviation  of  the  given  curve  in  space,  from  its  own  circle  ofeunatnre : 
which  deviiUion,  as  we  already  see,  is  small  of  the  third  order,  and  will  soon  be  de- 
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composed  into  its  two  prineipal  partt,  or  ttrmSf  of  that  ordeTi  in  the  directions  of  the 
normai  and  the  hinormal  respectively. 

(19.)  Meantime  we  may  remark,  that  if  we  only  neglect  terms  of  the  fburth 
order,  the  ezpanaaon  I.  giveSi  by  III.  and  IX.,  for  the  lenffth  of  a  9mall  chord  pPc, 
the  formula : 

XLIV. .  .  FP.  =  T(p.  -  p)  =  T(«r  +  J««r'  +  J.'r'O 


Wi'*-ifca)^'-2&-2'^"2V 


this  lemffth  then  is  the  tame  (to  this  degree  of  approximation),  as  that  of  thecAorcf  of 
an  equally  long  are  of  the  osculating  circle:  and  although  the  chord  of  even  a  email 
are  of  a  curve  is  alwmft  shorter  than  that  arc  itself^  yet  we  see  that  the  difference  is 
generaUg  a  small  quantity  of  the  third*  order^  if  the  arc  be  small  of  the^«r. 

397.  Resuming  now  the  expression  396, 1.,  but  suppressing  here 
the  coefficient  u«,  of  which  the  limit  is  unity,  and  therefore  writing 
simply, 

with  the  relations^ 

IL  .  .  t2  =  -  1.     87^  =  0,     STT"=.-T'«  =  r-»,     STV'  =  »-«r', 

if  «  =  arCy  and  r*  =  Tr'sr  curvaiurt,\  as  before,  or  r^  radius  of  curva- 
ture (>  0),  while  r'  =  D^;  and  introducing  the  new  scalar^ 

III. . .  r'  =  S  —  =  T-W  -  =  Secondt  Curvature, 

Tr  V 

with  IT  =  tt'  =  hinormaly  or  the  new  vector, 

r"        v' 
IV. .  .  r-»T=TS  —  =  V-  =  Vector  of  Second  Curvature, 

TT  P 

supposed  to  be  set  off  tangentially  from  the  given  point  P  of  the 
curve,  or  finally  this  other  new  scalar  (>  or  <  0), 


V.  ..r 


=  f  S  —  j    =  Radius  of  Second  Curvature, 


*  This  onght  to  have  been  expressly  stated  in  the  reasoning  of  883,  (5),  for 
which  it  was  not  sufficient  to  observe  that  the  arc  and  chord  tend  to  bear  to  each  other 
a  ratio  ofequalitg^  without  showing  (or  at  le&it  mentioning)  that  their  difference 
tends  to  vanish,  even  as  compared  with  a  line  which  is  ultimately  of  the  same  order 
sft  the  square  of  either. 

t  Whenever  this  word  eurvatia^e  is  thus  used,  without  any  qualifying  adjective, 
it  is  always  to  be  understood  as  denoting  the  absolute  (or fret)  curvatnre  of  the  curve 
in  space. 

X  Compare  the  Note  to  page  554. 
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which  gives  the  expression, 

VI. .  .  t"  =  -  r-»T  -  r-VV  +  r»Ty       - 
=  -  f-njT  +  (r')'CrT'  +  (rryXJy ; 

we  proceed  to  deduce  some  of  the  chief  affections  of  a  carre  in  space, 
which  depend  on  the  third  power  of  the  arc  or  chord.  In  doing  this, 
although  everything  new  can  be  vltimaUly  reduced  to  a  dependence 
on  the  two  new  sealara^  r'  and  r,  or  on  the  one  new  vector  t"^  or  even  on 
1^  =  YiV',  yet  some  auxiliary  symhola  will  be  found  useful,  and  almost 
necessary.  Retaining  then  the  symbols  y,  «,  <r,  12,  as  well  as  t,  t',  r, 
and  therefore  writing  as  before  (comp.  396,  VIIL), 

VII.  .  .  OK  =  K=/>-T'-'«/>+rUT'=^  +  rV, 
VIII.  . .  0>  -  «y>  =  r->U(«c  -  f>)  =  t'  =  D,V=  Vedor  of  Curvature, 

we  may  now  write  also,  by  395,  XVIIL, 

IX.  . .  08  =  <r=^-2— --  =  «  +  fT'ri'  =  ic  +  r'rUi', 
and 

X. . .  (/)  -  ir)-«  =  2^»U(ff  -  /))  =  i/'-^St'i/  =  Vector  of  Spherical  Curvature, 
^projection  of  vector  (t')  of  curvature  on  radiua  {S)  of  osculating  sphere ; 

because  we  have  now,  by  VI., 

XI. . .  i.'=(TT'y=Vrr''«-rV-rVv, 
or  XF.  • .  (Uy)'  =  {rv)'  =  -  rr^rf  =  -  r^Ut', 

and  XII. . .  St'y'  =  -  Stt't''  =  -  r-»T«  =  r^ r\ 

If  then  we  denote  by  p  and  P  the  linear  and  angular  devations,  of  the 
centre  s  of  the  osculating  sphere  above  the  osculating  plane,  we  shall 
have  these  two  new  auxiliary  scalars,  which  are  positive  or  negative 
together,  according  as  the  linear  height  ks  has  the  direction  of  +  b^ 
or  of- 1': 

XIII. .  .p  =  ^  =  r'r;    XIV...  P«kp8=  ton-»^  =  8in-»4«cos-'4; 

while        XV...i?=T(ff-/))«v'(r>+pO  =  \/(»^  +  »^r»); 

the  angle  P  being  treated  as  generally  acute^  Another  important 
Une,  and  an  accompanying  angle  of  elevation,  are  given  by  the  for- 
mula, 

XVI. . .  \  =  V  ~  =  r«YT'T''  =  r-»T  +  tV  =  r-^Ur  +  r^TJp 

'r 

-  Vi/'v*  +  V  =  Rectifying  Vector  (set  off  from  given  point  p), 
«  Vector  of  Second  Curvature  plus  Binormal; 
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XVII.  . .  B^L  -  =  tan"*  -  =  Elet)cUion  ofEeci\fying  Line  (>0,  <  «r), 

=  the  angk  (aoate  or  obtuse,  but  here  regarded  m  positiye), 
which  that  known  and  important  line  (396)  makes  with  the  tangent 
to  the  curve;  so  that  (by  XIII.,  XIV«)  these  two  auxHiary  angUa^^ 
H  and  P,  from  which  (instead  of  deducing  them  from  r'  and  r) 
all  the  affections  of  the  curve  depending  on  «*  can  be  deduoed,  are 
connected  with  each  other  and  with  r*  by  the  relation, 

XVm. . .  tan  P  =  r'  tan  5; 
Many  other  combinations  of  the  symbols  offer  themselves  easily,  by 
the  rules  of  the  present  calculus ;  for  instance,  the  vector  a  may  be 
determined  by  the  three  scalar  equations  (comp.  395,  XIX.), 
XIX.  ..ST(ir-/>)  =  0,     8T'(<r-/i)  =  -.l,     ST"(<r-f>)-0, 
whence,  by  XVI., 

XX.  . .  rV/  =  f« V(Vt't".  (tf  -  /»))  =  VX(4r  -,  p), 
a  result  which  also  follows  from  the  expressions, 

XXL . .  T^'^^v^V  s^V=(x-.ry)T', 

and  XXII.  .  .  <y-/)=r"T'  +  fpv=:rUT'+pUi', 

because  XXIII.  .  .  ly VXv  =  -  ipr V = -  nr't' ; 

we  may  therefore  replace  the  formula  I.  for  the  vector  of  the  curve 
by  the  following,  which  is  true  to  the  same  order  of  approximation,! 

XXIV.  ../>.=pf*Tt  — (c-/>)+^VX(a-/.): 

and  may  thus  exhibit,  even  to  the  eye,  the  dependence  of  all  affec- 
tions connected  with  ^,  on  the  two  new  lines^  X  and  <r-  f>,  which  were 
not  required  when  ^  was  neglected,  but  can  now  be  determined  by 
the  tioo  ecalars  r  and  p  (or  r  and  f',  or  H  and  P  as  before).  The 
geometrical  signiflcation  of  the  scalar  p  is  evident  from  what  precedes, 
namely,  the  height  (ks)  of  the  centre  of  the  osculating  ephere  above 
that  of  the  osculating  circhf  divided  by  the  binormal  unit  (Ui^) ;  and 

*  The  ang^e  H  appean  to  have  been  fint  oonflidend  by  Lanerat,  in  oonnezion 
irith  his  theory  of  rectifying  lines,  planes,  and  sar&oea :  bat  the  angle  here  called  P 
waa  virtually  included  in  the  earlier  resnlts  of  Monge. 

t  Aa  regards  the  homogeneilf  of  snch  expressions,  if  we  treat  the  four  vectors 
Pa,  p,  c,  and  (T,  and  the  five  scalars  s^r,  Ryp,  and  r,  as  being  each  of  the^«<  di- 
mentUm^  we  are  then  to  regard  the  dimensions  of  r,  r',  c^,  H,  and  P  as  being  each  sure  ; 
those  of  r\  v,  and  X  as  each  equal  to  - 1 ;  and  that  of  either  r*  or  v'  aa  being  »  -  2. 

4c 
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as  regards  what  has  been  called  the  radius  r  of  second  curvature  (Y.)» 
we  shall  see  that  this  is  in  fact  the  geometrical  radius  of  a  second  cir- 
cle^  which  osculates^  at  the  extremity  of  the  tangential  yector  rr,  to  the 
principal  normal  section  of  the  developable  Surface  of  Tangents;  and 
thereby  determines  an  osculating  oblique  cone  to  that  important  sur- 
face, ^ndalso  an  osculating  right  cone*  thereto,  of  which  latter  cone  the 
semiangle  is  ff,  and  the  rectifying  line  X  is  the  axis  of  revolution  : 
being  also  a  side  of  an  osculating  right  cylinder^  on  which  is  traced 
what  is  called  the  osculating  helix.  We  shall  assign  the  quaternion 
equations  of  these  two  cones,  and  of  this  cylinder,  and  helix ;  and  shall 
show  that  although  the  helix  has  not  generally  complete  contact  of  the 
third  order  with  theytven  curve,  yet  it  approaches  more  nearly  to  that 
curye  (supposed  to  be  of  douhU  curyature),  than  does  the  osculating 
circle.  But  an  osculating  parabola  will  also  be  assigned,  namely,  the 
parabola  which  osculates  to  the  projection  of  the  curve,  on  Us  awn  os- 
culating plane :  and  it  will  be  shown  that  this  parabola  represents 
or  constructs  one  of  the  two  principal  and  rectangular  components  (396, 
(18.)),  of  the  deviation  of  the  curve  from  its  osculating  drdcy  in  a 
direction  which  is  (ultimately)  tangential  to  the  osculating  sphere,  while 
the  hdix  constructs  the  other  component.  An  osculating\right  cone  to  the 
cone  of  chords^  drKwu  from  a  given  point  of  the  curve,  will  also  be  as- 
signed by  quaternions :  and  will  be  shown  to  have  in  general  a  smaller 
acute  semiangle  C  (or  ir-0),  than  the  acute  semiangle  f  (or  w-H), 
of  the  osculating  right  cone  (above  mentioned)  to  the  surface  ofttm- 
gentSy  or  (as  will  be  seen)  to  the  cone  of  parallels  to  tangents  (369, 
(6.),  &c.) :  the  relation  between  these  two  semiangles,  of  two  osculating 
right  cones^  being  rigorously  expressed  by  the  formula, 

XXV...  tan  C=|tan ir. 
A  new  oblique  cone  of  the  second  order  will  be  assigned,  which  has  con- 
tact of  the  same  order  with  the  cone  of  chords^  as  the  second  right  cone 
(C),  while  the  latter  osculates  to  both  of  them;  and  also  an  o»etf- 
culating  parabolic  cylinder^  which  rests  upon  the  osculating  parabola^ 
and  is  cut  perpendicularly  in  that  auxiliary  curve  by  the  osculating 
plane  to  the  given  curve.  And  the  intersection  of  these  two  last  sur- 
faces of  the  second  order  (oblique  cone  and  parabolic  cylinder)  will 


*  Thete  two  oteulatiuff  cone*,  oblique  and  right,  to  the  gurfaee  of  taa^m/*. 
Appear  to  have  been  first  assigned,  in  the  Memoir  already  cited,  by  M.  de  Saint  Te- 
nant :  the  oscalatiog  (drcnlar)  heUx^  and  the  oecalating  (drcnlar)  q^Under^  having 
been  previously  considered  by  M.  OliTter. 
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be  found  to  consist  partly  of  the  binormal  at  the  given  point,  and 
partly  of  a  certain  twisted  cubic*  (or  gauche  curve  of  the  third  degree)^ 
which  latter  curve  has  complete  contact  of  the  third  order  with  the 
given  cnrre  in  space.  ConMtructiona  (comp.  395,  (6.))  will  be  assigned, 
which  will  connect,  more  closely  than  before,  the  tangent  to  the 
locus  of  centres  of  curvature^  with  (Aher  properties  or  affections  of  that 
given  curve.  And  finally  we  shall  prove,  by  a  very  simple  quaternion 
analysis,  as  a  consequence  of  the  formula  XI^,  the  known  theorem,f 
that  when  the  ratio  of  the  two  curvatures  is  constant,  the  curve  is  a 
geodetic  on  a  cylinder. 

(1.)  The  scalar  ezpreasion  III.,  for  the  teecnd  emrvatwe  of  a  dure  in  space,  aa 
defined  in  896,  may  be  deduced  from  the  formnlA  (896,  (5.),  &c)  of  the  recent 
theory  of  emoHontSt  which  giye, 

JJLVl. . .  0  =  Vi/iri  =  Hr,    •#o=p»    i'^Ty    if    9  =  v, 

wMle  the  line  ofeontaei  (896,  (14.)},  of  the  maanant  plane  with  its  envelope^  ooin- 
ddea  in  poeition  with  the  tangent  to  the  eurve;  in  pasring,  then,  from  the  given 
point  p  to  the  near  point  P«,  the  binormal  (v)  and  the  oeenlating plane  (4-  y)  have 
(nearlv)  revolved  together,  round  thai  tangent  (r)  as  a  cohmioii  aaae,  through  a 
email  angle  ^fU,  and  therefore  with  a  veloeitg  =r~i,  ifthie  egmhol  have  the  value 
assigned  by  III.,  or  by  the  following  extended  ezpressbn,  in  which  the  tealar  va- 
riable (0  is  arbitrary  (comp.  895,  (ll.)i  &c.)) 

XXVTI. . .  i->  =  S  =^,  =  S  =7-3— =  5'«wMi  CWiTotere  .• 
Vp  p  \dpd*p 

while  the  binormal  has  at  the  same  time  been  tranelated  (nearly),  in  a  direction 
perpendicalar  to  the  tangent  r,  through  the  email  interval  m  =^«r,  which  (in  the  pre- 
sent order  of  approximation)  represents  the  email  chord  fp«. 

(2.)  As  an  example,  if  we  talte  this  new  form  of  the  equation  of  the  heUx, 

XXVIII.  ..p«=*  (a<  cot  a +  €«<^),    with    Ta  =  T/3=l,    and    Saj3  =  0, 
which  gives  the  derived  vectors, 

XXIX...pt'=6a(oota  +  €«</3),    pi''  =  -6««'ft    pr^apt", 
and  this  expression  for  the  are  e  (supposed  to  begm  with  t), 

XXX.  ..«=«'f,    where    t'sTp'sdcoseoasoonst, 
we  easily  find  (after  a  few  reductions)  the  following  values  for  the  <wo  emrvatnrei : 


*  This  convenient  appellation  (of  twitted  eubie)  has  been  proposed  by  Dr.  Sal- 
mon, for  a  curve  of  the  kind  here  considered :  see  pages  241,  kc,  of  his  already  cited 
Treatise.    The  osculating  twieted  eubie  will  be  considered  somewhat  later. 

t  This  theorem  was  established,  on  sufficient  grounds,  in  the  dted  Memoir  of  li. 
de  Saint  Yenant  (page  26) ;  but  it  has  also  been  otherwise  deduced  by  M.  Serret, 
in  the  Additions  to  M.  Liouville's  Edition  of  Monge  (Pans,  1850,  page  561,  &c.). 
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XXXI.  .  .f^isd'iiiiiia,    risft-^ainacoia; 

white  th«  ftumun  tenir^  (896),  of  the  owalating  drvfe  and  tpkere,  hu  now  fbr  iu 
rector  (oomp.  $69)  (!.))» 

XXXIL . .  ira«rB|>i-fti«9oosee>«a5oot«(irf-i«V8oota); 
h  being  he^  the  radkm  of  the  cyttiMbr,  hat «  denoting  etOl  the  conetant  JneHumtigm 
of  the  faN^ffiif  (pO  to  the  ocCf  (a> 

(3.)  The  rec((/^iv  ^mc  (896),  oonsideied  menly  as  to  it»  potUum,  being  the 
line  ^contact  of  the  reeii/^uy  piamt  (89 6,  XIY.)  with  its  own  enrebpe,  is  refire- 
sented  by  the  equations, 

XXXIII. . .  0  =  Sr  («  -  p)  =  8r "(«  -  p),  or  XXXHI'.  .  .  0  =  VX(*»  -  p), 
with  the  signification  XVI.  of  X ;  and  accordingly,  if  we  treat  the  rectifying  pUnes 
as  emtmanUt  or  change  9  to  r',  we  find  the  value  0  sYrV-^  =  X,  which  shows  also 
that  in  the  passage  firom  p  to  p«  the  reeHfymgi  plan*  htnu  (nearly)  r<mmd  the  rtetify- 
ing  lingj  through  a  tmaU  angle  =  sTX,  or  with  a  vsfoct^  of  rotation  represented  by 
the  tensor, 

XXXIV. ..  TX«V(M^.r«)eriooeecfi-=riseo£r; 

so  that  what  we  have  called  the  fvcCt^^  Mdor,  X^  coinddeein  Ihct  (by  the  genenl 
theory  of  emanants)  with  the  Mc<or  cueu  (396,  (14.))  of  this  rotatmm  of  the  roeiify' 
ingpHame:  as  the  vetieir  ofoeeomd  emroature  (rW)  has  been  seen  to  be.  In  the  msk 
fkll  eemee  (cottp.  (1.)))  the  veotor  axU  of  rotatioa  of  the  oMmlatutg  pkmOf  when  eeie- 
c»iy,  tftreed'on,  and  poeiiUm  are  aU  taken  Into  acco«nt. 

(4.)  When  the  deritutiTe  /  of  the  ore  is  only  eonHmtdy  without  being  equal  to 
umtg  (oomp.  895,  (12.))i  the  expression  XYI.  may  be  put  under  this  slightly  moie 
general  form, 

XXXV.  .  .  X=v4^=V^^eJlecl»J5f»ii^  Vector; 
ep         d«d*p 

and  accordingly  Ibr  the  heUx  (2.)  we  have  thus  the  values, 

XXXVI..  .XBa/-i=>a6-isina  =  ar-iooBeca,  UX^a; 
the  reety^ie^  Hue  is  therefore^  for  this  ourr^  pmttOei  to  the  mxiei  and  eoiiMi&t  with 
the  generating  line  of  the  egUnder^  as  is  otherwise  evident  from  geometiy.  The 
value,  TXsfr'^Bina,  of  the  veloetty  of  rotation  of  the  rectifying  plane,  which  is 
here  the  tangent  plane  to  the  cylinder,  when  compared  with  a  conceived  velocity  of 
modioli  ahng  the  eicree,  is  also  easny  intei|>feted ;  and  the  fbrmulA  XVII.,  XVIII. 
give,  for  the  same  helix  (1^  XXXI.),  the  values, 

XXXVIIw  .  .f'aO^     iTtto,     i»e»o. 

(6.)  The  nonnftl  (t/t  tiie  radfUB  oT  corvntur^),  as  being  perpendleuiai^  to  the 
rectifying  plane,  revolves  with  the  eame  velocity ^  and  round  ^paralM line;  to  de- 
termine tbeposih'oM  of  which  new  line,  or  the  pnint  h  in  which  it  eute  the  nwmal, 
we  have  only  to  change  if  to  r'  in  the  fomuia  896,  XXXIL,  which  then  becomes, 

XXXVIII.  .  .  OH  =  wo  =  p-r'Sr^.  =  p-X-V 

r-«(K-p)_r»p-frtc 

«=pcoe»^+  «8in>-ff; 


CHAP.  III.]       AXIS  OF  DI8PLACBMRNT  OF  NORMAL.  565 

the  vector  ofrotaHan  (896,  (9.))  of  the  normal  is  therefore  a  line  |  and  =X,  which 
dividei  (internally)  the  radhu  (r)  of  eurvcctttre  into  the  two  $egmentt,* 

XXXIX.  .  .  PH  =«r 8hi*  JET,     S  =  rc08*  Hi 

namely,  into  segments  which  are  proportional  to  the  eqnaree  (r^  and  r^)  of  theyir«< 
and  second  eurvaturtg. 

(6.)  At  the  fame  time^  what  we  have  called  generally  the  vector  oftranelatum 
of  an  enuuiant  line  becomes,  for  the  normal  (by  896,  (10.),  changing  B  to  X),  the 
line 

XL.  . .  i  =  AS  r- 8  UX  008  £r=:  -  r  iX'i,  set  off  from  the  same  point  h  ; 
and  the  indefinite  right  line,  or  axit,  throngh  that  point  h, 

XLI.  ..0«VX(«-«*o),    or    XU'.  ..0=VX(«-pcoe«fl-jesln«iO» 

along  which  axis  the  normal  mores,  through  the  email  Kne  si,  while  it  tnme  round 

the  eame  axis  (as  before)  throngh  the  emaU  angle  sTX,  may  be  called  (oomp.  again 

396,  (10.))  the  Axie  of  Dieplacement  of  the  Normal  (or  of  the  radins  of  cmnratnre). 

(7.)  As  a  verification,  for  the  heKe  (2.)  we  have  thos  the  valnes, 

XLII.  ..FH  =  &)     a»o  =  pi  — 5ca<^=:6aicota,     i  =  aoosa; 

so  that  the  axis  of  displacement  (6.)  coincides  with  the  axis  (a)  of  the  eglinder,  aa 
was  of  course  to  be  expected. 

(8.)  When  the  given  curve  is  not  a  helix,  the  valnes  YI.,  XVI.,  XXXVIIL, 
and  XL.,  of  r",  X,  woi  and  i,  enable  us  to  put  the  expression  I.  for  p«  under  the 
form, 

xLnL..p,»*»o+««+s^O>-«o)--gp; 

the  ewrve  therefore  generally  deviates,  by  this  last  small  vector  of  the  third  order, 
namely  by  that  part  of  the  term  ^r"  which  has  the  direction  of  the  normal  r',  or  of 
-  r*,  and  which  depends  on  r*,from  the  osculating  helix, 

XLIV. . .  «,=«o  +  *»+  «'^(p-«o), 
and  from  the  osculating  right  cylinder, 

XLV. .  .  TVX(w-<i»o)«sin-H; 
wfaeieon  that  helix  is  traced,  and  of  which  the  recHfying  Une  (XXXIIL)  is  a  side, 
whfle  its  axU  of  revolution  (comp.  (7.))  is  the  axis  of  displacement  (XLL)  of  the 
aoimaL 

(9.)  Another  general  transfifmeiion^  of  the  ezpranlon  L  for  the  vector  of  the 
curve,  is  had  by  the  sabstitntion, 

XLVL...  =  «+5  +  ^ 
in  which  tf  is  a  new  seslar  variable;  for  this  gives  the  new  form. 


•  This  Uw  of  dtvision  of  a  ratUus  of  curvature  into  segments,  by  the  eoauneii 
perpendicular  to  that  radius  and  to  its  consecutive,  has  been  otherwise  deduced  by 
M.  de  Sahit  Tenant,  in  the  Memoir  already  referred  to. 
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XLVII.  ..p«=:p  +  «r  +  i<»f  r'  +  ^  i  +  ^»r»v, 

and  therefore  shows  that  the  ewve  demates^  by  this  oihar  gmaU  vector  of  the  tkird 
order, 

XLVIII.  . .  J<»rJy  =  4*»r»rr', 

that  ia,  by  the  part  of  the  term  le^r"  which  haa  the  direction  of  the  himormdl  y,  and 
which  depends  on  r,  from  what  we  propose  to  call  the  OoeulatiMg  Btrabola^  samelj 
that  new  anxiliaiy  curve  of  which  the  equation  is. 


XLIX.. .  w<=p  +  <r  + 


"■{-£). 


or  flrom  the  parabola  which  oeeuiatet  at  the  given  point  p,  to  the  prqfeetiam  of  the 
given  curve  oa  its  owh  oeeulatinff  piame, 

(10.)  And  because  the  small  deviation  XLVIII.  of  the  earve  from  the  parabola 
is  also  the  deviation  of  the  same  curve  from  this  last  plamej  if  we  conceive  that  a 
near  point  q  of  the  curve  is  projected  into  tkree  new  points  Qi,  Qs,  Qa,  on  the  tan- 
gentf  normal,  and  binormal  respectively,  we  shall  have  the  limiting  equation, 

3PQa 

L. .  .  lim. 5=  ri  =  Second  (hwatare  ; 

PQi.PQa 

the  aijfn  of  this  scalar  qnolient  being  determined  by  the  rules  of  quaternions. 

(11.)  But  we  may  also  (comp.  896,  (17.),  (18.))  employ  this  third  general  tranB- 

formation  of  L,  analoffout  to  the  forms  XLIII.  and  XLYIL, 

LL  .  .p«=c  +  «*'(p-c)  +  ~v'r» 

mth  the  value  XI.  of  y* ;  in  which  the  mm  of  the  twojiret  terms  gives  the  vector  of 
the  point  of  the  oeculating  eirde,  which  is  distant  from  the  given  point  pf«  by  an  are 
of  that  circle  equal  to  the  arc  a  of  the  given  curve;  and  the  third  term, 

LII.  . .  4«3y'r  =  ^»(r'*  +  r-«r)=-i«V-»rV'  +  JjSriv, 
which  represents  the  deviation  from  the  $ame  eirde,  measured  in  a  direction  (comp. 
IX.  or  X.)  ttmgential  to  the  osculating  sphere,  is  (as  we  see)  the  vector  etan  of  fvo 
rectangular  components,  which  represent  respectively  the  deviations  of  the  curve, 
from  the  osculating  helix  (8.),  and  ft^m  the  osculating  parabola  (9.). 

(12.)  It  follows,  then,  that  although  neither  helix  nor  parabola  has  in  genersl 
complete  contact  of  the  third  order  with  a  given  curve  in  space,  since  the  deviation 
fit>m  each  is  generally  a  small  vector  of  that  (third)  order,  yet  eadk  of  these  too 
auxiliary  curves,  one  on  a  right  cylinder  XLY,,  and  the  other  on  the  oscnlaling 
pktne,  approaches  in  general  more  closely  to  the  given  curve,  than  does  the  oseulatimg 
circle :  while  circle,  helix,  and  parabola  have,  all  three,  complete  contact  of  the  ae- 
cond*  order  with  the  curve,  and  with  each  other. 


*  It  appears  then  that  we  may  say  that  the  helix  and  parabola  have  each  a  com- 
tact  with  the  cmtm  in  space,  which  is  intermediate  between  the  second  and  third  or- 
ders :  or  that  the  exponent  of  the  order  of  each  contact  is  ihe  fractional  index,  2). 
But  it  must  be  left  to  mathematicians  to  judge,  whether  this  phraseology  can  pro- 
perly be  adopted. 
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(18.)  As  regards  the  geometrical  Hgnifieatum  of  the  nem  variable  eealar,  t,  in 
the  equation  XUX.  of  the  parabola,  that  equation  gives, 

LIII...T«'.  =  T{(l+g)r+.r'}=.l  +  g  +  ^.... 

and  therefore  (to  the  present  order  of  approximation), 

LIY.  .  .  Are  ofOeeuiating  Parabola  (from  too  to  wi) 

=  (;W,d«  =  .  +  !^+g  =  .(byXLVI.) 

s=  Arc  of  Curve  in  Space  (from  po  to  p«) ; 

if  then  an  are  s=  «  be  thus  set  off  vpon  the  parabola,  with  the  same  initial  point  p, 
and  the  same  initial  direction,  and  if  this  parabolic  arc,  or  lt3  ehord  oii  —  oio,  be  o6- 
liquely  projected  on  the  initial  tangent  r,  by  drawing  a  diameter  of  the  parabola 
through  its  final  point,  the  oblique  tangential  projection  so  obtained  will  be  =:<r  by 
XLIX. ;  and  its  lengtht  or  the  ordinate  to  that  diameter,  will  be  the  scalar  t. 

(14.)  And  as  regards  the  direction  of  the  diameter  of  the  oscnlating  parabola, 
drawn  as  we  may  suppose  from  p,  if  we  denote  for  a  moment  by  i)  its  indination 
to  the  normal  +  r',  regarded  as  positive  when  towards  the  tangent  +  r,  we  have  (by 
XLIX.  and  XVIII.)  the  formula, 

r' 
LV.  ..  tani)=-  =  itanPcotir: 
8     * 

which  is  an  instance  of  the  redndbility,  above  mentioned,  of  all  affeetione  of  the  curve 
depending  on  «*,  to  a  dependence  on  the  two  anglet,  H  and  P. 

(15.)  Some  of  these  affections,  besides  the  direction  of  the  reOHJying  line  X,  can 
be  deduced  from  the  angle  H  alone.  As  an  example,  we  may  observe  that  the  vec- 
tor equation  of  the  surface  oftangente  is  of  the  form, 

LVI. . .  «^«  =  p*  +  fp',  =  p*  +  <r„ 
in  which  #  and  t  are  two  independent  and  scalar  variables,  and 

LVIL  . .  r.=  r  +  er'-k-  -  r", 
Z 

+  terms  depending  on  «*  in  p«.    If  then  we  cut  this  developable  LVL  by  the  plane, 

LYIIL  . .  Sr(«  -  p)  =  -  c=  any  given  scalar  constant, 
which  is,  relatively  to  the  surface,  a  normal  plane  at  the  extremity  of  the  tangen- 
tial vector  er  from  p,  while  this  tangent  is  also  a  generating  line,  wegetthusapn'n- 
e^Md*  normal  section,  of  which  the  variable  vector  has  for  its  approximate  expres- 
sion, 

LIX. . .  «,  =  (p  +  ct)  +  («+.  .)r'  +  (J««r»  + .  .)y ; 

the  terms  suppressed  being  of  higher  orders  than  the  terms  retained,  and  having  no 
influence  on  the  curvature  of  the  section.  We  find  then  thus,  that  the  vector  of  the 
centre  of  the  osculating  eirde  to  this  normal  section  of  the  surface  ef  tangents  to  the 
given  curve  is,  rigorously. 


*  Some  general  acquaintance  with  the  known  theory  of  sections  of  surfaces  is 
here  supposed,  although  that  subject  will  soon  be  briefly  treated  by  quaternions. 
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LX.  . .  p  +  cr  +  — -— ^  =  p  +  c(r+rv)=p  +  «rX; 

80  that  the  hem  of  all  nek  cetUret  ia  the  rectifying  lime  XXXIII'.  And  if,  in  parti* 
cnlar,  we  make  e  =  r,  or  cat  the  developable  at  the  extremity  of  the  tangential  vec- 
tor rr,  the  expression  LX.  becomes  then  p  +  rr  +  rUv;  which  expresses  that  the 
radiitM  of  the  eireU  ofeurvatun  of  ikit  normal  section  of  the  sqrfoce  is  precisely 
what  has  beeo  called  the  Badms  (r)  ofSeeomd  CmrvtOure^  of  the  given  cnrve  in 
space.  But  this  radios  (r  =  r  tan  JBt)  depends  only  on  the  angle  J?,  when  the  radius 
(r)  of  (absolute)  cnrvatare  is  given,  or  has  been  previously  determined, 

(16.)  The  come  of  the  eeeond  order,  represented  by  the  quaternion  equation, 
LXL  .  .  0  =  2rSrC«-p)Sv(w-p)+  (Vr(«  -p))«, 
has  its  vertex  at  the  given  point  p,  and  re$t9  upon  the  circle  last  determlndd ;  it  is 
then  the  locue  of  atf  Uie  circles  lately  mentioned  (15.),  and  is  therefore  (in  a  known 
seuse)  an  aeulating  oblique  cone  to  the  developable  gurface^oftanffente :  its  eyWtr 
nomtale  (oomp.  357,  &c)  being  r  and  r  +  2rv,  or  r  and  rr  +  2rUv.  But,  by  394, 
(30.),  the  osculating  right  cone  to  thii  cone  LZI.,  and  therefore  also  Qn  a  sense 
likewise  known)  to  the  surface  of  tangents  itself  is  one  which  has  the  recent  loem 
of  centres  (15.),  namely  the  rectifying  line  (X),  for  its  axis  of  revolution,  while  the 
tangent  (r)  to  the  curve  is  one  of  its  sides  i  its  semiangle  is  therefore  =  JT,  and  a  fonn 
of  the  quaternion  equation  of  this  osculating  right  cone  is  tiie  following  (oomp.  XLY .), 

LXII.  . .  TVUX(«-p)=«inH: 

(17.)  The  right  cone  LXII.,  which  thus  osculates  to  the  developable  surface  of 
tangents  LVI.,  along  the  given  tangent  r,  osculates  also  along  that  tangential  line 
to  the  cone  of  parallels  to  tangents,  which  hss  its  vertex  at  the  given  point  p ;  as  is 
at  once  seen  (comp.  894,  (30.)),  by  changing  p'  and  p"  to  r'  and  r",  in  the  general 
expression  Yp^p"  (393,  (6.),  or  894,  (6.)),  for  a  line  in  the  direction  of  the  axis  of 
the  osculating  ctre2e  to  a  curve  upon  a  sphere.  And  the  axis  of  the  r^ht  cons  thus 
determined,  namely  (again)  the  rectifying  line  (X),  intersects  the  plane  of  the  great 
circle  of  the  osculating  sphere,  which  is  parallel  to  the  osculating  plane,  in  a  point 
L  of  which  the  vector  is, 

LXIII. .  .  OL  =  p  +  rp\  5=  p  +  rr'r  +  rpv. 

(13.)  We  have  thus,  tii  general,  a  gauche  quadrilateralf  VKBh,  right-angled  ex- 
cept at  L,  with  the  help  of  which  one  figure  aU  afiiactioiiB  of  the  curve,  not  depending 
on  s\  can  be  geometrically  represented  or  constructed  :  although  it  must  be  observed 
that  when  r'  =  0,  which  happens  for  the  helix  (XXXVII.),  the  oscukUing  drde  is 
then  itself  A  great  circle  of  the  ORcnlating  sphere,  and  the  points  p  and  l,  like  the 
points  K  and  8,  coincide. 

(19.)  In  the  general  case,  it  nuiy  assist  the  conueptions  to  suppose  lines  set  off, 
from  the  given  point  p,  on  the  tangent  and  binormal,  as  follows : 

LXIV. . .  PT=BL=rr'r;    pb=tl=K8=st7»«^; 

for  thus  we  shall  have  a  right  triangular  prism,  with  the  two  right-angled  triangles, 
TPX  and  LB8,  in  the  osculating  plane  and  in  the  parallel  plane  (17.),  for  two  of  its 
faces,  while  the  three  others  are  the  rectangles,  pxas,  pblt,  xslt,  whereof  the  two 
first  are  situated  respectively  in  the  normal  and  rectifying  planesi 
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(20.)  All  ioalar  properties  of  this  aaxUiaiy  prism,  may  be  dedoced,  by  our  ge- 
neral methods,  from  the  three  eealarg^  r,  r,  r*,  or  r,  Hj  P;  and  all  welor  propertiee 
of  the  same  prUm  can  in  like  manner  b^  deduced  from  the  three  vectors  r,  t\  t\  or 
from  r,  v,  v\  which  (as  we  have  seen)  are  not  entirely  arbitrary,  hot  are  subject  to 
certain  conditions. 

(21.)  As  an  example  of  snch  deduction  (compare  the  annexed  Figure  81),  the 
eiptation  of  the  diagonal  plane  spl,  which  contains  the  radios 
(i?)  of  spherical  curvature  and  the  rectifying  line  (X),  and   V  , 
the  eipuUion  of  the  trace,  say  pu,  of  that  plane  on.  the  oscu-      ^j 
lating  plane,  which  trace  is  evidently  parallel  (by  the  con- 
struction) to  the  edffes  L8,  TK  of  the  prism^  are  in  the  recent 
notations  (comp.  XX.), 

LXV. . .  0  =  Sr"(«  -  p) ;      LXVI.  .  .  0  =  V(>-»ry  («  -  p) ; 
with  the  yerificaition  that  rSrV"  =  r'Srr"  =  r*r\  by  II.  ^ 

(22.)  In  general,  by  204,  (22.),  if  a  and  /3  be  any  two 
vectors,  we  have  the  expressions, 


Fig.  81. 


LXVII. . .  tan  Z  -=tanZ^=-tan  ^/3a  = 
a  p 


tan  ^  a/3 


a      a       o     a 
the  angles  of  quaternions  here  considered  being  supposed  as  usual  (comp.  ISO)  to  be 
generally  >  0,  but  <  n* ;  for  example,  we  have  thus, 


LXVIII.  .  .  tan 5^=  tan  z.  ~=  (TV:  S 


)Xr-»  =  (TV:S)  (r-i-r')  =  rTr'  =  rr-i 


as  in  XVII. ;  and  in  like  manner  we  have  generally,  by  principles  already  ex- 
plained (comp.  196,  XVI.)t 


hXlX...coBL- 


= cos  ^ -- =  -  cos  z /3o  =  -  cos  z.  a/3 


«=sS:T^=SuS«-SUai3. 
a       a  a 


(23.)  Applying  these  principles  to  investigate  the  inclinations  of  the  vector  r", 
which  is  perpendicular  to  the  diagonal  plane  LXV.  of  the  prism,  to  the  three 
rectangular  lines  r,  r',  v,  or  the  inclinations  of  that  diagonal  plane  itself  to  the  nor- 
mal, rectifying,  and  osculating  planes,  with  the  help  of  the  expressions  deduced  from 
VI.  for  the  three  products,*  rr",  t't'\  vr",  we  arrive  eaaly  at  the  followmg  results : 


*  A  student,  who  should  be  inclined  to  pursue  this  subject,  might  find  it  useful 
to  form  for  himself  a  table  of  all  the  binary  products  of  the  nine  vectors, 

r,  r',  r",  v,  v,  X,  <r-p,  tr-p,  and  i/, 

conndered  as  so  many  quaternions^  and  reduced  to  the  common  quadrinomial  form^ 
a^  6r  +  cr'+ev,  in  which  a,  &,  c,  e  are  seaiars^  whereof  some  may  vaniiih,  but 
which  are  generally  functions  of  r,  r,  and  r\ 

4  D 
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LXX.  ..cMZ.-e.— ..      oosA-,  =  -— ;      «*^7  =  -xpr; 
with  th«  ▼erificttioii,  that  the  tarn  of  the  aqnant  of  these  thrae  ooenies  is  mn^,  be- 


LXXI. . .  f«Tr-  =  V(l  +  HiP)  =  V(l  +  f«  +  f^r")  ; 
or  LXXr...rTr-=V(r-V'i  +  TX«),     Tr''=V(r-«  +  T^«). 

(24.)  Or  we  may  write,  on  the  lame  geaeral  plan, 

LXXII...tan^^=:iJ;        tMni^^^^^i        t«i^L'=  ^V(l  +  r'«); 

or 

LXXIII...Uii^rr"=irrri;    tanZrV''=rr-iTX;    tan^vr-=-ir-iV(H-r^); 

and  may  modify  the  ezpressionB,  by  introdadng  the  auxiliaiy  angles  H  and  P, 
with  which  may  be  combined,  if  we  think  fit,  the  following  amgU  of  the  prtMm, 

LXXIV. .  .  PEr  =  B8L  =  tan-ir'. 

(25.)  Instead  of  thns  comparing  the  platu  apl  with  the  three  rectangdar  planes 

(879,  (6.))  of  the  construction,  we  may  inqoire  what  is  the  valoe  of  the  am^le  spl., 

which  the  radins  (A)  of  spherical  curyature  makes  with  the  rectifying  line  (X) ;  and 

we  find,  on  the  same  plan,  by  quaternions,  the  following  very  ample  expresnon  for 

the  cosine  of  this  angle,  which  may  however  be  deduced  by  spherical  trigonometry 

also, 

pr-i 
LXXV. . .  cos8Pii=-SUX((T-p)  =  ~— =  8lnPMnir; 

or  LXXV.  . .  cos  spl  =  cos  spb  cos  bpl. 

(26.)  In  general,  it  is  easy  to  form,  by  methods  already  explained,  the  quater- 
nion equation  of  a  com  which  has  a  ffivem  vertex,  and  reete  on  a  jfiven  cttroe  in  space ; 
and  also  to  determine  the  right  come  which  oeeulatee  (894,  (80.))  to  this  pe»eral 
cotitf,  along  any  given  eide  of  it 

(27.)  But  if  we  merely  wish  to  asrign  the  oeeuUtting  right  etme  to  the  tone  of 
chords  from  p,  or  to  the  loeue  of  the  lime  pp*,  we  may  imitate  a  recent  process :  and 
may  observe  that  if  this  new  eone  be  cut  by  the  normal  plane  LYIIL,  the  vector  of 
the  eeetion  has  the  following  approximate  expression,  analogous  to  LIX.,  and  like  it 
sufficient  for  our  purpose, 

LXXVI. .  .(at=p-\-er-\-  Jet/  +  ^ee^r^v ; 

from  Vhich  it  may  be  inferred  (comp.  (16.),  (16.)),  that  the  axi$  of  revolution  cithe 
new  right  eonehu  for  equation, 

LXXVII. . .  0  =  V(r-ir  +  i  v)  («  -  p). 

This  axis  is  therefore  situated  in  the  rectifying  plane^  between  the  rectifying  line 
(X  or  r^T  +  y),  and  the  tangential  vector  (IV.)  ofeeeond  cttrvature  (r^r) :  while  the 
eemiangle  C  of  the  same  new  cone  (measured  like  H  from  -f  r  towards  +  v)  has  the 
value  already  assigned  by  anticipation  in  the  formula  XXV.,  and  is  therefore  lets 
than  the  semiangle  H  if  both  be  acute,  but  greater  than  H  if  both  be  oUuee;  so  that, 
in  each  caee,  the  new  right  cone  (C)  is  eharper  than  the  old  right  cone  (£f)* 

(28.)  The  same  result  may  be  otherwise  obtained,  by  observing  that  an  unit- 
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vector  in  the  direction  of  the  chord  fp«  has  (by  896,  XLIY.,  and  897,  I.)  the  ap- 
proximate expresBion, 

whence  the  axis  of  the  osculating  right  cone  to  the  cone  of  chords  (27.)  has  rig^rooslj 
the  direction  of  the  line  Vx'x"  (for  »  s  0),  or  of  the  vector, 

LXXIX. . .  |=VT'(i4r''+ir)=X-Jv  =  r»r  +  |v,  as  before. 

(29.)  I%it  axit  ^  makes  (if  we  neglect  m^)  the  tame  angle  C,  with  the  chord 
pPa,  as  with  the  tangent  r ;  whereas  the  former  axis  X  makes  unequal  angles  with 
those  two  lines,  within  the  same  order  (or  degree)  of  approximation :  for  onr  methods 
conduct  to  the  expression, 

LXXX.  ..  ii5iZJ?aJ3--!!_, 
X  24it' 

fh>m  which  the  relation  XXV.,  between  the  two  right  eones^  may  easily  be  deduced 
anew. 

(80.)  Neglecting  only  *«,  and  employing  the  snbstitntion  XLYL,  the  expression 
XLYII.  for  the  vector  of  the  given  curve  becomes, 

LXXXI.  ..pi=p  +  fr  +  i««v  +  J<>riv,     if    LXXXII. .  .  v  =  r'+ ^ ; 

or 

where  the  variable  scalar  t  denotes,  by  (13.),  the  ordinate  of  the  osculating  para- 
holoj  and  the  constant  vector  v  has  the  direction,  by  (14.),  of  the  diameter  of  that 
parabola. 

(81.)  In  the  present  order  of  approximation^  then,  the  proposed  curve  in  space 
may  be  considered  to  be  the  common  intersection  of  the  three  following  surfaces  of  the 
Mcoond  order,  all  passing  through  the  given  point  p : 

LXXXIII.  .  .  2(Sr'(ai-f)))i=8rSv(«-p)Svv(«-p)  ; 

LXXXIV. .  .  2Sr'(«-p)  =  -»^(Swi/(w-p))»; 
LXXXV.  . .  8rSv  (ai  -  p)  =  -  r2Sr'(«  -  p)  Srv(«  -  p) ; 

whereof  the^Irsf  represents  a  new  osculating  oblique  cone,  which  has  a  contact  of  the 
tame  (second)  order  with  the  cone  of  chords,  as  the  osculating  right  cone  (27.) ;  the 
second  represents  an  osculating  parabolic  cylinder,  which  is  cut  perpendicularly  In 
the  osculating  parabola  (9.),  by  the  osculating  plane  to  the  curve ;  and  the  third 
represents  a  certain  osculating  hyperbolic  (or  ruled)  paraboloid,  whereof  the  fcm- 
ffcnt  (r)  is  one  of  the  generating  lines,  while  the  diameter  (v)  of  the  osculating  /mk- 
rabola  is  another, 

(82.)  Each  of  these  three  surfaces  (31.)  has  in  fact  generally  a  contact  of  the 
third  order  idth  the  given  curve;  or  has  its  equation  satisfied,  not  only  (as  is  ob- 
vious on  inspection)  by  the  point  p  itself,  but  also  when  we  derivate  successively 
with  respect  to  the  scalar  variable  t,  and  then  substitute  the  values  (comp.  LXXXL), 
LXXXVI. ..  ws=po»p>     to'  =  po'  =  r,    uT^po'^^v,    «"'==po"  =  riv; 

r,  r,  p,  r,  v,  and  v  bdng  treated  as  constants  of  the  equation,  or  of  the  surface,  in 
each  of  these  derivations. 
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(83.)  The  eome  LXXXIIL,  and  tho  cylinder  LXXXIY.,  have  a  eommom  gtne- 
ratriXf  namefy  t^ie  bindrmat*  (v) ;  and  in  like  manner,  another  generating  line  of  the 
t€me  coney  namely  the  tangent  (r)  to  the  curve,  has  jost  been  seen  (31. J  to  be  a 
line  on  the  paraboloid  LXXXV. :  and  although  the  cylinder  and  paraboloid  have 
no  finitely  distant  right  line  common,  yet  each  may  be  8ud  to  contain  the  line  at  in- 
finttyy  in  the  diametral  plane  of  the  cylinder,  namely  in  the  plane  of  v  and  v,  of 
which  pUne  the  quaternion  equation  is  (comp.  (14.)), 

LXXXVII.  .  .  0  =  Svi; (w  -  p),     or    LXXXVIF.  .  .  0  =  S(rrV.  -  3r)  (w  -  p)  ; 
or  the  line  in  which  this  diametral  meets  the  parallel  axial  plane, 

(34.)  On  the  Irhdie,  then,  it  ts  clear,  from  the  known  theory  of  intersections  of 
surfaces  of  the  second  order  having  a  common  generating  line,  that  the  given  earve  of 
double  curvature  (whatever  it  may  be)  hae  contact  of  the  third  order  with  the  twisted 
eubic^f  or  gauche  curve  of  the  third  degree,  which  is  represented  without  ambiguity 
by  the  system  of  the  two  scalar  equation*, 

LXXXVIII.  . .  y  =  *«,     «  =  «», 

if  we  write  for  abridgment, 

/»  =  (*=)-r«Swv(«-p), 
LXXXIX.  ..  Jy  =  (<«=)  -  2r«Sr'(«  -  p), 
I «  =  («3  =)  _  6r«rSv  (w  -  p). 

(86.)  As  another  geometrical  connexion  between  the  elements  of  the  present 
theory,  it  may  be  observed  that  while  the  otculaling  plane  to  the  curve,  of  which 
plane' the  equation  is, 

XC.  .  .  Sv(«  -  p)  =  0,  as  in  896,  XV., 
touches  the  oblique  cone  LXXXIII.,  along  the  tangent  r  to  the  same  curve,  the  diame- 
tral plane  LXXXVII.  touches  the  same  cone  along  the  binormal  y,  which  was  lately 
seen  (33.)  to  be,  as  well  as  r,  a  eiele  of  that  oblique  cone ;  but  these  two  eides  of 
contact,  r  and  v,  are  both  in  the  rectifying  plane  (396,  XIV.),  and  the  two  tangent 
planet  corresponding  intersect  in  the  diameter  v  of  the  parabola  (9.) ;  we  have 
therefore  this  theorem  : — 

The  diameter  of  the  osculating  parabola  to  a  curve  of  double  curvature  is  the 
polar  of  the  rectifying  plane,  with  respect  to  the  osculating  oblique  cone  LXXXIII. ; 
that  is,  with  respect  to  a  certain  cone  of  the  second  order,  which  has  been  above  de- 
ddced  from  the  expression  LXXXI.  for  the  vector  pt  of  the  curve,  as  one  naturally 
suggested  thereby',  and  as  having  a  contact  of  the  third  order  with  the  curve  at  r. 


•  The  geometrical  reason,  for  the  osculating  cone  LXXXIII.  to  the  cone  of  chords 
containing  the  binormal  (y),  is  that  if  the  expression  LXXXI.  for  pt  were  rigorous, 
and  if  the  variable  t  were  supposed  to  increase  indefinitely,  the  ultimate  direction  of 
the  chord  pp<  would  be  perpendicular  to  the  os&dating  plane.  And  tfaie  same  binor- 
mal is  a  generating  line  of  the  parabolic  cylinder  also,  because  that  cylinder  passes 
through  F,  and  all  its  generating  lines  are  perpendicular  to  the  last  mentioned  plane. 
It  is  sufficient  however  to  observe,  on  the  side  of  calculation,  that  the  equatwns 
LXXXIII.  and  LXXXI  V.  are  satisfied,  when  we  suppose  ei-p  ||  y. 

t  Compare  again  page  241,  already  cited,  of  Dr.  Salmon's  Treatise;  also  Art 
285,  in  page  225  of  the  same  work. 
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and  therefore  also  a  contact  of  the  teeand  order  with  the  eone  ofehordt  from  that 
point. 

(36.)  Converselj,  thigparHcular  eone  LX^XIII.  h  geometrieally  dhtingwehed 
ftt)m  all  other*  cones  of  the  tame  (^aeeond)  order ^  which  have  their  vertices  at  the 
given  point  p,  and  have  each  a  contact  of  the  same  eecond  order,  with  the  given 
€one  of  chorda'trom  that  point,  or  of  the  third  order  with  the  given 'curo«,  by  the 
condition  that  it  is  touched  (aa  above),  along  the  hinormal  (y),  by  the  diametral 
plane  (vv)  of  the  oeeulating  parabolic  cylinder  LXXXIY. 

(87.)  We  have  already  considered,  in  895,  (5.),  the  simultaneons  variations  of 
the  points  p  and  k,  or  of  the  vectors  p  and  «.    With  recent  notations,  including  the 
expression  ft  =  2ie  —  p,  we  have  the  following  among  other  transformations,  for  the 
Jiret  derivative  of  the  latter  vector,  and  therefore  for  the  tangent  kk'  to  the  locut  of 
centres  ofcurvature^  of  a  given  carve  in  space : 
XCI.  .  .  kk'=  D^  =  «'  =  (p  -  r'-'O'  =  r  +  r'-irV-i 
=  (p  +  r«r7  =  r  +  r^r"-^  In^r' 
e=  rr'r  +  r«r-»v  =  rr'(r +p"'rv)  =rr*(/>r'  +  rv) 
rr  rr^  rr'Co-ii)  ,.  . 

p-K      o-K      (<,_^y(^-p) 
=  cot  H(Vt  tan  ^  +  Uv)  =  r-i/2(yr  sin  P  +  Uv  cos  P) 
=  r«vvV' =  r<rVv  =  v-«  vV-»  = /-ii/V» 
=  r-»v(p-<T)  (jc-p^  =  r»(ie-p)  (p-<t)>' 

=  r'i2U(v(p  -  (t)  (c  -  p))  =  &c. ; 
if  then  we  draw  the  diameter  of  curvature  pm,  and  let  fal| 
a  perpendicular  kn  from  the  centre  k  of  the  osculating  cir- 
cle on  the  new  radius  bm  of  the  osculating  sphere  (as  in  the 
annexed  Figure*  82),  thie  perpendicular  will  toueh\  the  lo' 
eu»  of  the  centre  k,  a  result  which  agrees  with  the  construc- 
tion in  896,  (6.) ;  and  we  see,  at  the  same  time,  that  the 
length  of  the  line  kk',  or  the  tensor  Tic',  may  be  expressed 
(comp.  LXXIII.)  as  follows, 

XCH.  . .  kk'  =  Tk'  =  OTr »  =  r«Tv'  =  tan  Z  tt\  \ 

(88.)  If  we  project  the  tangent  kx',  into  its  two  rect-  ^\ -*'' 

angular  components,  kk,  and  kk\  on  the  diameter  of  car-  Fig.  82. 

▼ature  and  the  polar  axis,  we  shall  have  by  XCI.  the  expressions : 

*  The  cone  of  thi»  system  (86.),  which  is  touched  along  the  hinormal  by  the 
normal  plane^  and  which  therefore  intersects  the  parabolic  cylinder  LXXXIV.  in 
a  new  twisted  cubic  (comp.  (84.)),  having  also  contact  of  the  third  order  with  the 
curve,  is  easily  found  to  have,  for  its  quaternion  equation,  the  following : 

2r»(Sr'(w  -p))*=  8rSr(«  -p)Sv(w  -  p) ; 
and  with  respect  to  this  cone  (comp.  (85.)),  the  polar  of  the  rectifying  plane  is  the 
{absolute)  normal  (r')  to  the  curve. 

t  Geometrically,  and  by  infinitesimals,  if  we  conceive  x'  to  be  an  infinitely  near 
point  of  the  locos  of  x,  and  therefore  in  the  normal  plane  at  p,  the  angle  pk's  (like 
PKs)  will  be  right,  and  the  point  k'  will  he  on  the  semicircle  pks  ;  but  the  radius  of 
this  semicircle  drawn  to  k  (comp.  Fig.  82)  is  parallel  to  the  line  sm,  to  which  line 
the  tangent  kk'  is  therefore  perpendicular^  as  above. 
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XCIII. . .  nt.  =  rrV  =  r'XJr'  =  —  =  fcc ; 
XCIV. . .  EK'=r»r»v  =  rr-iUv=  —  =  &c.; 

9  —  K 

ik*»e  two  proJeeHotu  then,  or  the  veetor-iamffent  kk'  itaelf,  would  w^Eee  to  determiiM 
r  aod  r\  or  H  and  P,  and  thereby  all  the  aflections  of  the  carre  which  depend  en 
•',  bat  not  on  *«. 

(39.)  We  have  alao  the  itmilar  triangUt  (see  again  Fig.  82), 

XCV.  .  .  A  k^k'k  oc  k'kk'  oc  kks  ; 
and  the  vector  equaiionM, 

XCYI. . .  kk':  sm  =  kk^ :  8K= kk'  :  km  s  kx'  :  pk 
=  r-ir  =  Vector  ofaeeomd  emnaiure  (IV.) ; 
whence  also  result  the  tealar  expretgUmt, 

XCVII. .  .  tan  KSK,  =  tan  kpk*  =  r->  «  Second^  Cwvahtre  (III.) : 

this  last  scalar  being  poriiive  or  negative,  according  as  the  rotation  ksk^  (or  kpk*) 
appeart  to  be  positive  or  negative,  when  seen  from  that  ride  of  the  norwud  plane, 
towards  which  the  conceived  moHon  (396,  (1.))  along  the  given  ewrve,  or  the  unit 
tangent  +  r,  is  directed^f 

(40.)  Besides  the  seven  expressions,  HI.,  XXVII.,  L.,  and  XCYII.,  this  impor- 
tant scalar  r>  admits  of  many  others,  of  which  the  following,  nnmbered  for  reference 
as  8,  9,  &C.,  and  deduced  from  formula  and  principles  already  laid  down,  are  ex- 
amples: and  may  serve  as  exereieee  in  transfimuUion,  according  to  the  roles  of  the 
present  Calculus,  while  some  of  them  may  also  be  found  useful,  in  ftiture  geometrical 
appKcationt, 

(41.)  We  have  then  (among  others)  the  transformations : 

XCYI  II.  .  .  Second  Curvature  s  r~^  (=  seven  preceding  expreeriont) 

c=  ;,-rr'  a  r-i  cot  Zr  =  TX  cos  fl = r^r'  oot  P  (8,  9, 10,  1 1) 

=  r«SvV  =  -S«/r-i  =-r»Srr'r"  =  Srr'-»r"  (12,  13,  14,  16) 

=  -r«Svr''=Sv-ir''=:-Svic'  =  SricV  (16,  17,  18,  19) 

=  nc'  ((T  -  /i)-i  =  SXr-»  =  (jc  -  f)) VXv  =  -  r'-iVXv  (20,  21,  22,  28) 

=  rVVXv  =  r«SXvr'  =  SXrVi  =  SXr-iv  (24,  26,  26,  27 

=  r«Sv'Xr  «  r«Si/vr  =  Srv-V= r'SvVir"  (28,  29,  SO,  81) 

=  HSw'r''  =  r"-iVv'X  =  rV'-»Sv'Xr  =rV-»SvXr"  (82,  83,  34,  86) 

=  Sv'Xr"! «  Tr"-«SXvV' «  ^^^^  =  ^^  (86,  37,  88,  89) 

rr  <T  — p 


*  In  illustration  it  maybe  observed,  that  if  de  be  treated  as  infinitely  smaff,  and 
if  the  line  xx'  be  supposed  to  represent  (not  the  derivative  k\  but)  the  dijferential 
vector  die  =  jc'ds,  then  the projeetiouM  xx,  and  xx'  become  dr  and  rr  id«  (comp.  XCIII. 
and  XCiy.) ;  while  xpx'  (in  Fig.  82)  represents  thetii/Sjitfestma/  angle  r->ds,  through 
which  the  oeculating  plane  (comp.  (1.))  revolves,  round  the  tangent  r  to  the  carve 
during  the  change  dt  of  the  arc. 

t  This  direction  of  +  r  is  to  be  conceived  (comp.  Fig.  81)  to  be  towards  the  6aeil 
of  Fig.  82,  as  drawn,  if  the  scalars  r  and  r  (and  therefore  aUo  p)  be  positive. 
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-rv*        t^t"-^  r  ^^_,  ^^^  ^  TTT^^R-i  tan  L  —  (40,  41,  42,  48) 


rr'+pvi     T(a-p)  r 

rr'v  _     rrr*     _  r[   r(ic-p) !TJ[___ 

*<r-«~  ((T-icjr  ~  r*     (t-k     ""  ((t - k)  (p - k) 


(44,  46,  46,  47) 


=  S_!^^,  =  S,-^^,  =  S-i^  (48.49.60) 

(<T-C)(p-Ic)  («T-r)(p-lc)  M.KP  V      ,        .        / 


8L         -  (Sarv)  _  g 

PK.Ks"~  rCSarV         ,        .  r 

^       "^        rdcoflZ.»* 

*    a 


(61,62,68); 


PX8L,  in  the  formB  60  and  61.  being  points  of  the  same  gauche  quadrilaieral  as  in 
(18.)  ;  And  a,  in  62  and  68,*  denoting  any  eanttamt  vector:  while  several  other 
varieties  of  form  may  be  dedoced  firom  the  foregoing  bj  very  simple  processes,  such 
as  the  sabstitntion  of  Uv  for  rv,  &c.,  which  gives  for  instance  (oomp.  XI'.),  from  the 
form  88,  these  others, 

XCVIir. . .  r.  =  liM'  =  Z^r^  =  Z^  (64,  66,  66). 

rr^  XJt  rdr 

We  may  also  write,  with  the  significations  (10.)  of  gi  and  Q3,  the  following  expres* 
sion  analogous  to  L., 

XCVIir. . .  ri  =  CKP.lim.  ^,  (67), 

which  contains  the  law  of  the  inflexioH  of  the  plane  eurvCf  into  which  the  proposed 
curve  of  double  cvrvaiure  is  projeetedf  on  its  own  rectifying  plane :  the  eign  of  the 
scalar,  to  which  this  last  expression  ultimately  reduces  itself,  being  detemUned  by 
the  rules  of  quaternions. 

(42.)  And  besides  the  various  expressions  for  the  positive  scalar  r**,  which  are 
immediately  obtained  by  squaring  the  foregoing  forms,  the  following  are  a  few 
others: 

XOIX.  .  .  Square  of  Second  Curvature  =  r*  =Tr-» 

=  TXa  -  r-4  =  r'SrVX  -  r-«  =  r8T«/«  -  rV*  (1,  2,  8) 

=:r«SrvV''-r-V»  =  r«Tr''«-r-«-r-V»  =  JJ-«(r<Tr''2-l)        (4,  6,  6) 
=  ir«r*Tv'»  =  -R-«Tic^  =  R^  tan»  I  rr"  (7,  8,  9) ; 

while  the  important  vector  r",  besides  its  two  original  forms  VI.,  admits  of  the  fol- 
lowing among  other  expressions  (comp.  XX.  XXI.)  : 

C. .  .  r^ssDfV  (=  the  two  expressions  YI.) 

=  r-«VX(<r  -  p)  =  Xr  -  r-^rr  ^^r-r^  (8,  4,  6) 

=  rVv'X  =  r-»r»r  Qf  -  p  -  r)  =  t-^p  +  r-»X(<T  -  p)  (6,  7,  8) 

«  ((p-«)-iy  =  r'(«'-r)r'=-,-«r-  j^  -  ^  (»,  10,  11). 

(48.)  As  regards  the  general  theory  (896,  (6.),  &c.)  of  emanant  Unet  (ty)  from 
curves,  it  might  have  been  observed  that  if  we  write. 


*  This  last  form  68  corresponds  to  and  contains  a  theorem  of  M.  Serret,  alluded 
to  in  the  second  Note  to  page  668. 
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CI.  . .  C  =  V  ^,     witli     biL  . .  0  =  V  ^,  as  in  396,  iXVII., 

the  equation  896,  XXXII.  takes  the  Amplified  form, 

cm.  . .  PH  =  «o-  p  =  lySif'^?  =  projeetum  of  vector  J  on  emanwtik  if ; 
for  example,  when  i|  =  v,  then  9«r»r,  and  ^=0,  ph  =  0,  orteio  =  p,  asm(l.); 
and  when  ty  =  r,  then  0  =  y,  ^  =  r^t'  -^  i|i  bo  that  the  projection  ph  again  vanishes, 
as  in  896,  (18.). 

(44.)  In  an  extenrive  class  of  applications,  the  tmanqfU  Hues  are  perpetuSemlar 
to  the  ifiven  curve  (i|  -^  r) ;  and  since  we  iiave,  by  (48.), 

CIV...J  =  I^=,-.«»-'Sr,;'=!:^,    if    Sr,  =  0, 

we  may  write,  for  this  ease  of  normal  emanation^  the  formula, 

rV        PH  —  ^  s=  P^9)^^^^  ^f  ^ctor  of  evrvature  (r')on  emanant  line  ^if )  ^ 
tquare  ofveloeitjf  (T0)  of  rotation  of  that  emanant       ' 
for  example,  when  the  emanant  (ri)  coincides  with  the  aheoHute  normal  (r^i  we  hare 
then  0  =  X,  as  in  (8.),  and  the  recent  formola  CV.  becomes, 

CVI..  .PH=wo-p=C  =  rTX-«  =  rVsin»H=(c-p)8in«H, 
which  agrees  with  the  expression  XXXVIII. 

(46.)  And  in  the  corresponding  case  of  tangential  emanant  planet,  by  maldng 
Srii  s=  0  in  the  second  equation  896,  XXXVLj^  and  passing  to  a  second  derived 
equation,  we  find  for  the  intercept  between  ,the  point  p  of  the  evrve,  and  the  point, 
say  B,  in  which  the  line  of  contact  of  the  plane  with  its  own  envelope  touches  the 
euep-edge  of  that  developable  eurfaee,  the  expression, 

PVTT        «»     -Jvfj^Sfir'    •     -Siy/(or-f-8r,y0 
Ofj  tjri  projection  offionB 

which  accordingly  vanishes,  as  it  ought  to  do,  when  97  =  v,  that  is,  when  the  emanamt 
plane  Si7(w  — p)  =  0  coincides  with  the  oteulating  plane  XC. 

(46.)  Some  additional  light  may  be  thrown  on  this  whole  theoiy,  of  theo/^ecAoJu 
of  a  curve  m  apace  depending  on  the  third  power  of  the  are^  and  even  on  those  affec- 
tions which  depend  on  higher  pomera  of  «,  by  that  conception  of  an  auxiUarg  aphe- 
rical  curve,  which  was  employed  in  879,  (6  )  and  (7.),  to  supply  conHntctiona  (or 
geometrical  representations)  for  the  directional  not  only  of  the  tangent  (p')  to  the 
given  curve,  to  which  indeed  the  unit-vector  (r)  of  the  new  curve  is  paralMy  but 
also  of  the  abaolute  normal,  the  binormal,  and  the  osculating  plane  ;^  while  the  aame 
auxiliary  curve  served  also,  in  889,  (2.),  to  furnish  a  meaaure  of  the  curvature  of 
the  original  curve,  which  is  in  fact  the  velocity*  of  motion  in  the  new  or  apherieal 
curve,  if  that  in  the  old  or  given  one  be  supposed  to  be  conatant,  and  be  taken  for 
unity. 


*  Accordingly  the  vector  of  velocity  r,  of  this  coneeined^motionin  the  auxiXiary 
curve,  is  precisely  what  we  have  called  (889,  (4.),  comp.  396,  VI.)  the  vector  of  cur- 
vature of  the  proposed  curve  in  apace :  and  its  tensor  (Tr')  is  equal' to  the  reciproca/ 
of  the  radiua  (r)  of  that  curvature. 
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(47.)  We  might  fbr  iostanee  hare  observed,  that  while  the  normal  plane  to  the 
curve  M  epaee  is  lepnseated  (in  diraction)  by  the  tangent  plane  to  the  epkere,  the 
reoHfyimp  plane  (as  being  perpendhmlar  to  the  absolate  normal}  Is  represented  simi- 
larly bj  the  norma/  plane  to  the  apherieal  curve :  and  H  b  not  dlfficolt  to  prore 
that  the  rectifying  Une  has  the  direction  of  that  new  radiue  of  the  sphere,  which  is 
drawn  to  the  point  (say  l)  where  the  normal  ore  to  the  aoxiliary  enrve  tonehee  ite 
oeon  envelope. 

(4S.)  ThejiouU  l  thus  determined  is  the  common  epherieal  centre  (oomp.  894, 
(5.))  ofearvature,  of  the  anxUiary  carve  iteelfj  and  of  that  reciprocal*  carve  on  the 
same  sphere^  of  which  the  radii  have  the  directions  (oomp.  879,  (7.))  of  the  frtnor- 
male  to  the  original  cnrve ;  the  trigonometne  tangent  d  the  arcual  radiue  of  curva- 
ture of  the  anziliary  curve  is  therefore  altimately  eqnal  to  newuUlarc  of  that  corve, 
eUvided  hg  the  correepomdiing  arc  of  the  reciprocal  carve  (or  rather  by  the  latter  arc 
with  its  direction  revereed,  if  the  point  l  fall  between  the  two  curves  upon  the 
sphere);  and  therefore  to  the^r«f  curvature  (r~i)  of  th^ given  curve,  divided  bg  the 
eeeond  curvature  (r^)  :  and  thus  we  have  not  only  a  simple  geometrical  tnterpreta- 
turn  of  the  quaternion  equation  XI'.,  but  also  a  geometrical  jnroof  (which  may  be 
said  to  require  no  calculation)y  of  the  important  but  known  relation  XVII.,  which 
connects  the  ratio  (r:  r)  of  the  two  curvatnree^  with  the  angle  (JSTj  between  the  toa- 
gent  (t)  and  the  rectifying  line  (X),  for  aajf  curve  in  apace, 

(49.)  In  whatever  manner  this  known  relatton  (tan  i7= r :  r)  has  once  been  es- 
tablished,  it  is  geometrically  evident,  that  if  the  ratio  of  the  two  eurvaturee  Be  eon' 
etanty  then,  because  the  curve  croesee  the  generating  Knee  of  its  own  rectifying  deve^ 
lopoble  (896)  under  a  conetant  augle  (//),  that  developable  eurface  must  be  cgliw 
driceU :  or  in  other  words,  the  proposed  curve  of  double  curvature  must,  in  the  case 
sapposed,  be  ngeodetief  on  a  cglinder  (comp.  880,  (4.)).  Accordingly  the  pdnt  l, 
in  the  two  last  sub-articles,  becomes  then  a.  fixed  point  upon  the  ephere,  and  is  the 
camanon  pole  of  two  complementtuy  email  eirclea,  to  which  the  auxUiarg  epherieal 
omrve  (48.),  and  tlie  reciprocal  curve  (48.),  in  the  case  here  oonsiderBd,  reduce  them- 
selves s  so  that  the  tangent  and  the  binormal  to  the  curve  in  epaee  make  (in  the 


*  The  reciprocity  here  spoken  of,  between  these  two  epherieal  eurveat  is  oi  that 
known  kind,  in  which  each  point  of  one  is  a  pole  of  the  great-'Circle  tangent^  at  the 
eorreeponaing  point  of  the  other :  and  accordingly,  with  our  recent  Sjrmbols^  we  have 
not  only  vaVrr*,  but  also,  Vvv'=sr-«V»/i'-i  =  r-«r-»r  ||  r. 

t  The  writer  has  not  happened  to  meet  with  the  ^eom«trjca/proo/of  this  known 
theorem,  which  is  attnbuted  to  M.  Bertrand  by  M.  LiouviUe,  in  page  558  of  the 
already  cited  Additions  to  Honge;  bat  the  dednction  of  it  as  above,  from  the  ftm- 
damental  property  (896)  of  the  rectifying  line,  is  sufficiently  obvions,  and  appears  to 
have soggested  the  method  employ  ed  by  M.  de  Saiut-Venant,  in  the  part  (p.  26)  ofhi's 
Memoir  ssr  lee  lignee  courbee  non  planee,  ftc,  before  referred  to,  in  which  the  result  is 
envodated.  Another,  and  perhaps  even  a  aimpler  method,  auggeatedbg  quatemiona, 
of  geometricallg  establishing  the  same  theorem,  will  be  sketched  in  the  present  sub- 
article  (49.);  and  hi  the  following  sub-article  (60.),  a  proof  by  the  quaternion  ana- 
Igeie  wHl  be  given,  which  seems  to  leave  nothing  to  be  desired  on  the  side  of  simpli. 
dty  of  calculation. 

4  B 


578  KLBMBNT8  OF  QUATBRNIONS.  [.BOOK  III. 

same  case)  eomttant  angle*,  with  ihA  fixed  radiuM  drawn  to  that  point :  and  the  ettrve 
UtelftB  therefore  (as  before)  a  geodetic  line,  on  tome  cylindrical  surface. 

(50.)  By  quaternions,  when  the  two  cunaiuree  have  thus  a  conttant  ration  the 
equations  XI'.  and  XVI.  give, 

CVIII.  .  .  (rXy  =  (Uv  +  rr-ir)'  =  (rr-i)'r  =  0, 
or  CIX.  ,  ,r\  =  a  eonatant  vector  ; 

the  tmgent  (r)  makes  therefore,  m  this  case,  a  constant  angle  {H)  with  a  ametant 
line  (rX) :  and  the  curve  is  thus  seen  again,  by  this  very  simple  analgiisj  to  be  a 
geodetic  on  a  cylinder.  And  because  it  is  easy  to  prove  (comp.  XXXI.),  that  we 
have  in  the  same  case  the  expression, 

ex. .  .  r  sin*  H-  radime  ofcvrvatnre  of  base, 

or  of  the  section  of  the  cylinder  made  by  a  plane  perpendicular  to  the  generating 
lines,  this  other  known  theorem  results,  with  which  we  shall  conclude  the  present  se- 
ries of  sub-artides :  When  both  the  curvatures  are  constant,  the  curve  is  a  geodetic 
on  a  right  circular  cylinder  (or  cylinder  of  revolution)  ]  or  it  is  what  has  been  called 
above,  for  simplicity  and  by  eminence,  a  helix,  * 

398.  When  the  fourth  power  («*)  of  the  arc  is  taken  into  account, 
the  expansion  of  the  vector  />,  involves  another  term^  and  takes  the 
form  (comp.  397, 1.)» 

I.   .   .  />.  =  ^  +  5T  +  i5«T'f  1^7^'+  T^T^", 

in  which 

II. . .  t'''  =  D.V,     and    III.  . .  Srr"'  =  -  3St't"  =  -  3rV ; 

so  that  the  new  affections  of  the  curve,  thus  introduced,  depend  only 
on  two  new  scalars^  such  as  r^  and  r^^  or  r'  and  B\  or  JEf  and  F\ 
&o.  We  must  be  content  to  offer  here  a  very  few  remarks  on  the 
theory  of  euch  affections,  and  on  the  manner  in  which  it  may  be  ex- 
tended by  the  introduction  of  derivatives  of  higher  orders. 


*  In  general,  the  expression  XLIV.  for  the  vector  ii»«  of  the  osculating  helix,  in 
which  I  =  -  r  iX"*  =  r  -  X-'r',  and  p  -  «o  =  X-'r*,  gives  T«',  =  1 ;  so  that  the  devia- 
tion (8.)  may  be  considered  (comp.  (18.))  to  be  measured  from  the  extremity  of  an 
arc  of  the  helix,  which  is  equal  in  length  to  the  arc  s  of  the  curve,  and  is  set  off  from 
the  same  initial  point  p,  with  the  same  initial  direction :  while  uto  does  not  here  de- 
note the  value  of  a;«  answering  to  •  -  0,  but  has  a  special  signification  assigned  by 
the  formula  XXXVIII.  It  may  also  be  noted  that  the  conception,  referred  to  in 
(46.),  of  an  auxiliary  spherical  curve,  corresponds  to  the  ideal  substitution  of  the 
motion  of  a  point  with  a  varying  velocity  upon  a  sphere,  for  a  motion  with  an  mt- 
form  velocity  in  space,  in  the  investigation  of  the  general  properties  o(  curves  ofdom- 
hie  curvature :  and  that  thus  it  is  intimately  connected  (comp.  379,  (9  ))  with  the 
general  theory  of  hodographs. 


XI. 
XII.  .  . 
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(1.)  The  new  vector  r'",  on  which  everything  here  depends,  is  easily  reduced  to 
the  following  forms,*  analogous  to  the  expressions  897,  YI.  for  r" : 

IV.  .  r-  /^'"'y  I   Cr-Vy-r"^      (r-»r-iy 

r  r*  V 

=  3r-Vr +  (r(r-i)''+  X«)r'+  (r-«r»)'r»v. 
(2.)  The  first  derivatives  of  the  foar  vectors,  v%  k\  X,  9,  taken  in  like  manner 
with  respect  to  the  arc  «  of  the  carve,  are  the  following : 

V.  .  .  1."=  (Vrr7  =  Vrr"'  +  >-2X 

=  r-trV  +  (r-«r-0'r -» +  (r(r-i)"~r-a)v ; 
VT.  .  .  k"=  -r-ir r+  (rr" ■^r^r^^r' +  (r*r^yvi 
VII.  .  .  X'  =  Cr-iyr  +  (r^yrv,     or    VII'. . .  (rX)' = (rri)V  (comp.  897,CVIII.)  ; 
VIII.  .  .  a'  =  (c+/>rvy=Cp'+rr-i)rv  =  /?JJ>-»rv; 

in  which  last  the  scalar  derivatives  p'  and  S^  are  determined,  in  terms  of  r"  and  r*, 
by  the  equations, 

IX.  ..p'  =  ('r'r)'  =  r"r+rY, 
and        X.  .  .  iJ*  =  It^ijpp*  +  rr')  =/>'  sin  P+  r'  ooe  P=  (j»'  +  cot  JET)  sin  P. 
We  have  also  the  derivatives, 

rr'^/rr-V-r-'r* 
~  r»  +  r«  ~       rrX«      ' 
yy^~r>  ^  (rr"-/«)r  +  r// 

and  the  relations, 

XIII.  .  .  SrrV'"=Svr'"  =  -(r-«r»y; 

XIV. .  .  Srr>"'=  SvV"'=-  r-»r-2(p'  -  rrX«) ; 

XV.  .  .  SrV'r'"  =  r-«SXr"'  =  -i-»(rriy ; 

which  may  be  proved  in  various  ways,  and  by  the  two  first  (or  the  two  last)  of 
which,  the  derivatives  r^  and  />',  and  therefore  also  H'  and  P*,  can  be  ieparately 
calculated,  as  •co/or  funetiont  of  the  ftmr  veetort  r,  t\  t%  /",  or  of  some  three 
of  them,  including  the  new  vector  r"*. 

(3.)  We  may  also  deduce,  from  either  V.  or  VIIL,  the  following  vector  expres- 
tians,  of  which  the  gtometrieal  $ignifieation  is  evident  from  the  recent  theory  (896, 
397)  of  emanant  lin€s  and  planet : 

XVT.  .  .  Feetor  of  Rotation  of  Badiue  {K)  of  Spherical  Curvature 
=  Vector  of  Rotation  of  Tangent  Plane  to  Oeculating  Sphere 

=  («y)#  =  V^=V^=JJ-«r(v-V+<r-p)  (1,  S,  8) 

'=^[j-  +  ^y^[p-+-^-^rT'+pvyirh-(r\+p-r.pT')       (4.  6,  6); 

whence  follows  this  tensor  vaJue  for  the  common  angular  vdocitg  of  these  two  con- 
nected rotations,  compared  still  with  the  velocity  of  motion  along  the  eurve^ 


*  In  these  new  expressions,  on  the  plan  of  the  second  Note  to  page  561,  the 
Bcalars  r*,  p\  R',  and  the  vector  o',  are  to  be  regarded  as  of  the  dimension  zero  ;  r", 
B\  P*,  and  c"  of  the  dimension  ~  1 ;  X'  of  the  dimension  -  2  ;  and  p"  and  r*",  as 
being  each  of  the  dimension  —  8. 


580  BLRMBNTS  OF  QUATERNIONS.  [bOOK  III. 

XVII. . .  Velocity  of  RotoHon  ofRadw$  {R\  or  of  Tmgtmi  Plant  to  Spkert^ 

=  T0  =  TV~=  iMV(l  + /r« cot*  P)=il-»  V{1 +(p'+cotJ)"  coa^P}  ; 

with  the  verificfttioDs,  for  the  case  of  the  helix^  for  which  p  «=  0,  />'  =  0,  P=  0,  and 
R=T,  that  these  ezpreeeions  XVL  and  XVII.  become, 

XVI'...  ^=rX,    and    XVII'. . .  T^«TX«»->ooMefl; 
which  agree  with  those  found  before,  for  the  vector  and  ▼elodty  of  rotatien  «f  the 
radiu$  (r)  of  abioluie  euroature, 

(4.)  As  another  verification,  we  have  JZ* »  0  for  every  sphericai  emve^  and  the 
general  expressions  take  then  the  fonnsi 

XVr.  ..^  =  .1^,    and    XVir. .  .  T^«7ri, 

of  which  the  interprstatfon  Is  easy. 

(5.)  In  general,  the  formula  XVII.  may  also  be  thus  written, 
XVIII.  .  .  iP0a+  1  =--ir»cot«P=i2'«-;>-2/2iir»=  2r«  +  a^«  ^r'tcos*  P; 
or  thus,  XIX...irr0  =  V(l+T(T'»ooe>P)s=V(l  +  T<T'«-ir«); 

or  finally,  XX.  .  .  iPT^  =  V(iP -  r^-^)  =  V(/P  +  rno*) ; 

so  that  the  gnuill  angle,  sT^,  between  the  two  near  radii  of  epkerieal  ewrwitwre,  R 
and  Rti  is  ultimately  equal  to  the  equare  root  of  the  turn  of  the  equaree  of  the  teo 
email  angUe,  in  two  rectangular  planet,  §R-^  and  reR-tTo%  or  fsp«  and  8P8«,  which 
are  sabtended,  respectively,  ai  the  centre  s  of  the  osculating  tphere  by  the  email  arc 
e  of  the  given  curvCy  and  at  the  given  point  p  by  the  email  oorreeponding  arc  aTa' 
of  the  locue  of  centree  b  of  epherieal  curvature,  or  of  the  cusp^odge  (895,  (2.))  of  the 
polar  developable  ;  exactly*  BB  the  small  angle  «TX,  between  two  near  radii  (897, 
(5.))  of  absolute  curvature,  r  and  r«,  is  ultimately  the  square  root  of  the  sum  of  the 
squares  of  the  two  other  small  angles,  «r~i  and  «r-i,  or  pkp«  and  xPKt,  which  are 
likewise  situated  In  two  rectangular  planes,  and  are  subtended  at  the  centre  k  of  the 
osculating  circle  by  the  small  arc  s  of  the  curve,  and  at  the  given  point  p  by  the 
corresponding  arc  sTr'  of  the  locus  of  the  centre  k  (comp.  897,  XXXIV.,  XCIV.). 
(6.)  The  point,  say  v,  in  which  the  radius  R  of  the  osculating  sphere  at  p  ap- 
proaches most  nearly  to  the  near  radius  Rt  (torn  p«,  Uulthnatefy  determined  (comp. 
897,  GV.  and  X.)  by  the  formula, 

---.J  _^ Vector  of  Spherical  Curvature 

-  4  -  g^^^^g  of  Angular  Velocity  of  Radius  (A) 

»O>-<.)-T0-  =  — 1^£- 


i  +  jr"cot»p    T+jT^'A^" 

the  vector  of  this  point  V  (in  its  ultimate  position)  is  therefora 

XXII.  .  ,  OVss  p  +  {  s  J^     *^  ■     a  .       .     ri .---  } 

with  the  verification,  that  (by  X.,  comp.  XVII.)  the  ecalArp-Jr/r  or  /T  cot  P  re- 

*  It  will  soon  be  seen  that  these  two  results,  and  others  connected  with  them, 
depend  geometrically  on  one  common  principle,  which  extends  to  all  systems  of 
normal  emanante  (397,  (44.)). 
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duces  itself  to  «ot  H^  or  to  rr\  for  the  case  p  «  0,  />' »  0,  P«  0  (oompb  (8.)) :  aud 
that  thus  the  expression  897,  XXXVIII.,  for  the  yeetor  oh  of  tbe  pcint  of  n9areat 
approach^  of  a  radvu  (r)  of  absolute  eurpoture  to  a  eoHsecuHvt*  radinM  of  the 
same  kind,  is  reproduced. 

(7.)  In  general,  if  we  introdnoe  a  »9w  auxtHary  amgle,  /,  determined  by  the 
formula, 

XXIII.  . .  cot  J^=:/>-»rir =22' cot P=(p'  + cot  JT)  cos P=  R(r'^+P^ 

the  expression  XXII.  takes  the  simplified  fintn  (oomp.  again  897,  XXXVIIL), 

XXIV.  . .  ov  «  p  4-  ^s  p  co^  J-^  a  an>  /; 

and  the  gegmentt^  into  which  the  point  y  divides  (internally)  the  radius  R  of  the 
sphere^  have  the  values  (comp.  897,  XXXIX.), 

XXY. .  .pysJisin^/,    Yi»i2oossy. 
(8.)  A  geometrUal  ngHtfleation  may  be  assigned  for  this  ne»  aitgU  /,  which  is 
analoffoms  to  the  known  signification  of  the  angle  H  (897,  XYII.).    In  fact,  the 
tangent  plane  to  the  oecviating  ephere  at  P  touchee  its  own  developable  envelope 
along  a  new  righi  line^  of  which  the  scalar  equations  are, 

XXVI.  ..S(cr-p)(w-p)  =  0,     S(<r'-r)(w-p)  =  0; 

and  because  the  developable  locut  of  all  such  linee  can  be  shown  tobe  cjret0iweri&«d^ 
along  the  given  curves  to  the  loeua  of  the  oeculatmg  eirele,  which  is  at  the  same  time 
the  envelope  of  the  oeeulating  ephere,  we  shall  briefly  call  this  loeus  of  the  line 
XXVI.  the  Cireumseribed  Developable.  And  the  inclination  of  the  generatrix  of 
this  new  developable  enrfaee,  to  the  tangent  to  the  given  curve  at  p,  if  snitably  mea- 
sured in  the  tangent  plane  to  the  ephere,  is  precisely  the  angle  which  has  been 
above  denoted  by  J. 

(9.)  To  render  this  conception  m^re  completely  dear,  let  us  suppose  that  a 
finite  right  Hne  pj  is  set  off  fh>m  the  given  point  P,  on  the  indefinite  line  XXVI.,  so 
as  to  represent,  by  its  length  and  direction,  the  velocity  of  the  rotation  of  the  tangent 
plane  to  the  osculating  sphere ;  and  so  to  be,  in  the  phraseology  (896,  (14.))  of  the ' 
general  theory  of  emanante^  the  vector'-axis  of  that  rotation.  We  shall  then  have 
the  values, 

XXVIL  . .  pja  0(s  <A«  «tsB  expreatione  XVI.) 

=  i^lr  (cot  •7^+  U  (a  -  p))  =s  -R-*  cosec  J(reMJ+  rVftr  -^  p)  san  J)    (7,  8) ; 

the  angle  /  being  determined  by  the  formula  XXIII.,  and  a  new  expression, 
T^=i^l cosec/,  being  thus  obUined  for  the  velocity  XVII. 

(10.)  Hence  the  new  angle  J,  if  conceived  to  be  included  (like  ff)  between  the 
limitB  0  and  w,  may  be  considered  to  be  measured /rom  r  to  ^  or^om  the  unit-tan' 
gent  to  the  curve  at  p,  to  the  generating  line  Pj  of  the  eireumacribed  developable 
(8.),  in  the  direction  from  r  to  r  ((r  -  p)  :  which  hut  tangent  to  the  osculating  sphere 

*  This  usual  expression,  eonteeutive,  is  obviously  borrowed  here  from  the  /an- 
,guage  of  inJinitesimaU,  but  is  supposed  to  be  interpreted^  like  those  used  in  other 
parts  of  the  present  series  of  Articles,  by  a  reference  to  the  conception  of  limitg. 
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makes  generally',  like  the  tnngent  ^  or  pj  itself,  an  acute  an^le  with  the  posltiTe 
btnormal  v,  as  appears  from  the  common  m^n  of  the  scalar  eoeffieientt  of  that  vec- 
tor, in  their  developed  expressions. 

(11.)  It  may  also  be  remarked,  as  an  additional  point  of  analogy,  and  as  serr- 
ing  to  verify  some  formnln,  that  while  the  older  angle  H  becomes  rigkt^  when  the 

given  curve  is  plane,  so  the  new  angle  J^-^y  for  eveiy  spherical  evrve. 

(12.)  As  another  geometrical  illustration  of  the  properties  of  the  angle  J,  and  of 
some  otlier  results  of  recent  sub-articles,  which  may  serve  to  connect  them,  still 
more  closely,  with  the  general  theory  of  normal  emanantM  fh>m  curves  (897,  (44.)), 
let  us  conceive  that  ab,  bc,  cd  are  three  successive  right  lines,  perpendicular  each 
to  each ;  let  us  denote  by  a  and  h  the  angles  bca  and  cbd,  and  by  e  the  inclination 
of  the  line  ad  to  bc  t  and  let  us  suppose  that  these  two  lines  are  intersected  by  tlieir 
common  perpendicular  in  the  points  o  and  h  respectively. 

(13.)  Then,  by  completing  the  rectangle  bcdb,  and  letting  fall  the  perpendicular 
BF  on  the  hypotenuse  of  the  right-angled  triangle  abb,  we  obtain  the  projections, 
AB  and  FB,  of  the  two  lines  ad  and  gh,  on  the  plane  through  b  perpendicular  tone; 
and  hence,  by  elementary  reasonings,  we  can  infer  the  relations : 
XXVIII.  .  .  tan<  c  ^  tan*  adb  =  Un*  a  +  tan'  h ; 

^^,«>.  BH        AG        AF       AB*  .   . 

and  XXIX.  . .  —  =  —  =  —  =  — r  =  sm' abb, 

BC        AD        AB        AB* 

or  XXIX'.  .  .  BH  s=  BO  sin  V»     if    tan  j  « tan  a  cot  6 ; 

nothing  here  being  supposed  to  be  wmall.  It  may  also  be  observed,  that  the  tw> 
rectilinear  anplea,  BCA  and  cbd,  or  a  and  ft,  represent  respectively  the  inclinations 
of  the  plane  acd  to  the  plane  bcd,  and  of  the  plane  abd  to  the  plane  abc. 

(14.)  Conceive  next  that  pq  and  p«g«  are  two  near  normal  eroanants,  touching 
the  polar  developable  in  the  points  q  and  Qm  whereof  q  is  thus  on  the  given  pdar 
axis  Ks,  and  q«  is  on  the  near  polar  axis  k^q,  ;  and  let  the  second  emanant  be 
cut,  in  the  points  p'  and  q',  by  planes  through  p  and  <|,  perpendicular  to  the  first 
emanant  pq.  The  line  pp'  will  then  be  very  nearly  tangential  to  the  given  carve  at 
p ;  and  the  line  qq'  will  be  very  nearly  situated  in  the  corresponding  normal  plane 
to  that  curve :  so  that  these  two  new  lines  will  be  very  nearly  perpendicular  to  each 
other,  and  the  gauche  quadrilateral  p'pqq'  will  ultimately  have  the  properties  of  the 
reoentiy  considered  quadrilateral  abcd. 

(15.)  This  being  perceived,  if  we  denote  by  e  the  length  of  the  emanant  line  pq^ 
the  small  angle  a  is  very  nearly  =  e-i* ;  and  if  the  small  angle  b  be  put  under  the 
form  6'«,  then  the  new  coefficient  h'  is  ultimately  equal  (by  XXIX'.)  to  «~^cotj  : 
where  J  is  an  auxiliary  angle,  not  generally  small,  and  is  such  that  we  have  ulti- 
mately PH  =  PQ .  8in>y,  if  H  be  the  point  in  which  the  given  normal  emanant  pq 
approaches  most  closely  to  the  consecutive  emanant  PaQt. 

(16.)  We  have  then  the  ultimate  equation, 
XXX.  .  .  coty  =  eft'  =  PQ  X  lim.  (s-i .  qpq.) 
s  length  of  emanant  line  (pq) 

X  angular  velocity  of  the  tangential  plane  (p'pq)  containing  it  ; 
this  latter  plane  being  here  conceived  as  turning^  for  a  moment,  round  the  tangent  to 
the  given  curve  at  p,  snd  the  velocity  of  motion  along  that  curve  being  still  taken 
for  unity. 
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(17.)  Accordingly,  when  we  change  e  to  r,  6'  to  r-*,  andj  to  H^  we  recover  in 
this  way  the  fundamental  value  cot  H—  rr~i  (397,  XVII.),  for  the  cotangent  of  the 
older  angle  H\  and  when,  on  the  other  hand,  we  treat  the  radius  of  gpherieal  cnr\'a* 
ture  a«  the  normal  emanaot,  suppouing  q  to  coincide  with  s,  and  therefore  changing 
e  to  jR,  and  V  to  ri+  P*,  we  recover  the  last  of  the  expressions  XXIII.  for  the  co- 
tangent of  the  new  but  analogous  angle/,  namely  cot/s  i?(ri-f  P'),  together 
with  an  interprttaHon^  which  may  not  hare  at  first  seemed  obvious :  although  that 
expression  itself  vraa  deducible,  in  the  following  among  other  ways,  from  equations 
prerionsly  establii^bed, 

(coaP)' 


XXXL..iMcot7-r-i  =  !:^-!::  =  _:?flY. 
pR      p        p\Rl 


sin  P 


(18.)  As  regards  the  angular  velocity^  say  v,  of  tlie  emanant  line  pq,  or  the  ul- 
timate quotient  of  the  angle  between  two  such  near  lines,  divided  by  the  small  arc  t 
of  the  given  curve,  we  see  by  XXVIII.  (oomp.  (5.))  that  this  small  angle  ve  is  uUi- 
mately  equal  to  the  square  root  of  the  sum  of  the  squares  of  the  two  other  small  an- 
gleSf  above  denoted  by  a  and  h,  and  found  to  be  equal,  nearly,  to  e-^s  and  e'^s  cot  J 
respectively :  we  may  then  establish  the  general  formula, 

XXXII.  .  .  Angular  Felocity  of  Normal  Emanant  =  v  =  e-^cosecj ; 
which  reproduces  the  values,  r'lcoeecH,  and  /Z-icosect/,  already  found  for  the  an- 
gular velocities  of  the  two  radii,  r  and  R. 

(19.)  And  if  we  observe  that  the  projection  of  the  vector  of  curvature^  kp-',  on 
the  emanani  pq,  is  easily  proved  to  be  =qp">  =  *"'.pq,  we  see  by  XXXll.  that  if 
this  projection  be  divided  hy  the  square  of  the  angular  velocity  (v)  of  the  line 
PQ,  th^  quotient  ia  the  line  PQ.sin'y,  or  ph  (15>)*  which  reproduces  the  general 
result,  897,  CV.,  for  tJl  systems  of  normal  emanantSj  together  with  a  geometrical 
iuterpr^ation, 

(20.)  As  still  another  geometrical  illustration  of  the  properties  of  the  new  angle 
J,  we  may  observe  that  in  the  construction  (12.)  and  (13.)  the  corresponding  auxi- 
liary angle  J  was  equal  to  asb,  or  to  abf,  and  that  the  line  bf  (=  hg)  was  perpen- 
dicular to  both  BC  and  ad,  although  not  intersecting  the  latter.  Substituting  then, 
as  in  (14.),  the  quadrilateral  p'pqq'  for  abgd,  and  passing  to  the  limit,  we  may  say 
that  if  a  new  line  pj  be  a  common  perpendicular,  at  the  given  point  p,  to  two  conse- 
euHve*  normal  emanants,  PQ  and  p'q'i  the  general  auxiliary  angle  J  is  simply  the 
indhuUion  p'pj,  of  that  common  perpendicular  pj,  to  the  tangent  pp'  to  the  curve, 

(21.)  And  if^  instead  o(  normally  emanating  lines  pq,  we  consider  a  system  of 
tangential  emanant  planes  (as  in  897,  (45.)),  to  which  those  lines  Are  perpendicular, 
we  may  then  (comp.  896,  (14.))  consider  the  recent  line  pj  as  being  a  generating 
line  of  the  developable  surface,  which  is  the  envelope  of  all  the  planes  of  the  system ; 
the  auxiliary  angle,fj,  is  therefore  generally  by  (20.)  the  inclination  of  this  gene~ 

*  Compare  the  Note  to  page  681. 

t  In  these  geometrical  illustrations,  the  angle^'  has  been  treated,  for  simplicity, 
as  being  both  positive  and  acute  ;  although  the  general  formula,  which  involve  the 
corresponding  angles  H  and  J,  permit  and  require  (liat  we  should  occasionally  attri- 
bute to  them  obtuse  (but  still  positive)  values :  while  those  angles  may  also  become 
right,  in  some  particular  cases  (comp.  (11)). 
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rmtris  to  the  trntptnt :  a  reralt  whicb  Mgnm  with,  and  indndeB,  tha  koown  and  fun- 
daoMiital  property  (397,  XYIL)  of  the  angle  U,  in  connexion  with  the  RMHfyim^ 
DtmlopahU  (896) ;  and  abo  the  amtagcm  proper^  of  the  newer  angle/,  connected 
(8.)  with  what  it  has  been  aboTe  propoeed  to  adl  the  Ciraim»erihed  DevelopmbU, 

(S2.)  We  shall  eoouretnm  briefly  on  the  theory  of  that  n«vi;nMb^ftfajio;^betf 
(8.),  and  of  the  itcv  loen*  (of  the  ft«<nii«»ing  ebrtUj  or  tmn^op*  of  the  oeenlating 
&pk€ri)  to  which  it  has  been  said  to  be  eireMmteribed :  bat  may  here  obaenpe, 
that  if  we  write  for  abridgment  (compw  VUI.  and  XXIII.), 

</       »&» 
XXXIII. . .  ««—=  -— *»'  +  cotir=cot/secP, 

TV       p       '^ 

then  what  has  been  called  the  eoeffieieni  of  non^htneify  (comp.  895,  (14.)  and 
(16.))  is  easOy  seen  to  have  by  XIY.  the  Tslaes, 

-^(y-n'X«)-l-^^,»'  +  ^  )-•«■•  (8,4,6) 

e  — c:oot£^oot/secPB-=^  (6,7,8); 

fv  pt  _ 

whence  also  the  demation  of  a  near  point  p«  of  the  curve,  from  the  osculating  sphere 

at  F,  u  ultunately  (by  895,  XXVII.). 

^«^^       —     _     (5r-l)«*        «*         Rb^ 

and  aooordingly,  the  square  of  the  vector  p«<~  v  is  given  now  (comp.  I.)  hf  the  ex- 
pression, 

(p.-0«  =  (p-<T)«-j|J3{r«S(<T-p)r"'-l}, 

hi  which  nS(<r~p)r'"=iSB  1  +  nrr-isftc.,  aa  above^ 

(23.)  The  same  auxiliary  scalar  n  enters  into  the  following  expreeriona  lor  the  are, 
and  for  the  9€alar  radii  of  thojirsi  and  seeoad  cureafives,  of  the  Uem  of  the  eewtrt 
a  of  the  oacnlatiog  tpkert^  or  of  the  ougp»tdgo  of  the  poUr  dnokpMe  (comp.  391, 
(6.),  and  395.  (2.)): 

XXXVI. .  .  1 J  ads  8  Are  of  Hud  Cmap-Edgt  (or  of  loema  ofs) ; 

jsn* 

XXXVI'. . .  ris  fir  s  r + p'r  «  --^  =  (^Scalar)  Sadimt  of  Omrvatmro  oftmme  tdgo  : 

XXXVr. . .  n = «»•  =  ^V^  =  (JSecdar)  JRatKu$  of  Seeond  Cwrvaiurt  of  tame  eurvt ; 
these  two  latter  being  here  called  ecalar  radii,  becaose  the>!r«f  as  well  as  the  teeond 
(comp.  397,  V.)  is  conceived  to  have  an  algebraic  tign.  In  fact,  if  we  denote  by  xi 
the  centre  of  the  oaculaiing  circle  to  the  cuep-edge  in  question,  its  vector  is  (by  the 
general  fonnula  889,  lY.), 

a'' 
XXXVII. .  .  oxi  =  ci=  (f +--— - 
v<r  <T 

with  the  mgnification  XXXVI'.  of  ri  \  because  by  XXXIII.  (oomp.  397,  XI'.), 

XXXVIII. .  .  <T'=iirv,     <^«:a'ry  +  «(rv)'  =  «V^-iirr-»r', 

and  therrfore 

XXXIX.  . .  a  •  =  -  a«      V(yV'  =  n^rW. 
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We  may  alto  observe  that  the  relation  &  ||  v  gives  (by  897,  IV.), 

<t"         v' 
XL.  ..V— 7  =  V  — =  rJr=  Vector  of  Second  Cwvaiure  ofgivcm  curve  ; 

and  that  we  have  the  eqaation, 

XLL  . .  —  as ^  a  -i,    with    r  >  0,     bat    n  >  or  <  0, 

PK       c-p       r 

according  as  the  etap-edge  turns  its  concavity  or  its  convexity  towards  the  given 
curve  at  p. 

(24.)  The  raiUuM  of  {fire£)  curvature  of  that  cusp-edge,  when  regarded  as  a  po- 
sitive  quantity,  is  therefore  represented  by  the  teneor, 

and  as  regards  the  eealar  radiue  XXXVl".  of  second  curvature  of  the  same  cusp- 
edge,  its  expression  follows  by  XXXVIII.  from  the  general  formula  397,  XXVII., 
which  gives  here, 

XLin. . .  ri-»  =  S,-;^„  =  -i-  8  ^,  =  ii-ir-i,  because  XLIII'. .  .8=^,=  1 : 
Yao       nr      Yvv  \vv 

the  two  scalar  derivativee^  n  and  n'\  which  would  have  introduced  the  derived  vec- 
tors r^  and  r%  or  D/p  and  D«'p,  of  tli&  fifth  and  sixth  orders,  thus  disappearing 
from  the  expressions  of  the  two  curvatures  of  the  locus  of  the  centre  s  of  theo«cii/a<- 
ing  sphere,  as  was  to  be  expected  from  geometrical*  considerations. 

(25.)  For  the  helix,  the  formula  XXXVII.  gives  ci  =^  p,  or  Ki  =  p  ;  we  have  then 
thus,  as  a  verification,  the  known  result,  that  the  given  point  p  of  this  curve  is  itself 
the  centre  of  curvature  Ki  of  that  other  helix  (comp.  889,  (3.),  and  895,  (8.)X  which 
is  in  this  case  the  common  locus  of  the  two  coincident  centres,  K  and  s.  It  is  scarcely 
necessary  to  observe  that  for  the  helix  we  have  also  J=  H, 

(26.)  In  general,  the  rectifying  plane  of  the  locus  ofs  is  parallel  to  the  rectify- 
ing plane  of  the  given  curve,  because  the  radii  of  their  osculating  circles  are  parallel ; 
the  rectifying  lines  for  these  two  curves  are  therefore  not  only  parallel  but  equal ; 
and  accordingly  we  have  here  the  formula, 

XLIV.  . .  Xi  =V^,  =  V -,=X  (by  397,  XVI.), 

Tl  T 

which  will  be  found  to  agree  with  this  other  expression  (comp.  897,  XVII.), 

XLV. .  .  ten  Hi  =  ;^  =  -  Uri  =  icotif, 
Tri      r 

the  upper  or  lower  sign  being  taken,  according  as  the  new  curve  is  concave  (as  in 
Figs,  81,  82),  or  is  convex  at  s  (comp.  (23.)),  towards  the  old  (or  given)  curve  at 
r :  and  the  new  angle  Hi  being  measured  in  the  new  rectifying  plane,  fre/m  the  new 


*  In  fact,  «  represents  here  the  velocity  of  motion  of  the  point  s  along  its  own 
loons,  while  r~^  and  r-i  represent  respectively  the  velocities  of  rotation,  of  the  tangent 
and  binormal  to  that  carve :  so  that  «r  and  nr  most  be,  as  above,  the  radii  of  its 
two  cnrratarw^ 

4f 
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tangent  a'  or  nrv,  to  the  nap  rectifying  line  Xi,  and  in  the  direeHon  from  that  new 
tangent  to  the  new  hinormal  vi,  or  (oomp.  XL.)  to  a  line  from  8  which  is  eqoal  to 
the  vector  of  second  cwvature  rW  of  the  giten  curw,  multiplied  bj  a  poeitine  eealar, 
namely  by  Tn-i,  or  by  the  coefficient  n-^  taken  positively. 

(27.)  The  former  rectifying  Une  X  touehee  the  ctup-edge  of  the  rectifying  deve^ 
lopahle  (896)  of  the  giren  cuhrb,  in  a  new  point  r  (comp.  Fig.  81),  of  which  by 
897,  (45.),  and  by  XV.,  the  rector /rom  the  given  point  is,  generally, 

XLVI  VrV        r-«X  __rX     _  UXaing 

JLLV    .  .  .  PR  =-  g^y,^«  =  g;^^,..  =       ^^-,y  -  ^  ' 

with  the  verification  that  this  expression  becomes  infinite  (comp.  397,  (49.),  (50.)), 
when  the  curve  is  a  geodetic  on  a  cylinder. 

(28.)  In  general,  the  vector  or  of  the  point  of  contact  r,  which  vector  we  shall 
here  denote  by  v,  may  be  thus  expressed, 

XLVII.  ..w=OR  =  n>  +  /DX,     if    XLVIII...I=??^==^,; 

M'        (nr») 

and  becanse  (rX)'B(nri)'r,  by  YIl'.,  its  first  derivative  is, 

XLIX.  .  .  w'  =  rxf  ^!^Y  =  UXcosecfl(/sinH)'=UX(/'  +  oo8fl); 

in  which  however  the  new  derived  scalar  f  involves  H",  and  so  depends  on  r**^ : 
while  the  scalar  coefficient  I  itself  represents  the  porfton  (+pR)of  Me  recHfging  Une, 
intercepted  between  the  given  euroe,  and  the  cusp-edge  (27.)  of  the  rectifying  deve- 
lopable, and  considered  as  positive  when  the  direction  of  this  intercept  PR  ooinddes 
with  that  of  the  line  +  X,  but  as  negative  in  the  contrary  case. 

(29.)  For  abridgment  of  ^Uscourse,  the  cusp-edge  last  considered,  namely  that  of 
the  rectifying  developahle^  as  being  the  locus  of  a  point  which  we  have  denoted  by 
the  letter  R,  may  be  called  simply  ^*  the  curve  (r)  ;"  while  the  former  cusp-edge 
(28.),  or  that  of  the  polar  developable,  may  be  called  in  like  manner  **  the  curve 
(s) ;"  the  locus  of  the  centre  k  of  (absolute)  curvature  may  be  called  ^the  curve 
(k)  :"  and  the  given  curve  itself  (comp.  again  Figs.  81,  82)  may  be  called,  on  the 
same  plan,  "  the  curve  (p).** 

(30.)  The  are  rr«,  of  the  curve  (r),  is  (by  XLIX.,  comp.  XXXVL), 


L. .  .  +  f'Tw'd*  =/,-/+  Tcosfld*; 


this  arc  being  treated  as  positive^  when  the  direction  of  motion  along  it  colnctdes  with 
that  of  -(-  X. 

(81.)  The  expression  VII.  for  X',  combined  with  the  former  ezpreaaioo  897, 
XVI.  for  X,  gives  easily  by  the  general  formula  889,  IV., 
LI.  .  .  Vector  of  Centre  of  Curvature  of  the  Curve  (r) 

whence        LII.  .  .  Radius  of  Curvature  of  Curve  (*)  =  T  ■—,  =  T  — , 

the  scalar  variable  being  here  arbitrary. 

(82.)  We  see,  at  the  same  time,  that  the  angular  velocity  of  the  rectifying  lime 
X,  or  of  the  tangent  to  this  curve  (r),  is  represented  by  ±H'',  or  that  the  small 
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angle*  between  two  wueh  near  Nnet,  \  and  X«,  b  nearly  equal  to  «J7',  otto  Ht- II: 
while  the  vector  axis  (VX'X'O  of  rotation  of  the  rectifying  Kne,  set  off  from  the 
point  B,  has  -IT'Ur',  or  -  HV/,  for  its  expression. 

(38.)  As  regards  the  teeond  cvrvature  of  the  same  curve  (r),  we  may  observe 
that  the  expression  (comp.  VII.  and  LI.), 

UII. .  .  r=(rOV  +  (r->)''rv+r-i(rri)V=(r-»)>+  (r'iyrv  +  YW\ 
combined  with  the  parallelism  (XLIX.)  of  v  to  X,  gives,  by  the  general  formula 
897,  XXVII., 

LIV.  . .  RaeUuM  of  Second  Curvature  of  Curve  (r) 

=  \,^vw^J   =xV^vxvJ  ^x^—tT"' 

with  the  verification,  that  while  T  +  cos  1?  represents,  by  (80.)*  the  velocity  of  mo- 
tum  along  this  curve  (r),  TX  represents,  by  897,  (8.),'  the  velocity  of  rotation  of 
it$  oeculating  plane^  namely  the  rectifjfing  plane  of  the  given  curve  (p) :  and  it 
is  worth  observing,  that  although  each  of  these  two  radii  of  curvature,  LII.  and 
LIY.,  depends  on  r^  through  T  (28.),  yet  neither  of  them  depends  on  r^  (comp. 
(24.)).  As  another  verification,  it  can  be  shown  that  the  plane  of  the  two  Knee  X 
and  T  from  p,  namely  the  plane, 

LIV.  ..Sr'X(«-p)  =  0, 
which  is  the  normal  plane  to  the  rectifying  developable  along  the  rectifying  line,  and 
contains  the  absolute  normal  to  the  given  curve  (p),  touchee  its  own  developable  en* 
velape  along  the  line  rh,  if  H  be  the  point  determined  by  the  formula  897, 
XXXYIIL,  or  the  point  of  neareet  approach  of  a  radiue  of  curvature  (r)  of  that 
given  curve  to  it§  consecutive  (comp.  (6.) ;  this  line'RH  must  therefore  be  the  recti' 
fying  Une  of  the  curve  (r)  :  and  accordingly  (comp.  897,  XVII.),  the  trigonometric 
tangent  of  its  inclination  to  the  tangent  RP  to  this  last  curve  has  for  expression 
(abstracting  from  sign), 

LIV".  .  .  tan  PRH  =  PH  :  pa  =  ±  Hr  sin" /f  =  +  rfl' sin  If  =  TX-iH* 

Batiius  (LIV.)  of  Second  Curvature  of  Curve  (r\ 
^  Radius  (LII.)  of  First  Curvature  of  same  Curve 
(84.)  Without  even  introducing  r'^  we  can  assign  as  follows  a  twisted  cubic 
(comp.  897,  (84.)),  which  shall  have  contact  of  the  fourth  order  with  the  given 
curve  at  p ;  or  rather  an  indefinite  variety  of  such  euhics,  or  gauche  curves  of  the 
third  degree.    Writing,  for  abridgment, 

LV.  .  .  «  =  -  Sr («  -  p),    y  =  -  Srr'(w  -  p),     ar  =  -  Srv(«  -  p), 
80  that  LVL  . .  w  =  p  +  «r +yrT +aTi;, 

the  scalar  equation, 

Lv„.. .(?)-..(:)•...[?>*... 

*  A  result  substantially  equiv^ent  to  this  is  deduced,  by  an  entirely  different 
analysis,  in  the  above  dted  Memoir  of  M.  de  Saint- Venant,  and  is  illustrated  by 
geometrical  considerations :  which  also  lead  to  expressions  for  the  two  curvatures 
(or,  as  he  calls  them,  the  eourbure  and  cambrure'),  of  the  cusp-edge  of  the  rectifymg 
developable ;  and  to  a  determination  of  the  rectifying  line  of  that  cusp-edge. 


LVIII. 
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in  which  e  is  an  arbitrary  but  scalar  constant,  represents  evidently,  by  its/br»,  a 
etme  of  the  teeond  order ^  with  its  vertex  at  the  given  point  p ;  and  thia  eome  can  be 
proved  to  have  contact  ofthefourih  order  with  the  curve*  at  that  point :  or  of  the 
tkird  order  with  the  cone  of  chords  from  it  (comp.  397,  (dl.)»  (32.))-  In  fact  the 
coefficients  wiU  be  foand  to  have  been  so  determined,  that  the  difference  of  the  two 
members  of  this  equation  LVII.  contains  «<  as  a  factor,  when  we  change  w  to  p«,  as 
given  by  the  formula  L,  or  when  we  substitute  for  xyz  their  approximate  values  for 
the  curve,  as  functions  of  the  arc  • ;  namely,  by  the  expressions  IV.  for  r"*,  and 
897,  VI.  for  r", 

where  the  terms  set  down  are  more  than  sufficient  for  the  purpose  of  the  proof.     It 

-«< 

may  be  added  that  the  coefficient  of  -rj-  in  y«,  which  is  the  only  one  at  all  complex 

here,  may  be  transformed  as  follows : 

LVIir.  .  .  Srr'r'"  =  -(r-i)"-r-iX«  =  r-»5'+i)(r-«rO'; 
S  being  that  scalar  for  which  (or  more  immediately  for  its  excess  over  unity)  several 
espressionsf  have  lately  been  assigned  (22.),  and  which  had  occurred  in  an  earlier 
investigation  (395,  (14.),  &c.)> 

(85.)  With  the  same  significations  LV.  of  the  three  scalars  xyz^  this  other  equa- 
tion, 

LIX.  .  .  18ry  -  (3x  -  r  y)'  =  (9  +  r'«  -  Srr"  -  8r2r->) y«, 

or  LIX'.  .  .  2rK-(a:  -l,'y)»  =  (l  -  Jr*(r*)"- J,^t)y«, 

will  be  found  to  be  satisfied  when  we  substitute  for  x  and  y  the  values  LVIII.  of  x« 
and  y«,  and  neglect  or  suppress  ^ ;  it  therefore  represents  an  elliptic  (or  hyperbolic) 
cylinder^  which  is  cut  perpendicularly^  by  the  osculating  plane  to  the  given  curve  at 
p,  in  an  ellipse  (or  hyperbola)^  having  contact  of  the  fourth  order  with  the  prqfee- 
tioH  (comp.  897,  (9.)),  of  that  given  curve  upon  that  osculating  plane :  and  the  cy- 
linder itself  has  contact  of  the  same  (^fourth)  order  with  the  curve  in  space,  at  the 


*  In  the  language  of  infinitesimals,  the  cone  LVII.  contains  Jive  conseeuiive 
points  of  the  curve^  or  htLB  five-point  contact  therewith :  but  it  contains  only  your  com- 
aecntive  sides  of  the  eoMtf  of  chords  from  the  given  point,  or  has  only  four-side  con- 
tact with  that  cone,  except  for  one  particular  value  of  the  constant,  e,  which  we  shall 
presently  assign.  It  may  be  observed  that  xyz  form  here  a  (scalar)  system  o(  three 
rectangular  co-ordinates,  of  the  usual  kind,  with  their  origin,  at  the  point  p  of  the 
curve,  and  with  their  positive  semiaxes  in  the  directions  of  the  tangent  r,  the  oecfor 
of  curvature  t\  and  the  binonauxl  v. 

f  It  might  have  been  observed,  in  addition  to  the  eight  forms  XXXIV.,  that 
we  have  also, 

XXXIV.  . .  5  - 1  sr  Ar»  cot  y  =  «  cot  if  (9,  10> 
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same  given  point  p,  so  that  we  may  eall  it  (comp.  897,  (31.))  the  Osculating  Elliptie 
(^or  Hyperbolic)  CyUndery  perpendicular  to  the  oteulating  plane,    • 

(36.)  As  a  Terification,  if  we  suppress  the  second  member  of  either  LIX.  or  LIZ'., 
we  obtain,  mider  a  new  form,  the  equation  of  what  has  been  already  called  the  0»eu- 
lating  Parabolic  Cylinder  (897,  LXXXIV.) ;  and  as  another  verification,  the  co- 
efficient of  p*  in  that  second  member  vanithee,  as  it  ought  to  do,  when  the  given 
curve  is  supposed  to  be  a  parabola  :  that  plane  curve^  in  fact,  satisfying  the  differen- 
tial equation  of  the  second  order, 

LX.  ..Srr"-  r'«  =  9,     or     LX'.  .  .  r*(r*)-=  2, 


LX". . .  r^ 


((^)%x)=«>-..=M 


if  r  be  still  the  radiue  ofeurvature^  considered  as  a  function  of  the  are,  «,  while  p  is 
here  the  temiparameter, 

(37.)  The  binormal  v  is,  by  the  construction,  a  generating  line  of  the  cylinder 
LIX. ;  and  although  this  line  is  not  generally  a  tide  of  the  cone  LY II.,  yet  we  can 
make  it  such,  by  assigning  the  particular  value  zero  to  the  arbitrary  constant,  e,  in 
its  equation,  or  by  suppressing  the  term,  ez^.  And  when  this  is  done,  the  cone  LTII. 
will  intersect  the  cylinder  LIX,  not  only  in  this  common  side  v  (comp.  397,  (33.)), 
but  also  in  a  certain  tuntted  cttbie,  which  will  have  contact  of  the  fourth  order  with 
ihe  given  curve  at  p,  as  stated  at  the  commencement  of  (34.). 

(38.)  But,  as  was  also  stated  there,  indefinitely  many  such  eubiee  can  be  de- 
scribed, which  shall  have  contact  of  the  same  (fourth)  order,  with  the  same  curve, 
at  the  same  point.     For  we  may  assume  any  point  b  of  space,  or  any  vector  (comp* 

LVL), 

LXI.  .  .  OB=  £  =  p  +  ar+  6rr'+  cry, 

in  which  a,  b,  e  are  any  three  scalar  constants  ;  and  then  the  vector  equation, 

LXIL  .  .  ft>=p,  +  /(6-p), 

in  which  ^  is  a  new  scalar  variable,  will  represent  a  cylindric  surface,  not  generally 
of  the  second  order,  but  passing  through  the  given  curve,  and  having  the  line  pe  for 
a  generatrix.  We  can  then  cut  (generally)  this  new  cylinder  by  the  osculating 
plane  to  the  curve  at  p,  and  so  obtain  (generally)  a  new  and  oblique  projection  of 
the  curve  upon  that  plane  ;  the  x  and  y  of  which  new  projected  curve  will  depend  on 
the  arc  •  of  the  original  curve  by  the  reUtions, 

LXI  1 1.  ..«  =  «,-  ac'^Xa,     yszy,-  bc'^z, ; 

with  the  approximate  expressions  LYIII.  for  x^^tt.  And  if  we  then  determine  Udo 
new  scalar  constants,  B  and  C,  by  the  condition  that  the  substitution  of  these  last 
expressions  LXIII.  for  x  and  y  shall  satisfy  this  new  equation, 

LXIV. .  .  2ry  =  »a  +  2Bxy  +  Cy\ 
if  only  s^  be  neglected  (comp.  (35.)),  or  by  equating  the  coefficients  ofs*  ands\ 
in  the  result  of  such  substitution,  then,  on  restoring  the  significations  LY.  ofays, 
and  writing  for  abridgment, 

LXY.  .  .  X:=x--ae%     F=y-6c  «z, 
the  equation  of  the  second  degree, 
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LXVI.  .  .  2rK=  jr«  +  25Jrr+  CF", 

-will  represent  generally  an  oblique  oteuloHnff  elliptic  (or  h3rperbolic)  cpOnder,  which 
has  contact  of  the  fourth  order  with  the  given  carve  at  p,  and  contains  the  assamed 
line  PE.  If  then  we  determine  finally  the  constant  e  in  LVII.,  by  the  rescdt  of  the 
substitution  of  ahe  for  xyz^  or  by  the  condition, 


"-'-•1?T-«(f)'-(SI- 


the  eone  LVIL,  and  the  eyKnder  LXYL,  will  have  that  line  pe  for  a  common  side  ;  and 
will  imterteet  each  other,  not  only  in  that  line,  but  alto  (as  before)  in  a  twitted  cubic, 
althongh  now  a  new  one,  which  will  have  the  required  (^fiurth)  order  ofcontaet,  with 
the  given  curve  at  the  given  point. 

(89.)  If,  after  the  substitution  (88.)  in  LXIY.,  we  equate  the  ooefficienta  of  the 
three  powersy  s\  «A,  «&,  and  then  eliminate  B  and  C(  we  are  conducted  to  an  equa- 
tion of  condition,  which  is  found  to  be  of  the  ybrm, 

LXVIII.  .  .  a&»  +  b6«c  +  c5c«  +  ec'  =  ae(bg  +  ch) ; 

in  which  the  ratios  of  abc  still  serve  to  determine  the  direction  of  the  generating  line 
PE,  while  the  coefficients  a,  b,  c,  e,  g,  h  are  aengnable  functions  of  r,  r,  r',  r',  r",  r*, 
and  r"^,  depending  on  the  vector  r^ :  and  when  this  condition  LXVIII.  is  satisfied, 
the  cylinder  LXVI.  has  contact  of  thejijih  order  with  the  given  curve  at  p. 

(40.)  Again,  if  we  improve  the  approximate  expressions  LYIII.  for  the  three 

scalars  x«,  y.,  ««,  by  taking  account  of  t^  or  by  introducing  the  new  term  —- 

(comp.  I.)  of  ptf  and  if  we  substitute  the  expressions  so  improved,  instead  of  9,  y,  r, 
in  the  equation  of  the  cone  LYII.  and  then  equate  to  zero  (comp.  (34.))  the  coeffi- 
cient of  j^  in  the  diffbrenoe  of  the  two  members  of  that  equation,  we  obtam  a  definite 
expression  for  the  constanty  e,  which  had  been  arbitrary  hefon,  but  becomes  now  a 
given  function  oint'^r"  and  r"  {not  involving  r'"),  namely  the  following 

TYTv  ^f^       ^^       *■''      8'""      ^"'      27i^      9r"\ 

LXIX....  =  ^^^--  — +~--5-+  ^-^-^+— J; 

and  when  the  constant  e  receives  this  value*  the  cone  has  contact  of  the,/^A  orcfer 
with  the  curve  at  the  given  point. 

(41.)  Finally,  if  we  multiply  the  equation  LXVIT.  by  6g  +  eh,  we  can  at  once 
eliminate  a  by  LXVIII.,  and  so  obtain  a  cubic  equation  in  b;  c,  which  has  at  least 
one  real  root,  answering  to  a  real  system  of  ratios  a,  6,  c,  and  therefore  to  a  real 
direction  of  the  line  pb  in  (88.).  It  is  therefore  possible  to  assign  at  least  one  real 
cylinder  of  the  second  order  (39.),  which  shall  have  contact  of  the  fifth  order  with 
the  curve  at  p,  and  shall  at  the  same  time  have  one  side  pe  common  with  the  eone 
of  the  second  order  (40.),  which  has  contact  of  the  seane  (fifth)  order  with  the  curve 
(or  of  the  yburt A  order  with  the  cone  of  chords) :  and  consequently  it  is  possible  in 
this  way  to  assign,  as  the  intersection  of  this  cylinder  with  this  cone,  at  least  one  real 


Compare  the  first  Note  to  page  588. 
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twitted  eubiCf  ifhich  has  contact  of  the  fifth*  order  with  the  given  ettrve  of  double 
emrvature,  at  the  giren  point  thereof.  And  euch  a  cubic  carve  may  be  called,  by 
emiDence,  an  Otculatingf  Tleieted  Cubic, 

(42.)  Not  intending  to^retnni,  in  these  Elemenit,  on  the  subject  of  such  eubio 
curvetf  we  may  take  this  occasion  to  remark,  that  the  very  simple  vector  equationjX 

LXX.  .  .  Vap-pYPp, 
represents  a  curve  of  this  kind,  if  a  and  p  be  any  two  constant  and  non-parallel 
vectors.     In  &ct,  if  we  operate  on  this  equation  by  the  symbol  S.X,  in  which  X  is 
an  arbitrary  but  constant  vector,  the  ecalar  equation  so  obtained,  namely, 

LXXI.  . .  SXap  =  SXpS^Sp  -  p'S/JX, 
represents  a  twface  of  the  second  order,  on  which  the  curve  is  wholly  contained ; 
making  then  successively  X  =  a  and  X  =  /3,  we  get,  in  particular,  the  two  equations, 

LXXII. .  .  S(Vop.V/3p)=  0,    and    LXXXII.  .  .  (V^p)»  +  Sa/3p  =  0, 
representing  respectively  a  cone  and  cylinder  of  that  order,  with  the  vector  fi  from 
the  origin  as  a  common  side  :  and  the  remaining  part  of  the  intereeetion  of  these 
two  surfoces,  is  precisely  the  curve  LXX.,  which  therefore  is  a  twisted  cubic,  in  the 
known  sense  already  referred  to. 

(43.)  Other  surfaces  of  the  same  order,  containing  the  same  curve,  would  be 
obtained  by  assigning  other  values  to  X ;  for  example  (comp.  897,  (31.)),  we  should 
get  generally  an  hyperbolic  paraboloid  from  the  form  LXXI.,  by  taking  X  -L.  j3. 
But  it  may  be  more  important  here  to  observe,  that  without  supposing  any  acquaint- 
once  with  the  theory  of  curved  surfaces,  the  vector  equtUion  LXX.  can  be  shown,  by 


*  Accordingly,  it  is  known  (see  page  242  of  Dr.  Salmon's  Treatise,  already 
cited),  that  a  twisted  cubic  can  generally  be  described  through  Any  six  given  points; 
and  also  (page  248),  that  three  quadrie  cylinders  (or  cylinders  of  the  second  order 
or  d^^ee)  can  be  described,  containing  a  given  cubic  curve,  their  edges  being  pa- 
rallel to  the  three  (real  or  imaginary)  asymptotes. 

t  Compare  the  first  Note  to  page  563. 

X  This  example  was  given  in  pages  679,  &c.,  of  the  Lectures,  with  some  con- 
nected transformations,  the  equation  having  been  found  as  a  certain  condition  for 
the  inscription  of  a  gauche  quadrilateral,  or  other  even-sided  polygon,  in  &  given 
spheric  surface  (comp.  the  sub-articles  to  296) :  the  2ii  successive  sides  of  the  figure 
being  obliged  to  pass  through  the  same  even  number  of  given  points  of  space.  It 
was  shown  that  the  curve  might  be  said  to  intersect  the  unit-sphere  (p>  =  —  1)  in  two 
imaginary  points  at  infinity,  and  also  in  two  real  and  tuto  imaginary  points,  situated 
on  two  real  right  lines,  which  were  reciprocal  polars  relatively  to  the  sphere,  and 
might  be  called  chords  of  solution,  with  respect  to  the  proposed  problem  of  inscrip- 
tion of  the  polygon  ;  and  that  analogous  results  existed  for  even-sided  polygons  in 
ellipsoids,  and  other  surfaces  of  the  second  order  :  whfteas  the  corresponding  prob- 
lem, of  the  inscription  of  an  odd-sided  polygon  in  such  a  surface,  conducted  only  to 
the  assignment  of  a  single  chord  of  solution,  as  happens  in  the  known  and  analogous 
theory  of  polygons  in  conies,  whether  the  number  of  sides  be  (in  that  theory)  even 
or  odd.  But  we  cannot  here  pursue  the  subject,  which  has  been  treated  at  some 
length  in  the  Lectures,  and  in  the  Appendices  to  them. 
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quatemioHtj  to  represent  a  curve  of  the  third  degree^  in  the  tense  th&t  it  is  cmt,  by 
an  arbitrary  plane,  in  three  pointe  (real  or  imaginary).  In  fact,  we  may  write  the 
equation  as  follows, 

LXXIV.  .  .  Yqp  =* -  a,     if    LXXV. .  .  f  »^  +  jS, 
9  being  here  a  quaternion,  of  which  the  vector  part  0  is  ^i>m,  bat  the  eealar  part  g 
is  arbitrary :  and  then,  by  resolving  (comp.  347)  this  linear  equation  LXXIV., 
we  may  still  further  transform  it  as  follows, 

LXXVL  .  .  i?G^«  - /3«)p  =  /3S/Ja  -^gY^  -^a, 
which  conducts  to  a  cubic  equation  in  g,  when  combined  with  the  equation, 

LXXVII.  .  .  Sfp  =  e, 
of  any  proposed  eeoant  plane, 

(44.)  The  vector  equation  LXX.,  however,  is  not  eufficiently  general,  to  repre- 
sent an  arbitrary  twisted  cubic,  through  an  assumed  point  taken  as  origin  ;  for 
which  purpose,  ten  scalar  constants  ought  to  be  disposable,  In  order  to  allow  of  the 
curve  being  made  to  pass  through  five*  other  arbitrary  points :  whereas  the  equa- 
tion referred  to  involves  only  five  such  constants,  namely  the  four  included  in  TJa 
and  U/3,  and  the  one  quotient  of  tensors  T/3 :  Ta  (comp.  358). 

(45.)  It  is  easy,  however,  to  accomplish  the  generalization  thus  required,  with 
the  help  of  that  theory  of  linear  and  vector  functions  (ipp)  of  vectors,  which  was  as- 
signed in  the  Sixth  Section  of  the  preceding  Chapter  (Arts.  347,  &c.).  We  have 
only  to  write,  instead  of  the  equation  LXX.,  this  other  but  analogous  form  which 
includes  it, 

LXXVIII.  .  .  Yap  +  Yp^p  =  0,     or     LXXVIII'.  .  .^p-^cp  =  a, 
and  which  gives,  by  principles  and  methods  already  explained  (comp.  354,  (1.)), 
the  transformation, 

LXXIX.  .  .  p  =  (^  +  c)  ia^—-,-—^,^^., 

a,  ^a,  and  x^  being  here  fixed  vectors,  and  m,  m',  m"  being  fixed  scalars^  but  e 
being  an  arbitrary  and  variable  scalar,  which  may  receive  any  value,  without  the 
expression  LXXIX.  ceasing  to  satisfy  the  equation  LXXVIII. 

*  Compare  the  first  Note  to  page  591.  In  general,  when  a  curve  tn  space  is 
supposed  to  be  represented  (comp.  371,  (5.))  by  two  scalar  equations,  each  new  ar- 
bitrary point,  through  which  it  is  required  to  pass,  introduces  a  necessity  for  <wo  new 
disposable  constants,  of  the  scalar  Icind  :  and  accordingly  each  new  order,  say  the 
n<*,  of  contact  with  such  a  curve,  has  been  seen  to  introduce  a  new  vector,  D^p,  or 
T^*"*),  subject  to  a  condition  resulting  from  the  general  equation  TD^p^l,  or 
ra=-  1  (comp.  380,  XXVI.,  and  396,  III.),  but  involving  virtually  <jm>  neap  scalar 
constants.  Thus,  besides  the  ybvr  such  constanU,  which  enter  through  r  and  r'  into 
the  determination  of  the  directions  of  the  rectangular  ^stem  of  Hnes,  tangent,  mor» 
mal,  and  binomial  (comp.  379,  (5.),  or  396,  (2.)),  and  of  the  length  of  the  radias 
of  {first)  curvature,  r,  the  three  successive  derivatives,  r,  r",  r ",  of  that  radius,  and 
the  radius  r  of  second  curvature,  with  its  two  first  derivatives,  r*  and  r",  have  been 
seen  to  enter,  through  the  three  other  vectors,  r^,  r^',  r*',  into  the  detcrminatiQii 
(41.)  of  the  osculating  twisted  cubic. 
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(46.)  The  curve  LXXYIII.  is  therefore  cut  (comp.  (43.))  by  the  plaiu 
LXXVII.  in  three  points  (real  or  imaginary),  answering  to  and  determined  by  the 
three  roote  of  the  cubic  in  e,  which  ia  formed  by  aubstitnting  the  exprearion  LXXIX. 
for  p  in  the  equation  of  that  secant  plane;  and  consequently  it  is  a  carve  of  the  third 
deffreCf  the  three  (real  or  imaginary)  atymptotee  to  which  have  directions  correspond- 
ing to  the  three  value*  of  c,  obtained  by  equating  to  zero  the  denominator  of  that 
expression  LXXIX,  or  by  making  Jf =0,  in  a  notation  formerly  employed :  so  that 
they  have  the  directions  of  the  three  line*  /3,  which  satisfy  this  other  vector  equa- 
tion (comp.  864,  I.)i 

LXXX...Vi3^/3  =  0. 

(47.)  Accordingly,  if  jS  be  eueh  a  line,  and  if  y  be  any  vector  in  the  plane  of  a 
and  /3,  the  curve  LXXVIII.  is  a  part  of  the  interteciion  of  the  two  aur/acee  of  the 
second  order ^ 

LXXXI.  .  .  Sap^p  =^  0,     and     LXXXII.  .  .  Syap  +  Syp^p  =  0, 
whereof  the  first  b  a  cone,  and  which  have  the  line  p  from  the  origin  for  a  common 
side  (comp.  (42.))  :  the  curve  is  therefore  found  anew  to  be  a  twisted  cubic 

(48.)  And  as  regards  the  number  of  the  scalar  constants,  which  are  to  be  con- 
ceived as  entering  into  its  vector  equation  LXXVIII.,  when  we  take  for  ^p  the  form 
V90P  +  VXp/i  assigned  in  357,  I.,  in  which  qo  is  an  arbitrary  but  constant  quater- 
nioUf  such  as  ^  +  y,  and  X,  ft  are  constant  vectors,  the  term  gp  of  ^p  disappears 
under  the  symbol  of  operation  V.p,  and  the  equation  (45.)  of  the  curve  becomes, 

XXXXIII. .  .  Yap  +  pVyp  +  YpYXpfjL  =  0 ; 
in  which  the  four  versors,  IJa,  Uy,  UX,  U/i,  introduce  each  two  scalar  constants, 
while  the  two  tensor  quotients,  Ty :  Ta  and  TX/i :  Ta,  count  as  two  others :  so  that 
the  required  number  of  ten  such  constants  (44.)  is  exactly  made  up,  the  curve  being 
still  supposed  to  pass  through  an  assumed  origin,  and  therefore  to  have  one  point 
given.  It  b  scarcely  worth  observing,  that  we  can  at  once  remove  thb  last  restric- 
tion, by  merely  adding  a  new  constant  vectorlto  p,  in  the  last  equation,  LXXXII  I. 

(49.)  Although,  for  the  determination  of  the  osculating  twisted  cubic  (41.),  to 
a  given  curve  of  double  curvature,  it  was  necessary  (comp.  (40.))  to  employ  the  • 
vector  r"  or  D«V,  or  to  take  account  of  t^  in  the  vector  pa,  or  in  the  connected  sca- 
lars  x^ftZs  of  (34.),  and  therefore  to  improve  the  expressions  LVIII.,  by  carrying  in 
each  of  them  (or  at  least  in  the  two  latter)  the  approximation  one  step  further,  yet 
there  are  many  other  problems  relating  to' curves  in  space,  besides  some  that  have  been 
already  considered,  for  which  those  scalar  expressions  LVIII.  are  sufficiently  ap- 
proximate :  or  for  which  the  vector  expression  I.  suffices. 

(50.)  Besuming,  for  instance,  the  questions  considered  in  (22.)  and  (28.),  we 
may  throw  some  additional  light  on  the  law  of  the  deviation  of  a  near  point  p«  of  the 
curve,  from  the  osculating  sphere  at  p,  as  follows.  Eliminating  n  by  XXXVI'. 
from  XXXV.,  we  find  thb  new  expression, 

LXXXIV.  .  .  ip,-lp  =  ;  ''*** 


■  24rr«i2 ' 

the  direction  of  this  deviation  from  the  sphere  (E)  depends  therefore  on  the  sign 
of  the  scalar  radius  n  (23.)  of  curvature  of  the  cusp-edge  (s)  of  the  poior  deve- 
lopable:  and  it  b  outward  or  inward  (comp.  895,  (14.)),  according  as  that  cusp- 
edge  turns  its  concavity  (comp.  XLI.)  or  its  convexity,  at  the  centre  s  of  the  oecn- 

4  G 
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Uting  sphere,  towards  the  point  p  of  the  ^ven  curve,  that  is,  towardg  the  point  of 
oseulation. 

(61.)  Again,  if  we  only  take  account  of  «',  the  deviation  of  Ttfrom  the  osculat- 
inff  circle  at  p  has  been  seen  to  be  a  yector  tangeniial  to  the  oeemUUin^  sphere,  which 
may  be  thos  expressed  (comp.  S97,  IX.,  LII.), 

LXXXV.  . .  c.p.  =  -»'r=  -^'■, 

if  o«  be  the  point  on  the  eirele,  which  is  distant  from  the  given  point  f  by  an  are  of 
thai  circle  =#,  with  the  same  initial  direction  of  motion,  or  of  departure  from  p,  re- 
presented by  the  common  unit  tangent  r ;  the  quantity  of  tkie  deviation  is  therefore 

s*R  «' 

expressed  by  the  tealar  — ^ ;  that  is,  by  the  deviation  — -  (comp.  397,  (9.),  (10.)) 
or"r  orr 

firom  the  osculating  plane*  at  p,  multiplied  by  the  secant  (r'lJt)  of  the  inelinatiom 

(P)  of  the  radius  (ft)  of  «pA«rtca/ curvature,  to  the  radius  (r)  of  absolute  eurra- 

ture,  and  positive  when  this  last  deviation  has  the  direction  of  the  binormal  v. 

(52.)  On  the  other  hand  (comp.  (6.))  the  small  angle,  which  the  snuiU  are  ss* 

of  the  cusp-edge  (a)  of  the  polar  developable  subtends  at  the  point  p,  is  ultimatdy 

expressed  by  the  scalar, 

LXXXVI. .  .  BP8.  =  (P8.-  Ps).  «-»cot  P=  ^*  =  !^  (by  XXXIII.), 

pR         A* 

this  angle  being  treated  as  positive,  when  the  corresponding  rotatUmf  roond  +  r  from 


*  Besides  the  nine  expressions  in  397,  (42.)  for  tlie  s^aore  r*^  of  the  «eeoiiJ 
curvature,  the  following  may  be  remarked,  as  containmg  the  law  of  the  regression  of 
the  projection  of  a  curve  of  double  curvature  on  its  own  normal  plane : 

K  being  still  the  centre  of  the  osculating  circle,  and  qi,  Qs,  Qs  being  stiU  (as  in  397, 
(10.))  the  projections  of  a  near  point  q  (or  p*),  on  the  tangent,  the  absolute  norma/ 
(or  inward  radius  of  curvature  pk),  and  the  binormal  at  p.  In  fact,  the  principal 
terms  of  the  three  vector  projections  ootresponding,  of  the  small  chord  pq  (or  pp«), 
are  (comp.  LVIII.) : 

PQi  =  *r;     PQa  =  (Jf«r'=)j-^Ur';     pQs  =  (i^V^v  =)  £j  Uv  ; 

whence,  ultimately, 

|.l^  =  -r«rUr'  =  r«.KP. 
2   PQa" 

t  Considered  as  a  rotation,  this  small  angle  may  be  represented  by  Uie  small 
vector,  rp~^RR''^ST',  and  if  the  vector  deviation  LXXXY.  ftt>m  the  osculating  cire/e 
be  multiplied  by  this,  the  quarter  of  the  product  is  (comp.  XXXV.)  the  vector  devia- 
tion from  the  osculating  sphere,  under  the  form, 

<*(p-g)   ^ 
24J?      *  rrp' 
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P8  to  P8.  is  pomtire :  and  if  we  moltiply  thU  scalar,  by  that  wliicli  has  jast  been 
assigned  (51.),  as  an  expression  for  the  deyiation  c«p«  from  the  osculating  circle,  we 
get,  by  XXXV.,  the  prodact, 

m  •mwrnr-mr-w^'TW  trJl        Tilt  JCM^  .     ^  ^ 

LXXXVII...^-;j-^.-  =  — =4(5P.-S). 

(58.)  Combining  then  the  recent  results  (50.),  (51.),  (52.),  we  anire  at  the  fol- 
lowing Theorem: 

The  deviation  of  a  near  point  p«  of  a  curve  in  9paee,from  the  oeeulating  sphere 
at  the  given  point  P,  u  uiiimaiefy  equal  to  the  quarter  of  the  deviation  of  the  tame 
near  point  from  the  otculuiing  circle  at  p,  multiplied  by  the  tine  of  the  tmall  an- 
gle  which  the  arc  as$,  of  the  locut  of  centret  of  tpherical  curvature  (s),  or  of  the 
eutp-edge  of  the  polar  developable,  tubtendt  at  the  tame  point  p ;  and  thit  deviation 
(sPt  -  sp)  from  the  tphere  hat  an  outward  or  an  inward  direction,  according  at  the 
tame  arc  ss$  it  concave  or  convex  towardt  the  tame  given  point, 

(54.)  The  rector  of  the  centre  Sti  of  the  near  otculating  tphere  at  p«,  is  (in  the 
same  order  of  approximation,  oomp.  I.), 

LXXXVIII.  .  .  OS,  =  <r,  =  <r  +  fa'  +  J«»<r"  +  ^a"'  +  ^a^ ; 
and  although  <r  ~  p  is  already  a  function  (by  897,  IX.,  &c)  of  r,  r',  r",  so  that  ^ 
is  (as  in  (2.)  or  (22.))  a  function  of  r',  r",  r**,  and  <t",  a",  a^  introduce  respectively 
the  new  derived  vectors  r^,  r^  r",  or  D,*p,  D/p,  D,''p,  wliich  we  are  not  at  pre- 
sent employing  (49.),  yet  we  have  seen,  in  (28.)  and  (24.),  that  some  useful  combi- 
naiiont  of  o"  and  v"'  can  be  expressed  without  r^,  r^ :  and  the  following  is  another 
remarkable  example  of  the  same  species  of  reduction,  involving  not  only  a"  and  a"' 
but  also  0'%  but  still  admitting,  like  the  former,  of  a  simple  geometrical  interpreta- 
tion. 

(55.)  Remembering  (comp.  (22.),  and  897,  XV.)  that 
LXXXIX.  .  .  (<r-p)«+i2a  =  0,    and    XC.  .  .  Sr'"(a-p)  =  »-«5=r-»  +  io--ir», 

and  reducing  the  successive  derivatives  of  LXXXIX.  with  the  help  of  the  equations 
897,  XIX.,  and  of  their  derivatives,  we  are  conducted  easily  to  the  followmg  system 
of  equations,  into  which  the  derived  vectors  r,  r,  &c  do  not  expressly  enter,  but 
which  involve  a,  9",  o'",  <r»^  and  IC,  BT,  BT,  BT : 

XCL  . .  S<F'(<r-p)  +  /2i2'  =  0;        XCIL  .  .  S<tV'(<t-p)  =  0; 

XCIII.  .  .  Sa'Xv  -  p)  +  ff'«  +  (iU?)'  =  0  ; 

XCI V. .  .  80'" (a  -  p)  +  8S<T V  +  (^RB^y  =  0  ; 

XCV.  . .  S<r'^(<T-p)  +  4S<rV+8<r'^+  (^20"'  =  -  — =»-  "5 

auxiliary  equations  being, 

XCVL  . .  S^T  =  0,     S<f'r'  =  0,    S<f "r  =  0,  comp.  395,  X. 

and  XCVIL  .  .  S^'V  =  - S<r"r'  =  Sa'r"  =  Srr" - S (<f - p) r" 

=  -r-«(5-l)  =  -iir-»ri. 

(56.)  But,  if  Bt  denote  the  radius  of  the  near  sphere,  and  if  we  still  neglect  t^, 
we  have, 

XCVIII. . .  PA»  =  -  (^'i  -  p.)*  =  ^." 

=  iP  +  2tBB'  +  •'(/?/?)'  +  J  (TJiT)"  +  ^  (Uir)'" ; 
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whenoa  fbllows,  by  LXXXVIII.,  and  bj  the  noent  eqnatians,  thu  rery  ample  ex- 
pression, from  which  (oomp.  (24.)}  everything  depemding  on  r*^,  r^,  r^  kae  duap- 
peared, 

and  which  gives  (within  the  same  order  of  approximation,  attending  to  XXXV.) 
the  jfeometrieal  reUMon, 

—  B'gi         M^        

a..P8.-PA=T(,r.-p)-A  =  jj^^  =  j-^^  =  gP.-sp; 

or  C'.  . .  s«p  —  sp« =8«p«  -  sps  jR,  -  It 

(67.)  This  result  might  have  been  fbreieen,  from  the  foUowing  very  sim- 
ple consideration.  When  the  eoeffleiemt  S-l  of  non-aphtrieity  (S95,  (16.)),  or 
of  the  deviation  of  a  carve  from  a  sphere,  is  poeiHvet  so  that  a  near  point  p«  of  the 
curve  u  exterior  to  (what  we  may  call)  the  given  aphere^  which  oeeuUttee  to  that 
curve  at  p,  by  an  amount  which  is  ultimately  proportional  to  the  fourth  power 
of  the  are,  «,  of  the  curve,  then  the  given  point  p  must  be,  for  the  same  rea- 
son, exterior  to  the  near  ephere^  which  osculates  at  the  point  p«;  and  the  two  devia- 
tiontt  pa«  —  P«s^  and  8P«  <-  sp,  which  have  been  found  by  calculation  to  be  equal 
(C),  if  <«  be  neglected,  must  in  tact  bear  to  each  other  an  ultimate  ratio  of  equality^ 
because  the  two  aree^  + 1  and  —  «,  from  p  to  p«,  and  from  Pa  back  to  p,  are  equalfy 
long,  although  oppositely  directed;  or  because  (+«)^  =  (— t)^.  And  precisely  the 
same  reasoning  applies,  when  the  coefficient  ^- 1  is  negative^  so  that  the  deviaJtiona, 
equated  in  the  formula  C,  are  both  inwarda, 

(58.)  As  regards  the  deviation  (51.)  of  the  near  point  p«  of  the  curve  from  the 
oaeulaiing  circle  at  p,  we  may  generalize  and  render  more  exact  the  expression 
LXXXV.,  by  considering  a  point  o<  of  that  circle,  which  is  distant  by  a  circular  arc 
sf  from  the  given  point  p  ;  and  of  which  the  vector  is,  rigoroualy^  by  896,  (18.), 

CI.  .  .  00«  =  ««  =  p  +  rr  sin  -  +r*r'  vers  - ; 
r  r 

or  if  we  only  neglect  t^, 

ClI...oo.  =  -.=  p  +  r(«-g)  +  rr'(^-,^]. 

(59.)  In  this  way  wo  shall  have  (comp.  (34.))  the  vector  deviation ^ 
cm.  .  .  C|P,=:  p,  -  w«=  -Xr  +  Frr'+  Zrv, 
with  the  acalar  eo^eicnta, 

CIV.  .  .  Jr=a;,-r8in-,      I' =  y, - r vers -,     ^=z,; 
or,  neglecting  #3  and  e^,  and  attending  to  the  expressions  LVIII.  and  LVllI'., 

^=-'-6^  +  S4' 

cv...  \  y,*L"-l'_Pg    **-<V     "**■ 

2r         r        #'24r»       24r»r* 
»'       ra^ 

6rr      24  ^  '  ' 

in  which  r,  r',  r,  p,  and  n  have  the  same  significations  aa  before. 
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(60.)  Awomiog  then  for  the  eireular  are  t  the  raliie, 

which  diffen  (as  we  see)  \>j  only  a  qoantity  of  tiiB  fourth  order  from  the  arc  •  of  the 
CKTM,  we  ahall  havie,  to  the  same  order  of  approximation,  the  expressions, 

CVII.  ..J:=0,      re*=^Z--^,     Z=*,  =  8cc,  ss  before, 

the  deviaium  at  p«  from  the  drele  being  here  measured  in  a  direction  paralM  to  the 
nomudpiame  at  p;  and  if  «^  be  neglected  (although  the  expressions  enable  ns  to 
take  aoconnt  of  it),  this  deviation  is  also  parallel  (as  before)  to  the  tangent  r[a-p) 
to  the  oeeulating  sphere  in  that  plane :  while  it  is  represented  in  qnantitj  by  Rr'^xt, 
which  agrees  with  the  result  in  (51.). 

(61.)  The  expreBsions  CVII.  give  also,  without  neglecting  s«, 

CVIII...— g-=-^^  =  8P-8P.; 

such  then  Is  the  component  of  the  deviation  from  the  osculating  eirelcy  which  is  pa- 
rallel to  the  normal  P8  to  the  ephere  at  P;  and  we  see  that  it  only  differs  in  eign 
(because  it  is  poeitive  when  its  direction  is  that  of  the  inward  normal^  or  inward  ra- 
diut  Ps),  ftt>m  the  expression  XXXV.  (comp.  C),  for  the  outufard  deviation  sp,  —  sp 
of  the  near  point  p«,  from  the  same  osculating  sphere  at  the  given  point  p. 

(62.)  This  latter  component  (61.)  is  emallj  even  as  compared  with  the  former 
small  component  (60.) ;  and  the  email  quotient,  of  the  latter  divided  by  the  former, 
is  ultimately  (by  LXXXVI.), 

where  the  email  angle  SFSt  is  positive  or  negative,  according  to  the  rule  stated  in 
(52.),  and  may  be  replaced  by  its  sine,  or  by  its  tangent 

(63.)  Instead  of  cutting  the  given  osculating  circle,  as  in  (60.),  by  a  plane  which 
is  parallel  to  the  given  normal  plane  at  P,  we  may  propose  to  cut  that  circle  hy  the 
near  normal  plane  at  p«,  or  to  satisfy  this  new  condition, 

ex. . .  0  =  Sr,  (p,  -  ««),    or    CX'.  .  .  0  =  JTSrr,  +  FSrr'r,  +  ZSrvr, ; 
which  is  easily  found  to  give  by  CV.  the  values  (•  and  t  being  still  supposed  to  be 
small,  and  t^  being  still  neglected) : 

CXI.  ..<  =  #-  ^,    and    CXII. .  .  2r=  ^,     F=^  &c.,  Z=  «cc,  as  in  CVII. ; 

so  that  in  passing  to  this  new  near  point  Ct  of  the  eirde,  we  only  change  X  from 
xero  to  a  small  quantity  of  thfr fourth  order,  and  make  no  change  in  the  values  of  V 
and  Z. 

(64.)  The  new  deviation  CtP«  from  the  given  drele  may  be  decomposed  into  two 
partial  deviatione,  in  the  near  normal  plane^  of  which  one  has  the  direction  of  the 
unit-tangent  RfWtiot—  p^  to  the  near  ephere  at  p«,  and  the  other  has  that  of  the 
unit-normal  i2t~*(<r«-p.)  to  the  same  sphere  at  the  same  point  (or  the  opposites  of 
these  two  directions) ;  and  the  eealar  coefficiente  of  these  two  vector  units,  if  we  at- 
tend only  to  prineipal  terms,  are  easily  found  to  be. 
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CXIII        :EzlI^?^      and    CXIV       rr+{p  +  nM)Z_    ns^ 
CXIII J—  ~  — ,     and    CXIV.  .  .  ^  -  ^^. 

(65.)  We  may  then  write : 

CXY. .  .  Deviation  of  near  pomt  Ptfrom  given  oteulating  dreU, 
meaaured  in  the  near  normal  plane  to  the  carve  at  T»t 

=  new  CiP,  =  —  Ur.(<r,  -  p,)  +  g-^^  U(<t,  -  p,) ; 

in  which  it  may  be  observed,  that  the  second  eeaHar  coefficient  is  equal  to  thre*  times 
the  scalar  deviation  8P«  -  8p  (XXXV.  or  C),  of  the  near  point  p«  of  the  earve^  from 
the  given  osculating  sphere  (at  p). 

(66.)  But  we  may  also  interpret  the  new  coefficient  last  mentioned,  as  represent- 
ing a  new  deviation  ;  namely,  that  of  the  point  c<  of  the  given  circle,  from  the  near 
osculating  sphere  at  p«,  consideied  as  positive  when  that  new  point  Cf  is  exterior  to 
that  near  sphere  ;  or  as  denoting  the  difference  ofdistaneesy  s«ot  -  b«p«.  We  hare 
therefore  (oomp.  (56.))  this  new  geometrical  relatum,  of  an  extremely  simple  kind : 

CXVI.  .  .  asC<-  8,p,  =  8(sp,  -  8P)  =  8  (s.p  -  s,p,)  ; 
or  CXVr.  .  .  8«c<  s=  8s,p  ~  2a^r 

(67.)  Supposhig,  then,  at  first,  that  the  coefficient  ofnon'spherieity  ^  ~  1  is  posi- 
tive (oomp.  395,  (16.)),  if  we  conceive  a  point  to  move  backwards^  upon  the  carve, 
from  p«  to  p,  and  then  ybrward!*,  upon  the  circle  which  osculates  at  F,  to  the  ac» 
point  c<  (63.),  we  see  that  it  -willjirit  attain  (at  p)  a  position  exterior  to  the  sphere 
which  osculates  at  p«,  or  will  have  an  amount,  determined  in  (56.),  of  outward  devi- 
ation, with  respect  to  that  near  osculating  sphere  ;  and  that  it  will  afterwards  attain 
(at  the  new  point  c<)  a  deviation  of  the  same  character  (namely  outwards,  if  S>  1), 
from  the  same  near  sphere,  but  one  of  which  the  amount  will  be  threefold  the  former : 
this  last  relation  holding  also  when  ;?  <  1,  or  when  both  deviations  are  inwards. 

(68.)  It  is  easy  also  to  infer  from  (66.),  (comp.  (57.)),  that  if  we  go  back  from 
Pa,  on  the  near  circle  which  osculates  at  that  near  point,  through  an  arc  (f)  of  that 
circle,  which  will  only  diffitr  by  a  small  quantity  of  the  fourth  order  (oomp.  (60.)) 
from  the  arc  (s)  of  the  curve,  so  as  to  arrive  at  a  point,  which  for  the  moment  we 
shall  simply  denote  by  c,  and  in  which  (as  well  as  in  another  point  of  section,  not 
necessary  here  to  be  considered)  the  near  osculating  circle  is  cut  by  the  given  nor- 
mal plane  at  P,  the  vector  deviation  of  this  fieir  point  c  of  the  new  circlcj  from  the 
given  point  p  of  the  curve,  must  be,  nearly : 

CXVII.  .  .  pc=  ^Ur(<T-p)-^U(<r-p); 

the  coefficients  being  formed  fh>m  those  of  the  formula  CXV.,  by  first  changing  s  to 
—  s,  and  then  changing  the  signs  of  the  results  :•  while  the  relation  CXVI.  or 
CXVI'.  takes  now  the  form, 

CXVIII. . .  8C- BP=  8(8P,-8p),  or  CXVIir. . .  BC=8ip.-2sp. 
(69.)  Accor^ngly  if,  after  going  from  p  to^p«  along  the  curve,  we  go  forward  or 
backward,  through  any  positive  or  negative  arc,  t,  of  the  circle  which  osculates  at 
that  point  Pj,  we  shall  arrive  at  a  point  which  we  may  here  denote  by  €«,«;  and  the 
vector  (comp.  again  896,  (18.))  of  this  near  point  (more  general  than  any  of  those 
hitherto  considered)  will  be,  rigorousfy^ 
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CXIX. .  .  w^t  =  oo„<  =  /()a+r,T,sin— +r^r',  vera-. 

^a  ^a 

And  if  we  develope  this  new  expression  to  the  aocaracy  of  the  fittrth  order  inclodve, 

we  find  that  we  satisfy  the  new  condition  Ccomp.  (63.))} 

r'§* 
OXX.  .  .  Sr(ft»^«-p)  =  0,     when     CXXL  .  .  <  =  -#--—• 

and  that  then  the  expression  CXIX.  agrees  with  CXVII.,  within  the  order  of  ap- 
proximation here  considered. 

(70.)  A  geometrical  connexion  can  he  shown  to  exist,  between  the  hoo  tquivO' 
lents  which  have  been  found  above,  one  for  the  quadruple  (LXXX  VII.,  comp.  (53.)), 
and  the  other  for  the  triple  (CXYIII.),  of  the  deviation  sp,  —  sp  of  a  near  point  Pa 
of  the  curre,  from  the  sphere  which  osculates  at  the  given  point  p :  in  such  a  manner 
that  if  either  of  those  two  expressions  be  regarded  as  known^  the  other  can  be  in^ 
f erred  from  it. 

(71.)  In  fact  if  we  draw,  in  the  normal  plane,  perpendicttkn  pd  and  pb  to  the 
lines  PS  and  P8«,  and  determine  points  d  and  e  upon  them  by  drawing  a  parallel  to 
P8  through  the  point  c  of  (68.),  letting  fall  also  a  perpendicular  cf  on  ps«,  the  two 
small  lines  pd  and  do  will  ultimately  represent  the  two  terms  or  components  CXYII. 
of  po;  and  the  small  angle  dpo  will  ultimately  be  equal  to  three  quarters  of  the 
small  angle  SPSa,  and  will  correspond  to  the  same  direetion  of  rotation  round  r,  be- 
cause 

CXXIL..??  =  f.!5^=fV^. 

or 

CXXin.  .  .  DPC=}8P8«  =  |DPB; 

so  that  we  shall  have  the  ultimate  ratios  (comp.  the 
annexed  Fig.  83»): 

CXXIV.  .  .  DC :  DB :  CB  (or  FP)  =  3  :  4  : 1. 
But  the  line  cf  is  ultimately  the  tracCy  on  the  given 
normal  plane,  of  the  tangent  plane  at  c  to  the  near 
osculating  sphere;  the  small  line  fp  (or  cb)  represents  therefore  the  deviation 
SaP-  SsPf  of  the  given  point  p  from  that  near  sphere,  or  the  equal  deviation  (57.)^ 
gp«  -  6F ;  its  ultimate  quadruple^  db,  represents  the  product  mentioned  in  (52.) ; 
and  the  ultimate  triple^  dc,  of  the  same  small  line  cb,  is  a  geometrical  representation 
of  that  other  deviation  sc  —  Ip,  wliich  has  been  more  recently  considered. 

(72.)  When  the  two  acalars,  s  and  t,  are  supposed  capable  of  receiving  any  va- 
lues^ thepotit/  c„«  in  (69.)  may  be  any  point  of  the  Locus  (8.)  of  the  Osculating 
Circle  to  the  given  curve  of  double  curvature ;  and  if  we  seek  the  direction  of  the 
normal  to  this  superficial  locus^  at  this  point,  on  the  plan  of  Art  872,  writing  first 
the  equation  of  the  surface  under  the  slightly  simplified,  but  equally  rigorous  form, 


*  In  Figs.  81,  82,  the  little  arc  near  s  is  to  be  conceived  as  terminating  Mere, 
or  as  being  a  preceding  are  of  the  curve  which  is  the  locus  of  s,  if  r',  r,  n,  and  there- 
fore also  p  and  n,  he  positive  (comp.  the  second  Note  to  page  674).  In  the  new  Fi- 
gure 83,  the  triangle  pde  is  to  be  conceived  as  being  in  fact  much  smaller  than 
PKs,  though  magnified  to  exhibit  angular  and  other  relations.. 
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CXXV.  .  .  «•,  w  =  p«  +  r,r»  sin  «  +  r.'r'i  vera  ij, 
with  CXXVI. .  .  »  =  r.-'<  =  p,k«C(, 

ao  thftt  u  is  here  a  new  scalar  Tariable,  representing  the  anffle  tubtended  at  the  een- 
<r«  K«,  of  the  osculating  circle  at  p«,  6jf  the  €0^^  t,  of  that  eirde,  we  are  led,  after  a 
few  reductions,  to  the  expression, 

CXXVII.  .  .  V(D«»^«.D^.„)  =  V.-'(«*.»-<'0^'«™«; 
which  proves,  fry  guatemiont^  what  was  to  be  expected  from  peometrieal*  eonside- 
ratiotUf  that  the  loctu  of  the  oeculating  drele  is  also  (as  stated  in  (8.)  and  (22.)) 
the  Envelope  of  the  OeeulaHng  Sphere. 

(73.)  The  normeU  to  this  /octet,  at  any  proposed  point  o^t  of  anj  one  osculating 
circle,  is  thus  the  rcuUus  of  the  ephere  to  which  that  circle  belongs,  or  which  haa  tlie 
eame  paint  ofoetulation  p«  with  the  ffiven  eurvCf  whether  the  arc  (•)  of  that  curve, 
and  the  arc  (<)  of  the  circle,  be  small  or  Uuye.  We  must  therefore  consider  the  tan- 
gent plane  to  the  /oetw,  at  the  given  point  p  of  the  curve,  as  coineidinff  with  the  tan« 
gent  plane  to  the  oeculating  ephere  at  that  point ;  and  in  fact,  while  this  latter  plane 
(-1-  ps)  coateuw  the  tangent  r  to  the  curve,  which  is  at  the  same  time  a  tangent  to 
the  loeuMf  it  contains  aleo  the  tangent  r(o-p)  to  the  ephere,  which  is  by  CXYII. 
another  tangent  to  the  locus,  as  bdng  the  tangent  at  P  to  the  eeetion  of  that  suifhce, 
which  is  made  by  the  normal  plane  to  the  curve. 

(74.)  But  when  we  come  to  examine,  with  the  help  of  the  same  equation  CXYII., 
what  is  the  law  of  the  deviation  DC  (comp.  Fig.  83)  of  that  normal  eeetion  of  the 
locue,  considered  as  a  new  curve  (c),/rom  its  own  tangent  pd,  we  find  that  this  /ov 
is  ultimately  expressed  (comp.  (71.))  by  the  formula, 

cxxvm. . .  ^  =  ?i.".!:!l^ =conrt.: 

Pi>*      82  i2» 

hence  dg  varies  ultimately  as  the  power  of  pd,  which  has  the yracft'on  f  for  its  expo- 
nent ;  the  limit  of  ro' :  DC  is  therefore  ntUl,  and  the  curvature  of  the  eeetion  is  infinite 
atr. 

(75.)  It  follows  that  this  point  p  is  a  eingular  point  of  the  curve  (c),  in  which 
the  locus  (8.)  is  cut  (78.),  by  the  normal  plane  to  the  given  curve  at  that  point ;  but 
it  is  not  a  cusp  on  that  section,  because  the  tangential  component  pd  of  the  vector 
chord  PC  is  ultimately  proportional  to  an  odd  power  (namely  to  the  cube,  by  CXVII., 
comp.  (71'))  ^^  ^®  scalar  variable,  s,  and  therefore  has  its  direction  reversed,  when 
that  variable  changee  sign  ;  whereas  the  normal  component  DC  of  the  same  cAorif  re 
is  proportional  to  an  even  power  (namely  the/otir<A,  by  the  same  equation  CXVII.) 
of  the  same  ore,  s,  of  the  given  curve,  and  therefore  retains  its  direction  unchanged, 
when  we  pass  from  a  near  point  p«,  on  one  eide  of  the  given  point  P,  to  a  near  point 
p.t  on  the  other  side  of  it 

(76.)  To  illustrate  this  by  a  contrasted  case,  let  o  be  the  point  in  which  theloa- 
gent  to  the  given  curve  at  t,  is  cut  by  the  normal  plane  at  p  ;  or  a  point  of  the  sec- 
tion, by  that  plane,  of  the  developable  eurface  of  tangents.     We  shall  then  have 


*  In  the  language  of  infinitesimals,  two  consecutive  osculating  spheres,  to  any 
curve  in  space,  intersect  each  .other  in  an  osculating  circle  to  that  curve. 
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the  sufficieDtly  approximate  exprassiona, 

CXXIX.  ..po  =  p,-p-[t  +  — jr,t=-g —  =-pq»-2pQ3, 

with  the  significations  897,  (10.)  of  Qa  and  Q3;  hence  the  point  p  of  the  curve  Is 
(as  is  well  known)  a  cuap  of  the  teditm  (o)  of  the  developable  gurfaee  oftangentt 
(oomp.  897,  (15.))i  because  the  tangential  eomponent  (-  PQ2)  of  the  vector  chord 
(po)  has  here  %,  fixed  directum,  namely  that  of  the  outward  radiue  (kp  prolonged) 
of  the  drele  of  curvature  at  p:  while  it  is  now  the  normal  component  (— 2pqs) 
which  changee  direction,  when  the  arc  •  of  the  curve  changes  rign.  At  the  same 
time  we  see*  that  the  equation  of  this  laat  section  (o)  may  ulthnatelg  be  thos  ex- 
pressed : 

CXXX...(f^  =  ^  =  consL; 
(-PQ,)3       ^9r« 

comparing  which  with  the  equation  CXXVIII.,  we  see  that  althongh,  tii  each  cate^ 
the  curvature  of  the  eectUm  is  infinite,  at  the  point  p  of  the  curve,  yet  the  normal 
component  (or  co-ordinate)  Taries  (ultimately)  as  the  power  \  of  the  toN^eatia/ com- 
ponent, for  the  section  (o)  of  the  Surface  of  Tangents :  whereas  the  former  compo- 
nent varies  by  (74.)  as  the  power  f  of  the  latter,  for  the  corresponding  section  (c) 
of  the  Locue  of  the  Osculating  Circle, 

(77.)  It  follows  also  that  the  curve  (p)  itself,  although  it  is  not  a  cusp-edge  of 
the  last-mentioned  locus  (8.),  while  it  if  such  on  the  surface  of  tangents,  is  yet  a 
Singular  Line  upon  that  locus  likewise :  the  nature  and  origin  of  which  line  will 
perhaps  be  seen  more  clearly,  by  rererting  to  the  view  (8.),  (22.)i  (72.),  accord- 
ing to  which  that  Locus  of  a  Circle  is  at  the'same  time  the  Envelope  of  a  Sphere, 

(78.)  In  general,  if  we  suppose  that  a  and  R  are  ang  two  real  functions,  of  the 
vector  and  scalar  kinds,  of  any  one  real  and  scalar  variable,  t,  and  that  a',  R',  and 
o",  BT,  &C.  denote  their  succesave  derivatives,  taken  with  respect  to  it,  then  o 
may  be  conceived  to  be  the  variable  vector  of  a  point  s  of  a  curve  in  space,  and  JB  to 
be  the  variable  radius  of  a  sphere,  which  has  its  centre  at  that  point  s,  but  alters  ge- 
nerally its  magnitude,  at  the  same  time  that  it  alters  iXA  position,  by  the  motion  of 
its  centre  along  the  curve  (s). 

(79.)  Passing  from  one  such  sphere,  with  centre  a  and  radius  R,  considered  as 
given,  and  represented  by  the  scalar  equation,t 

(<r-p)«  +  -R»  =  0,  LXXXIX., 

in  which  p  is  now  conceived  to  be  the  vector  of  a  variable  point  p  upon  its  surface, 
to  a  near  sphere  of  the  same  system,  for  which  o,  8,  and  R  are  replaced  by  at,  Bt,  and 
•Rf,  where  t  is  supposed  to  be  small,  we  easily  infer  (oomp.  886,  (4.))  that  the  equa- 
tion, 

80^(0  -  p)  +  iii?  =  0,  XCL, 

which  is  formed  from  LXXXIX.  by  once  derivating  a  and  R  with  respect  to  t,  but 


*  Compare  the  first  Note  to  page  594. 

t  Thb  equation,  and  a  few  others  which  we  shall  require,  occurred  before  in  this 
series,  but  in  a  connexion  so  difibrent,  that  it  appears  convenient  to  repeat  them 
here. 

4h 
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tretting  p  as  ooDttant,  rtpreaenta  the  red  plane  (comp.  282,  (12.))  of  the  (real  or 
imaginarjf)  et>e/«,  whicb  is  the  ultimate  intertectiom  of  the  near  sphere  with  the 
given  one ;  the  radiMt  of  this  eircU^  which  we  shall  call  r,  belog  found  by  the  follow- 
ing formula, 

CXXXI.  ..r«ff^=iP(ir«  +  ff^),    or    CXXXl'.  .  .  r«T<f^  =  JP(Ttf^-ir«), 
and  being  therefore  real  when 

GXXXII.  . .  ir*  +  o^  <  0,    or    CXXXir. .  .  in  <  Tff** ; 
while  the  eefnire,  say  k,  of  the  circle  is  almaye  reaf,  and  its  vector  is^ 

CXXXI". .  .  OK«»  =  cr+ JllTa'-i ; 
and  the  plant  XCL  of  the  same  circle  Is  parallel  to  the  norma/  plane  of  the  curve 

(8). 

(80.)  With  the  condition  CXXXII.,  the  two  eecHar  equaHonc,  LXXXIX  and 
XCI.,  represent  then  joinf/y  a  real  circle;  and  the  locue  of  all  snch  drelet  (oomp. 
888,  (€.))  is  easily  proved  to  be  also  the  envelope  of  all  the  epheree,  of  which  one  is 
represented  by  the  eqaation  LXXXIX.  alone  ;  eaek  such  epkere  touching  tkic  locue, 
in  the  whole  extent  of  the  corresponding  circle  of  the  system. 

(81.)  Thepliifie  XCI.,  considered  as  varying  with  f,  has  a  cboelopaMe  surface 
for  its  envelope  ;  and  the  real  right  line,  or  generatrix^  along  which  one  toadies  the 
other,  is  reprssented  (comp.  again  886,  (6.))  by  the  system  of  the  two  scalar  equa- 
tions, XCI.  and 

S«7''(<r-p)  +  «F'»  +  (iJir)'=0,  XCULf 

where  p  Is  now  the  variable  vector  of  the  line  of  contact,  although  it  has  been  #reafetf 
eu  conetant  (comp.  886,  (4.)),  in  the  process  by  which  we  are  here  oonoeived  to  pass, 
by  a  eeeond  derivation,  from  LXXXIX.  through  XCT.  to  XCIU. 

(82.)  This  real  right  line  (81.)  meete  generally  the  ephere,  and  also  the  circle  (99 
being  in  its  plane),  in  two  (real  or  imaginary)  pointe,  say  Pi,  Pa;  and  the  curvilinear 
locue  of  all  euch  pointe  forms  generally  a  species  of  eingular  line,*  upon  the  guperfi" 
cial  locue  (or  envelope)  recently  considered  (80.) ;  or  rather  it  forms  in  general  two 
branchee  (real  or  imaginary)  of  saicA  a  line :  which  generally  two-branched  Une  (or 
curve)  is  the  (real  or  imaginary)  envelope  (comp.  386,  (8.)),  of  all  the  cirdee  of  the 
system. 

(88.)  The  equation, 

S<r'<r(<r-p)  =  0,  XCU., 

which  now  represents  (oomp.  876,  Y.)  the  oeeuJating  plane  to  the  curve  (s),  shovs 


*  Called  by  Monge  an  arite  de  rebroueeement,  except  in  the  ease  to  which  we 
shall  next  proceed,  when  its  two  branches  coincide.  The  envelope  (80.)  of  a  varying 
ephere  has  been  considered  in  two  distinct  Sections,  §  XXII.  and  §  XXVI.,  of  the 
Application  deVAnalyee  h  la  Geometric ;  but  the  author  of  that  great  work  does 
not  appear  to  have  perceived  the  interpretation  which  vrill  soon  be  pointed  out,  of  the 
condition  of  such  coincidence.  Meantime  it  may  be  mentioned,  in  passing,  that  qua- 
ternions are  found  to  confirm  the  geometrical  result,  that  if  hen  the  two  bram^es  (pi) 
(Pa)  are  distinct,  then  each  is  a  cusp  edge  of  the  surface  ;  but  that  when  they  are 
coincident,  the  eingular  line  (p)  in  which  they  merge  has  then  a  different  character. 
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that  Hob  plane  through  the  eenire  s  of  the  sphere  is  perpendtenlar  to  the  right  Une 
(81.),  and  conaeqaentlj  eontame  the  perpendicular  let  fall  from  that  centre  on  that 
Hne :  the  foot  p  of  this  last  perpendicular  is  therefore  found  by  combining  the  three 
linear  and^scalar  equations,  XCI.,  XCII.,  XCIIL,  and  its  vector  is, 

OXXXIII. .  .  oP  =  p  =  cr+  ?^:^', 

if  cxxxiv. . .  ^ =-  ff'*-  jr»-  ii«"= Ti/*-  (JiiZ'y. 

(84.)  The  condition  ofeontaet  of  ih»  right  Une  (SI.)  with  the  sphere  (78.)*  or 
with  the  circle  (79.)^  or  the  condition  of  contact  between  two  consecutive*  circles  Of 
the  system  (80.)i  or  finally  the  condition  of  coUtddenee  of  the  two  branches  (82.) 
of  that  singular  Une  upon  the  surface  which  is  touched  bg  all  those  circles^  is  at  the 
same  time  the  condiiion  of  coexistence  of  the  four  sealar  equationsj  LXXXIX.,  XCI., 
XCII.,  XCm. ;  it  is  thertfore  expressed  by  the  equation  (comp.  CXXXIIL), 

CXXXV. . .  2P(V<r'0'  =  ifiT'+SIti/y  J 
which  may  also  be  thus  written,t 

CXXXVI. . .  (J2S«7V-^^)«  =  (JP»+<r'a)  (J2i<f''»+^), 
or  thus,      CXXXVII. . .  J2«(jr«  +  O  (Vor'O"  =  (^<f^+  iJTS^rV)* 5 

the  scalar  variable  t  (78.),  with  respect  to  which  the  derivations  are  performed,  re- 
maining still  entirely  arbitrary,  but  the  point  p,  which  is  determined  by  the  formula 
CXXXIII.,  being  now  situated  on  both  the  sphere  and  the  circle :  and  its  curvilinear 
loeuSf  which  we  may  call  the  curve  (p),  being  now  the  singular  Une  itself  in  its  re- 


*  Compare  the  Note  to  page  581. 

t  In  page  872  of  Lionville^B  Edition  already  cited,  or  in  page  825  of  the  Fourth 
Edition  (Paris,  1809),  of  the  Application  de  V Analyse,  &&,  it  wiU  be  found  that 
this  condition  is  assigned  by  Monge,  as  that  of  the  evanescence  of  a  certain  radical, 
under  the  form  (an  accidentally  omitted  exponent  of  ir^  in  the  second  part  of  the  first 
member  bdng  here  restored) : 

laiif^y  +  4^'V  +  IT  V")  -  A»l«  +  ¥  [a«(^"»  +  ^-^  +  w"»)  -  A*l=  0  ; 
in  which  he  writes,  for  abridgment, 

*«=l-^'»-^-w^, 

and  ^,  ^,  w  are  the  three  rectangular  co-ordinates  of  the  centre  of  a  moTing  sphere, 
considered  as  functions  of  its  radius  a.  Accordingly,  if  we  change  jS  to  a,  and  o  to 
t>  +J^f  +  kir,  supposing  also  that  Jff^a^^i,  and  JEf  =  a"  s=  0,  whereby  g  is  changed 
to  -  A*,  and  jS^+  (t'*  to  A*,  in  the  condition  CXXXVI.,  that  condition  takes,  by  the 
rules  of  quaternions,  the  exact  form  of  the  equation  cited  in  this  Note :  which,  for  the 
sake  of  reference,  we  shall  call,  for  the  present,  the  Equation  -of  Monge,  although 
it  does  not  appear  to  have  been  either  interpreted  or  integrated  by  that  illustrious 
author.  Indeed,  if  Monge  had  not  hastened  oyer  this  case  of  coincident  branches, 
on  which  he  seems  to  have  designed  to  return  in  a  subsequent  Memoir  (unhappily 
not  written,  or  not  published),  he  would  scarcely  have  chosen  such  a  symbol  as  At 
(instead  of  —  A'),  to  denote  a  quantity  which  is  essentially  negative,  whenever  (as 
here)  the  envdcpe  of  the  sphere  is  real. 
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dueed  and  Mt-ftr«iieA«l  sUto.  And  the  laHjorm  OXXXTII.  ahows,  what  waa  to 
be  expected  from  geometry,  that  when  thia  coadtCton  of  ctnmeidemee  ia  aatiafied,  the 
eariier  eandUUm  ofrtatUff  CXXXII.  ia  aatiafied  alao :  together  with  thia  aCi^  m- 

CXXXVIII. . .  S?in  +  y«  <  0, 
which  then  reaalta  from  the  form  CXXXVI. 

(86.)  The  eqoationa  CXXXI.,  CXXXIV.,  and  the  general  formula  889,  lY^ 
give  the  ezpreaaioos, 

CXXXIX.  .  •  jj^  =         Vg^  5        ^^^'  • '  ''1'*  n      1?      i 

where  r  la  still  the  radius  ot  the  circle  ofeontaet  of  the  $pker€  with  its  envelope^  and 
ri  ia  the  radius  of  curvature  of  the  locus  of  the  centre  a  of  the  same  variable  aphere; 
whence  it  is  easy  to  infer,  that  the  eondiHoH  OXXXV.  may  be  reduced  to  the  fol- 
lowing very  simple  form  (oomp.  XXXVI'.  and  XLII.)  : 

CXU. .  .  (rVi)»  =  {RSy ;    or    CXLI' .  . .  ndr  =  ±  SdS  ; 
the  independent  variable  being  still  arWrary. 

(86.)  If  the  are  of  the  curve  (a)  be  taken  as  that  variable  <,  the  form  CXXXVI. 
of  the  same  condition  ia  easily  redaoed  to  the  following, 

CXLTI...JP=(J2Jr)»+^Vi«,    with    CXLIIL..p=l-(i2B')'; 
derivating  then,  and  dividing  by  2y,  we  have  this  nsw  differemtial  e^uatum^  whidi  ia 
oflinsarform  uriih  respect  to  J2J2',  whereas  the  eomditiom  iiselfmay  be  considered  as 
a  differentia]  equation  of  the  second  degree,  aa  well  as  of  the  second  order,* 

CXLIV.  . .  22i2'  =  ri {grCf ;  or  CXLV.  .  .  ri««"  +  riri'(«' -  1)  +  «  =  0. 
if  CXLVI. .  m^RK^SDiR,  and  therefore  CXLVIL  .  .  ii«=JP-r«, 
by  CXXXI.  or  CXXXI'.,  because  we  have  now, 

CXLVIII.  ,.<r'a=-t,  or  T«7'=l,  or  d/  =  Td<r: 
so  that  the  new  scalar  variable,  RS^,  or  v,  with  respect  to  which  the  linear  equation 
GXLIY.  or  CXLV.  is  only  of  the  second  order,  represents  the  perpendicular  keijfhtf 
of  the  centre  a  of  the  sphere,  above  the  plane  of  the  circle,  considered  as  Afknetion 
of  the  arc  (t)  of  the  curve  (a),  and  as  positive  when  the  ra<Hus  E  of  the  sphere  in- 
creases, for  positive  motion  along  that  curve,  or  for  an  increasing  value  of  its  are. 

(87.)  If  the  curve  (b)  be  given,  or  even  if  we  only  know  the  law  according  to 
which  its  radius  of  curvature  (r{)  depends  on  its  arc  (t),  the  coefficients  of  the  Hnear 
equation  CXLV.  are  knomn  ;  and  if  we  succeed  in  integrating  that  equation,  ao  as  to 


*  We  sbaU  aoon  assign  the  complete  integral  of  the  differential  equation  ui  qua' 
temions  (84.)}  and  alao  that  of  the  oorreaponding  Equation  f^Monge,  cited  in  the 
pnoeding  Note. 

t  It  will  be  found  that  this  new  scalar  «,  if  we  abstract  firom  j^  corresponds 
precisely  to  the  |»  of  earlier  sub-articles,  although  presenting  itaelf  in  a  different  con- 
nexion :  for  the  sphere  (78.),  and  the  circle  (79.),  under  the  condition  (84.),  will 
aoon  be  shown  to  be  the  oeculating  sphere  and  drde  to  the  recent  carve  (p),  or  to 
the  singular  line  (84.)  upon  the  surface  at  present  considered,  that  is,  on  the  locut 
or  envelope  (80.). 
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find  an  expnadon  for  the  ptrptndiadar  «  as  a  ftmction  of  that  arc  f ,  we  ahall  then 
be  able  to  express  also,  as  functions  of  the  mmm  arc,  the  radii  M  and  r  of  the  tphere 
and  ctrefo,  by  the  formnln, 

CXLIX...±r  =  ^i«ri(l-ii')»     «»d    CL.  ..  J2«  =  2 /i«d<  =  ii«  +  ri« (1 -«')«; 
the  third  scalar  cotutani,  which  the  integral  2jicdf  would  otherwise  introdaoe  into 
the  expression  for  JZ*,  being  in  this  manner  determimed,  by  means  of  the  other  two, 
which  arise  from  the  integration  of  the  equtMon  above  mentioned. 

(88.)  For  example,  it  may  happen  that  the  locos  of  tlie  centre  s  of  the  sphere 
has  a  eoiulani  eurvature,  or  that  ri  =  const ;  and  then  the  complete  integral  of  the 
linear  equation  CXLY.  is  at  once  seen  to  be  of  the  form, 
CLI.  . .  «  =  a  sin  (ri-U  +  6), 
a  and  (  being  two  arbitrary  (but  scalar)  constants ;  after  which  we  may  write,  by 
(87.). 
CLII. . .  ±f=5ri-acos(rrU  +  *);     GLIII.  .  .  J2«=fi»-2aricos(ri-**+6)+a«; 

so  that,  in  this  caee^  both  the  radH,  r  and  jS,  of  circle  and  ephere,  are  periodical 
/kmcHoiu  of  the  are  of  the  cnrve  (a). 

(89.)  In  genera],  if  that  curve  (a)  be  completely  piMN,  so  that  the  vector  0*  is  a 
knomftnictiom  of  a  scalar  variable,  and  if  an  expression  have  been  found  (or  jfiven) 
for  the  scalar  S  which  satisfies  any  one  of  the  forms  of  the  condition  (84.),  we  can 
then  determine  also  the  vector  p,  by  the  formola  CXXXIIL,  as  a  function  of  the 
same  variable;  and  so  can  assign  the  point  p  of  the  singular  Hne  (84.),  which  cor- 
responds to  any  given  position  of  the  centre  s  of  the  sphere.  For  this  purpose  we 
have,  when  the  arc  of  the  cnrve  (s)  is  taken,  as  in  (86.),  for  the  independent  varia- 
ble <,  the  formula, 

CLIV. . .  p  =  <r-tMr'-(l-ii')ff''-i=ri-«<r'-riV<r'', 
if  ci  be  the  vector  of  the  centre,  say  Ki,  of  the  osculating  circle  at  s  to  that  given 
curve,  so  that  (comp.  389,  XI.)  it  has  the  value, 

CLV. .  .  OKi=ici=<r-<r''-i  =  ^+ri«<r'',    with    CLV.  .  .  a"«  +  ri-«  =  0. 
If  then  we  denote  by  v  the  distance  of  the  point  p  from  this  centre  ki,  and  attend  to 
the  linear  equation  CXLY.,  we  see  that 

CLVI.  ..»«£;?  =  T(p  -  n)  =  V(ti«  +  ri""**), 
and  CLVr.  ..w'  =  ririV,    with    T<r'=l; 

or  more  generally,  CLYII. .  .  vvsi=rir\u\ 

if  CLYII'.  . .  «  =  RB:sx'-\    and    CLYII".  . .  ti  =  J  Tder, 

while  CLYr.  .  .  »»  =  «»  +  nh^si*-^  ; 

80  that  si  denotes  the  arc  of  the  curve  (s),  when  the  independent  variable  t  is  again 
left  arUtraiy.  This  distance,  9,  is  therefore  constant  (j=  a)  in  the  case  (88.),  namely 
when  the  radius  of  curvature  ri  of  that  curve  is  itself  a.  constant  quantity. 

(90.)  When  «/«=  Ta's  1,  as  in  CXLYIII.,  the  part  tr  -  imt'  of  the  first  expres- 
sion CLIV.  for  p  becomes  «  r,  by  GXXXr.  and  CXLYI. ;  attending  then  to  CLY., 
we  have  the  scalar  quotient, 

CLYIIL..I^-^  =  l-a'l 
<r-ci 

whence  generally, 
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c.vw...:-^..-i(fj..-(±y(f). 

the  independent  variable  t  being  again  arbitrary.  Accordingly,  if  we  combiiie  the 
general  expreedon  CXXXIII.  for  p,  with  the  expreoion  CXXXI".  for  c,  and  with 
the  following  for  n  (comp.  889,  IV.), 

CLIX. . .  n  s  9  +  —  ,  rt  for  an  arUtranf  scalar  variable, 

we  easily  deduce  thia  new  form  of  the  scalar  qnotient, 

CLIX'. .  .  '^-^  -  1  +  (( JtB*)'  -  RSrW^iT)  <r'-> ; 

which  agrees  with  CLVIII'.,  because  ^f^^  9{\  and  S  ~  »  ~. 

(91.)  It  has  then  been  fnlly  shown,  how  to  deUrmine  tha  vector  p  as  a/imefHw 
of  the  eealoT  t,  when  c  and  R  are  Cave  knwon  jknetUme  of  that  variable,  which  satiidy 
any  one  of  the  forms  of  the  eonditUm  (84.).  It  must  then  be  possible  to  determine 
also  the  derived  ve^are,  p%  p",  &c,  as  functions  of  the  same  variable :  and  aoooid- 
ingly  this  can  be  done,  by  derivoHMff  any  three  of  the  four  scalar  equations,  LXXXIX. 
XCI.  XCII.  XCIII.,  of  which  that  condition  (84.)  expresses  the  eoexutemee.  Now 
if  we  derivate  a  first  time  the  two  first  of  these,  and  then  reduce  by  the  second  and 
fourth,  we  get  the  equations, 

CliX. .  .  Sp'(<'- P)  =  <>»     SpV  =  0,    whence    CLX'. .  .  p'||  V<r'(<r-p); 
and  although  this  last  formula  only  determines  the  direction  oiihetamgetU  to  the  sm- 
jfuiar  Kne  at  p»  namely  that  of  the  common  tangent  at  that  point  to  two  eoneeeutiwe 
circlee  (84.),  yet  it  enables  us  to  infer,  by  the  remaining  equation  XCII.,  that 

CLXI. . .  p'  J-  a",    p  g  Yo'o",    and    CLXI'. . .  SpVs  0 ; 
redudng  by  which  the  derivative  of  XCIIL,  we  find, 

So'"  (<r  -  p)  +  8SaV + (^JtSTy^  0,  XCIV., 

the  scalar  variable  being  still  arbitrary.  And  conversely ^  the  ejfetem*  of  theater 
e9iM/toiu  LXXXIX.  XCI,  XCIII.  XCIV.  gives  the  three  equations  CLX.  CLXI'., 
and  so  conducts  to  the  equation  XCII.,  and  thence  to  the  condition  (84.) ;  unleoe  we 
gnppoee  that  p  is  a  constant  vector  a,  or  that  the  variable  sphere  passes  thromgh  a 
fixed  point  A,  a  case  which  we  do  not  here  consider,  because  in  it  the  singular  Ume 
(p)  would  reduce  itself  to  that  one  point. 

(92.)  Derivating  the  two  equations  CLX.,  and  reducing  with  the  help  of 
CLXI'.,  we  find  these  new  equations, 

CLXIL  . .  SpXo  -  p)  -  p*"  =  0,     Sp'V  «  0 ; 
whence  CLXIII. . .  Sp"\o  -  p)  -  SSp'p"  =  0. 


•  In  the  language  of  infinitesimals,  this  system  of  equations  expresses  that.^iir 
consecutive  spheres  intersect,  in  one  common  point  p.  When  that  point  happens 
to  be  a  fixed  one,  the  condition  (84.)  requires  that  we  should  have  the  relatioD 
Bo'o''(^o  -  a)  B  0 ;  or  geometncaily,  that  the  curve  (a)  should  be  m  a  plane  tknmffh 
the  fixed  point  J  which  is  then  a  singular  point  of  the  envelope. 
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We  are  led  then,  by  eliminatum  of  the  derwoHvet  oftr^X/fi  the  STStem  of  the  three 
equations  395,  V II. ;  and  we  condude,  that  Me  p<fint  sis  the  centre,  and  the  radius 
Bit  the  radiue,  of  the  oeeulating  sphere*  to  the  singular  Hne  (p) :  whence  it  is  easy 
to  infer  also,  that  HiA  plane  of  contact  (79.)  of  the  sphere  with  its  envelope  is  the 
osculating  plane,  and  tliat  the  circle  of  contact  (80.)  is  the  osadaHng  circle  (comp. 
(72.))>  to  the  same  curve  (p),  at  thepotn^  where  two  consecutive  circles  touch  one 
another  (84.). 

(93.)  In  general,  and  even  without  the  condition  (84.),  the  tangent  to  a  Ifranch 
(82.)  of  the  eurvUinear  envelope  of  the  circles  of  the  system,  at  any  point  Pi  of  that 
brandi,  has  tlie  direction  represented  by  the  "v^ector  yo^(9-  pi),  of  the  tangent  to  the 
circle  at  that  point;  but  when  that  condition  is  satis6ed,  so  that  the  two  branches 
of  the  singular  Hne  coincide,  the  point  p  of  that  line  lain  the  osculating  plane  (83.) 
to  the  curve  (s) :  and  then  the  equation  XCII.  showA  that  the  tangent  p%  or 
V<F'(a  -  p),  to  the  line,  is  perpendicular  to  a",  or  parallel  to  Ya'o"  (comp.  CLXL), 
and  therefore  that  the  singular  Hne  crosses  that  plane  at  right  angles, 

(94.)  It  follows  that,  with  the  condition  (84.),  the  singular  line  (p)  is  an  ortho- 
gonal tre^ectorg  to  the  system  of  osculating  planes  to  the  curye  (s) ;  and  whereas, 
when  this  last  curve  is  given,  there  ought  to  be  o»«  such  trsjectoiy  for  every  point 
of  A  given  osculating  plane,  this  circumstance  is  analytically  represented,  in  our  re- 
cent calculations,  by  the  biordinal  form  of  the  dijffereniial  equation  CXLY.,  of  which 
the  complete  integral  must  be  conceived  (87.)  to  involve  generally,  as  in  the  case 
(88.),  two  arbitrary  constants. 

(95.)  It  follows  also  that,  with  the  same  condition  of  edncidenee  of  branches, 
the  singular  line  (p)  must  have  the  curve  (s)  for  the  cusp-edge  of  its  polar  develop* 
able  :  or  that  the  sphere,  with  s  for  centre,  and  with  B  for  radius,  must  be  the  oscu- 
lating sphere  to  the  curve  (p),  as  otherwise  found  by  calculation  in  (92.)  :  while  the 
circle  (80:)  must  be,  as  before,  the  osculating  circle  to  that  curve. 

(96.)  Accordingly,  all  equations,  and  inequalities,  which  have  been  stated  in  the 
recent  sub-articles  (79.),  &c.,  respecting  the  envelope  of  a  moving  sphere  with  va- 
riable radius,  under  that  condition  (84.),  and  without  any  special  selection  of  the 
independent  variable,  admit  of  being  verified,  by  means  of  the  earlier  formulas  for 
the  osculating  circle  and  sphere  to  a  curve  (p)  treated  as  a  given  one,  when  the  are 
(«)  of  that  curve  is  taken  as  such  a  variable. 

(97.)  For  example,  we  had  lately  the  two  inequaJUies,  S^+o'*<0,  CXXXII., 
and  S*o"*  +^  <  0,  CXXXVIII.  And  accordingly  the  eariier  sub-articles  (22.), 
(23.)  give,  for  those  two  combinations,  the  essentially  negative  values, 

CLXIV. .  .  J2^  +  a^=-p'*r»Rf;        CLXV. .  .  JP<r"«+^  =-  ((-r)*)*; 


*  In  the  language  of  infinitesimals  (comp.  the  preceding  Note),  if  every  j^vr 
conseeutive  spheres  of  a  system  intersect  in  one  point  of  a  curve,  then  each  sphere 
paseen  through  four  consecutive  points  of  that  curve.  Simple  as  this  geometrical 
reasoning  is,  the  writer  is  not  aware  that  it  has  been  anticipated ;  and  indeed  he  is 
at  present  led  to  suppose  that  this  whole  theory,  of  the  Locus  of  the  Osculating 
Cirele,  as  the  Envelope  of  the  Osculating  Sphere,  is  new.  Monge  had  however 
considered,  but  rejected  (page  374  of  Liouville*s  Edition),  the  case  of  a  system  ^ 
circles  having  each  a  simple  contact  with  a  curve  in  space. 
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in  obtaining  which  UmL,  the  foUowing  trmnafbraiations  have  been  emplojed : 
CLXVI.  . .  cr^i  «  -  «'»  -  n^* ;        CLXVII.  . .  ^  «  -  ii>  +  iirr-i. 
(98.)  As  regards  the  verification  of  the  eqvathiUf  it  may  be  sufficient  to  gfve  one 
example ;  and  we  shall  take  for  it  the  hut  genertdfirm  CLVII.  of  the  differentia] 
e^aiion  ofeowditum  (84.).     For  this  purpose  we  may  now  write,  by  (22.)  and 
(28.), 

CLXVIII.  ..*i'  =  in,     «  =  ±p,     «'  =  ±p',     riWi'«i'"i=pViii-«=|»'r; 

and  have  only  to  observe  that 

CLXIX.  .  .  4  (p»  +p'«r*y  =p'r(r  +  p'r)',    becaose    p  =  r'r. 

(99.)  If  we  denote  by  ci,  ca,  cs  the  first  members  of  the  equations  XCL,  XCIXLi 
XCIV.,  then  besides  the  equation  LXXXIX.,  which  may  be  regarded  as  a  mere  de- 
finilum  of  the  radius  M,  we  have  ci  =  0  for  the  whole  of  the  snperfidal  locvs  or  «sm- 
lope  (80.) ;  but  we  have  not  alto  ca  =  0,  except  for  a  point  on  one  or  other  of  the 
two  (generally  distinct)  branch^  of  the  sinfpilar  lino  (82.)  upon  that  locus.  And 
if,  at  any  other  and  ordinary  point,  we  cut  the  surface  by  a  plane  perpendicular  to 
the  circle  at  that  point,  we  find,  hy  a  process  of  the  same  kind  as  some  which  have 
been  already  employed,  expressions  for  the  tangenHal  and  normal  eomponenta  of  the 
vector  chord,  whereof  the  primpal  termt  involve  the  scalar  Cz  as  A/aetoTy  while  the 
latter  varies  (ultimately)  as  the  sqwtre  of  the  former,  so  that  the  enrvatmre  of  the 
section  iBjinite  and  known,  but  tends  to  become  infinite  when  e^  tends  to  xero. 

(100.)  If  the  condition  of  eoimeidenee  (84.)  be  not  satisfied^  so  that  the  two 
branches  of  the  singular  line  (82.)  remain  distinct^'anA  that  thus  es=0,  but  not 
ea  =  0  (oomp.  (91.))t  for  any  ordinary  point  on  one  of  those  two  branches,  then  If  we 
cut  the  surface  at  that  point  by  a  plane  perpendicular  to  the  ftroacA,  or  to  the  circle 
which  touches  it  there,  we  find  an  ultimate  expression  for  the  vector  chord  which 
Involves  the  scalar  cs  as  a  factor,  and  of  which  the  normal  component  varies  as  the 
sesquiplicate  power  of  the  tangenHal  one :  so  that  we  have  here  the  case  of  a  senti- 
cubical  cusp,  and  each  branch  of  the  singular  line  is  a  cusp-edge*  of  the  surface, 
exactly  in  the  same  known  sense  (comp.  (76.))  ss  that  in  which  a  curve  of  double 
curvature  is  generally  such,  on  the  developable  locus  of  its  tangents. 

(101.)  But  when  the  condition  (84.)  is  satisfied,  so  that  the  two  branches  cota- 
cide,  and  that  thus  (comp.  agam  (91.))  we  have  at  once  the  three  equations, 

CLXX...ci  =  0,  C8=0,  «s  =  0, 
then  the  terms,  which  were  lately  the  principal  ones  (100.),  disc^ear :  and  a  mw 
expression  arises,  for  the  vector  chord  of  a  section  of  the  surface,  made  by  a  plane 
perpendicular  to  the  singular  line,  which  (when  we  take  l  =  «,  as  in  (96.))  is  found 
to  admit  of  being  identified  with  the  formula  CXVII.,  and  of  course  condocts  to 
precisely  the  same  system  of  consequences ;  the  tangential  component  now  vaiyiog 
ultimately  as  the  cube,  and  the  normal  component  as  the  fourth  power  of  a  small 
variable,  so  that  the  cuspidal  property  of  the  point  p  of  the  section  no  longer  existsi 
although  the  curvature  at  that  point  is  still  ta/int^e,  as  in  (74.) :  and  the  Singnlar 
Line,  reduced  now  to  a  single  branch,  to  which  all  the  circles  of  the  system  osculate, 


*  Compare  the  Note  to  page  602. 
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(92.)>  (95.),  ianotm  cugp-tdgt  of  the  Surfaee^  as  had  heen  otherwise  fouDd  before 
(77.),  but  a  Ime  of  a  diffsrent  character*  which  may  thus  be  regarded,  with  refe- 
rence to  a  aiore  general  Envelope  (80.),  as  the  restdt  of  a  Fmim  (84.)  of  Two  Cnsp- 
Edgee. 

(102.)  The  eondiHon  ottsaxAifitnon  (or  ooinddenoe)  has  been  seen  (84.)  to  be 
expressible  by  the  differential  equeOion  of  the  second  order,  and  second  decree, 

(flSirV-  iTpy  =  (lJ^  +  «r^)  (12«ff-!i+^),  CXXXVI. 

with  y = -  ya  -  (iJ/0',  CXXXI V. 

and  with  the  independent  variable  arbitrary.  And  we  are  now  prepared  to  assign 
the  complete  general  integralf  of  this  differential  equation ;  namely  the  system  of 
the  two  followiog  equations  (oomp.  895,  (7.)  and  (14.)),  of  the  vector  and  scalar 
kinds, 

»pp  p 

in  which  p  b  an  arbitrary  vector /unction  of  any  scalar  variable,  t,  and  which  ex- 
pseas,  when  geometrically  interpreted,  that  o  is  the  variable  vector  of  the  centre  8, 
and  that  R  is  the  variable  radius,  of  the  osculating  sphere  to  an  arbitrary  curve  (p), 
of  which  the  yariable  vector  of  a  point  p  is  p. 

(108.)  In  foct,  if  we  met  the  cited  equation  of  condition  CXXXYl,,  g  represent- 
ing thonein  the  expression  CXXXIV.,  without  any  previous  knowledge  of  its  mean- 
ing or  origin,  we  might  first,  by  the  rules  of  qnatemionSf  and  as  a  mere  afiair  of 
calculationy  transform  it  to  the  equation  CXXXY. ;  which  would  evidently  allow 
the  assumption  of  the  formula  CXXXIII.,  p  being  treated  as  an  auxiliary  vector, 
which  satisfies  (in  virtue  of  the  supposed  condition')  the  system  of  the  four  scalar 
equations,  LXXXIX.,  XCI.,  XCII.,  XCIII. ;  whence  derivating  and  combining,  as 
in  (91.)  and  (92.),  we  are  led  to  a  new  systemX  of  ybur  scalar  equations,  whereof  one 


*  Compare  the  Note  to  page  602.  Monge  (in  page  872  of  Uonville's  Edition)  has 
the  remark,  that  (when  a  certain  radical  vanishes)  *4e8  deux  branches  de  la  courbe 
touch^  par  toutes  ies  caracteristiques  se  confondent  en  une  seule :  et  cette  courbe, 
sans  cesser  d*dtre  une  ligne  singuli^re  de  la  surface,  n'est  plus  une  ar^te  de  rebroua- 
sement,  elle  est  une  ligne  de  striction."  The  propriety  of  this  last  iiaiii«,  *Mine  of 
striction,"  appears  to  the  present  writer  questionable :  although  he  has  confirmed,  as 
above,  by  calculations  with  quaternions,  the  result  that,  in  the  case  referred  to,  the 
singular  line  ianota  cusp-edge,  Monge  does  not  seem  to  have  perceived  that,  in 
the  same  case  effusion,  the  curved  line  in  question  is  not  merely  touched,  but  oscu- 
lated, by  all  the  circles  of  the  system. 

t  Compare  the  first  Note  to  page  €04.  We  say  here,  general  integral,  because  a 
less  general  one,  although  involving  one  arbitrary  Junction  (of  the  scalar  kind), 
will  soon  be  pointed  out. 

X  The  Equation  of  Monge  (comp.  the  second  Note  to  page  608)  may  be  consi- 
dered as  the  condition  of  coexistence  of  the /our  following  equations,  in  which  ^,  }f/, 
TT  are  supposed  to  be  functions  of  a,  and  to  be  diflerentiated  or  derivatcd  as  such  ; 

4  I 
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18  again  the  equation  LXXXIX.,  and  may  be  wiittfln  under  the  fonn  CLXXII. ; 
while  the  three  'cthen  are  thoae  fbnnerly  nnmberad  as  895,  VII.,  and  oondnct  (ex- 
cept in  a  particolar  eaee  which  we  shall  presentl j  consider)  to  the  vector  exprttmn 
CLXXI.,  which  conyerseLj  is  euffieient  to  represent  them,  all  derivaiwet  of  cr  and  cf 
R  bemg  thus  eliminated.    "^ 

(104.)  The  eate  just  now  alluded  to,  in  which  the  general  integral  (102.)  is  re- 
plaoed  by  a  lees  general  form,  is  the  case  (91.)  when  the  varieMe  ephere  pasns 
throogh  A  fixed  point  a,  to  which  poinif  in  that  case,  the  singular  Kne  rednoes  itsdf. 
And  the  integral  equations,*  which  then  replace  CLXXI.  and  CLXXIL,  may  be 
thus  written : 
CLXXIIL..<r=a  +  «/3  +  «y,   with  «  =  F(#),  and  CLXXI  V. .  .72= T(*)3  +  «y); 


(1).  .  .  (x-^)«+  (y-i^)»  +  (z-w)t  =  «»; 

(2).  .  .  (»-^)^'  +  (y-  ,(;)^'+  (*-ir)w'+a  =  0; 

(8)...(»-0)0''+(y->^)r+(«-^)ir"+l-^'«-i^'«-ir^=O; 

(4). .  .  (ar-^)(+V'-ir'i^'')  +  (y-+)(irr-^'O+(*-')»'r-+V)  =  0; 

whereof  the  first  three  have  been  employed  by  Monge  himself,  but  the  fourth  does 
not  seem  to  hare  been  peroeived  by  him,  the  condition  of  evanescence  of  a  radical 
having  been  used  in  its  stead.  And  by  a  translation  of  quaternion  resoUa,  above 
deduced,  into  the  usual  language  of  analysis,  it  is  found  that  the  complete  and  ycse- 
ral  integral,  of  the  non^Unetar  differemtial  equation  of  the  second  order,  which  is  ob- 
tained by  the  elimination  of  «,  y,  z  between  these  four,  is  expressed  by  a  imw  cgsUm 
of  four  equations,  the  equation  (I)  bemg  one  of  them ;  and  the  three  othera,  in  which 
as,  y,  «  are  now  trteted  as  arbitrary  functions  of  a,  and  are  derivated  as  sadi,  bdng 
the  following : 

(6).  .  .  (x-^)«'+  (y-V.)y'+(ir-ir)z'r=0; 

(6).  . .  (x-^)*''  +  (y-+)y''+  («- w)«"  +  «'^+y'!i+«'»=0; 

(7).  . .  («-^)a!"'+  (y-V.)y"'  +  C«- w)z'"+  SX*'*"  +  y >"  +  *'0 «=  0. 

By  treating  a  as  a  fimction  of  some  other  independent  variable,  t,  the  terms  +  a  and 
+ 1,  in  (2)  and  (8),  come  to  be  replaced  by  +  aa'  and  +  aa'+  a** ;  and  the  sUgfady 
more  general  form,  which  Monge's  Equation  thus  assumes,  has  Ml  its  oompleto 
general  integral  assigned  by  the  system  (1)  (5)  (6)  (7),  if  x,  y,  s  (as  weQ  as  a)  be 
now  regarded  as  arbitrary  functions  of  the  new  variable  t,  in  the  place  of  which  it  is 
permitted  (for  instance)  to  take  x,  and  so  to  write  r's  1,  »"  s  0 :  only  two  arhitfoig 
functions  thus  entering,  in  the  last  analysis,  into  the  general  solution,  as  was  to  be 
expected  from  the  form  of  the  equation. 

*  The  particular  integral  corresponding,  of  the  Equation  of  Monge,  iS  expressed 
by  the  following  system  : 

0=a  +  rf+/M,     ^  =  6+yJ  +  m«,     ir^c-\-gt-\-nu, 
(e< +  ;«)»  + (/r  +  m«)«  +  (^ +  ««)«  =  o« ; 

abedefglmn  being  nine  arbitrary  constants,  while  t  and  u  an  two  Junctions  <il  a, 
whereof  one  is  arUtrary,  but  the  other  is  algebraically  deduced  firom  it,  by  meana  of 
the  fourth  equation.  The  writer  is  not  aware  that  either  of  these  integrals  has  been 
assigned  before. 
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the  ueomd  scalar  eotffieimdy  «,  being  here  an  arhUrary  fimetum  of  the  JirH 
scalar  ooeffideat,  or  of  the  indepeDdent  yariable  t,  and  a,  /3,  y  being  three  arJn-' 
trary  hot  eontioHi  veetore :  so  that  the  ewrve  (s)  is  now  obliged  to  lie  in  tome  on§ 
plane*  through  tSoA  fixed  point  A,  bat  remains  in  other  respects  arbitrary.  Accord- 
ioglj  it  will  be  found  that  this  hut  integral  ayetem,  although  Zeis  general  than  the 
former  system  (102.),  and  not  properly  included  in  it,  eoH^Ue  the  differential  equa- 
tion CXXXVI. ;  whereof  the  two  members  acquire,  by  the  substitutions  indicated, 
tliia  common  vabtCf 

CLXXV. . .  (2JS<F'<r"-jBV)«=&c.  =  J^«ia(<ii'-ii)»K"»(VPy)*. 
(105.)  Other  problems  might  be  proposed  and  resolved,  with  the  help  of  formnlaDf 
already  given,  respecting  the  properties  or  affections  of  curves  in  space  which  depend 
on  thBfimrtk  power  (e*)  of  the  arCy  or  on  the  fourth  derivative  D«^  or  r"'  of  the  «ee- 
tor  pt ;  but  it  is  time  to  conclude  this  series  of  sub-articles,  which  has  extended  to  a 
much  greater  length  than  was  designed,  by  observing  that,  in  virtue  of  the  vector 
form  896,  XI.  for  the  equation  of  a  etrc/«  of  curvature,  the  Locue  (8.)  of  the  Oeeu- 
iatiny  Cirele  may  be  concisely  but  sufficiently  represented  by  the  Vector  Equation, 

CLXXVL  . .  V  -?^  +  v.=  0, 


*  Compare  the  Note  to  page  606. 
t  We  might  for  example  employ  the  formula  YI.  for  itf",  in  conjunction  with 
one  of  the  expressions  397,  XCL  for  c',  to  determine,  by  the  general  formula  889, 
IV.,  the  vector  (say  Q  of  the  centre  of  curvature  of  the  curve  (x),  and  therefore  also 
the  radhu  of  curvature  of  that  curve,  which  b  the  loeua  of  the  centret  of  curvature  of 
the  ffiven  curve  (p),  supposed  to  be  in  general  one  of  double  curvature.  After  a  few 
reductions,  with  the  help  of  XII.,  we  should  thus  find  the  equations, 

CLXXVn. . .  V  !^  »  ^+  (r*  -  J>')r, 
c        ru 

CLXXVIIL  .  .  «« ic +  -4'=  «  + -24^i£-, 

k'  ^      d#  "^  rdic 

ia  which  last  the  denominator  is  a  quaternion,  and  the  scalar  variable  is  arbitrary  : 
wbenoealso, 

CLXXIX.  . .  Radius  of  curvature  of  curve  (x), 
or  of  loeus  of  centres  ofoseulatrng  circlet  to  a  given  curve  (p)  in  apace. 


with  tha  verification,  that  for  the  case  of  a  plane  curve  (p),  for  which  therefore 

—  si,  and  -  s  0  «  — ,  we  have  thus  the  elementary  expression, 
0       '        r  ds 

rdr 
CLXXX. . .  Radhtt  of  Curvature  of  Plane  Evolute  =  ±  — , 

r  being  still  the  radius  of  curvature,  and  e  the  arc,  of  the  given  curve. 
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which  appanntiff  Involfes  <mty  one  teaXar  vartoUc,  «,  namely,  the  art  of  the  < 
(p),  the  ofAcr  scdar  TuiAblfl^  such  ts  i;  which  oomspondB  (69.)  to  the  ore  pftke  eir- 
ck,  duapptaring  under  the  «»^  V :  and  that  the  §urfre0,  which  waa  cslled  in  (8.) 
the  Cireum§eHhed  Dtvdopable,  ia  now  aeen  to  be  in  &et  eiretuueribml  to  tfamt  Lo- 
citf,  or  Envehptf  in  a  certain  Mn^idr  (or  eminent)  Mate,  aa  toncAtn^  tt  a/oa^  tit 
Simffular  Line, 

399*  When  we  take  acconnt  of  the  fifth  power  («^)  of  the  arc, 
the  expression  for  />«  receives  a  new  term,  and  becomes  (oomp. 
398, 1.), 

I.  ../>.«P+^  +  i^  +  i^'  +  ^'T^T'''+TJ,y*V-; 

and  although  some  of  the  consequences  of  snch  an  expression  have 
been  already  considered,  especially  as  regards  the  general  determi- 
nation of  what  has  been  above  called  the  Osculating  Twisted  CMc 
to  a  curve  of  double  curvature,  or  the  ffauehe  curve  of  the  third  de- 
cree which  has  contact  of  the  fifth  order  with  a  given  curve  m  space, 
yet,  without  repeating  any  calculations  already  made,  some  addir 
tional  light  may  be  thrown  on  the  subject  as  follows. 

(1.)  Aa  regarda  the  eacccMive  deduction  of  the  derived  vectorB  in  the  fisnnnb  L, 
it  maj  be  renuuked  that  if  we  write  (oomp.  898,  LVL,  LXL), 

II. . .  D»/ V  =  ''^"^  =  «»''  +  ^^^'  +  ^f^^f 
we  afaall  have,  generally, 

III. . .  a,*i  =  «'ii-r-**ii,    ftiiti=6'»+Ha»-r>««,    Cm^i^'n,-^  rr^ 
with  the  initial  valaea, 

IV.  ..00=1,     6o«0,     eo=0,    or    IV'.  ..«i  =  0,     5i  =  r->,    ei  =  0; 
whence     V       /«•=-'"'•    ^  =  (^"*>''    ^«=^''''' 

as  in  the  ezpreaalonB  897,  VI.  for  r^,  and  898,  IV.  for  r'";  the  coiresponding  co- 
effidenti  of  r^  being  in  like  manner  found  to  be, 

/a4  =  -2(r-«)''  +  ((r-i)')«+r-«(r-«  +  r»); 
VI. . .  ;*4  =  (r-i)'--2(r*)'-8(r->ri)'ri; 

{c4  =  r-i(r-»)''+  S((r-i)Vi)'-r-iri(r-«  +  r*); 
and  being  sufficient  for  the  investigation  of  all  aflEtetions  or  propertiea  of  a  carve  in 
QMUse,  which  depend  only  on  the^A  power  of  the  arc  «. 

(2.)  For  the  helix  the  two  curvatures  are  eonatamtf  so  that  all  the  derivatives  of 
the  two  radii  r  and  r  vanish ;  the  expressions  become  therefore  gpreatly  simplified, 
and  a  law  is  easily  perceived,  allowing  us  to  eum  the  infinite  een'ef  for  p«,  and  to 
to  obtain  the  following  Wyorotie  expreeeume  for  the  co-orduiofee*  Xt,  y«,  Zt  of  this 


•  We  have  here,  and  In  this  whole  investigation,  an  instance  of  the  facility  with 
which  quatemiont  can  be  combiaed  with  eo-^nrdimae»^  whenever  the  ffeomettical  aa- 
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partienlar  cnrre,  instead  of  those  which  wen  derelpped  ^rencratfy  in  898,  LVIIL, 
but  only  aa  fiir  as  «^  incliui^e : 

Vn.  ..a?,  =  ^(r«<  +  r«rin<);    y«=^f"»vera#;    z,=  Pr'^r^(t-iant); 
where  I  ftud  t  are  an  au^liaiy  constant  and  variable,  namely, 

VIII. .  .  r=(r«+r-*)-»  =  rBinfi;    «  =  /••, 
/  being  thna  what  was  denoted  in  earlier  formnlaB  by  TX-i,  and  t  being  the  angle  be- 
tween two  axial  planes;  while  the  origin  is  still  placed  at  the  point  p  of  the  curye, 
and  the  tangent,  normal,  and  binormal  are  still  made  the  axes  of  ssyz» 

(8.)  The  cone  of  the  second  order,  898,  (40.),  which  has  ffeneraJfy  a  contact  of 
the  fifth  order  with  a  proposed  curve  in  tpace,  at  a  point  p  taken  for  vertex,  has  in 
this  case  of  the  Ae/ix  the  equation  (comp.  898,  LYII.*  and  LXIX.), 


-••^■K{"(i;-^F)'}- 


Aocor^gly  it  can  be  shown,  by  elementary  methods,  that  if  we  write,  for  a  mo- 
ment, 

X.../(0  =  8(«-rinO  (8«+7rinO-20verS»*, 

we  have  the  etjifht  evanescent  valaes, 

XL  . .  /a  =/'o  =/"o  =/"'o  =/^o  =/*  0  =/"o  =/«o = 0  ? 

whence  it  is  easy  to  infer  that  this  cone  IX.  has  (in  the  present  example,  although 
not  generally')  a  contact  as  high  as  the  gixth  orderf  with  the  curvcy  of  which  the 
co-ordinates  have  here  the  expressions  YIL  ;  and  consequently  that  the  cone  in  ques- 
tion must  wholly  contain  the  oceulating  twitted  cubic  to  that  curve. 


turt  of  a  question  may  render  it  convenient  so  to  combine  them,  by  offering  to  our 
notice  any  obvious  planes  of  reference.  If  it  be  thought  useful  to  pass  to  a  system 
connected  more  inmiediately  with  the  right  cylinder  than  with  the  heUx^  we  may 
write, 

!xa  =  /(r-i«,  -  r»z,)  =  Pr-i  sin  f, 
jt=Pr'i-yt  e^V-icos*, 
«.  =  /(rJa?, +  !-»*.) ='^^'. 

where  2>i^i  sr  sin*  fi'is  the  radius  of  the  cylinder,  with  converse  ibrmnln  easily  as- 
signed. 

*  In  the  corresponding  equation  898,  LXviL,  the  coefficient  of  Sac  ought  to 

have  been  printed  as  (  -  j ,  like  the  coefficient  of  6xz  in  the  equation  LYII. 

t  Or  in  modem  language,  seven-point  contact,  in  the  sense  that  the  cone  passes, 
in  thi»  cose,  through  seven  consecutive  points  of  the  curve.  It  may  be  remarked 
that  the  goMche  curve  of  \h^  fourth  degree,  or  the  quartic  curve,  in  which  this  cone 
f^s  the  cylinder  of  revolution  whereon  the  helix  is  traced  (cutting  also  in  it  a  cer- 
tain othe^  cylinder  of  the  second  order),  and  which  has  the  point  p  for  a  double  point, 
crosses  the  helix  by  one  of  its  two  branches  at  that  point,  while  it  has  seven-point 
contact  with  the  same  helix  by  its  other  branch  ;  and  that  thus  the  fact  of  calcula- 
tion, expressed  by  the  formula  XI.,  is  geometrically  accounted  for. 
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(4.)  Id  gmen],  to  find  a  aeeand  Imw  for  such  a  embie  CMrot,  the  metliod  of 
recent  sub-articleB  (898,  (8&)  fcc.)  leads  na  to  form  the  equation  (398,  LXYL) 
of  a.  cylinder  of  the  —eomd  order ^  or  briefly  of  a  quadrU*  eylinder^  which  like 
the  quadrie  eane  (3.)  shall  have  eontad  of  the  Jlfth  order  with  the  proposed 
curve  in  space,  at  the  giyen  point  p;  the  roHoe  of  abc,  which  deCermiiie  the 
directum  of  a  generating  Une  pb,  btSng  obliged  fo^this  purpose  to  sadafy  a  certain 
eqmatioH  ofcomdUion  (898,  LXVIIL),  of  which  the /orm  indicates  that  the  locw  of 
this  /tii«  PB  is  genereUfy  a  certain  cubic  eotte,  having  the  taugeut  (nj  pt)  to  the 
cirrve  for  a  nodai  tide :  along  which  side  it  is  touehed,  not  only  (like  the  qoadric 
cone)  by  the  oecukUing  plane  (2  =  0)  to  that  given  curve,  but  aUo  by  a  eecomd 
pleme,  whereof  the  equation  (gy  +  hz=0,  or  after  reductions  y  — ^r'zsO)  shows 
that  the  eeeond  britn^  of  the  cubic  cone  eroeeee  the /hret.branch^  or  the  quadzic  cone, 
or  the  osculating  plane  to  the  curve,  at  an  angle  of  which  the  trigonometric  m<cdi- 
gent  is  equal  to  half  the  differeniial  of  the  radius  (r)  of  eeeond  curvature,  dirided 
bg  the  differential  of  the  arc  («)  ;  so  that  this  eeeond  tangent  plane  to  the  cone  coin- 
cides with  the  rectifying  plane  to  the  cicrM,  when  the  second  curvature  happens  to  be 
eonetant.  The  tangent  ft  therefore  counte  at  three  of  the  six  common  sidea  of  the 
two  conee  with  p  for  vertex :  and  the  three  other  common  ddes,  for  the  assigning  of 
which  it  has  been  shown  (in  898,  (41.))  how  to  form  a  cubic  equation  in  i :  e,  aie 
the  para//«2t  from  that  point  p  to  the  three  real  or  imaginary  asymptoteef  of  the 
twitted  cubic,  and  are  generating  Knee  pb  of  three  quadrie  cylinders,  whereof  om  at 
least  is  necessarily  real,  and  contains,  as  a  second  locus,  that  sought  osculating  gaueke 
curve  of  the  third  degree. 

(5.)  In  appljring  this  general  method  to  the  case  of  the  helix,  it  is  found  that  the 
cubic  cone  breaks  up,  in  this  example,  into  a  system  of  a  new  quadrie  cone,  whidi 
touches  thefbrmer  quadrie  cone  IX.  along  the  tangent  ft  to  the  curve  (the  two  other 
common  sides  of  these  two  cones  bebig  imagincay),  and  of  a  pUme  (y  =  0),  namely 
the  rectifying  plane  (comp.  (4.))  of  the  helix,  or  the  tangent  plane  to  the  cylinder  of 
revolution  on  which  that  given  curve  is  traced:  and  that  this  last  plane  cats  the 
Jlrst  quadrie  cone  in  two  real  right  Unes,  the  tangent  being  again  one  of  them,  and 
the  o<A«r  having  the  sought  direction  of  a  real  asymptote  to  the  sought  osculating 
twisted  cubic.  Without  entering  here  into  details  of  calculation,  the  resulting  equa- 
tion of  the  realX  quadrie  cylinder,  on  which  that  sought  gauche  curve  is  situated, 
may  be  at  once  stated  to  be  (with  the  present  system  of  co-ordinates). 


•  So  called  by  Dr.  Salmon,  in  his  Treatise  already  cited.  Compare  the  first 
Note  to  page  591  of  these  Elements. 

t  Compare  again  the  Note  last  referred  to. 

{  As  regards  the  two  imaginary  quadrie  cylinders,  their  equations  can  be  formed 
by  the  same  general  method,  employing  as  generating  Unes  the  two  imaginary  com- 
mon sides  (5.),  of  the  cone  IX.,  and  of  that  other  quadrie  cone  above  reforred  to, 
which  is  here  a  separable  part  of  the  general  cubic  locuSf  and  has  for  equation. 


ir.  . .  ^^^6j;XZ  +  U~2\m 


It  seems  sufficient  here  to  remark,  that  by  taking  the  sum  aud  difference  of  the  equa- 
tions of  those  two  imaginary  cylinders,  two  new  real  quadrie  surfaces  are  obtained. 
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in  sach  a  manner  that  if  we  ui  aride  the  right  Hne, 

which  ifl  a  eommon  eide  of  the  eone  IX.  and  of  the  cylinder  XII.,  the  curve,  which  is 
the  remaining  pari  of  their  complete  intersectioDi  is  the  twisted  cubic  taught.  As  an 
elementary  verification  of  the  fact,  that  this  ganche  curve  of  intersection  IX.  XII. 
has  coniaet  of  the  fifth  order  with  the  helix  at  the  point  p,  it  may  be  observed  that 
if  we  change  the  co-ordinates  xgz  in  XII.  to  the  expressions  YII.,  and  write  for 
abridgment, 

XIV. .  .  F(0  =  (8<  +  7<sinO*-200ver8r  +  60  ver^*, 

we  have  then  (comp.  X.  XI.)  the  tix  evanescent  values, 

X V. . .  JD  =  iJ*0  =  F"0  =  J^'O  = -F>'0  =  F'^O  «=  0. 

(6.)  Aa  another  verifieaiion,  which  is  at  the  same  time  a  sufficient  proof  of  the 
h  poeteriori  kind,  that  the  gauche  curve  IX.  XII.  has  in  fact  contact  of  the  fifth  or^ 
der  with  the  heKx,  it  can  be  shown  that  wliile  the  co-ordinates  y«  and  z«  of  the  latter 
may  (by  YU.,  writing  simply  x  for  x,,  and  neglecting  x')  be  thus  developed, 


XVI...  -! 


_**    fLf^    ^\     «•  /15    }±   1\ 


the  correspondhig  co-ordinates  y  and  z  of  the  former,  that  is,  of  the  emvUinear  part 
of  the  intertection  of  the  cone  IX.  with  the  cylinder  XII.,  have  (in  the  flame  order 
of  approidmation)  developments  which  may  be  thus  abridged, 

XVII...y=y.-5L__-^_,    ,  =  ,, 

(7.)  The  deviation  of  the  helix  from  the  gauche  curve  IX.  XII.  is  therefore  of 
the  tixth  order  (with  respect  to  0,  or  a),  and  it  has  an  inward  direetian,  or  in  other 
words,  the  oaculating  twitted  cubic  deviates  omtwardlg  from  the  helix,  with  respect 
to  the  right  cylinder ;  the  ultimate  (or  initial)  ionaunt  of  this  deviation^  or  the  lam 
according  to  which  it  tende  to  vary,  being  represented  by  the  formula, 

xvn...,.-y ^^ — . 


which  tdto  contain  the  oeculating  twitted  cubic,  and  interted  each  other  in  that 
gauche  curve :  namely  two  hyperbolic  parabdhidt,  which  liave  a  common  tide  at  ta- 
Jinity,  and  of  which  tlie  equations  can  be  otherwite  deduced  (by  way  of  verifica- 
tionX  without  imaginariet,  through  easy  algebraical  combinations  of  the  two  real 
equations  IX.  and  XII. 
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wh«ra  t  denotM  as  in  (3.)  tbe  amjfU,  which  mpUtme  drawn  through  %  near  point  f*, 
and  thioogh  tho  azia  of  the  right  cy/tiulfr,* 

xvin...2rr=^*-^*y+^i  +  jy, 

whereon  the  helix  is  traced,  makes  with  the  {ilane  drawn  through  the  aame  oztt  of 
rtvohttUm^  or  tliroagfa  the  right  line, 

XIX...«=-«,    y  =  r-»(ff +  r»)->=PH, 

and  through  the  given  point  p  :  while  y«  is  still  the  (inward)  distance  of  the  aame 
near  point  Pc,  from  the  tangent  plane  to  the  same  cylinder  at  the  same  given  point  p. 
(8.)  If  we  cut  the  cone  IZ^  and  the  cylinder  XII.,  hy  any  plane^ 


XX. 


..2i3r=«{*+[^^-^';].}. 


drawn  through  Uieir  common  side  XIIL,  we  obtain  two  other  sides,  one  for  eadi  of 
these  two  quadric  surfaces ;  and  these  two  new  right  lines,  in  this  plane  XX,  inter- 
sect each  other  in  a  a  new  point,  f  of  which  the  co-ordinates  ayz  are  given,  as  liinc< 
tioDS  of  the  new  variable  v,  by  the  thre*  fraetumal  e^retaumift 


'A 


7^_£W 


XXI.  .  .  a?=        ^      o    ^       ;    2iy=         «    ^;    6rr« 


JL^  JL—  L^' 

whUe  tbe  twisted  eubicj  which  osculaU$  (as  above)  to  the  helix  at  p,  is  tbe  laai$  of 
all  the  poifits  of  iMiersection  thus  determined.  Accordingly,  if  we  develop  xyt  by 
XXL,  in  ascending  powers  of  w,  neglecting  w^  (or  i^),  we  are  conducted,  by  elimi- 
nation of  v,  to  expressions  for  y  and  z  in  terms  of  x,  which  agree  with  thoee  found 
in  (6.)t  and  thereby  establish  in  a  new  way  the  existence  of  the  required  contact  of 
iiMjifth  order,  between  the  two  curves  of  double  curvature. 


*  With  the  co-ordinates  VIE',  of  a  recent  Note  (to  page  618),  the  equation  of 
this  cylinder  would  be, 

XVIir.  ..x«  +  y«=iV-». 

t  Tbe  plane  XX.,  as  containing  the  line  XIII.,  is  parallel  to  an  asymptote, 
and  therefore  meets  the  cubic  at  infinity ;  it  also  passes  through  the  given  point  p  : 
and  therefore  it  can  only  cut  the  twisted  cubic  in  one  other  pcint^  of  which  tbe  posi- 
tion b  expressed  by  the  equations  XXI. 

X  QuaterHiont  suggest  such  fractional  expressions,  through  the  formula  898, 
LXXIX.  for  the  vector  (^  -l-c)'^  a ;  but  it  is  proper  to  state  that  exprosrions  of 
fraetiontU  fomiy  for  the  co-ordinates  of  a  eicrre  ta  epaee  of  the  third  order  (or  degree) 
were  given  by  Mobius,  who  appears  to  have  been  the  first  to  discover  the  existence 
of  tueh  gauche  curves,  and  who  published  several  of  their  principal  properties  in  his 
Baryeentrie  Calculue  (der  baryoentrische  Calcul,  Leipzig,  1827).  Compare  the 
Notes  to  pages  23  and  85,  and  Note  B  at  the  end  of  these  Elements. 
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(9.)  The  real  asymptote  to  the  cubic  curve  is  found  by  supposing  the  auziliaiy 
variable  w  to  tend  to  infinity  in  the  ezpresdona  XXI. ;  it  is  therefore  the  right  line 
(comp.  XX.), 

^^„  10/«  /  8  r       7  r\ 

XXII.. .y  =  --.    -+(j-Or-roFh='>' 

namely  the  second  tide  in  which  the  eJUptic  eyiinder  XII.  is  cat  by  a  normal  plane 
through  the  ude  XIII. ;  and  by  comparing  the  value  of  its  y  with  the  equation 
XIX.,  we  see  that  the  least  distance  between  the  real  asymptote  to  the  osetdatiny 
twisted  eubie,  and  the  axis  of  revolution  of  the  eyiinder  on  which  the  helix  is  traced, 
is  equal  to  seven'thirds  of  the  radius  of  that  right  cylinder. 

(10.)  As  regards  the  two  imaginary  asymptotes,  they  correspond  to  the  two  ima- 
ginary values  of  w,  which  cause  the  common  denominator  of  the  expressions  XXI.  to 
vanish ;  but  it  may  be  sufSeient  here  to  observe,  that  because  those  expressions  give, 
generaUy, 

XXIIL...+  (5;-+i'-),=-. 

the  two  imaginary  lines  in  question  are  to  be  considered  as  being  contained  in  two 
imaginary  phtnes,  which  are  both  parallel  to  the  real  plane*  through  p. 


XXIV....+  ^^--  +  j-J,  =  0, 

namely  to  a  certain  eommo*  normal  plane  to  the  two  real  cylinders  XII.  and  XYII  I., 
or  to  the  elliptic  and  right  cylinders  already  mentioned. 

(11.)  /n  y«ii«ra^  instead  of  seeking  to  determine,  as  above^  a  cylinder  of  the 
second  order,  which  shall  have  contact  of  the  fifth  order  with  any  gicen  curve  of 
double  curvature,  at  a  given  point  p,  we  may  propose  to  find  a  second  cone  of  the 
same  (second)  order,  which  shall  have  such  contact  with  that  curve  at  that  point, 
its  vertex  being  at  some  other  point  of  space  (abc).  Writing  (comp.  898,  LXYI.) 
the  equation  of  such  a  cone  under  the  form, 

XXV..  .  2r(cy-6«)(c-«)  =  (c«-az)«  +  25(c«-a«)(cy-6z)  +  C(cy-6«)«; 

substituting  for  xyz  the  co-ordinates  x^^,  of  the  curve,  under  the  forms  (comp. 
398,  LVIIL), 

'"''"■  6;S+ -24  +120' 

xxvi...^y.=^M:f?+?!!l  +  ?f!l, 

'^*     2r    6ra      24       120' 

"^  6^  ■*■  24  **"  120* 

in  which  the  coefficients  a^b^ct  and  04(404  have  the  values  assigned  in  (1.) ;  develop- 
ing according  to  powers  of  «,  neglecting  «^,  and  comparing  coefficients  of  <',  «*,  «^; 
we  find  first  the  expressions, 


*  The  right  line  at  infinity,  in  this  plane  XXIV.,  is  the  common  side  of  the 
two  hyperbolic  paraboloids  mentioned  in  the  third  Note  to  page  614,  as  each  con- 
taining the  whole  twisted  cubic. 

4k 
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which  are  the  «am«  for  cone  as  for  qrlinder :  and  then  are  led  to  the  new  eqmaiicm  ef 


which  Ajfen  firom  the  corresponding  equation  for  the  determination  of  a  cylmder 
haying  the  aosiie  (fifth)  orcfer  of  contact  with  the  carve,  bat  only  by  the  one  term 

—  in  the  aeoond  member,  which  term  vamUkee  when  the  oo-ordinate  e  of  the  Tertex 
err 

is  injinite. 

(12.)  Eliminating  B  and  C,  and  substitating  for  a^hoi  and  a^hifii  their  ▼aloes 

v.  and  YL,  we  find  that  the  condition  XXYIII.  may  1>e  thus  ezpreaeed  (compL 

8d«,LXVIIL): 


•('-r)- 


XXIX, . .  a«   6--C  )-rc«  =  a6»+ b6>c  + c6«» -f  ec»; 


in  which  we  haye  written,  for  abridgment, 
4r  r      rr' 

XXX.  . .  ■{  0=  i  (6r"r-  8rr"  -  2»^ii«r  -  Si'f  +  6iT-ir"»  -  18r-ir  +  IJrr-'); 
80 

e  =  i  (Sr-'r*  -  Qr-iryr*  +  4r-^ir'»i«  +  86r- Vr»  +  18r'  -  27rrY). 

•TV 

The  locus  of  the  e<rf«i?  of  the  sought  quadrie  come  XXY.  Is  therefore  that  cmbie  mmt- 
faee^  or  surface  of  the  third  order^  which  is  represented  by  the  equatidn  XXIX.  in 
ahe ;  this  sorfiuM,  then,  is  a  eeeond  locua  (comp.  (4.))  for  the  oeculatiug  twitted  em- 
Me,  whatever  the  jfioen  cttrve  in  space  may  be  j  a^Srjl  locue  for  that  embie  curve 
being  still  the  quadrie  cone  (comp.  (8.))«  of  which  the  equation  in  abc  is  (by  898, 
LXVIL*  and  LXIX.), 


XXXI 


■■■'(;-) -•(a-HST- 

"*■  6  Vr*      rV  ■*■  r*       r^  "*"  r»r       4r»i«  "*"  Hr  )*^ ' 

and  which  has  contact  of  the  fifth  order  with  the  curve,  while  its  vertex  iaatthe 
given  point  p  of  osculaUon. 


*  After  making  the  correction  indicated  in  a  former  Note  (to  page  613),  so  as  to 
bring  the  cited  equation  into  agreement  with  the  earlier  formula  898,  LVII.  The 
quadrie  cone  XXXL  may  be  said  to  hhve  five-side  contact  with  the  cone  of  chords 
of  the  given  curve  (compare  the  first  Note  to  page  588). 
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(18.)  Instead  of  thus  mtrodiiciag»  as  daia,  the  derivoHveM  of  the  two  radii  of 
eurvaturej  r  and  r,  taken  with  respect  to  the  are,  «,  it  may  be  more  convenient  in 
many  applications  to  treat  the  two  co-ordinates  y  and  z  of  the  carve  as  fonctions  of 
the  third  co-ordinate  x,  assumed  as  the  independent  variable :  and  so  to  write 
(comp.  (6.))  these  new  developments, 

. .  y*     2^-1-     g    ^    24    ^  120'       *     6rr  ^    24        120 ' 
and  then  the  equation  of  the  qnadric  cone  XXXL  will  be  found  to  become  (in  «yz), 

XXXIII.  .  .  y»  =  --  a?z  +  2py«  +  A««, 
with  the  coefficients, 

XXXIV... y  =  «(y-'.2r^),    *  =  »  r,«[yx._  3^„^^ 

-r«r«(^y'"«+?r*V-^i«r-»^; 

while  the  cubic  sorboe  XXIX.  will  also  come  to  be  represented  by  an  equation  of 
the  tame  form  as  before,  namdy  (in  xyz)  by  the  following, 

XXXV..  .»«(y  +  ha)-r««  =  ay»+V2?  +  cy*»+e2», 

In  which  the  coeffictente  are, 

a  =  -^  (as  before);     b  =  -  - r«jf -  + 1^ j*^;    ho-ny"'  +  Jrr»«'^; 

XXXVI.  .  .  ^  c  =  5  r^iy-^  -  ^i^'^z"  -  Jiaiy^  +  Ji,r»r««' ; 

•  =  -  5  -^rV"^  +  Ji^ray-y^  -  TV^i«r'. 

(14.)  Whichever  set  of  expressions  for  the  eo^UtUt  we  may  adopt,  some  ge- 
neral consequences  may  be  drawn  fii>m  the  mere /»rm«  of  the  tf^wiUuHic,  XXXI. 
and  XXIX.,  or  XXXIII.  and  XXXV.,  of  the  quadrie  eoiu  and  cubic  curfacc,  con- 
sidered as  two  loci  (12.)  of  the  o$culatmp  hoigted  cubic  to  a  given  curve  of  double 
curvature.  Thus,  if  we  eliminate  ac  (comp.  898,  (41.))  from  XXIX.  by  XXXL, 
or  a»  by  XXXIII.  from  XXXV.,  we  get  an  equation  between  b,  e,  or  between  y,  «, 
which  rises  no  higher  than  the  third  degree,  and  is  of  the^mi, 

XXXVII. .  .  2r2»  =  ay»  +  hj/^z  +  cjf*2 + e,«», 

with  the  same  value  of  a  as  before ;  such  then  is  the  equation  of  the  profcction  of 
the  twiUcd  cubic,  on  the  normal  plane  to  the  curve;  and  we  see  that,  as  was  to  be 
expected,  the  plame  cubic  thus  obtained  has  a  cusp  at  the  given  point  p,  which 
(when  we  neglect  «'  or  x^^  coincidee  with  the  corretponding  cuep*  of  the  projec- 
tion of  the  given  curve  of  double  curvature  iteelf  on  the  same  normal  plane. 

(15.)  The  equation  XXXVII.  may  also  be  considered  as  representing  a  cubic 
cylinder,  which  is  a  third  locue  of  the  twisted  cubic ;  and  on  which  the  tangent  pt 


*  Compare  the  first  formula  of  the  first  Note  to  page  594. 
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to  the  carv«  is  a  cutp'tdgB^  In  such  a  manner  that  an  arbltniy  phm»  tknm^  duM 
Kne,  tnppoee  the  plane 

XXXVIII.  . .  8rx=fy, 

where  o  is  any  aaeumed  oonstant,  euU  the  cylinder  t»  that  Utu  twice,  and  a  third 
time  in  a  real  and  parallel  right  /iim,  which  intersects  the  qtuuirie  come  in  a  point  at 
infinity  (because  the  tangent  pt  is  a  tide  of  tliat  cone),  and  in  another  realpaimt, 
which  \Aomthe  twieted  evMe,  and  may  be  made  to  be  any  point  of  that  sought  cmxe, 
by  a  suitable  valae  of  o :  in  fkct,  the  plane  XXXYIII.  tomchea  both  eurvee  at  p,  and 
therefore  imter$eete  the  eubie  carve  in  one  other  real  point  And  thus  mny  fraetumal 
expreeeUme  (comp.  (8.))  for  the  co-ordinates  of  the  oeculaHmg  euhic  be  found  yeae- 
roi/y,  which  we  ahall  not  here  delay  to  write  down. 

(16.)  Without  introducing  the  cubic  cylinder  XXXVII.,  it  is  easy  to  aee  that 
aay  plane,  such  as  XXXVIIL,  which  is  tangential  to  the  given  carve  at  r, 
cute  the  euhie  eurfaee  XXXV.  in  a  aection  which  may  be  said  to  consist  of  the 
tangent  twice  tahen^  and  of  a  certain  other  right  /ine,  which  varies  with  the 
•direction  of  this  secant  plane,  so  that  the  loeue  XXXV.  or  XXIX.  is  a  Rmied 
Cubic  Surface,  with  the  given  tangent  ft  for  a  eittgular*  One,  which  is  m- 
tereected  by  all  the  other  right  linee  on  that  8ur£sce,  determined  as  above :  and  if  we 
eet  aeide  thie  line,  the  renutining  part  of  the  complete  interteetion  of  that  eubie  emr- 
faee  with  the  quadric  cone  XXXIII.  or  XXXI.  is  the  twieted  cubic  taught.  We 
may  then  oonaider  ounelves  to  have  complet^g  and  generalfy  determined  the  Oecm- 
eulating  Twitted  Cubic  to  a  curve  of  double  curvature,  without  requiring  (as  in  398, 
(41.)),  the  eolution  of  any  eubie  or  other  equation,  f 

(17.)  As  illustrations  and  verifications,  it  may  be  added  that  the  general  ruled 
cubic  eurface,  and  cubic  cylinder,  lately  oonsidered,  take  for  the  case  of  the  heHs 
(2.),  the  particular  forms,} 


*  If  the  cubic  eurface  be  out  by  a  plane  perpendicular  to  the  tangent  ft,  at  any 
point  T  dietinet  from  the  point  p  itself,  the  eeetion  is  a  plane  cubic,  which  has  t  for 
a  double  point ;  and  this  point  counts  for  three  of  the  sub  eomaum  pointe,  or  points  of 
intereection,  of  the  plane  cubic  jnst  mentioned  with  the  j^ane  come  in  whidi  the 
quadric  cone  is  cut  by  the  same  secant  plane,  becanse  one  branch,  or  one  tangent, 
of  the  plane  cubic  at  x  touehet  the  plane  conic  at  that  point,  in  the  oecnlating  plane 
to  the  given  curve  at  p,  while  the  other  branch,  or  the  other  tangent,  cute  that  plane 
conic  there. 

t  It  may  be  remarked  that,  by  equating  the  second  member  of  XXXVII.  to 
zero,  and  cbanguig  y,  a  to  6,  e,  we  obtain  generally  the  eubie  equation,  relerred  to 
in  898,  (41.) ;  and  that  by  suppressing  the  term  -  re*  in  XXIX,  or  the  term  ~  r* 
in  XXXV.,  we  pass,  in  like  manner  generallg,  from  the  cubic  eurface  of  recent  anb- 
articles,  to  the  earlier  cubic  cone  (4.). 

X  By  suppressing  the  term  -  rz*,  dividing  by  ^,  and  transposing,  we  pass  for  the 

or 

case  of  the  helix  from  the  equation  XXXIX.  of  the  cubic  loeue,  to  the  equation  IX'. 

in  the  last  Note  to  page  614 ;  namely  to  the  equation  of  that  quadric  cone  which  forms 

(in  this  example)  a  eeparablt  part  of  the  general  cubic  cone,  the  olAcrparf  being  here 

the  tangent  plane  (y  =  0)  to  the  right  cylinder. 
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XXXIX.. .a^-T«.=5-,r»  +  ^-----)y.., 
and 

and  that  aocordinglj  these  two  last  equations  aie  satisfied,  independently  of  w,  when 
thefraeiumai  expreuioiu  XXI.  are  sabstitnted  for  xyz. 

400.  The  general  theory*  of  evolutes  of  curves  in  space  may  be 
briefly  treated  by  quaternions,  as  follows :  a  second  curve  (in  space, 
or  in  one  plane)  being  defined  to  bear  to  2l  first  curve  the  relation  of 
evoltOe  to  involute^  when  the  first  cuts  the  tangents  to  the  second  at  right 
angles. 

(1.)  Let  p  and  ^  be  corresponding  vectors,  op  and  os,  of  inyolate  and  erolate, 
and  let  p',  y,  p",  <r"  denote  their  first  and  second  deriyatives,  taken  with  respect  to 
a  scalar  variable  f,  on  which  they  are  both  conceived  to  depend.  Then  the  two  fun- 
damental equations,  which  express  the  relation  between  the  two  corves^  as  above 
defined,  are  the  following : 

L..S((r-p)p'  =  0;        IL  .  .  V((r-p)(T'=0  ; 
which  express,  respectively,  that  the  point  8  is  in  the  normal  plane  to  the  involute 
at  p,  and  that  the  latter  point  is  on  the  tangent  to  the  evolute  at  a :  so  that  the  heue 
ofv  (the  involate)  is  a  reetangnUtr  trajectory  to  all  snch  tangente  to  the  locue  of% 
(the  evolute). 

(2.)  Eliminating  tr—p  between  the  two  preceding  equations,  and  talcing  their 
derivatives,  we  find, 

nL..SpV«0,    IV.  ..S(<r-p)p"-p'«  =  0,    V.  ..  V(«T-p)<f"-VpV  =  0; 
whence  also,  VI. .  .  SpV<r"=  0. 

(8.)  Interpreting  these  results,  we  see>lr«f,  by  IV.  combined  with  I.  (comp.  891, 
(5.))t  that  thepotni  s  of  the  evolute  is  on  the  polar  axie  of  the  involute  at  p,  and 
therefore  that  the  evolute  iieelfia  tome  curve  on  the  polar  developable  of  the  invo- 
Me;  and  eeeoudj  by  VI.  (comp.  380,  I.),  that  this  curve  is  a  geodetic  line  on  that 
polar  aurfaee,  because  the  oeeulating  plane  to  the  evolute  at  8  contains  the  tangent 
to  the  involute  at  p,  and  therefore  also  the  (parallel)  normal  to  the  locue  ofevolutee. 

(4.)  The  locue  of  centra  of  curvature  (395,  (6.))  of  a  curve  in  epaee  is  not  ge* 
nerally  an  evolute  of  that  curve,  because  the  tangente  f  xx'  to  that  locue  do  not  gene- 
rally intereect  the  curve  at  aU ;  but  a  given  plane  involute  has  always  the  locus  Just 

*  Invented  by  Monge. 

t  It  might  have  been  remarked,  in  connexion  with  a  recent  series  of  snb-arti- 
ticles  (897),  that  this  tangent  kk'  or  c'  is  inclined  to  the  rectifying  line  X,  at  an  an- 
gle of  which  the  cosine  is, 

-  SUic'X  =  ±  iJ-»TX-»  =  ±  sin  -ffcos  P ; 
npper  or  lower  signs  being  taken,  according  as  the  second  curvature  r->  is  positive 
or  negative,  because  S«'X  =  -r*. 


622  SLEMBNTS  OF  QUATERNIONS.  [BOOR  III. 

mentionod  for  ome  of  its  eyolutas ;  and  has,  iMsides,  indeflniUly  mvijcihen*  which 
are  all  peodeties  oh  the  eyKndtr  which  rests  perpendicularly  onthat  out  plane  evolmte 
as  its  haee, 

(5.)  An  easy  combination  of  the  foregoing  equations  gives, 

VIL  . .  (T(<r-p))'  =  -S(U(<r-p).(<r'-p'))=q:S<r'U.r'  =  ±T<f', 
or  with  differentials,  VIII.  .  .  dT(ff  -  p)  =  ±  Td<r ; 

whence  by  sn  immediate  integration  (comp.  380,  XXII.  and  397,  LIV.), 

IX.  .  .  AT(<r  -  p)  =  t/Tdff  =  ±arc  of  the  epoluie  : 
thii  are  then,  between  two  pointi  sach  as  s  and  Si  of  the  latter  cnrre,  Is  eqnal  to  the 
dijferemee  between  the  lengtha  of  the  two  Unee,  PS  and  PiSi,  intercepted  heiweem  the 
two  curves  themselves. 

(6.)  Another  qoatemion  combination  of  the  same  equations  gives,  after  a  lev 
steps  of  redaction,  the  differential  formula  (comp.  885,  V I.}, 

X..  .dcosoP8  =  ~dSU^-I^r=--iI^  -S-; 
P         n<^-p)      P 

if  then  the  involute  be  a  curve  on  a  given  sphere^  with  its  centre  at  the  origin  o,  so 

that  the  evoluie  is  a  geodetic  on  a  concentric  cone^  this  differential  X.  vaniehee^  and 

we  have  the  integrated  equation, 

XI.  . .  cos  OPS  =  const.,    or  simply,    XV,  .  .  ops  =  const ; 

the  tangente  PS  to  the  evolute  being  thus  inclined  (in  the  case  here  considered)  at  a 

constant  angle^f  to  the  radii  op  of  the  sphere. 

(7.)  In  general,  if  we  denote  by  R  the  interval  pg  between  two  corresponding 

points  of  involute  and  evolute,  we  shall  have  the  equation, 

XII...(<r-rt»+-B*=0,     or    XIF.  .  .  T(«r-p)  =  J?; 

and  the  formula  VIL  may  be  replaced  by  the  following, 

XIII. .  .2?»  +  ff^  =  0,    or    Xlir.  ..D^B=iTD«<r, 

in  which  the  independent  variable  t  is  stiU  left  arbitrary. 

(8.)  But  if  we  take  for  that  variable  the  arc  soS<  of  the  evolmte^  measared  firom 

some  fixed  point  of  that  curve,  we  may  then  write, 

XrV.  ..f=jTd<r,        XV.  ..dA-±d*,        XVI.  .  .  D|5,=+ 1; 


*  Compare  the  first  Note  to  page  584;  from  the  formulse  of  which  page  it  mom 
appears,  that  if  the  involute  be  an  ellipse^  with  /3  =ob  and  y  s  oc  for  its  major  and 
minor  semiazes,  and  therefore  with  the  scalar  equations, 

(Si3-V)«  +  (Sr>p)'=l,     S^yp  =  0, 
the  evolutes  are  geodetlcs  on  the  cylinder  of  which  the  corresponding  equation  Is, 
(8/3(T)l+(Sy(r)l  =  (/3t-y2)|. 

t  This  property  of  the  evolutes  of  a  spherical  curve  was  deduced  by  Professor 
De  Morgan,  in  a  Paper  On  the  Connexion  of  Involute  and  Evolute  in  ^eice  (Cam- 
bridge and  Dublin  Mathematical  Journal  for  November,  1851);  in  which  also  a 
definition  of  involute  and  evolute  was  proposed,  substantially  the  same  as  that  above 
adopted. 
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whence 

XVIL..D,(J?<TO  =  0,    and    XVIIL  ..  J2t  T  «  =  const.  =  J2o, 
the  integral  IX.  being  thus  under  a  new  form  reproduced. 

(9.)  In  this  last  mode  of  obtaining  the  result, 

/-% 

XIX.  .  .  Aps  a  JS(  — i2o  =  ±^  =  +arosoS(  o/'etH>Ztc^«, 

no  Kf 0  is  made  of  infinitenmaU,*  or  even  of  snmll  differentials.  We  only  infer,  as 
in  XVIII.  (comp.  880,  (9.)),  tbat  the  quantity  RtTtia  constant,^  because  its  deriva^ 
five  is  null:  it  having  been  previously  proved  (880,  (8.)),  as  a  consequence  of  our 
deflmHon  of  differentials  (820,  824)  that  if  «  be  the  arc  and  p  the  vector  of  any 
curve,  then  the  equation  d«  =  Tdp  (880,  XXII.)  is  rigorously  satisfied,  whatever 
the  indepeudsMt  variable  t  may  be,  and  whether  the  two  connected  ssA  simultaneous 
differentials  be  snudl  or  lar^e. 

(10.)  Bat  when  we  employ  the  notation  of  integrals,  and  introduce,  as  above, 
the  symbol  JTd«,  we  are  then  led  to  interpret  that  symbol  as  denoting  the  limit  of  a 
sum  (oomp.  846,  (12.)) ;  or  to  write,  generally, 

XX.  .  .  J  Tdp  =  lim.  STAp,     if    lim.  Ap  =  0, 
with  analogous  formula}  for  other  cases  of  integraiion  in  quaternions,    Geometri- 
cally,  the  equation, 

XXI.  .  .  /Tdp  =  A#,  or  XXI'.  .  .  /Td(r  =  A*, 
its  and  t  denote  ares  of  curves  of  which  p  and  o  are  vectors,  comes  thus  to  be  in- 
terpreted as  an  expression  of  the  well-known  principle,  that  the  perimeter  of  any 
curve  (or  of  any  part  thereof)  is  the  Hmit  of  the  perimeter  of  an  inscribed  polygon 
(or  of  the  corresponding  portion  of  that  polygon),  when  the  number  of  the  sides  is 
indefinitely  increased,  and  when  their  lengths  are  diminished  indefinitely. 

(11.)  The  equations  I.  and  XIL  give, 

XXII.  . .  S(r'(<'-p)  +  ^i2'  =  0, 
the  independent  variable  (  being  again  arbitrary ;  but  these  equations  XII.  and 
XXIL  coincide  with  the  formuls  898,  LXXXIX.  and  XCL ;  we  may  then,  by 
898,  (79.)  and  (80.),  consider  the  locus  of  the  point  p  as  the  envelope  of  a  variable 
sphere,  namely  of  the  sphere  which  has  8  for  centre  and  It  for  radius,  and  is  repre- 
sented by  the  recent  equation  XIL,  if  p  =  OP  be  the  vector  of  a  variable  point 
thereon. 

(12.)  But  whereas  such  an  envelope  has  been  seen  to  he  generally  a  sutfaee,  which 
is  real  or  imaginary  (898.  (79.))  according  as  JB'»  +  a'»  <  or  >  0,  we  have  here  by 
XIII.  the  intermediate  or  limiting  ease  (comp.  898,  CXXXI.),  for  which  the  circles 


*  In  genera],  it  may  have  been  observed  that  we  have  hitherto  abstained,  at 
least  in  the  text  of  this  whole  Chapter  of  Applications,  from  making  any  use  of 
infinitesimals,  although  they  have  been  often  referred  to  in  these  Notes,  and  employed 
therein  to  assist  the  geometrical  investigation  or  enunciation  of  results.  But  as 
regards  the  mechanism  of  calculation,  it  is  at  least  as  easy  to  use  infinitesimals  in 
quaternions  as  in  any  other  system :  as  will  perhaps  be  shown  by  a  few  examples, 
farther  on. 

t  Compare  the  Note  to  page  616. 
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of  the  qntem  become  paintt,  and  the  eorftioe  itself  degenerates  into  a  airve,  which  is 
here  the  inwoiMte  (p)above  oonatdexed.  The  imooimie»  of  a  gioen  curve  (s)  are  then- 
tonincludedj  as  a  limit,  in  that  general  »y»tem  ofem9elope$  which  was  oonddered  in 
the  lately  cited  subarticles,  and  in  others  Immediately  following. 

(18.)  The  eqMotioK  of  condition,  898,  CXXXVI.,  la  in  this  case  aatiafied  by 
XIII.,  both  members  vanishing;  bat  we  cannot  now  put  it  nnder  the  fonn  898;, 
OXLL,  because  in  the  passage  to  that  form,  in  898,  (85.),  there  wastadtly  efiected 
a  divition  hjf  r*,  which  is  not  now  allowed,  the  radios  r  of  the  circle  on  the  envelope 
being  in  the  present  case  equal  to  xero.  For  a  similar  reason,  we  cannot  now  dividt 
by  ^,  as  was  done  in  898,  (86.) ;  and  because,  in  virtue  of  II.,  the  tav  equations 
898,  CLX.  reduce  themselves  to  one,  they  no  longer  conduct  to  the  fonnulss  398, 
CLX'.  CLXI.  GLXr.  CLXIII.  XCIY. ;  nor  to  the  second  equation  898,  CLXU. 

(14.)  The  general  geometrical  relations  of  the  curves  (p)  and  (a),  which  were 
investigated  ui  the  sub-artidea  to  898  for  the  case  when  the  condition*  above  re- 
fBrred  to  is  satisfied,  are  therefore  only  very  partially  applicable  to  a  system  of  taro- 
intc  and  cvolnie  in  space :  at  least  if  we  still  consider  the ybrmer  curve  (the  involute) 
as  being  a  rectangular  trajectory  to  the  tangents  to  the  latter  (the  evolute),  instead 
of  being,  like  the  curve  (p)  previously  considered,  a  rectangular  tnijectory  (898,  (94.)) 
to  the  oeadating  planegf  of  the  curve  (a). 


*  11^  without  thinking  of  evolutes,  we  merely  suppose  that  the  concKCum  398, 
GXXXV I.  is  satisfied,  as  lately  in  (18.),  by  our  having  the  relation  A'*  +  «^  =  0, 
it  will  be  found  (comp.  the  symbolical  expression  274,  XX.  for  0^,  and  the  inmgi- 
nary  solution  in  858,  (18.)  of  the  system  Syp  s  0,  pS=  0),  that  the  envelope  of  the 
ephere  (tr  —  f>)'  +  J2>  »  0,  or  the  /oci»  of  the  (null)  circlet  in  which  such  spherca  are 
(conceived  to  be)  cut  by  the  (tangent)  planetj  Sff*  («  -  p)  +  J2i2'=  0,  may  be  said  to 
be  generally  the  system  of  all  those  imaginary  poimte,  of  which  the  vecton  (or  the 
bivectortf  comp.  214,  (6.))  are  assigned  by  the  formula, 

p  =  <T  -  Hff-^o'  +  (U<r'  +  y^l)  V<r> ; 
where  ;«  is  an  arbitrary  vector,  and  *y~  1  is  the  old  imaginary  of  algebra.     By 
making  ;«s  0  we  reduce  this  expression  for  p  to  the  real  vector  firm, 

=  the  K  of  398,  CXXXL" ;  and  thus  the  e«ro«  (p),  which  is  here  the  loeue  of  the 
eentree  of  the  null  eirclee  ofcontaet,  and  coincides  with  the  involute  in  the  present 
series  of  sub-articles,  may  atill  be  called  a  Singular  Line  upon  the  Envdope  ^tke 
Sphere  (with  One  Variable  Parameter'),  as  bebg  in  the  present  case  the  onfy  real  part 
of  that  elsewhere  imaginary  surface, 

t  The  curve  to  the  osculating  planes  of  which  another  curve  ia  thos  an  or- 
thogonal trajectory,  and  which  is  therefore  (898,  (96.))  the  cusp-edge  of  the  polar 
developable  of  the  latter  curve,  was  called  by  Lancret  its  evolute  by  the  plane  (de- 
velopp6e  par  le  plan) ;  whereas  the  curve  (s)  of  the  present  series  (400)  of  snb-ar- 
tides,  to  whose  tangents  the  corresponding  curve  (p)  is  an  orthogonal  triyectoiy,  has 
been  called  by  way  of  distinction  the  evolute  by  the  thread  (developpee  par  le  fil)  of 
this  last  curve.  It  would  be  improper  to  delay  here  on  subjects  so  well  known  to 
geometen :  but  the  student  may  be  invited  to  read  again,  in  connexion  with  them, 
the  sub-articles  (88.)  and  (89.)  to  Art.  398. 


CHAP.  III.]    CURVATURE  OF  HODOORAPH  OF   BTOLUTE.  625 

(15.)  If  the  are  of  the  etolute  be  again  taken  fbr  the  independent  yariable  /,  and 
if  the  positive  direction  of  motion  along  that  arc  be  always  towards  the  involute^  we 
may  write, 

XXIIL  ..p  =  <f  +  ll<r',    Jr  =  -1,     if'Ja-l,  &c; 
whence 

XXIV.  ..p'=A(r",     p-=JJ«r'*-«r'',    VpV.^JPV^r'V; 

if  then  c  «  ok  be  the  vector  of  the  centre  k  of  the  circle  which  oscnlates  to  the  invo- 
lute at  p,  the  general  formula  889,  lY.  gives,  after  a  few  redactions,*  the  expression 
(comp.  897,  XVI.  XXXIV.,  and  XCVIII.  (16)), 

-^+  Va^'cF^  '^'"  Vi/V'-i 
=  <r  -  ifcrr^Xr'  =  cr  +  UXi.  R  cos  fii, 
if  ri,  J7i,  and  Xi  be  what  r,  H,  and  X  in  897  become,  when  we  pass  from  the  carve 
(p)  to  the  curve  (s),  with  the  present  relations  between  those  two  carves ;  this  cen- 
tre of  curvature  K  is  therefore  the  foot  of  the  perpendicular  let  fall  ^om  the  point  p 
iff  the  inwolute,  on  the  rectifying  line  Xi  of  the  etolute :  as  indeed  is  evident  from 
geometrical  considerations,  because  by  (3.)  this  rectifying  line  of  the  curve  (s)  is  the 
polar  axis  of  the  curve  (p). 

Cl6.)  If  we  conceive  (comp.  889,  (2.))  an  auxiliary  spherical  curve  to  be  de- 
scribed, of  which  the  variable  unit- vector  shall  be, 

XXVI. .  .  0T=  r  =  (/=  U(p  -  ff)  = -R-i(p -  0» 
and  snppose  that  v  is  the  vector  ou  of  the  centre  of  curvature  of  this  new  curve,  at 
the  point  t  which  corresponds  to  the  point  s  of  the  evolute,  we  shall  then  have  by 
XXV.  the  expreesioo, 

XXVII.. .T,r  =  »-r  =  ^^,=  =^.=  i^P=PK:f5; 

we  have  therefore  this  theorem,  that  the  inward  radius  of  curvature  of  the  hodograph 
of  the  evolute  (concdved  to  be  an  orhii  described,  as  in  879,  (9.),  with  a  constant 
v^ocity  taken  for  unity)  is  equal  to  the  inward  radius  of  curvature  of  the  involute^ 
divided  by  the  interval  JS  between  the  two  carves  (p)  and  (a) :  and  that  these  two 
radii  ofeurvaturCf  tu  and  px,  have  one  common  direction^  at  least  if  the  direction 
of  motion  on  the  evolute  be  supposed,  as  in  (15.),  to  be  towards  the  involute. 

(17.)  The  following  is  perhaps  a  simpler  enunciation  of  the  theoremf  just  sta- 
ted : — Ifpy  Pi,  Ps, . .  and  a,  81,83,..  be  corresponding  points  of  involute  and  evo' 


•  Especially  by  observhig  that  V<rV<r'V'=-  (r"»,  because  S^V^  0,  and  SerV" 

f  Some  additional  light  may  be  thrown  on  this  theorem,  by  comparing  it  with 
the  eonetruetion  in  897,  (48.) ;  and  by  observing  that  the  equations  897,  XVI. 
XXXIV.  give  generally,  in  the  notations  of  the  Article  referred  to,  for  the  vector  of 
the  centre  of  curvature  of  the  hodograph  of  any  curve,  the  transformations, 

r+--!l-==r  +  ^  =  -r-»X-»==UX.cosir. 
Vr  r">  X 

4l 
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lutty  and  if  we  draw  lines  STi  I  SiPi,  stjI  S2P1, . .  with  a  cpmrnon  length  =  sp,  the 
epherical  carve  ptiT>i  . .  wiU  then  have  contact  of  the  eeeond  order  with  the  emrre 
ppiFs . .,  that  IB  with  the  involate  at  p. 

401.  The  fundamental  formula  389,  IV.,  for  the  vector  of  the 
centre  of  the  osculating  circle  to  a  curve  in  space,  namely  the  for- 
mula, 

which  has  been  so  extensively  employed  throughout  the  present 
Section,  has  hitherto  been  established  and  used  in  connexion  with 
derivatives  and  differentiak  of  vectors,  rather  than  with  differences^ 
great  or  small.  We  may  however  establish,  in  another  way,  an  es- 
sentially equivalent  formula,  into  which  differences  enter  by  their 
limits  (or  rather  by  their  limiting  relations),  namely,  the  following, 

III.  .  •  ic=:  D  +  lim.  ^rTTT-f     i^    li™-  ^/»  =  0,     and    lim.  -— -  =0, 
VA'/)A/>  A/> 

the  denominator  Y^^p^p  being  understood  to  signify  the  same  thing 
as  y  ( A'/> .  A/)) ;  and  then  may,  if  we  think  fit,  interpret  the  differenr 
tial  expressionll,  as  if  dp  and  dV  in  it  denoted  injinitesimalsy*  of  the 
first  and  second  orders :  with  similar  interpretations  in  other  but 
analogous  investigations. 

(1.)  If  in  the  second  expression  816,  L.,  for  the  perpendicular  from  o  on  the  line 
AB,  we  change  a  and  (i  to  their  reciprocals  (comp.  Figs.  68,  64)  and  then  take  the 
reciprocal  of  the  result,  we  obtain  this  new  expression, 

TV  >  _  g"'  - ff"^       a03-g)ff       OA.AB.OB 

.  .  .  ODs=    -  Yi^-i^^x  =       -ypa      ^  VCob.oa)' 

in  the  denominator  of  which,  ob  may  be  replaced  by  ab,  or  by  ao  4-  ab,  for  tha 
diameter  OD  of  the  circle  oab  ;  so  that  if  o  be  the  centre  of  this  circle,  its  vector 
y  =  OG  =  ioD  =  ^^  =  &c  Supposing  then  that  p,  q,  r  are  any  three  points  of  any 
given  enrve  in  space,  while  o  is  as  usual  an  arhiirary  origin^  and  writing 

V.  ,.op  =  p,    og«p  +  Af>,    OB  =  p  +  2Ap  +  A*p, 
and  tiierefbre 

VI.  . .  PQ  =  Ap,     QR  =  Ap  +  A«p,    }PB  =  Ap  +  J A»pi 

the  centre  c  of  the  circle  pqb  has  the  following  rigorous  expression  for  its  vector: 

VII.  .  .  00  =  y  =  p+  ^P(AP  +  A«p)(Ap-HAV). 


Compare  845,  (17.),  and  th«  first  Kote  to  page  623. 
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whence  passing  to  the  Kmit,  ve  obtain  sncceasively  the  expressions  III.  and  II.  for 
the  vector  c  of  the  esKire  of  curvature  to  the  curve  pqb  at  p  ;  the  two  other  points, 
Q  and  R,  being  both  sapposed  to  approach  indefinitely  to  the  given  point  p,  accord- 
ing to  any  law  (comp.  392,  (6.)),  which  allows  the  two  successive  vector  chords,  pq 
and  QB,  to  bear  to  each  other  an  ultimate  ratio  of  equality, 

^2.)  Instead  of  thusy?r«^  forming  a  rigorous  expression,  such  as  VII.,  involving 
the  differeneee  Ap  and  A*p  ;  then  eimplifyiny  the  formula  so  found,  by  the  rejection 
of  termSf  which  become  indefinitely  tmall^  with  respect  to  the  terms  retained ;  and 
finally  changing  differences  to  differentiaU  (comp.  344,  (2.)^,  namely  Ap  to  dp,  and 
A'p  to  d*p,  in  the  homogeneoue  expression  which  results,  and  of  which  the  limit  is  to 
be  taken :  we  may  abridge  the  calculation^  by  at  once  writing  the  differential  jym- 
bolSf  in  place  of  differeneee,  and  at  onee  wpprening  any  torms,  of  which  ireforetee 
that  they  must  disappear  from  the  final  result.  Thus,  in  the  recent  example,  when 
we  have  perceived,  by  quaternions,  that  if  k  be  the  centre  of  the  circle  pqb,  the 
equation 

VIIL..PK  =  ^il^i^?^±^ 
V1(qb-pq)pq} 

is  rigorousy  we  may  at  onee  change  each  of  the  three  factors  of  the  numerator  to  dp, 
while  the  factor  qr  —  pq  in  the  denominator  is  to  be  changed  to  d'p  ;  and  thus  the 
differential  expression  II.,  for  the  inward  vector^radius  of  curvature  k  —  py  is  at 
once  obtained. 

(8.)  It  is  scarcely  necessary  to  observe,  that  this  expression  for  that  radius,  as  a 
vector,  agrees  with  and  includes  the  known  expressions  for  the  same  radius  of  curva- 
ture of  a  curve  in  space,  considered  as  a  (positive)  scalar,  which  has  been  denoted  in 
the  present  Section  by  the  italic  letter  r  (because  the  more  usual  symbol  p  would 
have  here  caused  confusion).  Thus,  while  the  formula  II.  gives  immediately  (be- 
cause Tdp  =  d«)  the  equation, 

IX...i-id*>=TVdpd2p, 
it  gives  also  (because  dp*  =-  d«2,  and  Sdpd'p  =  -  dsdU)  the  transformed  equation, 

X.  .  .  r-id»2  =  V(TdV-dV); 
and  it  conducts  (by  889,  YI.)  to  Uiis  still  simpler  formula  (comp.  the  equation  r'l 
=  Tr',  396,  IX.), 

XL  ..i-id»  =  TdUdp. 
(4.)  Accordingly,  if  we  employ  the  standard  trinomial  form  (295, 1.)  for  a  vector  ^ 
XII. .  .  p  =  Mj+jy  +  Az, 
which  gives,  by  the  laws  of  the  symbols  ijk  (182,  183), 

f  dp  =  idx+ydy  +  Mz,  d*  =  Tdp  =  V(da;«  +  dy»  +  d«»), 

I  d«p  =  td**  +>d«y  +  kdH,  TdV  =  V(d«a;«  +  d»y«  +  d«««), 

XIII. . .  J  Ydpd'p  =  i(dydH -  dzd«y)  +  j(,dzd*x  -  dxd'^z)  +  k (dxd^y  -  dyd»aj), 
I  djB       dv        dr  _  .  d* 

the  recent  equations  IX.  X.  XI.  take  these  known  forms  : 
IX'.  .  .  r-id#»  =  V((dyd«z  -  dxd'y)*  +  •  •)  ; 
X'.  .  .  r-id*»  =  V(d»a^  +  d^  ■+  d***  -  d***) » 


XI'.  .  .  r-»d* 


■Ai'tH'^K'H)- 
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(6.)  The  fonnuU  lY.,  which  lately  served  us  to  determine  a  diAiaeter  of  a  dfde 
through  three  given  points,  may  be  more  symlnefcricaUy  written  as  follows.  I/mjd 
ht  a  diameter  of  the  eireie  jlbc,  then 

XIY.  .  .  ▲D.y(AB.BC)=AB.BC.OA; 

an  equation*  in  which  V(ab.bo)  may  be  changed  to  y(AB.Ac),  &c.,  and  in  wh^h 
it  may  be  remarked  that  each  member  is  an  expression  (comp.  296,  Y.)  for  a  vector 
AT,  which  touehee  at  A  Me  eegment  abc  :  wliile  its  length  is  at  once  a  representa- 
tion of  the  prcHfttcf  of  the  lengthe  of  the  eidee  of  the  triangle  ABO,  and  also  of  the 
double  area  of  that  triangle  (comp.  281,  XI 11.),  multiplied  by  the  di€aneter  of  the 
eireumecrU>ed  circle, 

(6.)  In  general,  if  pqbs  be  any  four  condreular  points,  they  satisfy  (by  260, 
IX.,  comp.  296,  (8.))  the  condition  ofconcircularity, 

\8Q  Rpy 
which  may  be  thus  transformed  :t 

XVI... vr-  ■  ^''+«"^  -/  ^  -  •»•■+•»«> 


\P8  PR       J  \P8 


PR     y 
Writing  then  (comp.  YI.,  and  the  remarks  in  (2.)), 

XVII.  .  .  P8  =  «  -  p,    PQ  =  dp,    PR  =  2dp  +  dVi    QP +QR=dV» 
the  second  member  is  seen  to  be,  on  thepreeent  plan,  an  vifimtetimal  of  the  second 
order,  which  is  therefore  to  be  euppreeeed,  because  the  first  member  is  only  of  the 
firet  order  ;  and  thus  we  obtain  at  once  the  following  vector  equation  of  the  osculat- 
ing eireie  to  the  curve  pqr  at  p, 


*  A  student  might  find  it  useful  practice  to  verify,  that  if  we  write  in  liken 
ner, 

XIY'. .  .  BB . Y(bo  .  ca)  =  bo  .  ca  .  ab, 

BO  that  BB  is  a  second  diameter,  then  ab  »  bd,  or  abdb  is  a  paraUelogram.  He  may 
employ  the  principles,  that  a/3y  =  y/3a,  if  So/3y  =  0,  and  that  /3y  -  y/3=  2Y/3y ;  in 
virtue  of  which,  after  subtracting  XI V.  from  XIY.,  and  dividing  by  Y(bc.ca),  or 
by  its  equal  Y(ab  .  bc),  the  equation  ad  -  bb  «  2ab  is  obtained,  and  proves  the  re- 
lation mentioned.     It  is  easy  also  to  prove  that 

XIV". .  .  bd.Y(bo.oa)sab.S(bo.oa}, 
and  therefore  that  abdb  is  a  rectangle, 

t  Without  having  recouvse  to  this  transformation  XYI.,  we  might  treat  the 
condition  XY.  by  infinitesimals ^  as  follows : 


XYir.  .  . 


'P8  _ 

1  +  ^ 

=  1  +  - 

dp 

-..   =1  + 

^    . 

Q8 

08 

«i» 

-P- 

-dp 

„-p' 

2qr 

-l+^'-i^". 

1  + 

dap 

-^uf- 

PR 

PR 

Sdp  +  d'p 

Tjdp 

equating  then  to  zero  the  vector  part  of  the  product  of  these  two  expressions,  and 
suppressing  the  infinitesimal  of  the  second  order,  the  equation  XVII L  of  the  osculat- 
ing circle  is  obtained  anew. 
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which  agrees  with  the  equation  892,  VL,  although  deduced  in  a  quite  different  man- 
ner, and  conducts  anew  to  the  ezpreseion  II.  for  «-  p,  nnder  the  form, 

XIX. . .  J5-+ V  ^,  aa  in  892,  VIIL 
«-p        dp 

(7.)  Again,  if  od  =  ^  be  the  diameter  from  the  origin,  of  any  tphere  through  that 
point  o,  which  passes  also  through  any  tKree  other  piven  pamte  A,  b,  g,  with  oa  =  a, 
&c.,  we  hare  by  296,  XXVI.  the  formula, 

XX. . .  dSaPy  =  Ya(fi-a)  (y-^)r; 
writing  then  (oomp.  XVIL), 

XXL  ..  a  =  dp,    /3-a=dp  +  dV,    y-i3=dp  +  2dV  +  dV, 
and  XXIL  ..  ^=2p8s  2  (<r-p), 

where  <r  is  (as  in  895,  &c.)  the  yector  ob  (flrom  an  arbitrary  origin,  o)  of  the  centre 
8  of  the  oteulating  tphere  to  a  curve  of  double  curvature  at  p,  we  have  by  tn/Siii^eW- 
ina/«,  suppressing  terms  which  are  of  the  seventh  and  higher  orders,  because  the  first 
member  is  only  of  the  sixth  order,  and  reducing*  by  the  rules  of  quaternions, 

XXIIL.  .(<r-p)8dpd«pdV  =  }Vdp(dp  +  d»p)(dp  +  2d»p  +  d»p)  (8dp  +  8dV  +  d*p) 
=  8  Vdpd"pSdpdap  +  dp*  Vd»pdp ; 

which  agrees  precisely  with  the  formula  895,  XIII.,  although  obtained  by  a  process 
so  different. 

(8.)  Finally  as  regards  the  osculating  plane,  and  the  second  emrvaiure,  of  a  curve 
in  space,  infinitesimals  give  at  once  for  that  plane  the  equation, 

XXIV. . .  S  (w  -  p)  dpdV  s  0,  agreeing  with  876,  V. ; 
and  if  three  consecutive  elements  of  the  curve  be  represented  (comp.  XXI.)  by  the 
differential  expressions, 

XXV. , .  PQ=dp,    QB=dp  +  d*p.     BS  =  dp  +  2dV+d'pi 
the  second  curvature  r',  defined  as  in  896,  is  easily  seen  to  be  connected  as  follows 
with  the  angle  of  a  certain  auxiliarg  quaternion  q,  which  differs  infinitely  KttU 
from  unity : 

XXVI.. .r«,=^,,    if    XIVII...,=^?i:2!i>     l  +  ^^ 
'  '     V(pq.qb)  Vdpd*p' 


*  Of  the  eighteen  terms  which  would  follow  the  sign  of  operation  |y,  if  the  se- 
cond member  of  XXIII.  were  fully  developed,  om  is  of  ihefimrth  order,  but  is  a 
scalar;  three  are  at  Ihe  fifth  order,  but  have  a  scalar  sum  ;  nine  are  of  orders  higher 
than  the  sixth;  and  two  terms  of  the  sixth  order  are  sccUars,  so  that  there  remain 
only  three  terms  of  that  order  to  be  considered.  In  this  manner  it  is  found  that  the 
second  member  in  question  reduces  itself  to  the  sum  of  the  fwo  vector  parts, 

f V.  (dpd»p)«  =  8VdpdV .  Sdpd»p, 
and  Jdp*  V{dpd»p  +  8d»pdp)  =  dp«Vd»pdp ; 

and  thus  the  third  member  of  XXIII.  is  obtauied. 
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we  haye  then  the  ezpressioD, 

XXVIII.  .    Second  Curvature  =  ri  =  -^  =  S  c?^?r » 

op        Ydpdrp 

which  agrees  with  the  fommki  897,  XXYILi  and  has  been  illiutnted,  in  the  sab- 
articles  to  897  and  398,  by  numeroas  geometrical  applications. 

(9.)  On  the  whole,  then,  it  appears  that  although  the  logic  of  derived  vecton, 
and  of  differeniiaU  of  vectors  considered  m  finite  linegy  proportiontd  to  such  derita- 
iiveg,  is  perhaps  a  little  clearer  than  that  of  infiniteeimaU^  because  it  shows  more 
evidentljf  (especially  when  combined  with  Taylor'e  Series  adapted  to  Quatemicms, 
842,  376)  that  nothing  it  neglected,  yet  it  is  perfectly  possible  to  combine*  quater- 
nions, in  practice,  with  methods  founded  on  the  nunre  ueual  notion  of  Diffirmtials, 
as  infinitely  small  differences :  and  that  when  this  combination  is  jndidoaaly  made, 
abridgments  of  calculation  arise,  without  ang  ultimate  error. 

Section  7.— O/i  Surfaces  of  the  Second  Order  ;  and  on  Cur- 
vatures of  Surfaces. 

402.  As  early  as  in  the  First  Book  of  these  Elements,  some  spe- 
cimens were  given  of  the  treatment  or  expression  of  Surfaces  of  the 
Second  Order  by  Vectors  ;  or  by  Anharmomc  Equations  which  were 
derived  from  the  theory  of  vectors^  without  any  introduction,  at  that 
stage,  of  Quaternions  properly  so  called.  Thus  it  was  shown,  in  the 
sub-articles  to  98,  that  a  very  simple  anhamionic  equation  {xz=yw) 
might  represent  either  a  ruled  paraholoidr  or  a  rtdedhyperholoid^  ac- 
cording as  a  certain  condition  (ac  =  bd)  was  or  was  not  satisfied,  by 
the  constants  of  the  surface.  Again,  in  the  sub-articles  to  99,  two 
examples  were  given,  of  vector  eocpressions  for  cones  of  the  second  or- 
der (and  one  such  expression  for  a  cone  of  the  third  order,  with  a 
conjugate  ray  (99,  (5.));  while  an  expression  of  the  same  sort, 
namely, 

I. .  ./>  =  a;o+y/3  +  ^7,     with     a?'+y+z»=l, 

was  assigned  (99,  (2.))  as  representing  generally  an  ellipsoid^j  with 
a,  j3,  7,  or  OA,  OB,  DC,  for  three  conjugate  semidiameters.  And  finally, 

*  Compare  the  first  Note  to  page  62^.  It  will  however  be  of  course  neoessaiy, 
in  taiy  future  applications  of  quatemions,  to  specify  in  which  of  these  two  senses,  as  a 
finite  differential,  or  as  an  infinitesimal,  such  a  symbol  as  dp  is  employed. 

f  In  like  manner  the  expression, 

II.  .  .  p  =apa  +y^  +  zy,     with    *•  +y«  - «•  =  1,  or  =  -  1, 
represents  a  general  hyperboloid,  of  one  sheet,  or  of  two,  with  apy  for  conjugate  semi- 
diameters  :  while,  with  the  scalar  equation  «*  +  y>  —  s>  s  0,  the  same  vector  exprts- 
sion  represents  their  common  asymptotic  cone  (not  generally  of  revolution}* 
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in  the  sub- articles  (11.)  and  (12.)  to  Art  100,  an  instance  was  fur- 
nished of  the  determination  of  9.  tangential  plane  to  a  cone,  bj  means 
of  partial  derived  vectors, 

403.  In  the  Second  Book,  a  mnch  greater  range  of  expression 
was  attained,  in  consequence  of  the  introduction  of  the  peculiar  sym* 
bolsy  or  characteristics  of  operation^  which  belong  to  the  present  Cal- 
culus; but  still  with  that  limitation  which  was  caused,  by  the  con- 
ception  and  notation  of  a  Quaternion  being  confined,  in  that  Book,  to 
Quotients  of  Vectors  (112,  116,  comp,  307,  (5.)),  without  yet  admit* 
ting  Products  or  Powers  of  Directed  Lines  in  Space  :  although  ver- 
sors,  tensors^  and  even  norms*  of  such  vectors  were  already  intro- 
duced (156,  185,  273). 

(1.)  The  Sphere,f  for  inatance,  which  has  its  centre  at  the  ortptn,  and  has  the 
vector  OA,  or  a,  with  a  letufth  Ta  =  o,  for  one  of  its  radiij  admitted  of  being  repre- 
sented, not  only  (comp.  402, 1.)  by  the  vector  expreetion, 

I.  ..p  =  «a  +  y/3  +  «y,    *»+y« +  ««=!, 
with 

r.  ..Ta=T3  =  Ty  =  «,     and     I".  .  .  S^  =  S^  =  S  ^  =  0, 

but  also  by  any  one  of  the  following  equatione,  in  which  it  is  permitted  to  change  a 
to-a: 

11... -=K?;  III...eK^»l;     IV...N^=1;    146,  (8.),  (12.) 

pa  a      a  a 

V. .  .  Tp  =  ai  VL..  Tp  =  Ta;        VII.  ..T^=l ;  ^^g^^gj 

o     ^  /.         «  200,(11.), 

VIII...B?— ?  =  0;  IX...N^  =  N-;      X...Np  =  Na;         216,(10.), 

P  +  a  «         «  278,(1.) 

XL..fs?y-fv?Y=l;  XIL..NS^4-NV^=l5  204,  (6.),  XXV.,  XXVI. 
Xin...Nf8^  +  V^^i  =  l;    XIV...Tfs^  +  V^^=l;  204,(9.) 

or  by  the  eyttem  ofequationt, 

XV...S^  =  «,    (vey=»»-l(<0),  204,(4.) 

representing  a  eytiem  ofeirdee,  with  the  epherie  wurfaee  for  their  loeug. 


*  The  notation  Na,  for  (Ta)*,  althoogb  not  formally  introdoced  before  Art  273, 
had  been  used  by  anticipation  in  200,  (3.),  page  188. 

t  That  is  to  say,  the  tpherie  mrfaee  through  a,  with  o  for  centre.  Compare 
the  Note  to  page  197. 
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(2.)  Other  form$  of  aqnadoii,  for  tbe  aame  tpheric  snrfiMei  may  on  the  nme 
principles  be  usigned ;  for  example  we  may  write, 


XVI... ^=K-;                XVIL..N-  =  1;             XVIII. 
«        P                                     P 

XIX...Z^^^  =  J;        XX...  8  — =1;          XXL. 
p+a      2'                        />  +  a 

e  +  a 

or  (comp.  ISe,  (5.),  and  200,  (8.)X 

XXn...TO>-ca)  =  T(cp-o),    c>>l; 

imder  which  laitjbrm^  the  Mphtn  may  be  considered  to  be  generated  by  the  raols- 
Hon  of  the  circle,  which  has  been  already  spoken  of  as  the  ApcUowAan*  Locma, 

(8.)  And  from  asy  one  to  any  other ^  of  all  these  various  .^bmia,  it  is  posaiUe* 
and  easy  to  pau^  by  general  AaZet  of  7Vaiu/brma<toii,t  which  were  established  in 
the  Second  Book  :  while  taeh  of  them  is  capable  of  recdying,  on  the  principles  of 
the  same  Book,  a  Geometrical  Interpretation, 

(4.)  But  we  could  not,  on  the  principles  of  the  Second  Book  o/oae,  adiranoe  to 
such  subsequent  equatione  of  the  same  tphere^  as 

XXIII... p»=o«,   or  XXIV. ..p«  +  fli=o,     282, vn. xin. 

whereof  the  latter  includes  (282,  (9.)}  the  Important  equation  p>+ 1  s  0,  or  pi  =  - 1, 
of  what  we  have  called  the  Unit- Sphere  (128) ;  nor  to  such  an  exponential  expm- 
n'oM  for  the  veariahle  vector  p  of  the  eame  epheric  surface,  as 

XXV. . .  p  =  oJiV'tf"**"*!  808,  XVIII. 

in  which  y  and  il  belong  to  the  fundamental  system  ijk  of  three  reetanffular  wut^ 
Une§  (295),  connected  by  the  fundamental  Formula  A  of  Art  183,  namely, 

,i=>«=ik«  =  yA  =  -l,  (A) 

while  «  and  t  are  two  arbitrary  and  scalar  ffariableg,  with  simple  yeoiiM<r»c<i2t  ji^'- 
fieatione :  because  we  were  not  Men  prepared  to  introduce  any  eymdo/,  such  as  p*, 
or  A<,  which  should  represent  a  eqnare  or  other  |H>wcr  of  a  tiector.§    And  aimiUr  re- 


*  Compare  the  first  Note  to  page  128. 

f  T\m  richness  of  traneformation,  ot  quaternion  expressions  or  equations,  has 
been  noticed,  by  some  friendly  critics,  as  a  cAarac^emfic  of  the  present  Calcuhu.  In 
the  preceding  parts  of  this  work,  the  reader  may  compare  pages  128,  140, 183, 573, 
574,  575 ;  in  the  two  last  of  which,  the  variety  of  the  expressions  for  the  second 
curvature  (r^)  of  a  curve  in  space  may  be  considered  worthy  of  remaik.  On  tbe 
other  hand,  it  may  be  thought  remarkable  that,  in  this  Calculus,  a  sm^fo  expreseionj 
such  as  that  given  by  the  first  formula  (889,  IV.}  of  page  582,  adapts  itself  with 
equal  ease  to  the  determinaUon  of  the  vector  (c)  of  the  centre  of  the  osculatiny 
circle,  to  a  plane  curve,  and  to  a  curve  of  double  curvature,  as  has  been  sufficiently 
exemplified  in  the  foregoing  Section. 

X  Compare  the  second  Note  to  page  865. 

§  It  is  true  that  the  formula  A  was  established  in  the  course  of  the  Seocmd  Book 
(page  160) ;  but  it  is  to  be  remembered  that  the  symbols  ijh  were  there  treated  as  de- 
noting a  system  of  three  right  versors,  in  three  mutually  rectangular  pUtnee  (181) : 
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marks  apply  to  the  xepreMntatlon,  by  qaatemianfl^  of  oHur  turfacn  of  the  teeond 
order. 

404.  A  brief  review,  or  recapitulation^  of  some  of  the  ohief  ex- 
pressions connected  with  the  Ellipsoid^  for  example,  which  have  been 
already  established  in  these  ^^^m^nt^,  with  references  to  a  few  others, 
maj  not  be  useless  here. 

(L)  Besides  the  vector  expreeeion,  p  » «a  +  yjS  4- cy,  with  the  ecalar  retaJtion 
4^+y*+«*=l,  and  with  arbitrary  vector  valuet  of  the  constants  a,  j3,  y,  which 
was  lately  cited  (402)  from  the  Firat  Book,  or  the  equations  408,  L,  »Uho¥i 
the  conditione  403,  I'.,  II'.  which  are  peculiar  to  the  ipAere,  there  were  given  in 
the  Second  Book  (204,  (18.),  (14.))  eqnations  which  differed  from  those  lately  nom- 

bcred  as  403,  XI.  Xn.  XIIl.  XIV.  XV.,  only  by  the  subetitation  of  V  i?  for  V  ?  ; 

for  instance,  there  was  the  equation, 

analogous  to  403,  XI.,  and  representing  generally*  an  elliptoid,  regarded  as  the 
locus  of  a  certain  system  of  elliptetf  which  were  thus  substituted  for  the  cireluf 
(408,  XV.)  of  the  epherej  by  a  species  of  geometrical  deformation,  which  led  to  the 
establishment  of  certain  homologiet  (developed  in  the  sub-articles  to  274). 


although  it  has  einee  been  found  possible  and  useful,  in  this  Third  Book,  to  idenHfif 
those  right  vertore  with  their  own  indieee  or  axet  (295),  and  so  to  treat  them  as  a 
system  of  three  rectanffular  Une$,  as  above. 

*  In  the  eaee  ofparaUeliem  of  the  two  vector  constants  (fi  \\  a),  the  equation  I. 
represents  generally  a  Spheroid  of  revoiution,  with  its  axis  in  the  direction  of  a; 
while  in  the  contrary  case  ofperpendietdarity  (fi  -^  a),  the  same  equation  I.  repre- 
sents an  tUiptie  Cylinder^  with  its  generating  linee  in  the  direction  of  /3.  Compare 
204,  (10.),  (11.),  and  the  Note  to  page  224. 

t  The  equation  I.  might  also  have  been  thus  written,  on  the  principles  of  the  Se- 
cond Book, 

whence  it  would  have  followed  at  once  (comp.  216,  (7.)),  that  the  ettipeoid  I.  Is 
emiimtwo  drcJee,  with  a  common  radios  bT)3,  by  the  two  diaMctral  phnee, 

I".  ..8^  +  8^=0,      8^-8^  =  0. 
a        P  a        p 

In  fitct,  this  equation  I',  is  what  was  called  in  859  a  cyclic  form,  while  I.  itMlf  is 

what  was  there  called  tL  focal  form,  of  the  equation  of  the  surfituie ;  the  lines  a'l  ±  p-^ 

bdng,  by  the  Third  Book,  the  two  (real)  cyclic  normali,  while  P  is  one  of  the  two 

(real) /oca/  lines  of  the  (imaginary)  asymptotic  cone,     Compaq  the  Note  to  page 

474. 

4m 
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(2.)  Employing  ttill  omfy  quoHemit  of  vector*,  bat  introdiiciiig  two  piker  pain 
of  PBetor-eoHMtamUf  7,  d  and  1,  k,  instead  <^  the  pair  a,  /3  in  the  equation  I.,  whidi 
were  however  oonnected  with  that  pair  and  with  each  other  by  certain  aaBigned  re- 
toHontj  that  equation  was  transformed  sacoesaiTely  to 

IT.  ..Tf?-+K^^  =  l,  216,  X. 

and  to  a  form  which  may  be  written  thus  (comp.  217,  (5.))* 


III. 


[•[i  +  K-.p^Tp^Ti'-Tcai  217.  XVI. 


and  this  l^tfirm  was  interpreied,  so  as  to  lead  to  a  Sule  of  Qmttrueium*  (217, 
(6.))  (7.})i  which  was  illastrated  by  a  piagram  (Fig.  68),  and  from  which  many 
ffBometrieal  propertui  of  that  surface  were  deduced  (218,  219)  in  a  very  simple 
manoer,  and  were  confirmed  by  calculation  with  quaternions :  the  equation  and  con- 
ttraction  being  also  modified  afterwards,  by  the  introduction  (220)  of  a  imw  pair  of 
rector-constants,  i'  and  c',  which  were  shown  to  admit  of  being  sabstitotad  for  1 
and  c,  in  the  recent  form  III. 

(8.)  And  although  the  EgueUion  of  ConjugaHon, 

IV...S-S^-8fv^.r^Vl.  816,  LXin. 

a      a        \    P       P! 

which  connects  the  vectors  X,  fi  of  any  two  points  l,  x,  whereof  one  is  on  the  poiar 
plant  of  the  other,  with  respect  to  the  ellipsoid  I.,  was  not  attgntd  till  near  the  end 
of  the  First  Chapter  of  the  present  Book,  yet  it  was  there  deduced  by  prindpleB  and 
processes  of  the  Second  Book  alone :  which  thus  were  adequate,  although  not  in 
the  most  practically  convenient  way,  to  the  treatment  of  questions  respecting  foB^cnf 
planee  and  normait  to  an  elliptoid,  and  similarly  for  other  enrfaeeef  of  the  same 
second  order. 


«  TUs  Conatruetion  of  the  Ellipeoid,  by  means  of  a  Generating  lyiangie  and  a 
Diaeentrie  Sphere  (page  227),  is  believed  to  have  been  new,  when  it  was  deduced 
by  the  writer  in  1846,  and  was  in  that  year  stated  to  the  Royal  Irish  Academy 
(see  ito  Proeeedinge,  vol.  iii.  pp.  288,  289),  as  a  result  of  the  Method  ofOmater- 
MtoM,  which  had  been  previously  communicated  by  him  to  that  Academy  (in  the 
year  1848). 

t  The  following  are  a  few  other  references,  on  this  subject,  to  the  Second  Book. 
Expressions  for  a  Right  Cone  (or  for  a  single  eheet  of  such  a  cone)  have  been  given 

in  pages  119,  179,220,221.    In  page  179  the  equation  S^  S^  =  l,  has  been  as- 

a     p 

signed,  with  a  transformation  in  page  180,  to  represent  generally  a  CgeKe  Cone,  or 
a  cone  of  the  second  order,  with  its  vertex  at  the  origin ;  and  to  exhibit  its  cgOic 
planesy  and  eubeontrarg  tectione  (pp.  181,  182).  JUght  Cjglinders  haveoecunedin 
pages  198,  196,  197,  198,  199,  218.  A  case  of  an  EaipHe  CgUnder  has  been 
already  mentioned  (the  case  when  /3  -i-  a  in  I.) ;  and  a  transformation  of  the  equa- 
tion III.  of  the  ElUptoid,  by  means  of  reciprocate  taidnorme  &t vectors,  was  assigned 
in  page  298.    And  several  expressions  (comp.  408),  for  a  Sphere  of  which  the  on- 
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C4.)  But  in  thk  Third  Book  we  have  been  able  to  write  the  equation  III.  imder 
the  simpler  form,* 

V. . .  T(ip  +  p«)=Ka- 4«,  282,  XXIX. 

which  has  again  admitted  of  numerons  transformations;  for  instance,  of  all  those 
jvhich  are  obtained  bj  equating  (k>— i>)*  to  any  one  of  the  expressions  886,  (6.), 
for  the  »qMare  of  this  last  tentor  in  V.,  or  for  the  norm  of  the  quatemum  cp  +  pv ; 
eifeiie  Jbrmsf  of  equation  thus  arising,  which  are  easily  oonyerted  into  focal  forms 
(859);  while  a  reeiangular  tran»formaium  (878,  XXX.)  has  subsequently  been 
assigned,  whereby  the  lengths  (a^O)  '^^  "^  ^^  dxreetiont,  of  Uie  three  eemiaxet  of 
the  surliMe,  are  expressed  in  terms  of  the  two  veetor-constemts^  i,  c :  the  results  thus 
obtained  by  ealeulaium  being  found  to  agree  with  those  previously  deduced,  firom  the 
geometrical  eonMtructioH  (2.)  in  the  Second  Book. 

(5.)  The  equation  V.  has  also  been  differeatiaUd  (886),  and  a  normal  vector 
vssfp  has  thus  been  deduced,  such  that,  for  the  ellipsoid  in  question, 

VI. .  .  Sydp=:0,  and  VII.  . .  Svp  =  1 ; 
a  process  which  has  since  been  extended  (861),  and  appears  to  flimish  one  of  the 
best  general  methods  of  treating  avrfaeeeX  of  the  aeeond  order  by  quaternions :  espe-> 
dally  when  combined  with  that  theory  of  Unear  and  vector  fimctiona  (^p)  o/oec- 
tore^  which  was  deyeloped  in  the  Sixth  Section!  of  the  Second  Chapter  of  the  pre- 
sent Book. 


gin  was  not  the  centre,  occurred  in  psges  164,  179,  189,  and  perhaps  elsewhere, 
without  any  employment  otproduete  of  vectors, 

*  Mentioned  by  anticipation  in  the  Note  to  page  288. 

t  Compare  the  second  Note  to  page  688.  The  vectors  i  and  k  are  here  the 
egeUe  normals^  and  i  —  c  is  one  of  ih»  focal  lines  ;  the  other  being  the  line  t  —  k'  of 
page  282. 

t  The  following  sre  a  few  additional  references  to  preceding  parts  of  this  Third 
Book,  which  has  extended  to  a  much  greater  length  than  was  designed  (page  802). 
In  the  First  Chapter,  the  reader  may  consult  pages  805,  806,  807,  for  some  other 
forms  of  equation  of  the  ellipsoid  and  the  sphere.  In  the  Second  Chapter,  pages 
416,  417  contain  some  useful  practice,  above  alluded  to,  in  the  di£RsrenUation  and 
transformation  of  the  equation  r*sT(ip  +  pK).  As  regards  the  Sixth  Section  of 
that  Chapter,  which  we  are  about  to  use  (405),  as  one  supposed  to  be  familiar  to  the 
reader,  it  may  be  snfBdent  here  to  mention  Arts.  857-862,  and  the  Notes  (or  some 
of  them)  to  pages  464,  466,  468,  474,  481,  484.  In  this  Third  Chapter,  the  sub- 
articles  (7.)-(21.)  to  878  (pages  504,  &c.)  might  be  re-perused;  and  perhaps  the 
investigations  respecting  cones  and  sphero-conics^  in  894  and  its  sub-articles  (pages 
541,  &c.),  including  remarks  on  an  hyperbolic  cylinder,  and  its  asymptotic  planes 
(in  page  547).  Finally,  in  a  few  longer  and  later  series  of  sub-arUcIes,  to  Arts. 
897,  &c,  a  certain  degree  of  familiarity  with  some  of  the  chief  properties  of  sur- 
fiioes  of  the  second  order  has  been  assumed ;  as  in  pages  571, 588,  591,  and  generally 
in  the  recent  investigations  respecting  the  osculating  twisted  cubic  (pages  591,  620, 
&c),  to  a  helix,  or  other  curve  in  space. 

§  It  appears  that  this  Section  may  l>e  conveniently  referred  to,  as  III.  U.  6 ;  and 
similarly  in  other  cases. 
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405.  Dismissing  theoy  at  least  for  the  present,  the  special  consi- 
deration of  the  dlipaoidy  but  still  confining  ourselves,  for  the  mo- 
ment, to  Central  Surfaces  of  the  Second  Order^  and  using  freelj  the 
principles  of  this  Third  Book,  but  especially  those  of  the  Section 
(III.  iL  6)  last  referred  to,  we  may  denote  any  such  centra/ and  noit-* 
conical  surface  by  the  scalar  equation  (comp.  361), 

.      I.  ..//>  =  S^/>  =  1; 
the  asymptotic  cone  (real  or  imaginary)  being  represented  by  the 
connected  equation, 

IL  .  .//»  =  S/>0/)=O; 

and  the  egtuUion  of  conjugation,  between  the  vectors  />,  p'  of  any  tu?o 
points  p,  p',  which  are  conjugate  relatively  to  this  surface  I.  (comp. 
362,  and  404,  (3.),  see  also  373,  (20.)),  being, 

III.  .  .  /(/>,  ,,0  =/(/,  p)  =  Sp4>p'  =  Sp'<t>p  =  1 ; 

while  the  d^erential  equation  of  the  surface  is  of  the  form  (361), 

IV.  .  .  0  =  d//>e2Svd/>,     with     V. .  .  v  =  0/); 

this  vector-function  if>p,  which  represents  the  normal  v  to  the  surface, 
being  at  once  linear  and  sdf-conjugate  (361,  (3.)) ;  and  the  surface 
itsdfheAXkg  the  hcus  of  all  thepotiU^  p  which  are  conjugate  to  them- 
selves, so  that  its  equation  L  may  be  thus  written, 

I'. ../(/»,  p)  =  1,     because   /(j>,  p)  ^fp,     by  362,  IV. 

(1.)  Such  being  the /brm  of  ^p,  it  has  been  seen  that  there  are  always  £Are«  rtal 
and  rtetamffular  tmit-Umet^  ai,  a^t  03,  and  three  real  scaiara,  eu  c^  c^  sach  as  to 
satisfy  (oompb  867,  III.)  the  three  vector  equations, 

VI.  .  .  ^ai  =  -  «iaj,     ^at  =  -  eaas,    fa»^  -  Csos; 
whence  also  these  three  ecalar  equationt  are  satisfied, 

VII./<ii=ci,    /aj  =  C8,    /a3  =  C3j 
and  therefore  (comp.  862,  VII.), 

VIII.  .  ./(ci-»ai)=/(c,-4aa)=/(€s»a,)  =  l. 
(2.)  It  follows  then  that  the  three  (real  or  Imaginary)  rectangular  Hnee^ 
IX.  . .  j8i  =  ci-*fli,     pi  =  Ci^las,     Pi  =  C3^ai, 
are  the  three  (real  or  imaginary)  vector  temiaxet  of  the  surface  I. ;  and  that  the  three 
(positive  or  negative)  «ca/arff,  ci,  e%,  cs,  namely  the  tAreeroott  of  the  scalar  and  en&ie 
equation*  M=  0  (comp.  357,  (1.)),  are  the  (always  real)  inveree  squaree  of  the  three 
(real  or  imaginary)  scalar  eemiaxee,  of  the  same  central  surface  of  the  second  order. 


*  It  is  unnecessary  here  to  write  itfb  ==  0,  as  in  page  462,  &c,  becansa  the  fimc> 
tion  ^  is  here  supposed  to  be  eelf-conjugate;  its  eomtantt  beuig  also  rtaL 
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(8.)  For  the  reaSijf  of  that  »wface  I.,  it  is  neoeasary  and  sufficient  that  one  at 
ieoMt  of  the  three  scalan  ci,  ca,  cg  should  be  poMttive  ;  if  all  be  sach,  the  sorfaoe  is  an 
ellipMoid;  if  twOf  but  not  the  third,  it  is  a  tinffle-theeted  hyperboloid  ;  and  if  only 
one,  it  is  a  double-sheeted  hyperboloid :  those  scalars  being  here  snpposed  to  be 
each^tf«,  and  different  from  zero. 

(4.)  We  have  already  seen  (857,  (2.))  how  to  obtain  the  reetangular  trantfor- 
molioii, 

X.  .  . /p « ci {SaipJ^  +  C2(Saa|o)a  +  e3(So8p)», 

wluch  may  now,  by  IX.,  be  thus  written, 

XI. .  ./p  =  (S/3i-i/>)«  +  (Si38-ip)«4-(Sft-ip)tj 

bat  it  is  to  be  remembered  that,  by  (2.)  and  (8.),  om«  or  eyen  two  of  these  three  vee^ 
tors  PiPtfiz  mAy  become  im<iginary^  without  the  surface  ceasing  to  be  reed, 
(6.)  We  had  also  the  cyclic  trans/brmation  (857,  II.  II-O* 

XII.  .  .  /p  =  ^p»  +  Skpfxp  -p*(p-  SX^)  +  2SXpS/tp, 

in  which  the  scalar  y  and  the  vector  X,  /i  are  real^  and  the  latter  have  the  directions 
of  the  two  (real)  cyclic  normals ;  *  in  fact  it  is  obvious  on  inspection,  that  the  surface 
is  cut  in  circleSf  by  planes  perpendicular  to  these  two  last  lines, 

(6.)  It  has  been  proved  that  the  four  real  scalars,  ciCiCty,  and  the/ive  real  vec" 
tors,  aiasaaX/i,  are  connected  by  the  relationsf  (357,  XX.  and  XXI.), 

XIII. .  .  ri  =  -^-TX^,  ca  =  -^+SX^,     cs=-^  +  TX/t; 

XIV.  .  .  ai=U(XT/i-/iTX),     a2  =  UVX/i,         a3  =  U(XT/i-h/«TX); 

at  least  if  the  three  roots  cicjcz  of  the  cubic  Af =0  be  arranged  in  algebraically  as- 
eendiny  order  (857,  IX.),  so  that  ci  <  ^2  <  cg. 

(7.)  It  may  happen  (comp.  (3.))>  that  one  of  these  three  roots  vanishes  ;  and  in 
that  case  (comp.  (2.)),  one  of  the  three  semiaxes  becomes  infinite,  and  the  surface  I. 
becomes  a  cylinder. 

(8.)  Thus,  in  particular,  if  ci=  0,  or  ^  =  -  TX/x,  so  that  the  two  other  roots  are 
hoOk  positive,  the  equation  takes  (by  XII.,  comp.  857,  XXII.)  a  form  which  may 
be  thus  written, 

XV. . .  (SX/tp)«  +  (SXpT/»  +  S/ipTX)a  »  TX^  -  SX/»  >  0  ; 

and  it  represents  an  elliptic  cylinder. 

(9.)  Again,  if  02  =  0,  or  ^  =  SX^,  the  equation  becomes, 

XVL  .  .  2SXpS^p  =  1, 

and  represents  an  hyperbolic  cylinder ;  the  root  ci  being  in  this  case  negative,  while 
the  remaining  root  cz  is  positive. 


*  Compare  the  Note  to  page  468 ;  see  also  the  proof  by  quaternions,  in  378,  (16.), 
&€.,  of  the  known  theorem,  that  any  two  subcontrary  circular  sections  are  homosphe- 
ricai,  with  the  equation  (878,  XLIV.)  of  their  common  sphere,  which  is  found  to  have 
its  centre  in  the  diametral  plane  of  the  two  cyclie  normals  X,  ft. 

t  These  relations  and  a  few  others  mentioned  are  so  useful  that,  although  they 
occurred  in  an  earlier  part  of  the  work,  it  seems  convenient  to  restate  them  here. 
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(10.)  Bot  if  we  mippoae  that  ea  =  0,  or  ^=TX/ft,  so  thai  ci  and  es  tatbatk  negm- 
ttve,  the  equation  may  (by  857,  XXIII.)  be  reduced  to  the  form, 

XVII. .  .  (SXfipy  +  (8XpT/»  -  SfipTXy  =  -  TX^  -  SX;*  <  O ; 
it  represents  therefore,  in  thit  caae,  nothing  real,  although  it  may  be  taid  to  be,  in  the 
same  case,  the  equation  of  an  imaginaiy*  eUipHe  eylindtr, 

(11.)  It  is  scarcely  worth  while  to  remark,  tliat  we  have  here  anppaaed  each  of 
the  tufo  veeian  X  and  fi  to  be  not  only  real  but  aeiual(ATt  1) ;  tariteiiker  of  them 
were  to  ikmuA,  the  equation  of  the  snrfitce  would  take  by  XII.  the  form, 

IVIII.  ..p«=^-»,    or    XVnr.  ..Tp=(-y)-*, 
and  would  represent  a  real  or  imaginary  sphere,  according  as  the  scalar  constant  g 
was  negative  or  poeitioe  :  X  and  fi  haye  also  distinct  direetionSf  except  in  the  case 
ot  surfaces  of  revolution, 

(12.)  In  general,  it  results  from  the  rdations  (6.),  that  the  p/saeof  the  tvo  (rasl) 
egdic  normals,  X,  fi,  is  perpendicular  to  the  (real)  diirec^oii  of  that  (real  or  imagi- 
nary) Mwumf,  of  which,  when  considered  as  a  scalar  (2.),  the  inverse  square  et  is 
algehraicalfy  intermediate  between  the  inverse  squares  ci,  es  of  the  other  two  ;  or  that 
the  tS9o  diametral  and  cyclic  planes  (SXp  ^  0,  S/ip  =  0)  intersect  in  that  reo/  Kme 
(VX/t)  which  has  the  direction  of  the  real  unit-vector  at  (1.),  corresponding  to  the 
ai«aa  root  c%  of  the  cubic  equation  Ms=  0 :  all  which  agrees  with  known  results,  re- 
specting the  circular  sections  of  the  (real).e?/vMOid;  and  of  the  two  hyperhoMds, 

406.  Some  additional  light  may  be  thrown  on  the  theory  of  the 
cefUral  surface  405,  I.,  by  the  consideration  of  its  asymptotic  com 
405,  II. ;  of  which  cone^  by  405,  XII.,  the  equation  may  be  thus 
written, 

I-  •  .//>=^/>*  +  SX/>/t/)  =  /»«(^-SX;*)  +  2SX/»S/t/»  =  0; 
and  which  is  rtal  or  imaginary^  according  as  we  have  the  inequa- 
lity, 

II.  ..^<XV»,    or    III.  ..^>XV; 

that  is,  by  405,  (6.),  according  as  the  product  CiCt  of  the  extreme 
roots  of  the  cubic  M-  0  is  negative  or  positive  ;  or  finally,  according 
as  the  surface  fp^  I  is  a  (real)  hyperbohid^  or  an  ellipsoid  (real  or 
imaginary!). 

*  In  the  Section  (III.  ii.  6)  above  referred  to,  many  symbolical  results  have  been 
established,  respecting  imaginary  cyclic  normalsy  or  focal  Unes,  &c.,  on  which  it  is 
nnnecessary  to  return.  But  it  may  be  remarked  that  as,  when  the  scalar  fmnctiom 
fp  admits  of  changing  sign,  for  a  change  of  direction  of  the  real  vector  p,  so  as  to  be 
positive  for  some  such  directions,  and  negative  for  others,  although /(—p)s=/(4-p), 
the  two  equations,  /p  =  +  1,  /p  »  ~  1,  represent  then  two  real  and  conjugate  hyperho" 
loids,  of  different  species:  so,  when  the  function /p  is  either  essentially  positive,  or 
else  essentially  negative,  for  real  values  of  p,  the  equations/^  =  1  andyp  =  —  1  may 
then  be  said  to  represent  two  conjugate  ellipsoids,  one  real,  and  the  other  imaginary, 

t  Compare  the  Note  immediately  preceding ;  also  the  second  Note  to  page  474. 
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(1.)  As  Rgardfl  the  asfleited  reality  of  the  cone  I.,  when  the  eondUion  II.  is  sa- 
tisfied, it  nuiy  snfSoe  to  observe  that  if  we  cot  the  cone  by  the  planer 

IV.  ..SX(p-/i)«=-^, 
tbe  section  is  a  eirde  of  the  real  and  diaeentrie  tphere, 

V. .  .  /9«  =  2S/tp,    or    v.  .  .  (p-/i)2  =  M*  I 
and  a  rtai  cirehf  because  it  is  on  the  real  cylinder  of  revolution, 

VI. . .  TV(p  -  /i)UX  =  (T/««  -|?«TX-«)», 
so  that  its  radiuM  is  eqnal  to  this  last  real  radical. 
(2.)  For  example,  the  cone 

VII...S^S^  =  1,     or    Vir.  ..2(Sap8i3p-aV)  =  0, 
a     p 

which  nnder  the  form  Yll.  oocorred  as  early  as  196,  (8.),  and  for  which  Xsa, 
fi  =  pjff  =  Sa/3  -  2a',  and  therefore  TXft  +^  >  0,  the  condition  II.  reduces  itself  to 
TX/i  -^  >  0 ;  or  after  division  by  2Ta»,  &c,  to  the  form  (comp.  199,  XII.), 

VIII.  ..i(T4S)^>l,    or    VIir...8j^>lj 

snd  accordingly,  when  either  of  these  two  last  ineqnalities  exists,  it  will  be  found 

that  the  ephere  B^=l  \b  cut  by  the  plane  S  -«!  in  a  rea/ctrc/e,  the  base  of  a  r«a/ 

P  « 

cime  VII. 

(3.)  As  an  example  of  the  variety  ofproceeeee  by  which  problems  in  this  Calca- 

loa  may  be  treated,  we  might  propose  to  determine,  by  the  general  formula  389,  IV., 

the  vector  k  ot  the  centre  of  the  oeculatiny  circle  to  the  curve  TV,  V.,  considered 

merely  as  an  interteetion  of  two  surfaces.    The  first  derivatives  of  the  equations 

would  allow  us  to  assume  p'=VX(p-/i),  and  therefore  p^^Xp';  whence,  by  the 

formula,  we  have 

Tir  .     P''  .P'      SpX-»-V|«X  ... 

the  eeetion  is  therefore  a  ctrc/«,  because  its  centre  of  curvature  is  constant ;  and  its 
radius  iB^ 

X...r  =  T(p-ic)  =  T(p-fi  +  ^X->)  =  (TM*-i^'TX-«)», 

s  the  radius  of  the  cylinder  VI. 

(4.)  When  the  opposite  inequality  IIL  exists,  the  radius  X.,  the  cylinder  VI., 
the  eirele  IV.  V.,  and  the  cone  I.,  become  all  four  imaginary  :  the  plane  IV.  being 
then  wholly  external  to  the  sphere  V.,  as  happens,  for  histanoe,  with  the  plane  and 
sphere  in  (2.),  when  the  condition  VIII.  or  VIII'.  is  reversed. 

(5.)  In  the  intermediate  casCy  when 

XI.  ..p«  =  XV,    or    Xr.  ..^=TTX/i, 
the  radius  r  in  X.  vanishes;  the  right  cylinder  VI.  reduces  itself  to  its  axis  ;  and 
the  circle  IV.  V.  becomes  a  pointy  in  which  the  sphere  is  touched  by  the  plane.     In 
this  case,  then,  the  cone  I.  is  reduced  to  a  single  (real^)  right  Hne,  which  has 


*  It  may  however  be  said,  that  in  this  case  the  eoae  consists  of  a  pair  of  imagi- 
nary planes,  which  intersect  in  a  real  right  line. 
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(oompAre  the  aqnaUona  of  the  ellifiiie  e^Knden,  405,  XV.  XVII.)  the  directioa  of 
XTfi-fgTX^  if  ps~TX/^  bat  the  perpendicular  direction  of  XTfi  +  #iTX,  if  ^» 
+  TX;». 

(6.)  Id  general  (oomp.  405,  X.),  the  eqnadon  of  the  cone  I.  admits  of  the  reei- 
amgmiar  trangfonmation, 

XII.  .  .  /p  «  ci(Saip)«  +  Ci(Satpy  +  e^(Sa3p}«  =  0  ; 
and  the  two  ««5-ca««t  last  considered  (5.)  correspond  respect! vdj  (by  405,  (6.))  to 
the  eoaiMSMeao*  of  the  roots  ci,  cs  of  the  cnblc  if  =  0,  with  the  resulting  dtroetiamo  oi, 
as  of  the  only  real  iide  of  the  cope.  An  analogous  but  intermediate  case  (oomp.  405, 
(9.))  is  that  when  ei= 0,  or  p^SX/i ;  in  which  case,  the  cone  L  rednoes  itaelf  to  the 
pair  of  (real)  planea, 

XIII. .  .SXp.S/ip«0, 

namely  to  the  atpapiotie  pUmu  of  the  k^perholie  egUnder  405,  XYL,  or  to  thoat 
which  are  usnally  the  two  eydie*  planet  of  the  cone. 
(7.)  The  coftf  (oomp.  894,*<29.))9 

XIV. .  .^=-SXfi,    or    XIV. .  .  ci-c^  +  essO, 
for  which  the  equation  I.  of  the  cone  becomes, 

XV.  .  .  0=/p  =  2(SXpS|«p-p«SX/»)  =  2S(^p.V^p), 
may  deserve  a  moments  attention.  In  this  case,  the  two  planes,  of  Xp  and  fip, 
which  connect  the  two  cyclic  nonmale  X  and  /i  with  an  arhitrafy  tide  p  of  the  cone, 
are  always  rectangular  to  each  other ;  and  these  two  normals  to  the  cyclic  planes 
are  at  the  same  time  sides  of  the  cone,  which  thus  is  cut  in  circles,  by  planes  perpen- 
dicular to  those  two  sides.  And  because  the  equation  of  the  cone  may  (in  the  same 
case)  be  thus  written, 

XVI. .  .  TV(X  +  ^)p  =  TV(X-  /*)p, 

while  the  lengths  of  X  and  p  may  vary,  if  their  product  TX/i  be  left  unchanged,  so 
that  X  +  /1  and  \  —  p  may  represent  any  two  lines  firom  the  vertex,  in  the  plane  of 
the  two  cyclic  normals,  and  harmonically  conjugate  wUh  respe^  to  them,  it  follows 
that,  for  this  cone  XV.,  the  sines  of  the  inclinations  of  an  arbitrary  side  p,  to  tkeoe 
two  new  lines,  have  a  constant  ratio  to  each  other. 

(8.)  In  general,  the  second  form  I.  of/p  shows  (comp.  394,  (23.)),  that  the  eo«- 
stant  product  of  the  sines  of  the  inclinations,  of  a  side  p  of  the  cone  to  the  two  cydie 
planes,  has  for  expression, 

XVII...co..e.e„„e  =  i^_£-  +  c,^], 

while  the  first  form  I.  of  the  same  function  fp  reproduces  the  condition  of  reality  11., 
by  showing  that^ :  TX/i  is  (for  a  real  cone)  the  cosine  of  a  real  angle,  namely,  that 
of  the  qoatemion  product  \ppPi  since  it  gives  the  relation, 

XVIII.  .  .  =|-  =  SUXpfip  =  cos  ^  Xp/ip  =  cos  Z^  ^^T^ 


*  The  cones  and  surfaces  which  have  a  common  centre,  and  common  values  of 
the  vectors  X  and  //,  but  different  values  of  the  scalar  g^  may  thus  be  said,  m  s 
known  phraseology,  to  be  biconeyclic. 
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(9.)  We  nuiy  also  observe  that  in  the  ea$e  of  reality  II.,  with  exdadon  of  the 
sub-case  (6.),  if  az  have  the  direction  of  the  internal  axit  of  the  cone,  so  that 

XIX...ei<0,     cj<0,     €»>0,     or    XIX'.  .  .  ^>SX/i,    ^<TA/i, 

the  two  ndee  (of  one  sheet)  in  the  plane  of  X/i  have  the  directions, 

XX.  .  .  pi  =  cs-*a3 + (-  ci )-*«!,     p2  =  f3"*a3  -  (-  ci)-*ai ; 

if  then  their  mntoal  inelination,  or  the  angle  of  the  eone  in  the  plane  of  the  eydie 
normals,  be  denoted  by  2b,  we  have  the  values, 

XXI.  ..tan2b  =  — ,    XXr.  ..co82b  =  ^^^^^^=^; 

the  angle  of  the  qyatemion  Xpftp  is  therefore  (by  XYIII.),  equal  to  this  angle  2b, 
namely  to  the  areual  minor  axit  of  the  tphero-conie,  in  which  the  cone  is  cut  by  the 
concentric  unit^sphere. 

(10.)  The  same  condition  of  reality  II.  may  be  obtained  in  a  quite  diffisrent  way, 
as  that  of  the  reality  of  the  reciprocal  eone,  which  is  the  /oe«f  of  the  normal  vector, 

XXII.  .-v=:fp  =gp  +  YXpfu 

Inverting  this  linear  function  ^,  by  the  method  of  the  Section  III.  ii.  6,  we  find  first 
the  expression  (comp.  854,  (12.),  and  361,  (6.)*), 

XXIII. . .  mp  =  i^v=/i«XSXv  +  XVS|«v-y(X8/tv  +  MSXv)  +  (^  ~XV*)v, 
in  which  XXIV.  .  .  m=(^-SX^)(^«-XV)  =  -«i«»«5; 

and  next  the  reciprocal  equation  (comp.  861,  XXVII.), 

XXV.  .  .  0  =  SviPv  =  fia(SXv)«4-X«(S/tv)i-2|?SXvS^v  +  (^-XV')v*, 
which  may  be  put  under  the  form, 

the  quoiieni  g :  TXp,  thus  presenting  itself  anew  as  a  coeine,  namely  as  that  o^  the 
sMpplement  of  the  tttm  of  the  ineHnations  of  the  normal  v  (to  the  cone  I.),  to  the  two 
cyclic  normals  X,  fi  (of  that  cone) ;  or  as  the  cosinef  of  «-  ~  A  —  n,  if  A  and  b  denote 
(comp.  Fig.  80)  the  two  spherical  angles,  which  the  tangent  are  to  the  sphero-conic 
(9.)  makes  with  the  two  cyclic  ares :  so  that  by  comparison  of  XXI'.  and  XXVI. 
we  have  the  relation, 

XXVIL  .  .  A  +  B  =  i  ^+  ^-sir-2b. 
(11.)  Comparing  the  expression  XXI'.  for  cos  2b,  with  the  last  expression 


*  In  the  expression  361,  XXVI.  for  ^v,  the  second  term  ought  to  have  been 
printed  as  —  VX^SXv^ ;  or  else  the  sign  should  have  been  changed. 

t  This  relation  was  mentioned  by  anticipation  in  894,  (3.) ;  and  the  relation  in 
XXVII.  may  easily  be  verified,  by  conceiving  the  point  of  contact  p  in  Fig.  80 
(page  548)  to  tend  towards  a  minor  summit  of  the  conic,  or  the  tangent  arc  apb  to 
tend  to  pass  through  the  two  points  c,  c',  in  which  the  cyclic  arcs  intersect. 

4n 
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XVIII.  for  if :  TXfty  we  derive  the  following  eottMinteHtm  for  a  ^htrO'tomie^  whkh 
nuiy  euily  be  verified  by  geometry  :* 

Having  attumwi  two  poinU  (l,  m)  o«  a  sphere^  and  hamng  detenbed  a  tmaU 
eirdt  round  one  oftKtm  (say  l),  hueet  the  are$  (mq)  which  are  drawn  to  it*  eSrcmm- 
fnrenee  from  the  other  point ;  the  loene  of  the  hieeetinff  pointe  (p)  wUl  be  a  ephero- 
eonioj  with  the  two  fixed  poiniefor  its  two  cfdie  polea  (or  for  the  poke  of  its  cyefie 
arcs),  and  with  an  areual  minor  axis  (2b)  equal  to  the  areual  radime  of  the  emudi 
evrcle, 

(12.)  As  regards  the  areual  megor  azie  (say  2a)  of  the  same  sphero-oonic,  it  is 
(with  the  conditions  XIX.)  the  angle  between  the  two  sides  (comp.  XX.), 

XXVIII. .  .  pa  =  «s~*asf  (-  0%)-^%,    p^  =  e^^ai  -  (-  C8)-ia» ; 
whence  (oomp.  XXI.), 

XXIX. .  .  tan«a=  — ,    or    XXIX'.  . .  co8  2a='^-^i^^=(8ay)«i 
and  therefore,  a  few  easy  redactions  bdng  made, 


^-^.'M'-'Kh'-^^i' 


from  which  we  can  at  once  infer,  that  if  Afbeut  of  the  conic  be  determined,  by  draw- 
ing from  a  minor  summit  to  the  major  axis  an  arc  eqaal  to  the  major  wmniaTi^  a, 
the  minor  axie  eubtende  at  thiefbeua  (or  at  the  other)  a  epherieal  angle  efuai  to  the 
angle  between  the  two  eyclie  areg. 

(18.)  For  the  two  real  unifocal  trantfbrmations  of  the  equation  of  the  coa«,  or 
the  ybrmt, 

XXXI.  . .  a(Vap)»  +  6(S/3p)«  =  0,  and  XXXI'.  .  .  «(Va'p)«  +  6(S/3'p)»= 0, 
with  one  common  set  of  real  values  of  the  scalar  coefficient;  a  and  i,  but  with  two 
real  focal  unit  lines  a,  a%  and  two  real  directive  normals  /3,  /3'  corresponding,  it 
may  be  sufficient  here  to  refer  to  the  sub- articles  to  858 ;  except  that  it  should  be 
noticed,  that  if  the  cone  be  real,  and  if  the  line  az  bave  the  direction  of  its  intemal 
axiff,  so  that  the  inequalities  XIX.  are  satisfied,  and  therefore  also  (by  405,  (6.)), 

XXXII.  . .  «8-i  >  0  >  ci->  >  «»-», 
instead  of  the  inequalities  858,  III.,  or  859,  XXXVII.,  we  are  now  to  change,  in 
the  earlier  formula  referred  to,  the  symbols  cicte^iaiOi  to  cscic^a^aiaf,  bo  that  we 
have  now  the  values, 

XXXIII.  ..a  =  -ei,    6  =  cs-ci  +  C8,    if    Ti8  =  Tj3'=l. 
(14.)  And  as  regards  the  interpretation  of  the  «iitybca7/arM  XXXI.,  with  these 
last  values,  it  is  evidently  contained  in  this  other  equation, 

XXXIV... sin /ie.seoZ^=II^  =  f^::fi±f'>  =  const; 

the  sines  of  the  inclinations  of  an  arbitrary  side  (p)  of  the  rone,  to  a  focal  line  (a), 


*  In  fact,  the  bisecting  radii  op  are  parallel  to  the  supplementary  chords  k'q,  if 
mm'  be  a  diameter  of  the  sphere ;  and  the  locus  of  all  such  chords  is  a  cyclic  oone, 
resting  on  the  small  circle  as  its  base. 
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and  to  the  oorTespondiDg  diredcr  pltme  (-1-  /3),  thna  bearing  to  each  other  (as  is 
well  known)  a  conttatU  roiw^  which  remains  unchanged  when  we  pass  to  the  other 
(real)  foeal  line  (a')j  and  at  the  same  time  to  the  oiho'  (real)  director  plane  (-<-  /30 : 
and  the  foecU  plane  of  these  two  linee  (a,  a')  being  perpendicular  to  that  one  of  the 
three  axee^  which  corresponds  to  the  roof  (here  ei,  by  XXXII.)  of  the  cubic,  of 
which  the  reciprocal  is  algebraicallj  intermediate  between  the  reciprocals  of  the  other 
two, 

(15.)   It  is,  however,  more  eymmetric  to  employ  the  hifoeal  tranefomuition 
(comp.  860,  VI  •), 

XXXV. . .  0  =  (Sap)t  -  2eSapSap  +  (Sa»»  +  (1  -  «»)p«  ; 
in  which  the  scalar  constant  e  has  the  yalue  (comp.  XXIX'.), 

XXXVI.  .  .escos2a; 
and  a,  a'  are  the  twof  real  aaid  focal  unit  linee,  recently  considered  (13.). 

(IS.)  The  equation  XXXV.,  for  the  case  of  a  real  cone,  may  be  thus  written 
(comp.  XXVI.  XXXVI.), 

XXXVII.  ,.l^+l  ^,  =  oos-»«=2a; 

a         a 

the  emmX  of  the  tncUnatione  of  the  tide  p  to  the  two  focal  lines  a,  a'  being  thns  eoti- 
etant,  and  equal  (as  is  well  known)  to  the  major  axis  of  the  epherieal  conic :  and 
although,  when  «>  1,  the  cone  becomes  tnui^'aayy,  yet  it  is  then  asymptotic  to  a 
real  dUpeoid,  as  we  shall  shortly  see. 

407-  The  bifocal  form  (406,  XXXV.)  of  the  equation  of  &  cone 
may  suggest  the  corresponding  ybrfT), 

I.  .  .  C7=Cy/>  =  (Sa/))«-2«Sa/)SaV  +  (SaV)«  +  (l  -i^)p«, 

in  which  a  and  a'  are  given  and  generally  non-parallel  unit-lines, 

while  e  and  C  are  scalar  constants,  as  capable  of  representing  gene- 

rally  (comp.  360,  (2.),  (3.))  a  central  but  non-conical  surface  (fp  =  1) 

of  the  second  order.     And  we  shall  find  that  if,  in  passing  from  one 

such  stirface  to  another^  we  suppose  a  and  a'  to  remain  unchanged^ 

but  e  and  C  to  vary  together^  so  as  to  be  always  connected  by  the 

relation, 

IL..e=(6"-l)(<  +  SaaO?, 

in  which  I  is  some  real,  positive,  and^V^n  scalar^  then  all  the  sur- 

*  It  is  to  be  remembered  that,  in  the  formula  here  dted,  the  symbols  a,  a'  did 
not  denote  unit- vectors. 

t  When  these  two  Tcctors  a,  c^  remain  eonttant,  but  the  scalar  e  changes,  there 
arises  a  system  of  hieonfocal  coHes :  or,  by  their  intersections  with  a  concentric 
sphere,  a  system  of  bieonfoeal  sphe^o^conics.     Compare  the  Note  to  page  640. 

J  Or  the  differenee,  according  to  the  choice  between  two  opposite  directions,  for 
one  of  the  two  focal  lines.  The  angular  transformation  XXXVII.  may  be  accom- 
plished, by  resolving  the  equation  XXXV.  as  a  quadratic  in  e,  and  then  interpreting 
the  result 
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faces  I.  to  deduced,  or  in  other  words  the  surfaces  represoited  bj 
the  common  equation, 

TTT        n    nr      (Sa/^)'  -  2^apBa'p  -h  (SaV)'  +  (1  -  ^j/^* 

III... /»=?//>= (?ri)(,+s«aO ' 

with  e  for  the  ovXy  variable  parameter^  compose  a  Confocal  System, 
(1.)  Tb«  ieaiarform  III.  of  fp  gives  the  oonnected  vector  form, 

IV. . .  nv^t^p ^^— ^  (TiTsia-) ' 

which  may  also  be  thoa  written,  with  the  Talne  II.  of  Cf 

V.  .  .  CM=sC^p  =  (a-eo')Sap  +  («'-«o)Sa'p  +  (l-«")f>, 

so  that  the  fanction  ^  is  self-cot^ugatOf  as  it  ought  to  be. 
(2.)  And  because  we  have  thus, 

VI.  .  .  C««-  l)f^a  =  a'-e^     (e«-l)^«'=  a-«i', 
if  we  write,  for  abridgment, 

VII.  ..a«  =  (e+l)l>,    6a  =  («+Saa')/»,    cS=(e-l)P, 
we  shall  have  the  valaes, 

(^(a  +  aO  =-«-»(«  +  «*)» 
VIII.  .  .  UYaa'      =-6-«Vaa', 

comparing  which  with  405,  (1.),  (2.),  we  see  that  the  three  (real  or  imaginaiy) 
lines, 

IX-  .  .  aU(a  +  aO,     hXJYaa\    cU(a  -  a'), 

of  any  one  of  which  the  direction  may  be  reversed,  are  the  three  vector  eemiaies  of 
the  ewfaeefp  =  1 ;  and  therefore,  by  VII.,  that  the  syttem  III.  is  one  of  con/ceoU, 
as  asserted. 

(8.)  The  rectanfftUar  transformationSy  scalar  and  vector,  are  now  (oomp.  405, 
X.,  and  857,  V.  VIII.) : 

Y        r-^f„-(Sp^(«  +  ^'))'  ,  (SoUVgg')'  .   (SpU(a-a-))' 
JUL,  ,  ,  |»jr  :=  I'op  =  ■ ,  +  - 


U(a~flO.SpUCg-a') 


which  can  both  be  established,  by  the  rules  of  the  present  Calculus,  in  several  other 
ways,  and  firom  the  first  of  which  it  follows  that  (as  is  well  known)  ihroMgh  ta^pro- 
poaed  point  p  of  space  there  can  in  general  be  drawn  three  comjbeal  smrfdeet,  of  a 
given  syatem  III. ;  one  an  ellipeoid,  for  which  «>  ],  and  therefore  a'  >  6*  >cs>  0 ; 
another  a  single^sheeted  hyperboUnd,  for  which  e <  1,  e>^ Saa',  a*  > 6> >  0 > c^ ; 
and  the  third  a  double- theeted  hyperbohidf  for  which  e <- Saa',  e>~  1,  «'> 0 
>5»>e«. 
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(4.)  From  the  o<A«r  rectangular  transformation  XL  it  follows,  that  if  we  denote 
by  VI  —  ^ip  what  the  normal  vector  v=-^p  becomes,  when  p  remains  the  same,  but 
«  is  changed  to  a  second  root  ei  of  the  equation  IIL  or  X.  of  the  twfaeey  considered 
as  a  cubic  in  e,  then 

XIL  .  .  ^^i^=/*0via/2^iv  =  P0i0p  =  P^0ip; 
ei—  e 

but  XIIL  . .  Spvi  =  Spv  =/ip  =/p  =  1, 

/ip  heuig  formed  from/p,  by  the  substitution  of  ei  for  e ;  therefore, 

XIV. .  .  0  =  Sp^vi  =  Si/i0p  =  Sviv, 

and  the  known  theorem  results,  that  eonfocal  wrface*  cut  each  ether  orthogonally,* 

(5.)  It  follows,  from  y.  and  TI.,  that  the  inveree  Junction  0~>p  can  be  expressed 

as  follows : 

XV. .  .  ^-»p  =  /*(aSa'p  +  a'Sap)  -  *«p ; 

or  that  p  may  be  deduced  from  v  by  the  formula, 

XVI.  .  .  p  =  ^-iv  =  P  (aSaV  +  a'Sav)  -  6«v, 

which  can  easily  be  otherwise  established.  Hence  (comp.  861,  (4.)),  the  equation 
of  the  surface  reciprocal  to  the  surface  I.  or  III.,  or  of  that  new  eurface  wluch  has  v 
(instead  of  p)  for  its  variahle  vector^  is 

XVIL  . .  1  =  Fv  =  Si'^-i V  =  2PSavSaV  -  6«v» ; 
Wm  fixed  focal  lines  a,  a'  of  the  eonfocal  system  III.,  or  of  the  corresponding  system 
of  the  asymptotic  eoneSf  becoming  thus  (in  agreement  with  known  results)  the  fixed 
cyclic  normals  (or  cyclic  linesy  comp.  861,  (6.))  of  the  reciprocal  system  XVII. 

(6.)  In  thus  deducing  the  equation  XVII.  from  III.,  no  use  has  been  made  of 
the  rectangular  transformations  X.  XI.,  of  the  functions /p  and  fp.  Without  the 
transformations  last  referred  to,  we  could  therefore  have  inferred,  by  a  slight  modifi- 
cation of  the  form  XVII.,  that  the  reciprocal  surface  (Fv=  1)  with  v  for  its  vari- 
able vector,  which  has  the  same  rectangular  system  of  directions  for  its  three  semi- 
axes  as  the  original  surface  (^fp  =>  1),  but  with  inverse  squares  (the  roots  of  its 
cnbic)  equal  to  the  direct  squares  of  the  original  semiaxes,  has  for  equation  (oomp. 
405,  XIL), 

XVllI. .  .  1  =  Fy  =  i«  (Sa vo'v  -  «i/»)  =  SXvfi V + ^v«, 
if  XIX.  ..Xr=/a,     A»  =  /a',    ^  =  -eP  =  -eTX^; 

the  values  VII.  of  a\  &>,  c*  being  thus  deduced  anew^  but  by  a  process  quite  diffe- 
rent from  that  employed  in  (2.),  under  the  forms  (comp.  406,  XIIL), 

XX...a»=ca  =  -5'  +  TX^;     6«  =  C2  =  -5'+ SX^i ;     c"  =  Ci=-^-TX|i; 
while  the  directions  IX.  of  the  corresponding  semiaxes  may  be  deduced  as  those  of 
azt  a%  ai,  from  the  formuln  405,  XIV. 

(7.)  If  the  qnnbol  en  (v),  or  simply  wv,  be  used  to  denote  a  new  linear  and  self- 
conjugate  vector  function  of  v,  defined  by  the  equation, 

XXL  .  .  wv  =  pSpv  -  P  (flSa'v  +  a'Sav), 


*  We  shall  soon  see  that  the  same  formula  XIL,  by  expressing  that  v,  vi,  and 
^ vi  or  ^iv  are  complanar,  contains  this  other  part  of  the  known  theorem  referred  to, 
that  the  intersection  is  a  line  ofcurvature^  on  each  of  the  two  confocals. 
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with  p  kert  treated  as  a  vector  oonsCant,  then  (becanae  Spys  1)  the  eqnatioo  XTL 
maj  be  thoa  wrifetoa  (oomp.  864,  &c.), 

XXII.  ..(m  +  &«)v  =  0; 
the  three  reetamguhr  direeHatu,  of  the  three  normalt  v,  vi,  vs  to  the  three  eam/o' 
eaU  through  p,  are  therefore  those  which  satisfy  (comp.  again  354}  the  vector  yao- 
droHe  equation, 

and  they  are  the  direelume  of  the  axe§  of  this  new  ncr/bM  of  the  second  order  (oompt. 

857,  &c.)i 

XXIV.  . .  Bvuv  =  (Spv)«  -  2PSavSa*v  =  1, 

in  wiiich  p  is  still  treated  as  a  ametant  vector,  bat  v  aa.a  variable  one. 

(8.)  The  tiio«r«e  equares  of  the  eeaiar  eemiaxee  of  this  new  surfaoe  (Svti»v=  1), 
are  the  direet  squares  ^,  5i>,  fta'  of  what  may  be  called  the  wuan  eemiaxee  of  the 
<Aret  eonjbcale;  these  latter  sqoares  must  therefore  be  tlie  roota  of  this  new  cmihie, 

XXV. . .  0=  m  +  aiV+m"  W+  (^*)', 
in  which  the  coefficients  m,  »',  ai",  deduced  here  from  the  new/knetion  «,  aa  they 
were  dednoed  from  ^  in  the  Section  III.  iL  6,  have  the  values, 
(•=|A(8aa'p)«; 
XXVL  .  .  |«i'  =  ^(VaaO*+2PS(Vop.Va'p); 
(m-=p«-2PSaa'. 
Accordingly,  if  we  observe  that  (because  Ta  »  Ta'=  1)  we  have  among  others  the 
transformation, 

XXVII. . .  (Soapy  «  p«  (Jaay  -  (Sap)*  -  2Saa'SapSa'p  -  (Sa'p)«, 

we  can  express  this  last  cubic  equation  XXV.,  with  these  values  XXVL  of  its  co- 
efficients, under  the  fbrm, 

XXVm.  .  .  0=(6Hp«)  Kft'-PSaaO*-'*} 

+  2/»(5«-/tSaa')Sap8a'p  -  i*((Sap)«  +  (8a»«); 

which,  when  we  change  &•  by  VII.  to  iU  value  t»(e-^&aa')t  and  divide  by  ^,  be- 
comes the  cii5tc  in  «,  or  the  equation  III.  nnder  the  form, 

XXIX.  . .  0  =  (•»  -  1)  (2«(«  +  Sao*)  +  p«}  +  2eSapSap  -  (Sap)«  -  (Sa»«. 

(9.)  As  an  additional  test  of  the  eontUienesf  of  this  whole  theory  and  method, 
the  direetione  of  the  three  axee  of  the  siev  eurfaee  XXIV.,  or  those  of  the  three 
normalt  (7.)  to  the  confocals,  or  the  three  vector  roota  (854)  of  the  equation 
XXIIL,  onght  to  admit  of  being  assigned  by  three  expressions  of  the  forma. 

XXX.  .  .  I  niv\  =  i^/oi  +  *i»x*i  +  *i*^if 

in  which  6*,  &i>  h^  are  the  f Ar««  aealar  roote  of  the  cubic  XXV.  or  XXVIIL,  while 
(f,  ffi,  (fa  are  <Ar««  arbitrary  vectors ;  »,  iii,  ng  are  three  eoalar  eoefficiemtaj  which 
can  be  determined  by  the  conditions  Spv=  Spvi=  8pv%=  1  (oomp.  XIII.) ;  and  ^, 
X  are  two  new  amxUiary  Umear  and  v«cior/imc<»oiu,  to  be  deduced  here  from  the 
function  w,  in  the  same  manner  as  they  were  deduced  from  ^  in  the  Section  latdy 
referred  to. 
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(10.)  Aooordingly,  by  the  method  of  that  Section,  taking  for  convenience  the 
given*  vector  p  (instead  of  the  arbitrary  vectors  o-,  cri,  ff%)  as  the  subject  of  the  ope- 
radons  ^  and  Xi  "^^  ^^^  ^^®  expressions, 

XXXL  .  .  +p  =  /*  Voo'Saa  p,     XP  =  ^(«8a'p  +  a  Sap  -  2pSaa') ; 
whence,  after  a  few  redactions,  with  elimination  of  n  by  the  relation  Spv  =  1,  and  by 
the  cable  in  fr>,  the  first  eqaation  XXX.  becomes : 
XX^XTL  .  .  0  =  (6«v  +  p)  {(6«  -  nSaay  - 1^} 

+  P(6t  ^  fiSaa!)  (aSa'p  +  a  Sap)  -  /*  (aSap  +  a'Sa'p) ; 
which  is  in  fact  tiform  of  the  relation  between  v  and  p,  for  any  one  of  the  confocaU, 
as  appears  (for  instance)  by  again  changing  6^  to  Z2(e  -f  Saa"),  and  comparing  with 
the  eqaation  IV. 

(11.)  Another  and  a  more  interesting  auxiliary  aurfaee,  of  which  the  axes  have 
still  the  directions  of  the  normals  v,  is  found  by  inverti$uf  the  new  Unear  function  w, 
or  by  forming  from  XXII.  the  inverse  egtiation, 

XXXm. ..(«-» +  &-«)v=0; 
in  which, 

XXXrV.  .  .  «-»v.(Saa'p)«  =  Vaa'SoaV  +  Z-«(Vap8o'pv  + Vo'pSopv); 
and  from  which  it  foUows  that  the  normaU  v  to  the  eonfocals  through  p  have  the 
directions  of  the  axet  of  this  new  cone, 

XXXV.  . .  Sj/w-»  ir  =  0,    or    XXXVI.  . .  0  =  P  (SaaV)*  +  2SapvSo'pv, 
with  p  treated  as  a  constant,  as  before. 

(12.)  The  vertex  ot  this  auxiliary  cone  being  placed  at  the  given  point  p,  of  In- 
tersection of  the  three  eonfocals,  we  may  inquire  in  what  curve  is  the  cone  eutj  by 
the  plane  of  the  given  ybcaZ  linetj  at  a%  drawn  through  the  common  centre  o  of  all 
the  8ur£ice9  IIL  Denoting  by  ^  s#a  +  t*a'  the  vector  of  a  point  8  of  this  sought 
Beetion^  and  writing 

XXXVII.  .  .  v  =  <r-p=te+r'a'-p, 

the  eqaation  XXXVI.  gives  the  relation, 

p      flS-e* 
XXXVIII. . .  «!'  =  -  =  — : —  =  const. ; 
2  4 

the  section  is  therefore  an  Ayper6o/a,  which  is  independent  of  the  point  p,  and  has 

the  focal  lines  of  the  eyetem  for  its  aeymptotet.    And  because  its  vector  equation  may 

be  thus  written  (comp.  871,  II.), 

XXXIX. .  .  (f  »  fa  -h  i^-ia , 

or  what  may  be  called  its  quaternion  equation  as  follows  (comp.  871,  I.), 

XL.  .  .  2Vo<r.V<ra'  =  P(Vaa')S 
it  satisfies  the  two  scalar  equations, 

XLL..ai  =  0,     m'  =  0, 
with  the  significations  XXVL  of  m  and  m' ;  it  is  therefore  that  important  curve, 
which  is  known  by  the  name  of  the  Focal  Hyperbola  :f  namely  the  limit  to  which 


*  The  general  expressions  for  if/o'  and  xo  indade  terms,  which  vanish  when 
o  =  p, 

t  Compare  the  Notes  to  poges  231,  505. 
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the  9eciion  of  the  eomfocal  wrjhee  by  the  piant  of  its  extr€m€*  axet  tenda,  when  the 
•leaii  axU  (26)  tends  to  vamtk.  We  an  then  led  thos  to  the  known  theorem,  that 
ify  with  any  oMtumed  point  f  for  vertex,  and  with  the /beat  hyperbolaf  Jor  kue,  a 
cone  he  couetrueted,  the  axe§  ofthie/ocal  cone  have  the  direetion*  of  the  mormtaU 
to  the  confbeaU  through  P. 

(IS.)  As  regards  the  Focal  Ellipse^  its  two  scalar  equations  may  be  deduced 
flrom  the  rectangular  form  X.,  by  equating  to  zero  both  the  numerator  and  the  de- 
nominator of  its  last  term ;  they  are  therefore, 

XLII. .  .  S(«  -  aOp  =  0.    2P  =  (SpU(«  +  «-))»  +  (%^')* ; 

the  curve  being  thus  given  as  a  perpendicular  eeetion  of  an  eUqOie  ^Kuder^  with 
/V2  and  /VCl  +  SaaO,  or  (a*-^)!  and  (fr>>c2)i,  for  the  semiaxea  of  iu  base, 
or  of  the  ellipse  itself. 

(14.)  The  same  carve  may  also  be  represented  by  the  equations, 
XUII.  .  .  Sap  =  Sa'p,     TVap  =  (*>-«>)», 
or  XLIII'.  .  .  Sap  =  Sap,     TYa'p  =  (6« - f«)* ; 

which  express  that  it  is  the  common  intereection  of  its  own  plane  (-1-  a  -  a*)  with  two 
right  cyKndert^l  which  have  the  two  focal  linea  a,  a'  of  the  system  for  their  axee  of 
revolution,  and  have  equal  radiij  denoted  each  by  the  radical  last  written. 

(15.)  In  general,  the  unifocal  form  (oomp.  406,  (13.))  of  the  equation  III., 
namely, 

XLIV. . .  0  =  (1  -  «t;  ((V«p)«  +  hi)  +  (8(a'  -  ««)  p)«, 

in  which  a  and  a*  may  be  Intorchanged,  shows  that  the  two  equal  right  cyKndere, 

XLV.  .  .  (Japy  +  fr«  =  0,     XLV.  .  .  (Ya'p^  +  M  =  0, 
or  XLVI.  ..TVap  =  6,     XLVI'.  .  .  TVo>  =  6, 

which  an  real  if  their  common  radiue  b  be  such,  that  is,  if  the  confocal  (e)  be  either 
an  ellipeoid  (supposed  to  be  real)^  or  else  a  eingle-eheeted  hyperboloid,  and  which 
have  the  focal  linee  a,  a*  of  the  system  for  their  axee  of  revolution,  envelope^  that 
confocal  lurface  ;  the  planes  of  the  two  elUpees  of  contact  (which  again  are  real 
curvee,  if  i  be  real)  being  given  by  the  equations, 

XLVII.  .  .  S(a'- ea)p  =  0,         XLVII'.  . .  S(a  -  ea')p  =  0 ; 
BO  that  they  pass  through  the  centre  o  of  the  surfiice  (or  of  the  qrstem),  and  are  the 
(real)  director  planes  (eomp.  406,  (14.))  of  the  ajym/itotic  cone  (real  or  imaginary), 
to  the  particular  confocal  (e). 


*  Namely,  those  two  of  which  the  squares  algebraically  include  between  them 
that  of  the  third ;  this  latter  being,  for  the  same  reason,  considered  here  as  theatean. 

t  We  shall  soon  see  that  quaternions  give,  with  equal  ease,  a  more  general  known 
theorem,  in  which  this  is  included  as  a  limit 

I  The  reader  may  consult  page  513  of  the  Lectures,  for  the  case  of  this  theorem 
which  answers  to  a  given  ellipsoid.  The  focal  ellipse  may  also  be  rq>reaented  gene- 
rally by  the  expression  (comp.  page  882  of  these  Elements), 

p=(a^-c«)»V.o<U(a+a'); 
or  by  the  same  expression,  with  a  and  a'  interchanged. 

§  Compare  pages  199,  228,  233,  299. 
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(16.)  WhetlMr  the  metn  BemiaxU  (h)  be  real  or  imagifMay,  the  nrfiiee  III. 
(mpposed  to  be  itself  real)  is  always,  by  the  fbrm  XLIY.  of  its  eqnatfon,  the  loau 
of  a  qrstdm  oi  rttd  dUp9W  (comp.  404,  (1.)}}  in  plaoes/Hiratfe/  to  the  direetor  plane 
XLTII.,  which  haye  their  eetUret  on  the/beal  line  a,  and  are  orthogonally  pro;>efed 
i$tio  eirelee  on  a  plane  perpendieular  to  that  line, 

(17.)  The  emme  ewftee  is  also  the  locos  of  a  second  gyttem  of  soch  ellipees,  re- 
lated similarly  to  the  second  focal  line  a%  and  to  the  second  director  plane  XLVII'. ; 
and  it  appears  that  these  two  egstems  of  eUipiie  sections  of  a  surface  of  the  second 
order,  which  from  some  points  of  view  are  nearly  as  interesting  as  the  eirenlar  mc- 
HonSf  may  conveniently  be  called  its  Ceutro'Focal  Ellipses. 

(18.)  For  example,  when  the  first  quaternion  form  (204,  (14.),  or  404, 1.)  of 
the  equation  of  the  ellipsoid  is  employed,  one  system  of  such  ellipses  coincides  with 
the  system  (204,  (18.))  of  which,  inihe  first  generation*  of  the  surface,  the  ellipeoid 


*  Besides  ihat  first  generation  (I)  of  the 'Ellipeoid,  which  was  a  doable  one,  in 
the  sense  that  a  second  syetem  (17.)  ot  generating  ellipses  might  be  employed,  and 
which  served  to  connect  the  surfiMse  with  a  eoneentric  sphere^  by  certain  relations  of 
hamologg  (274) ;  and  the  second  double  generation  or  con^rueti&n  (II),  by  means 
of  either  of  tew  diacentric  spheres  (217,  (4.),  (6.),  (7.),  and  220,  (8.)),  which  was 
iUnstrated  by  Fig.  68  (page  226) :  several  other  generations  of  the  same  important 
aarfkce  were  deduced  from  quaternions  in  the  Lectures^  to  which  it  is  only  possible 
here  to  refer.  A  reader,  then,  who  happens  to  have  a  copy  of  that  earlier  work,  may 
consult  page  499  for  n generation  (III)  of  a  system  of  two  reciprocal  elUpsoidSf  with 
a  common  mean  axis  (26),  by  means  of  a  moving  sphere^  of  which  the  radius  (=  b) 
in  given,  but  of  which  the  centre  has  the  original  ellipsoid  for  its  locus  ;  while  the 
corresponding  point  on  the  reciprocal  surface,  and  also  the  normals  at  the  two  points, 
are  easily  deduced  from  the  construction.  In  page  602,  he  will  find  another  and  per- 
haps a  simpler  generation  (IV),  of  the  same  pair  of  reciprocal  ellipsoids,  by  means  of 
gmadrUaterals  inscribed  in  a  fixed  sphere  (the  common  mean  sphere,  comp.  216, 
(10.)) ;  ^  directions  of  the  four  sides  of  such  a  quadrilateral  being  given,  and  one 
pair  of  opposite  sides  intersecting  in  a  point  of  one  sur/kce,  while  the  other  pair  have 
for  thdr  intersection  the  corresponding  point  of  the  other  (or  reciprocal)  ellipsoid. 
In  the  page  last  cited,  and  in  the  following  page,  there  is  given  a  new  double  genera- 
tion  (V)  of  any  one  eliipsdd;  its  circular  sections  (of  either  system)  being  con- 
structed as  interseetions  of  two  equal  spheres  (or  spheric  surfaces),  of  which  the  Hne 
of  centres  retains  a  fixed  direction,  while  the  spheres  slide  within  two  equal  and 
right  egHnders,  whose  axes  intersect  each  other  (in  the  centre  of  the  generated  sur- 
face), and  of  which  the  common  radios  is  the  mean  semiaxis  (6).  Finally,  in  page  699 
of  the  same  volume,  there  will  be  found  a  new  generation  (VI)  of  the  original  ellip- 
soid (a&e),  analogous  to  the  generation  (IV)  by  the  fixed  (mean)  sphere,  but  with 
new  directions  of  the  sides  of  the  quadrilaterals,  which  are  also  (in  this  last  genera- 
tion) inscribed  in  the  circles  of  a  certain  mean  ellipsoid  (or  prolate  spheroid)  of 
revo/afioii,  which  has  the  mean  aans  (26)  for  its  major  axis,  and  has  two  medial 
fod  on  that  axis,  whose  common  distance  from  the  centre  is  represented  by  the  ex- 

^  '  V(a»-6»)V(6*-;c^) 

V(a«-6»  +  c»)     ' 

4o 
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was  treated  u  the  loemt ;  and  an  attaiopotu  gmtratUm  of  the  fiM  kgperhoMia^  by 
geometrical  difitrmaHom  of  two  conreBpondiDg  anifuea  of  reooliifso*,  with  certain 
resulting  komologin  (comp.  sub-arts,  to  274),  through  substitution  ai  (temtr^-Jbemi) 
€Uip9€§  for  eircUij  conducts  to  equoHonM  of  those  hyperboloids  of  the  aan 
firm :  namely,  if  a  and  /3  have  significatioDS  analogous  to  those  in  the  dted  < 
tioo  of  the  ellipsoid  (so  that  ft  and  not  a  is  here  ^fioal  /tne), 


XLvnr...[sey+(vty=Tii 


the  upper  or  the  lower  rign  being  takeoa,  according  as  the  surikce  consista  of  om 
ekeet  or  of  two. 

(19.)  It  may  alio  be  remarked  that  as,  by  changing  ^  to  a  in  the  corresponcfinig 
eqoation  of  the  eIHgteoidf  we  could  return  (comp.  404,  (1.))  to  a  form  (408,  XL)  of 
the  equation  of  the  «pA«re,  so  the  same  change  in  XLV III.  conducts  to  equatioDa 
of  the  equilateral  J^fperboloida  efre9olutum^  of  one  sheet  and  of  Cwo,  under  the  veiy 
simple  forms*  (comp.  210.  XI.), 

XLIX...S.  ?Y  =  -1,     and    L..s[?  ]*  =  +!; 

in  which  it  seems  unnecsssary  to  insert  potnfa  after  the  signs  8,  and  of  which  the 
geometrical  interpretatione  become  obvious  when  then  they  are  written  thus  (comp. 
199,  v.), 

LI.  ..T^  =  Vsec2(^-£^\    LIL  .  .  T^  =  V8ec2  ^  ^; 
a  \2         af  a  a 

where  T  -  =  of  :  oai  while  ^  -  is  the  inclination  aop  of  the  eemidiameler  op  to  the 
a  a 

'      w        p 
axie  of  revolution  oa,  and^  -  ^  -  is  the  hidination  of  the  same  semidiameter  to  a 
2        a 

plane  perpendicolar  to  that  axis. 

(20.)  The  real  eyelie  forme  of  the  equation  of  the  surface  III.  might  be  deduced 

from  the  umjbeal/orm  XLIY.,  by  the  general  method  of  the  subarticles  to  859 ;  but 

since  we  have  ready  the  reetamgular  form  X.,  it  is  simpler  to  obtain  them  from  that 

form,  with  the  help  of  the  identic, 

LIIL  .  .-p«=(SpU(a+o'))>  +  (SpUVaa')«+  (SpU(a-a'))», 

by  elimfaiating  thejtnt  of  theae  three  terme  for  the  case  of  a  eimgle-eheeted  hype^ho- 


the  eammnn  tangent  planee,  to  this  mean  (or  wutHal)  ellipsoid,  and  to  the  giten  (or 
generated)  ellipsoid  (fl6c),  which  are  paralld  to  their  common  azie  (26),  being  pa* 
rallel  also  to  the  two  vmbUiear  diametere  of  the  latter  surfiMS. 

*  The  eamefirmsf  but  with  v  for  p,  and  j3  for  a,  may  be  deduced  from  XLYIII. 
on  the  plan  of  274,  (2.),  (4.),   by  assuming  an  auxiliary  vector  a  snch  that 

S~»±S^andV|  =  V>;  the  Aomolc^,  above  alluded  to,  between  the  ^OMral 
pa  PR 

hgperholoid  of  either  species,  and  the  equilateral  hgperbolM  of  revotmiian  of  the 

same  species,  admitting  also  thus  of  being  easily  exhibited. 
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IM  (for  which  *"•  >  o^  >  0  >  «-•) ;  the  Mtamd  for  an  eOiptoid  (c  >  >  6-^  >  a-2  >  0) ; 
and  the  third  for  a  domhU-sh^eied  hpperboioid  (cr*  >  0  >  e-s  >  b-*). 

(21.)  Whatever  the  tpeeUt  of  the  surface  III.  may  be,  wecan  alMrays  derive  Arom 
the  unifocal  form  XLIY.  of  its  equation  what  may  be  called  an  EaBponential  7Va««- 
firmoHem  ;  namely  the  vector  ezpreision, 

LIV. .  .  p^xa  +  yVa'/S,     with     LV.  .  .  «ya  +  yyUVaa'=  1 ; 

the  •eaiar  exponaUy  ty  remaining  arbitraty^  but  the  two  scalar  eo^ffieSentM^  x  and  y, 
being  ewmteUd  by  this  last  equation  of  the  second  degree  :  provided  that  the  new 
dnutaui  vector  /3  be  derived  firom  a,  a',  and  c,  by  the  formula, 

Lvi      z.    (g -e«)uvw 

which  gives  after  a  few  reductions  (oomp.  the  expression  315,  III.  for  a',  when 

LVII.  .  .  Va/3=  UVoa,  S (a' - ea) /3  =  0,  Sa«'/3  =  0 ; 
LVIII.  .  .  Va«0  =  |3S.a«+  UVaa',S.a<-» ;     LIX. .  .  V.aVa'/3  =  o«DVaa'  =  r-il ; 

LX. .  .  8(o'-«o)/B=*(«  +  8aa'),  Vap^yoOIVoa'; 
while  LXI. .  .  /a  =  a-a6V<,    and    LXH.  . .  fp  =/UVaa'  =  *-«. 

(22.)  If  we  treat  the  tfa^poaoif,  f,  as  the  osi^  «aria&/«  in  the  expression  LIV. 
for  p,  then  (comp.  814,  (2.))  that  exponential  expreeeion  represents  what  we  have 
called  (17.)  a  cemtro-foeal  elUpte  ;  the  distance  of  ita  centre  (or  of  its  plane)  from  the 
centre  of  the  aurjaee^  measured  along  thefoeal  Kne  a,  being  represented  by  the  co- 
efficient x\  and  the  radius  of  the  right  cyKnder^  of  which  the  ellipse  is  a  seetion,  or 
the  radius  of  the  ctre/e  (16.)  into  which  that  ellipse  is  prqfectedy  on  a  plane  -^  a, 
b^ng  reprsBented  by  the  other  coefficient,  y :  while  \tir  is  the  exeentric  anomaly. 

(28.)  If,  on  the  contrary,  we  treat  the  exponent  t  as  yivm,  but  the  eoeffieients 
X  and  y  as  purging  together^  so  as  to  satisfy  the  equation  LV.  of  the  second  degree, 
the  expression  LIV.  then  represents  a  different  section  of  the  surface  III.,  made  by 
a  plane  through  the  line  a,  which  makes  with  the  focal  plane  (of  a,  a')  an  angle 

B  --  \  this  latter  section  (like  the  former)  being  always  reeUf  if  the  surface  itself 

be  such  :  but  bdng  an  ^Upse  for  an  ellipsoid,  and  an  hyperbola  for  either  hyperbo^ 
loidj  because 

LXIIL  .  ./a./UVao'  =  a-«e-«  by  LXL  and  LXIL 

(24.)  And  it  is  scarcely  necessary  to  remark,  that  by  interchanging  a  and  a'  we 
obtain  a  Second  Exponential  Transformation^  connected  with  the  second  system  (17.) 
of  eeniro-focal  elHpses,  as  the Jirst  exponential  transformation  LIV.  is  connected  with 
ih€  first  system  (18.). 

(26.)  The  asymptotic  eonefp^O  has  likewise  its  two  systems  of  centro-fbeal 
elKpseSt  and  its  equation  admits  in  like  manner  of  two  exponential  trtnuformations, 
of  the  form  LIV. ;  the  only  diflferenoe  being,  that  the  equation  LV.  is  replaced  by 
the  following, 

LXIV. .  .  aVa  +  yyUVaa'  =  0, 

in  which,  for  area/  eone^  the  coefficients  of  x'  and  y'  have  opposite  signs  by  (28.). 
(28.)  Finally,  as  regards  the  confoetU  relation  of  the  snrfoces  III.,  which  may 
represent  any  conjbeal  system  of  surfaces  of  the  second  order,  it  may  he  perceived 
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from  (4.)  Uuit  to  tmmtiUU  ekaratUr  of  fneh  a  rebitioD  is  ttpieMad  by  tlitt  ^qpm- 
tion, 

LXV.  ...Vy>y.«Vvf,v; 

which  may  pofai^  be  called,  on  that  aoooonti  the  Eqmatim  of  Cau/beoh, 

(27.)  It  is  undentood  that  the  two  comjbeal  marfamt  hen  oonaidend,  an  repi*- 
preeeuted  by  the  two  aealar  eqnatiooa, 

LXVL...Sp^p»l,    Sp^.p"!,    or    LXVI'. .  ./p  =  l,   /4>«1; 
and  that  the  two  Ummur  tmd  vector  fiuutima^  v  and  y^,  of  an  arhUrarjf  wealar  p, 
which  lepreeent  marmaU  to  the  two^ometnine  and  MRtlor  and  timUariif  potiUd  wmr- 


LXVII.  •  -fp^  oonet,    /p  e  eonet, 
passing  through  any  proposed  point  p,  aro  expressed  as  follows, 
LXVm. . .  V  =  f  p,    V, «  fjt. 
(28.)  It  is  nndentood  also,  that  the  two  snifaoes  LXVL  or  LXVI'.  an  not  only 
eaneetUney  as  their  equations  show,  but  also  coaxal,  so  fltf  as  the  diretHoma  of  their 
aze§  are  concerned :  or  that  the  two  vector  fuadraticc  (oomp.  854), 
LXIX. . .  Ypfp  B=  0,    and    LXX. . .  Vp^ji »  0, 
are  satisfled  by  one  commom  ajfctcm  of  three  redanjfuiar  umii  Uacc    And  with  these 
understandings,  it  will  be  fi>and  that  the  eqoation  LXV.,  wliich  has  been  eallel 
aboye  the  Eqvatiom  of  ComfbeaUy  is  not  only  fMccssory  bat  tm/Hcicmif  fbr  the  «rtab- 
lishment  of  the  relation  required. 

(29.)  It  is  worth  while  however  to  observe,  before  closing  the  present  series  of 
sabartides,  that  the  eqoations  XII.,  and  those  formed  from  them  by  introducing 
€%  and  t%  give  the  following  among  other  relations  : 

LXXL  .  .  /UvL=  (ft*  -  W-' «  -/lUv ;    /lUv,  =  (V  -  h^y^  =  ^fiCwi ;  Ac ; 
and  LXXII.  .  ./(vi,  vt)  =/i(vs»  v)  =/2(v,  yi)  =  0 ; 

and  therefore, 

LXXIII.  .  ./i{(*i«-.6i«)*Uvi±(*i«-ft»)»Dv}  =0; 
whence  it  is  easy  to  see  that  the  two  vcctcrt  nnder  the  ftmctional  sign/i  In  this  last 
expression  have  the  directions  of  the  gcncroHmg  Kaet  of  the  amgic-^kectcd  kfparho- 
hnd  («i)  through  p,  if  we  suppose  that  ftt*  >  ^i'  >  0  >  &*,  eo  that  the  confocal  (es)  i> 
here  an  Mptotd,  and  («)  a  doMc-ahccted  kyperholokL 

(80.)  But  if  (f  be  taken  to  denote  the  Tsriable  vector  of  the  amxUiarf  aarjkct 
XXIY.,  the  equation  of  that  sarfooe  may  by  (7.)  and  (8.)  be  brought  to  the  foOow- 
ing  rectangular  form,  with  the  meaning  XXI.  of  w, 

LXXIV. . .  lBS<r«(rsr(Sp(F)«-2«3a<f8aV=ft>(S«rUir)» 

4-  5i«(8(rUvi>i+  *>»(8<rU»i)« ; 
hence,  with  the  inequalities  (29.),  its  cyelie  narmdU,  or  those  of  its  atfmfMia  coat 
Bffwcr  s:  0,  or  the>bea/  KncM  of  the  reciprocal  come  S^m*!^  «  0,  that  ia  of  the  cone 
XXXYL,  or  flnaUy  the^bco/  lUea  ofikeficaf  come  (12.),  which  rests  am  tke^^eal 
hyperbola,  have  the  directions  of  the  lines  LXXIII. ;  thoee  Jbcai  imct  are  thenfore 


*  A  more  general  luown  theorem,  including  this,  will  soon  be  proved  by  quater- 
nions. 
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Qty  whAt  his  joflt  been  seen)  tht  fftmtaltiimg  Um/u  cfikt  hjfpwholM  (tfi),  which 
pa«MB  fhrougfa  the  given  pofait  p. 

(81.)  And  for  an  arhUrtay  9  we  have  the  tnuiBformatioo, 
LXXV. . .  H(8p<r)i-Sa<ra'«r  =  e(S(rUv)»  +  «i(8<rUyi)»  +  ij(8<rUv»)». 

408.  The  general  e^uctfton*  of  canjuffoiian, 

I...C/>,P')-^  405.  IIL 

ooxmecdng  the  vectors  p,  p^  of  any  two  paints  P,  P'  which  are  con- 
jugate with  respect  to  the  central  but  non-conical  awrfacefp  » 1,  may 
be  called  for  that  reason  the  Equation  of  Conjugate  Points ;  while 
the  analogous  equation, 

n.  ../(/>, aO=o, 

which  replaces  the  former  for  the  case  of  the  aeymptotic  consfp  -  0, 
may  be  called  by  contrast  the  Equation  of  Conjugate  Directions  :  in 
fact,  it  is  satisfied  by  any  two  conjugate  semidiameterSf  as  may  be  at 
once  inferred  from  the  differential  equation  f(p,  dp)  =  0  of  the  surface 
fp  =  const  (comp.  362).  Each  of  these  two  formulas  admits  of  nu- 
merous applications,  among  which  we  shall  here  consider  the 
deduction,  and  some  of  the  transformations,  of  the  Equation  of  a 
Circumscribed  ConCy 

which  may  also  be  considered  as  the  Condition  of  Contact^  of  the  right 
line  r?'  with  the  surface  fp  =  1. 

(1.)  In  this  last  yiew,  tha  equation  IIL  may  be  at  onoe  deduced,  as  the  condi- 
tion of  •9110^  roots  in  tlie  scalar  and  q[Madraiie  equation  (comp.  216,  (2.),  and  816, 

(30.)), 

•  IV...O=/(«p+«'f)')-(«  +  *0*t 
or  V...O««*OJ>-l)  +  2«*'(/0>,p')-l)  +  a^(/p'-l)5 

which  gives  in  general  the  two  otetort  o/imterstetiom^  as  the  two  TalneB  of  the  ex- 
presaion    ^^^  . 

(2.)  If  we  treat  the  jmmI  p'  as  piMii,  and  denote  the  two  ooeamio  drawn  from  it 
in  $ay  ghem  direeiUm  r  hj  h'^  and  fs'^r,  then  ti  and  fs  are  the  roots  of  this  other 
quadratic,  /{p' + r  V)  « 1,  or 

VI. . .  0"/Cl/  +  r)-H«<»OJ)'-l)  +  2</Xl>'f  0+A; 
denoting  then  by  io'^r  the  harmomie  meam  of  these  two  secants,  so  that  i*o^ii-^i%, 
and  writing  p  »  p'  +  <6~'r,  we  haye 

VII...<b(l-/p')«/0>',r),   /CPtPO-l; 


«  For  the  notation  used.  Art  862  may  be  again  referred  to. 
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we  ara  Uun  led  In  this  wa^  to  the  formaU  I.,  as  the  EqmaHom  oftkM  Pdmr  Pimme 
of  the  point  p',  if  that  plane  be  liere  soppoeed  to  be  ^Ufimtd  by  its  well-knowB  kar- 
momie  proptrff  (oomp.  215,  (16.),  and  816,  (81.)>  (330}- 

(8.)  At  the  same  time  we  obtain  th\»otktr/orm  of  the  tomdiiiam  o/eoatectf  IIL, 
as  that  of  equal  roots  in  Vl., 

VIIL../&>',r)«-A.(/p-0. 
the  first  member  behig  an  abridgment  of  (/(pS  0)*  •  <^°^  beeanse  this  last  eqnatiai 
VIII.  is  himopemeamt  with  respect  to  r,  it  repiesnts  acone,  namely  the  Cone  of  Toa- 
pemit  (r)  to  the  given  surface  yf>  ss  1,  from  the  given  point  v^.  Accordingly  it  is  easy 
to  prove  that  the  equation  III.  may  be  thns  written, 

IX.  ..Ap'.p-  py  -Ap  -  pO  .0!»'  - 1). 

under  which  last  form  it  is  seen  to  be  liomogeneons  with  respect  to  p  —  p'. 

(4.)  Without  expressly  introducing  r,  the  transformation  IX.  shows  that  the 
equation  III.  represents  som*  mm,  with  the  given  point  f'  for  its  vertex ;  and  be- 
cause the  tiilerseelton  of  this  sons  with  the  given  narfiut  is  exprsssed  liy  the  »fmmn 
of  the  equation  I.  of  the  poiar  pUmt  of  that  point,  the  oone  must  be  (as  above  stated) 
drcwKuenhed  to  the  suifaoe/)>  s  l,  touching  it  olong  tkt  curve  (real  or  imaginaiy) 
in  which  that  surfoce  is  c«t  by  that  plane  I. 

(5.)  Another  important  transformation,  or  set  of  transformations,  of  the  eqoatioo 
III.  may  be  obtained  as  follows.  In  general,  for  any  two  vtetorM  p  and  p\  if  ibe 
scalar  constant  m,  the  vector  Amotion  ^,  and  the  scakr  function  F,  be  derived  from 
the  linear  and  vector  ftmction  f ,  which  is  here  telf-eo^frngaie  (406),  by  the  method 
of  the  Section  III.  iL  6,  we  have  suoosssively, 

X.  ../(p,  pO*-/P-/p'-8pfp'-Sp>p-Spfp.Sp>p'«S(Vpp'.Vfp^p') 

=  S.pp'^Vpp' «  mS.  pp'f'iYpp^mFVpp' ; 
and  thus  the  equation  III.  of  the  eirettmtcribod  eomt  becomes, 

XI. .  .  mFYpp'-^f^'-fr)  =  0,     or    XII.  .  .  siFVrp +/r  =  0, 
if  rsp-p'  be  a  <av«ii<  from  p*.    Or  because  ^^  =  «^  and  M  =  -cieie^  =  -a~^  *r^, 
by  406,  XXIV.,  we  may  write  (with  r  »  p  -  p')  either 

XIII. .  .  0  =  SrV'-^r  -I-  Sw^->w,     if    w  =  Yrp'  =  Vpp', 
or  XIV. .  .  FYpp'  =  a«6«c«/(p  -  p*), 

as  the  eomditum  ofeoniaet  of  the  line  pp'  with  the  eur/aeefp  =  1. 

(6.)  A  peometrieal  inierpreiation^  of  this  lastybrm  XIV.  of  that  comdUianj  ess 
easily  be  assigned  as  follows.  Supposing  at  first  for  simplicity  that  tlie  snrfooe  is  an 
ellipsoid,  let  p  be  the  point  of  contact,  so  that/p  =  l,/(p,  r)  =  0 ;  and  let  the  tangent 
pp'  be  taken  equal  to  the  parallel  semidiameter  or,  so  that/r  «yXp  -  p')  »  1.  Theo, 
with  the  signification  XIII.  of  v,  the  equation  XIV.  becomes, 

XV.  .  .  y/Fv^Tv.\/FVv  =  abe; 
in  which  the  fiictor  Tv  represents  the  area  of  the  parallelogram  under  the  conjugate 
semidiametsrs  op,  ot  of  the  given  suHkoe  fp  =  i;  whQe  tlie  other  Csctor  VjFUv  re- 
presents the  reciprocal  of  the  semidiameter  of  the  reciprocal  surface  Fv^U  which  is 
perpendicular  to  their  plane  pot  ;  or  the  perpendicular  distance  between  that  plane, 
and  a  parallel  plane  which  touches  the  given  ellipsoid  :  so  that  their  prodnet  V/V  is 
equal,  by  elementary  principles,  to  the  product  of  the  three  semiazes,  as  stated  hi  the 
formula  XV.  And  the  result  may  easily  be  extended  by  squaring,  to  other  central 
surfaces. 
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(7.)  It  may  be  lenwrked  in  pftsring,  tbtt  if  p,  <r,  r  be  any  tkree  etmjnpaie  temU 
diamtien  of  any  ceDtral  axthcefp  =  1,  so  that 

XVI. .  .fp  =/<r  «/r  =  1,    and    XVII.  .  ./(p,  <r)  =/(<r,  r)  =/Cr,  p)  «  0, 
and  if  «p  4-  jrcr  +  *r  be  any  o<Aer  semidiameter  of  the  same  enrfaoe,  we  have  then  the 
scalar  eqnatton, 

XVIII..  ./C«p  +  y<r+«r)=««+y»4«>=l; 

a  relation  between  the  coeffidenta,  «,  jr,  z,  which  has  been  ahready  noticed  for  the 
ellipsoid  in  99,  (2.),  and  in  402,  I.,  and  is  indeed  dedndble  for  that  sni&oe,  from 
prindples  of  real  »ealan  and  real  veetore  alone :  bat  in  extending  which  to  the  A|f- 
perMoids,  one  at  least  of  those  three  toeffieimUs  becomes  tmapuiary,  as  well  as  one 
.  at  least  of  the  three  vtetara  p,  9,  r. 

(8.)  Under  the  same  conditions  XVI.  XVIL,  we  have  also, 
XIX.  . .  Vp<r  =  ±tt6«^r=±(-m)-^r; 
XX. .  .  r  =  ±  (-  m)^-i Vpcf  =«  T  (-  m)-IV^<r ; 
XXI.  ..  Sp<rr  =  ±a6c  =  f  (-m)-*; 
together  with  this  very  simple  relation, 

XXII.  .  .  8p<rr.S^pf<r^r  =  -l. 
(9.)  Under  the  same  conditions,  if  xp+yo  +  zr  and  se^p  4  jrV  4-  ^r  hare  only 
conjugate  direetion$f  that  is,  if  they  have  the  direetione  of  any  two  eot^gaie  eemi' 
diametert,  the  six  scalar  coefficients  most  satbfy  (comp.  II.)  the  equation, 
XXIII. . .  aar'+yy'  +  ««'=  0. 
(10.)  The  equation  VIII.,  with  p  for  f}',  may  be  written  under  the  fonn, 
XXIV. .  .  0  =  Scrr  =  Srwr,     if  XXV.  .  .  a t=  «r  =  ^pSp^r  4  ^r(l  -/p), 
^  a  new  linear  and  vector  function,  which  represents  a  normal  to  the  cone  of  tan' 
gents  from  p,  to  the  surface  yp  =  1.     Inverting  this  last  function,  we  find 

XXVI.  . .  r  =  «-»ff  =  2-— — ^-i-  ; 
i-fp 

the  equation  in  v  of  the  reciprocal  eone^  or  of  the  eone  of  normals  to  the  ctreMN- 
eeribed  eone  from  p,  is  therefore, 

XXVII.  . .  8«r«->«r  =  0,  or  XXVIII. .  .  F<t  =  (&po)*,  or  finaUy 
XXVlir.  .  .F(<r:Sp<f)=l; 
a  remarkably  simple  form,  which  admits  also  of  a  simple  interpretation.  In  fact, 
the  line  a :  9po  is  the  reciprocal  of  the  perpendiemiar,  from  the  centre  o,  on  a  tan- 
gent  plane  to  the  eone,  which  is  also  a  tangent  plane  to  the  swface  ;  it  is  therefore  one 
of  the  tobies  tftho  vector  v  (comp.  (6.),  and  878,  (21.)),  and  consequently  it  is  a 
semidianuter  of  the  reciprocal  surface  Fv^  1. 

(11.)  As  an  application  of  the  equation  XXVIII.,  let  the  surface  be  the  confo- 
eal  («),  represented  by  the  equation  407,  III.  or  X.,  of  which  the  reciprooal  is  re- 
presented by  407,  XVII.  or  XVIII.  Substituting  for  Fo  its  value  thus  deduced, 
the  equation  of  the  reciprocal  cone  (10.),  with  o  for  a  side,  becomes,* 
XXIX. . .  2/»Sa«r8aV - (Spff)«  =  b^,  or  XXIX'. .  .  Sairo'cr- r«(8p<r)» « ««• ; 
if  then  the  vertex  p  Xm  fixed,  but  the  confoeal  varg,  by  a  change  of  e,  or  of  6>  whidi 

•  It  may  be  obeerved  that,  when  6  =  0,  thb  equation  XXIX.  represents  the 
asgmptoHc  cone  to  the  auxiliary  surface  407,  XXIV. ;  and  at  the  same  time  the  r«<- 
ciproad  of  thsit  focal  cone,  407,  XXXVI.,  which  rests  on  the ^roi  hyperbola. 
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TBiim  with  it,  the  tone  XXIX.  wiU  oho  ptay,  bat  wiU  bdoDg  to  a  UeomeytSe  wgt- 
Cm  ;  wh«noe  it  follows  that  the  {dbrtet  or)  tirewmteribtd  eomeefrmm  a  pivnt  poimt  are 
all  Hotmjbeal:  and  also,  by  407,  (80.)i  that  their  eontmumfieai  Hmet  are  the  poM- 
roHm^  HmM  of  the  eomjboal  kfperholoid^  of  one  sheet,  which  passes  thnmg^  their 

COMMMI  MTCeK 

(12.)  Changing  e  to  e,  in  XXtX'.,  and  n^g  the  tnuuformation  407,  LXXY^ 
with  the  idenUtj  (oomp.  407,  LIII.), 

-  <r»  =  (S«rUv)«  +  (S«rUvi)  +  C8«rUv,)«, 
we  And  that  if  cr  be  a  normal  to  the  erne  of  tangent*  fnm  p  to  («,),  it  eatSsfiee  the 
equation, 

XXX.  .  .0«(e-O(S«rUv)«  +  (ei-e,)(S<rU»i)»  +  («»-.O(S*tJF»)»; 
and  therefora  that  if  r  be  a  tangont  flrem  the  same  point  p,  to  the  same  oonfocal  (c  J, 
it  satisfies  this  other  condition, 

XXXI.  . .  0  =  («  -  O"'  i^rXJvf  +  (ei - «,)'»  (SrUvi)«  +  («»-#,)-«  (SrUn)», 
which  thus  is  a  form  of  the  equation  of  the  ctrcwmsmfcerf  com  to  (e^),  with  its  mt- 
te»  at  a  ^teai  /MtiU  p :  the  eonjoeai  eharaettr  (11.)  of  all  meft  cones  bdng  herebj 
exhibited  anew. 

(18.)  It  follows  also  ftx>m  XXXI.,  that  the  axes  of  erery  cone  thus  dremmaerHed 
haye  the  directions  of  the  nonnalB  y,  vi,  b^  to  the  three  eonjbeaie  tkrom^  f  ;  and 
this  known  theoremf  may  be  otherwiae  deduced,  from  the  Eqnaiion  of  Comficab  ' 
(407,  LXV.),  by  our  general  method,  as  follows.    That  equation  gives 
V,-  y  I  fv  (because  ^v«=  f,y),  and  therefore, 
XXXII. . .  (v. -  v)  Svy,  =  ^,v(ffi  - 1),    Yuvfivy^-^  Vv^,v(l  -/-P)  -  0 ; 
changing  then  V  to  S,  and  y  to  r,  we  see  that  v,  yi,  »%  as  being  the  rooCt  (854)  of 
this  last  Mefor  qnadroHe  XXXII.,  haye  the  direeiione  of  the  axes  of  the  oone,  with 
r  for  side, 

XXXIII. .  ./(p,  r)«+/,r.(l-/p)=0; 

that  is,  by  VIIL,  the  directions  of  the  aaoet  of  ike  cone  oftanffente,  from  p  to  (e^ 

(14.)  As  an  application  of  the  formula  XIV.,  with  the  abridged  symbols  r  and  v 
of  (6.)  for  p  -  p'  and  Vpp',  the  eondition  of  eontaei  of  the  fine  pp'  with  tiie  oot^ 
oal  (e)  becomee,  by  the  expressions  407,  III.,  XVIII^  and  YII.  for  the  ftinctioos 
ft  F,  and  the  squares  a>,  6*,  e*,  the  following  qmadratie  in  e : 

XXXIV.  .  .  (Sar)«  -  2«SarSaV  +  (Sa'r)»  +  (1  -  e«)  r»  =  T*  (Sava'v  -  ev») ; 

there  are  therefore  in  general  (as  is  known)  two  eonfocah,  say  (e)  and  (e^  of  a^wes 
iy«C«n,  which  touch  a  gwtn  right  line  ;  and  their  parameterey%  e  and  «^  are  the  tee 
roote  of  the  last  equation :  for  instance,  their  emm  is  given  by  the  formula, 
XXXV. . .  («  +  «Jr«  =  ^«w«  -  28«rSaV. 


*  This  theorem  (which  includes  that  of  407,  (30.))  is  cited  from  Jacobi,  and  is 

proved,  in  page  148  of  Dr.  Salmon's  Treatise,  referred  to  in  several  former  Notes. 

t  Compare  the  second  Note  to  page  648. 

}  This  name  of  puramster  is  here  given,  as  in  407,  to  the  arbitrary  oonstaet 

a*  +  e> 
e  8  -^ — ^,  of  which  the  value  distinguishes  one  confucal  (e)  of  a  sj'stem  from  another. 
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(16.)  Cimcdve  then  that  p  is  a  ffivm  amnidiamtUr  of  a  piMa  amfoeal  (e),  and 
that  df)  is  a  iamgemt,  given  in  direction,  at  its  extremity ;  the  equation  XXXIV.  will 
then  of  coarse  be  satisfied,*  if  we  change  r  to  dp,  and  v  to  Vpdp,  retaining  the  given 
value  of  e ;  but  it  will  aUo  be  satisfied,  for  the  eame  p  and  dp  Cor  for  the  same  r  and 
v),  when  we  change  e  to  this  new  parameter, 

XXXVI. . .  «,  =  -<•  +  2SaUdp.Sa'Udp-^«(VpUdp)«; 
that  is  to  say,  the  new  eonfocal  (e ),  with  a  parameter  determined  by  this  laSt  for- 
mula, will  touch  the  given  tangent  to  the  ginen  eonfocal  («). 

(16.)  If  we  at  onee  make  I*  =  0  in  the  equation  407,  III.  of  a  Confocal  Sgetem 
of  Central  Surfaoee,  leaving  the  parameter  e  finite,  we  fall  back  on  the  system  406, 
XXXV.  oi  Bieonfocal  Conea;  bat  if  we  conceive  that  P  only  tende  to  zero,  and 
that  e  at  the  same  time  tends  to  potitive  infinity,  in  such  a  manner  that  their  pro- 
duct  tends  to  a  finite  limit,  r*,  or  that 

XXXVII.  ..Urn./ =  0,    llm.e»ao,     lim.e/>  =  rS, 
then  the  eqnatbn  of  the  sor&ce  (e)  tends  to  this  limiting  form, 

XXXVIIL  . .  p«  +  r«=  0,    or    XXXVIII'.  .  .  Tp=  r ; 
a  system  ofhiconfocal  cones  is  therefore  to  be  combined  with  a  system  of  concentric 
spheres,  in  order  to  make  ap  a  complete  confocal  system, 

(17.)  Accordingly,  any  given  right  line  pp'  is  in  general  touched  by  only  one 
cone  of  the  system  just  referred  to,  namely  by  that  particular  cone  (e),  for  which 
(oomp.  XXXrV.)  we  have  the  value, 

XXXIX. . .  «=  Sava'v'\    or    XXXIX'.  .  .  e  +  Saa'  =  2Sai;Sa'ir>, 
with  V  =  ypp^  as  before,  so  that  v  is  perpendicular  to  the  given  plane  opp',  which 
contains  the  vertex  and  the  line;  in  fact,  the  reciprocals  of  the  bieonfocal  cones 
406,  XXXV.,  when  a,  a'  are  treated  as  given  unit  lines,  but  «  as  a  variable  para- 
meter,  compose  the  bieoneyclicf  system  (comp.  407,  XVIII.), 

XL. . .  Savav  =ev3. 
Bat,  besides  the  tangent  cone  thus  found,  there  is  a  tangent  sphere  with  the  same 
centre  o ;  of  which,  by  passiog  to  the  limits  XXXVIL,  the  radius  r  may  be  found 
from  the  same  formula  XXXIV.  to  be, 

XLI...r  =  T!!«T^; 
r        p-p' 

and  sach  is  in  fkct  an  expression  (comp.  816,  L.)  for  the  length  of  the  perpendicular 
from  the  origin  on  the  given  line  pp'. 

(18.)  In  general,  the  equation  XXXIV.  is  a  form  of  tbe  equation  of  the  cone, 
with  p  for  its  variable  vector,  which  has  t^  given  vertex  p',  and  is  circumscribed  to  a 
given  eonfocal  («).    Aooordhigly,  by  making  e=iSaa'  in  that  formula,  we  are 


*  In  fiict  it  folbws  easily  from  the  transformations  (5.),  that 
fp  .fSip  -  a-Vf-^-^FVpdp  ^f{p,  dp)«. 

t  The  bifocal  farm  of  the  equation  of  this  reciprocal  system  of  cones  XL.  was 
given  hi  406,  XXV.,  bat  with  other  constants  (V,  /«,  g),  connected  with  the  cyclic 
form  (406,  I.)  of  the  equation  of  the  given  system, 

4p 
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led  (after  a  few  reductions,  oomp.  407,  XXYIL)  to  an  equation  which  maj  be  thus 
written, 

XLIl.  . .  0=i«(Soa'r)«+2SapVSayr, 

with  the  variable  side  r  «  p  -  f>',  as  before ;  and  which  difFers  only  by  the  sabetitiitioa 
of  p'  and  r  for  p  and  v,  from  the  equation  407,  XXXVI.  for  that  jbeal  come,  which 
rests  on  theybeci/  hyperbola.     The  other  (real)  focal  eons  which  has  the  same  arbi- 
trary vertex  p',  but  rests  on  the  yb«a/  e2/tps«,  has  for  equation, 
XLIII. .  .  i»(S(«  -  ayy  =  Sava'v  -  w«, 
as  is  found  by  changing  «  to  1  in  the  same  formula  XXXIY. 

(19.)  It  is  however  simpler,  or  at  least  it  gives  more  symmetric  results,  to  change 
e,  in  XXXI.  to  -  Saa'  for  the  focal  hyperbola,  and  to  +  1  for  the  focal  ellipee,  in 
order  to  obtain  the  two  real  focal  eonee  with  p  for  vertex,  which  rest  on  those  two 
curves;  while  that  third  and  whoUy  imaginarjf  focal  eone^  which  has  the  same  ver- 
tex, but  rests  on  the  known  imagimary  focal  ctcree,  in  the  plane  of  h  and  e,  is  found 
by  changing  «,  to  - 1.  This  imaginary  focal  cone,  and  the  two  real  ones  which  rest 
as  above  on  the  hyperboU  and  ellipse  respectively,  may  thus  be  represented  by  the 
three  equations, 

XLIV. . .  0  =  a-«(SrUv)»  +  ai-«(SrUvi)«  +  fla"*(SrUva)« ; 

XLV. . .  0  =  6-«(SrUv)«  +  &i-«(SrUvi)«  +  VHSrUi-j)" ; 

XLVI. . .  0  =  c-«  (SrUv)«  +  ci-«  (SrUvi)«  +  e,-*  (SrUv»)« ; 

r  being  in  each  case  a  side  of  the  cone,  and  v,  vi,  v^  having  the  same  Bignificst.ifln< 

as  before. 

(20.)  On  the  other  hand,  if  we  place  the  oertex  ot  a  circumscribed  cone  at  a  point 

F  of  a,  focal  curve,  real  or  imaginary,  the  enveloped  eurfaee  being  the  coufoeal  (e,), 

we  find  first,  by  XXX.,  for  the  reciprocal  cones,  or  coaes  of  normals  a,  with  the 

same  order  of  snooession  as  in  (19.),  the  three  equadons, 

XLVII...a«(SUv(r)>  =  «,«; 

XLVIIL  . ,  6«(SUv«r)«  =6,>  ; 

XLIX...c*(SUv<t)«=c,>I 

and  next,  for  the  circumscribed  cones  themselves,  or  cones  of  tangents  r,  the  eon- 

neeted  eqoations :  

L. ..  o»(VUvr)«H-a,«  =  0; 
LI.  ..6«(VUvr)«  +  6,»  =  0; 
LII.  ..c3(VUvr)a  +  c.«  =  0; 
all  which  have  iht  forms  of  equations  of  coae«  of  revolution,  but  on  the  geometri- 
cal meanings  of  the  three  last  of  which  it  may  be  worth  while  to  say  a  few  words. 

(21.)  The  cone  L.  has  an  imaginary  vertex,  and  is  always  tV«e/fimaghiaiy;  but 
the  two  other  cones,  LI.  and  LI  I.,  have  each  a  re€d  vertex  p,  with  ^  >0  for  the 
first,  and  e'  <  0  for  the  second;  b  being  the  mean  semiaxis  of  the  ellipsoid,  which 
passes  through  a  given  point  of  the /oca/  hyperbola,  and  c^  being  the  negative  and 
algebraically  least  square  of  a  scalar  semiaxis  of  the  double-sheeted  hyperboloidt 
which  passes  through  a  given  point  of  the  focal  ellipse:  while,  in  each  case,  w 
has  the  direction  of  the  normal  to  tbe  surface,  which  is  also  the  tangent  to  the  carve 
at  that  point,  and  is  at  the  same  time  the  axis  of  revolution  of  the  cone, 

(22.)  The  semiangles  of  the  two  last  coneB,  LI.  and  LII.,  have  for  their  mpec- 
tive  sines  the  (wo  quotients, 
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UU...b,:h,  and  LIV. . .  (- c/)* :  (- c»)l ; 
each  of  those  two  cones  b  therefore  real,  if  circumBcribed  to  a  nngle-itheeted  hyper- 
bohid,  becauae,  for  tueh  an  enveloped  earfaoe  (e,),  b^  is  real^  and  less  than  the  6  of 
any  confocal  ellipsoid,  while  c«  is  imaginary,  and  its  ^^vare  is  algebraically  preater 
(or  nearer  to  zero)  than  the  square  of  the  imaginary  semiaxis  e  of  every  dnuhU- 
sheeted  hyperboloid,  of  the  same  confocal  system ;  bat  the  cone  LT.  is  imaginary,  if 
the  enveloped  surface  (ej  be  dther  an  hyperboldd  of  two  sheets  (&«  imaginary),  or 
an  exterior  ellipsoid  (b^>  ft) ;  and  the  other  cone  LII.  is  imaginary,  if  the  surface 
(ej  be  either  <my  ellipsoid  (c,  real),  or  else  an  exterior  and  dbud/e-sheeted  hyperbo- 
loid  (a^*  <  fl»,  c^'  <  c*,  -  c^*  >  —  c*).  Accordingly  it  is  known  that  the  focal  hyper- 
bola, which  is  the  locus  of  the  vertex  of  the  cone  LI.,  lies  entirely  inside  every  double- 
sheeted  hyperboloid  of  the  83rstem ;  while  the  focal  ellipse,  which  is  in  like  manner 
the  locus  of  the  vertex  of  the  cone  LIL,  is  interior  to  every  ellipsoid:  and  real  tan- 
gents to  a  «tii^/e-sheeted  hyperboloid  can  be  drawn,  from  every  real  point  of  space. 

(23.)  The  twelve  points  (whereof  only  four  at  most  can  be  real),  in  which  a 
surface  (e)  or  (a&e)  b  cut  by  the  three  focal  curves,  are  called  the  Umbilics  of  that 
surface ;  the  vectors,  say  a,  &»,,  <a^^,  of  three  such  umbilics,  in  the  respective  planes 
of  ca,  ab,  be,  are : 

LV...«  =?(«  +  «')  +  |(a-a')i 

and  the  others  can  be  formed  from  these,  by  changing  the  signs  of  the  terms,  or  of 
some  of  them.  The  four  real  umbilics  of  an  ellipsoid  are  given  by  the  formula  LV., 
and  those  of  a  double-sheeted  hyperboloid  by  LVI.,  with  the  changes  of  sign  just 
mentioned. 

(24.)  In  transforming  expressions  of  this  sort,  it  is  useful  to  observe  that  the  ex- 
pressions for  the  squares  of  the  semiaxes, 

fli  =  /2(«  +  l),     J3  =  p(e+Saa').     c«=««(e-l),  407,  VIL 

combined  with  Ta  =  Ta'=  1,  give  not  only  a»  -  c*  =  2P,  but  also, 

T^TTT        m«  +  «'         /1-Saa'  ,     a'      /a«-63\l 

LIX...T-^  =  ^-^ «^1,_.^_-.); 

and  LX.  . .  TVaa'  =  V(l  -  (S«a')«)  =  sin  ^  ^  =  /"^  (a«  -  J«)l  (fti  -  c«)*, 

with  the  verification,  that  because 

LXI.  . .  (a  -  o')  (a  +  a')  =  2Vaa', 
therefore  LXI'. . .  T(a  -  o*). T(a  +  a')  =  2TVoa'. 

We  have  also  the  relations, 

LXII.  . .  T(a  +  a')-»  +  T(a  -  a)-»  =  (TVaa')"  ; 
LXIII.  . .  T(rt  +  aO*  -  T(o  -  a')"  =  Sao'.  (TVaa')-« ; 
with  others  easily  deduced. 
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'ig.  84.     1-et  u,  u  be  the  two  real  points  -«u««i 

in  which  an  ellipeoid  (aic)  ia  cut  by  one 

branch  of  the  focal  hyperbola,  with  a  for 

■ummit.  and  with  f  for  it8  interior  focus  j 

the  adjacent  migor  Bummit  of  the  surface 

being  E,  and  e,  r'  being  (as  in  the  Figure) 

the  adjacent  points  of  interaecUon  of  the 

aame  surface  with  the  focal  lines  a.  a%  that 

is,  with  the  asymptotes  to  the  hyperbola. 

Let  also  T,  T  be  the  points  in  which  the 

wmeaaj^mptote.  a,  «' meet  the  tangent  to 

the  hyperbola  at  u.  or  the  normal  to  the  ^'  ^ 

ellipsoid  at  that  real  umbiUc,  of  which  we  «.^ 

of  the  formula  LV. ;  and  let^s  be^/f   !   .1     ^"^  ^^^'  '***  ^*^°'  ou  i.  the  ., 

Burfac,  or  tangent  W  ^t  11^1^,:;  LT"'"'"^'  "^  "^^  "^^"^^  '^  ^ 

obvious  values,  ,        ^         *"  ^""^  *^«  ^^  o-     Then,  besides  the 

aodtheobvious''^Lln,?haVt^^^  oS  =  (a.  -  ..)!, 

^  is  .e  one  a  summit  orthe;<^^^^^^  ^^^/^  »*  ^^  -^  that  the  pc^t 

the  surface  is  cut  by  the  plane^rof^hl  T  '^  "^^^  "'^^  ^^^^  ^"  ^^^ 

«ons  (comp.  871,T8.),  i^d  ^  im  ^^^  "^  ^^^  ^-  ^  --^O'  -I«- 

g-  (a  -  o'),     8U  =  -  flc :  TU ; 


LXVI...,..  =  ,„  =  _-(„,„,^_._.^_^^^ 


whenc  foUow  by  (24.)  these  other  value, 

™- •---  +  '.'-  =  --..    rv=2*, 

(26.)  It  follow,  that  the  length.oftheWa„„v  y^*'"'')^ 

ror  .„  equal  to  the  „„  .„,  ^tl^a'^:,;^^^*^'^'^'^' 
mean  axi,  (2*)  of  the  ellipsoid  •  »hil«  f  hi  f  v  '  «*•««»,  and  to  the 

(»'-c.).=.h,%.c*„n,//rdt'tr'r^iz/f^K'?°'''=®^ 

as  «»;.    The  length  (T*.)-.  or^^f 'r^"  "^^^^  ^^'^'''  ^^ »»«  be t«.ted 
which  fe.c*«  «,/.„,  «»»«<^«rt,ir„;f^^;'     •  ~T"'"'"'  ""  '""^ 

.•..«...  Of  that  .ii^ia^thtix^r^Tuir^r^^^^^ 

*  Some  such  verifications  were  riven  in  n,„  r  _ 
nexion  with  Fig.  102  of  that  fo™»  ^  "'  •"«"  "'l-  6*2,  in  con- 

to  thep^sentF^.  84  "  "'"""'•'  ""''*  "'-"«'  *»  "^"-J  «^. 
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atympMn  to  the  hyperbola ;  or,  bj  (21.)(22.),  with  the  uX9t  ot  the  two  eiremm- 
seribtd  right  eyUnders.*  And  flnally  the  length,  say  n,  of  the  umbiliear  awmidia- 
meter  ou,  b  given  by  the  fonniila, 

LXXII.  ..*»  =  •« -6«+c»; 
an  which  agrees  (25.)  with  known  lesulta. 

(27.)  An  umbilie  of  a  surface  of  the  second  order  may  be  otherwise  defined 
(comp.  (28.)),  as  a  real  or  imaginary  point  at  wlilch  the  tangent  plane  is  parallel  to 
a  eyelie plane:  and  accordingly  it  is  easy  to  prove  (comp.  407,  (20.))  that  the  tnn- 
hilicar  normal  ^ta  in  LXVI.  has  the  direction  of  a  cyclic  normal.  To  employ  this 
known  property  in  verification  of  the  recent  expressions  (25.),  (26.),  for  the  lengths 
of  ou  and  8U,  it  is  only  necessary  to  observe  that  the  common  radiue  of  the  diame- 
tral and  circular  ecetione  of  the  ellipsoid  is  the  mean  semiaxie  b  (comp.  216,  (7.) 
(9.),  &c.) ;  and  that,  by  a  slight  extension  of  the  analysis  in  (7.),  (8.),  (9.),  it  can  be 
shown  that  it  p^  o^  r  and  p',  o\  r'  be  any  two  syetems  of  three  conjugate  eemidiame' 
iers  of  any  central  ettrfacCffp  =  1,  then 
LXXIII.  .  .  p**  +  <t^  +  r^  =  p«  +  (T»  +  r«,     and     LXXIV.  .  .  (SpVr*)!  =  (Sp«fr)«. 

(28.)  A  lesB  elementary  verification  of  the  value  LXXII.  of  «',  bat  one  which  is 
useful  for  other  purposes,  may  be  obtained  from  either  the  cubic  in  5>,  or  that  in  e, 
assigned  in  407,  (8.).  For  if  ^)<,  5i',  bj*  be  the  roots  of  the  former  cubic,  and  eo, 
ei,  e2  the  roots  of  the  latter,  inspection  of  thoee  equations  shows  at  once  that  we 
have  generally t 

LXXV.  . .  -  p»  =  5o*  +  *i* -»  62' -  2/>Soa' = /«  («o  +  ei  +  «4  +  SaoO ; 
or  LXXVI. .  .oP*  =  Tp«  =  flo»  +  M  +  «2«  =  5o^  +  ci*  +  aa'  =  &c, 

where  the  semiaxes  oo,  61,  03  belong  to  the  three  confocals  through  any  propoeed 
point  F.    Making  then, 

LXXVIL..flo*  =  a»,     5i«  =  0,    C2»  =  c»-6«, 
we  recover  the  expression  assigned  above,  for  the  square  of  the  length  ti  of  an  uiii- 
bilicar  semidiameter  of  an  ellipMoid, 

(29.)  For  any  central  surface,  the  principle  (27.)  shows  that  if  X,  /i  be,  as  in 
405,  (5.),  &c.,  the  two  real  eydic  normalSf  and  if  ^  be  the  rea/ «ca/ar  associated  with 
them  as  before,  then  the  vectors  of  the  four  real  umbiliee  (if  such  exist)  must  admit  of 
being  thus  expressed : 

LXXVIII.  .  .  ±  ^-»X :  y/FX  =  ±abe  (gUX  +  piTX)  ; 
LXXIX.  ..±r^tt:  y/F/A  =± «5« (^U/i  +  XT/i) ; 

and  thus  we  see  anew,  that  an  hyperboloid  with  one  sheet  has  (as  is  well  known)  no 

*  Compare  218,  (5.),  and  220,  (4.);  in  which  the  points  b,  b'  (comp.  also 
Fig.  58,  page  226)  may  now  be  conceived  to  coincide  with  the  points  r,  r'  of  the 
new  Figure  84.  It  is  obvious  that  the  theory  of  circumscribed  cylinders  is  included 
in  that  of  circumscribed  cones;  so  that  the  cylinder  circumscribed  to  the confocal  (e), 
with  its  generating  lines  parallel  to  a  given  (real  or  imaginary)  semidiameter  y  of 
that  surface  (fy  =  1),  may  be  represented  (comp.  IIL  XIV.)  by  the  equation, 

lir.  ../Xp,  r)*=/p-li     0^     XIV.  ..FV7p  =  a«5»c»; 
with  interpretations  easily  deduced,  from  principles  already  established. 
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real  nmbilie,  because  for  that  surface  the  product  a&e  of  the  semiaxes  u  imagiiiftry  ; 
or  because  it  has  no  real  tangtnt  piame  paralM  to  either  of  its  two  real  pUnes  of 
dreuiar  section, 

(30.)  Of  whatever  species  the  surface  may  be,  the  three  mmhiliear  vectors  (23.), 
of  which  onl7  on«  at  most  can  be  real,  with  the  particular  sijfns  there  giTen,  but 
which  have  theybmu  of  lines  in  the  three  principal  planes,  must  be  conceived,  in 
virtue  of  their  expressions  LV.  LYL  LVII.,  to  terminate  on  an  imaginary  right 
KnCf  of  which  the  vector  equation  is, 

LXXX. . .  p=-J?(f:±i)- V— 1  »(flliffO  +  ±J^), 
a-\-a'  Yaa'  a -a' 

if  being  a  scalar  variable,  wliich  receives  the  three  values,  —  Saa',  + 1,  and  —  1,  when  { 

p  comes  to  coincide  with  w,  w^,  and  ci»,^  respectively.    And  weA  an  imaginai/  rig^  I 

Kae,  which  is  easily  proved  to  satisfy^  fox  all  values  of  the  variable  «',  both  the  reef-  I 

cMgular  and  the  bifocal  forms  of  the  eqmation  of  the  surface  (e),  or  to  be  (in  an  | 

ima^ary  sense)  wholly  contained  upon  that  suifooe,  may  be  called  an  UmMHear  I 

Generatrix.  \ 

(81.)  There  are  in  general  eight  such  generatrices  of  any  centred  surface  of  the  | 

second  order,  whereof  each  connects  three  umbUics,  in  the  three  principal  plmes,  i 

tufo  passing  through  each  of  the  tweltfc  umbilicar  points  (28.) ;  and  because  e^  dis-  i 

appears  from  the  square  of  the  expression  LXXX.  foe  p,  which  square  reduces  itself 
to  the  following, 

LXXXr.  .  .  p«  =  -i«(2«'  +  e  +  Sao')=-*"-2i*e', 

they  may  be  said  to  be  the  eight  generating  lines  through  \h»  four  imagiMwry  pmnts^ 
in  which  the  surface  meets  the  circle  at  injinity, 

(82.)  In  general,  from  the  cubics  in  e  and  in  &>,  or  from  either  of  them,  tt  may 
be  without  difficulty  inferred  (oomp.  (28.)),  that  the  eight  intersections  (no}  or  ima- 
ginary) of  any  three  eonfocals  (eo)  («i)  («i)  have  their  vectors  p  represented  by  the 
formula : 

TvwTT  ±«oaia2       V-lMifta  .      rocies 

LXXXII.  .  .p=.^^^-—r^  ±  ___-,±___.; 

comparing  which  with  the  vector  expression  LXXX.,  we  see  that  the  thi>ie  eonfo- 
cals, through  the  point  determined  by  that  former  expreasion,  for  any  given  value  of 
«^,  are  («),  («'),  and  («*)  again  ;  and  therefore  that  two  of  the  three  confocal  surliioeB 
through  any  point  of  an  umbilicar  generatrix  (30.)  coincide  :  a  result  which  gives 
hi  a  new  way  (comp.LXXV.)  the  expresnon  LXXXI.  for  p'. 

(88.)  The  locus  of  all  such  generatrices,  for  all  the  eonfocals  (e)  of  the  system, 
is  a  certain  ruled  surface^  of  which  the  doubly  variable  vector  may  be  thus  expressed, 
as  a  function  of  the  two  scalar  variables,  e  and  e' : 

„„TTT              '     +/(e-fl)*(e>+l)  .  V^l/(e+Saa-)i(e-+SaaO 
LXXXIII.  .  .  p^e -^^, ±  ,^^, 

.  /(e-l)*(e--l) 

and  because  we  have  thus,  for  any  one  set  of  signs^  the  differential  relation^ 
LXXXIV.  .  .  D?Pr,.  =  iD.r,po/, 


LXXXV. 
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it  follows  that  thiM  ruled  locus  is  a  Dwelopable  Surface :  its  edgecfregreentm  bdng 
that  wholly  imaginary  curve,  of  which  the  vector  is  p«,«,  and  which  b  therefore  hy 
(82.)  the  locuM  of  all  the  imaginary  points^  through  each  of  which  pass  three  coinei- 
dent  eonfheaU, 

(84.)  The  only  real  part  fili  this  imaginary  developable  consists  of  the  two  real 
focal  curvesy  which  are  double  lines  upon  it,  as  are  also  the  imaginary  focal,  and  the 
circle  at  infinity  (81.) ;  and  the  scalar  equation  of  the  same  imaginary  surface,  ob- 
tained by  elimination  of  the  two  arbitrary  scalars  e  and  e\  is  found  to  be  of  the 
eighth  degree,  namely  the  following : 

'  0  =  2m«aJ8  +  22m  (m  -  i»)* V  +  2  (p«  -  6mi»)«V 
+  22  (3m»  -  np)xhfiifl^  +  22»i«(n  -p)»«  +  22i9i(m|)  -  Sn')  «<y* 
+  2(m-i»)  (»-p)(p-m)iC«y*«'+2m«(m«-6ii/))»* 
+  22mii  (m»  -  8/>»)a?*y«  +  22mSii/>(p  _  »)««  +  m2»*p> ; 

in  which  we  have  written,  for  abridgment, 

LXXXVI.  .  .  a? = -  S/[)U(a  +  00,    y  =  -  SpUVoo',    «  =  -  SpU(a  -  a'), 
and  LXXXVIL  ..m  =  6«-c»,     n  =  c«-a«,    />  =  a«-6«, 

so  that  LXXXVIIL  .  .  m  +  n  +p  =  0 ; 

while  each  sign  2  indicates  a  sum  of  three  or  of  six  terms,  obtained  by  cyclical  or 
binary*  interchanges. 

(85.)  From  the  manner  in  which  the  equation  of  this  imaginary  surface  (88.)  or 
(34.)  has  been  deduced,  we  easily  see  by  (82.)  that  it  has  the  double  property : 
Let  of  being  (comp.  (20.))  the  locus  of  the  vertices  of  all  the  (real  or  imaginary) 
right  cones,  which  can  be  circumscribed  to  the  confocals  of  the  system ;  and  Il.nd  of 
being  at  the  same  time  the  common  envelope  of  all  those  confocals :  which  envelope 
accordingly  is  known  to  be  a  developable^  surface, 

(86.)  The  et^Af  imaginary  lines  (81.)  will  come  to  be  mentioned  again,  in  con- 
nexion with  the  lines  of  curvature  of  a  surface  of  the  second  order ;  and  before  closing 
the  present  series  of  subarticles,  it  may  be  remarked  that  the  equation  in  (16.),  for  the 
determination  of  the  second  confocal  (e^  which  touches  a  given  tangent,  dp  or  pp*,  to 
a  given  surface  (e)  of  the  same  system,  will  soon  appear  under  a  new  form,  in  con- 
nexion with  that  theory  of  geodetic  lines,  on  snrfium  of  the  second  order,  to  which 
we  next  proceed. 


*  When  xyz  and  abc  are  cyclically  changed  to  yzx  and  bca,  then  mnp  are 
umilarly  changed  to  npm ;  but  when,  for  instance,  retaining  x  and  a  unchanged,  we 
make  only  binary  interchanges  of  y,  z,  and  of  b,  c,  we  then  change  m,  n,  and  p,  to 
-  m,  -  p,  and  -  n  respectively. 

f  This  theorem  is  given,  for  instance,  in  page  157  of  the  several  times  already 
dted  Treatise  by  Dr.  Salmon,  who  also  mentions  the  double  lines  &c.  upon  the  sur- 
face ;  but  the  present  writer  does  not  yet  know  whether  the  theory  above  g^ven,  of 
the  eight  umbiUcar  generatrices,  has  been  anticipated :  the  locus  (38.)  of  which  ima- 
ginary right  Hnes  ^80.)  is  here  represented  by  the  vector  equation  LXXXIIL,  from 
which  the  scalar  equation  LXXXV.  has  been  above  deduced  (84.),  and  ought  to  be 
found  to  agree  (notation  excepted)  with  the  known  co-ordinate  equation  of  the 
developable  envelope  (85.)  of  a  confocal  system. 
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409.  A  general  theory  of  geodetic  lines^  as  treated  by  quater- 
nions, was  given  in  the  Fifth  Section  (III.  ill  5)  of  the  present 
Chapter ;  and  was  illustrated  by  applications  to  several  different 
families  of  turf  aces.  We  can  only  here  spare  room  for  applying  the 
same  theory  to  the  deduction,  in  a  new  way,  of  a  few  known  but 
principal  properties  of  geodetics  on  central  surfaces  of  the  second  or- 
der; the  differential  equation  employed  being  one  of  those  formerly 
used,  namely  (comp.  380,  IV.), 

I.  . .  Vi^V  =  Oi     if    II-  •  •  Td/>  =  const ; 
that  is,  if  the  arc  of  the  geodetic  be  made  the  independent  variable. 

(1.)  In  general,  for  any  stafaee,  of  which  v  is  a  normal  vector,  so  that  the  Jbtt 
differentia]  equation  of  the  sarface  is  Svdp  =  0,  the  seemid  Sfferemiial  eqnatioa 
dSvdp  =  0  givea,  by  I.,  for  a  geodetic  on  that  surface,  the  expression, 

III.  ..dV=-y->Sdvdp. 

(2.)  A£^n,  the  sorfaoe/p  =  const  being  still  quite  general^  if  we  write  (oomp. 
868,  X'.,  878,  III.,  &C.). 

IV.  ..d/p  =  2Svdf>«2S^/t>dp,     weshallhave    Y.  . .  d/apB2S(^.d>p); 
and  therefore,  hj  III.,  for  a  geodetie, 

Sdpd^p  ^p 

(3.)  For  a  central  curface  of  the  ceeond  order,  ^p  is  a  Imcar  fiauHam,  and  ve 
may  write  (comp.  861,  IV.), 

VIL  . .  ^dp  =  df  p  =  dv,    Sdpd^p  =  Sdp^dp  =>ap ; 
the  general  differential  equation  VI.  becomes  therefore  here, 

VIII...^  +  2S^  =  0; 

/dp  V 

and  gires,  by  a  first  integration,  with  the  condition  II., 

IX.  .  .  vVap  =  Adp«,     or    IX'. .  .  TvyUdp  =  A = const ; 
or  X. .  .  P-«2)-"=A,    or    X'. .  .  P.2)  =  A-*=const ; 

where  P  =  Tv"* = perpendicular  from  centre  on  tangent  pHane, 

and  D = CfUdp)-*  =  cemidiameter  parallel  to  tangent ; 

these  two  last  quantities  being  treated  as  scalars,  whereof  the  latter  may  be  real  or 
imaginary,*  together  with  the  last  scalar  constant  A~i. 


*  For  the  case  of  the  elUpeoid,  for  which  the  product  P.  D  is  necessarily  real,  the 
foregoing  deduction,  by  quaternions,  of  Joachimstal's  celebrated  first  integral, 
P.D^  const,  was  given  (in  substance)  in  page  dSO  of  the  Leelmree. 
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(4.)  The  following  ia  a  quite  different  way  of  accorapliahing  a  first  integration, 
which  conducts  to  another  known  result  of  not  less  interest,  although  rather  of  a 
graphic  than  of  a  metric  kind.  Operating  on  the  equation  407,  XVI.  by  S.dp,  and 
remembering  that  S/ov  =  1,  and  Si/dp  s  0,  we  obtain  the  diffiBrential  equation^ 

XL  .  .  SpvSpdp  =  ^  (Sa'i'Sadp  +  Sa vSa'dp) ; 
that  is,  by  1.  and  II., 

XII. . .  Spd^.Spd«p-p*SdpdV  =  M(Sadp.Sa'dp), 
in  which  the  first  member,  like  the  second,  is  an  exact  differential,  becausa 

XIII.  .  .  8(Vpdp.Vpd«p)  =  id(Vpdp)« ; 
hence,  for  the  geodetic, 

XIV.  .  .  ^^(Vpdp)«-2SadpSa'dp  =  ydp^ 
or  XV.  .  .  2SoUdp .  Sa'Ddp -  V^ (VpUdp)«=  A', 

A'  being  a  new  scalar  constant. 

(5.)  Comparing  this  last  equation  with  the  formula  408,  XXXVI.,  we  find  that 
the  new  constant  h'  is  the  «««•,  e  +  e,,  of  what  have  been  above  called  the  parame^ 
tera*  of  the  given  eurfaee  (e)  on  which  the  geodetic  is  traced,  and  of  the  eonfoeal  (ej 
which  touchee  a  given  tangent  to  that  curve  :  whence  follows  the  knoimf  theorem, 
that  the  tangents  to  a  peodeiic,  on  any  central  narface  of  the  second  order^  alltouek 
one  common  confocal.J, 

(6.)  The  new  constant  e,  (=*'-«)  "*y»  l>y  407,  LXXV.  and  408,  LXXV. 
(with  e  for  «o)f  he  thus  transformed : 

XVI.  . .  «,  =  «i(TVUvidp)«  +  «a(TVUv2dp)« 

=  ei(SUvjdp)*  +  e2(SUvidp)"  =  const. ; 
where  01,  es  are  the  parameters  of  the  two  confocals  through  the  pohit  f  of  the  geo- 
detic on  (0),  and  vi,  va  are  as  before  the  normals  at  that  point,  to  those  two  surfaces 

(7.)  In  fact,  the  two  equations  last  cited  give  the  general  transformation, 

XVII.  .  .  Z-2(Vp(r)»-2Sa<TSaV 
=  e  {YoVvy  +  ei  (V<tUvi)«  +  e2(V<TUv2)« ; 

o  being  an  arbitrary  vector,  which  may  for  instance  be  replaced  by  dp.  Equating 
then  this  last  expression  to  (e  +  e,)o*y  or  to  e(VaUv)'  -  sJTo^  since  8v9  =  0,  we 
obtain  the  first  and  therefore  also  the  second  transformation  XVI.,  because  the  three 
normals  vvivz  compose  a  rectangular  system  (comp.  407,  (4.),  &c.). 

(8.)  It  is,  however,  simpler  to  deduce  the  second  expression  XVI.  from  the  equa- 
tion 408,  XXXI.  of  the  cone  of  tangents  from  p  to  (e^),  by  changing  r  to  TJdp ;  and 
then  if  we  write 

XVIII.  ..»i  =  ^^, 


*  Compare  the  last  Note  to  page  656. 
t  Discovered  by  M.  Chasles. 

X  This  touched  confocal  becomes  a  sphere^  when  the  given  confocal  is  a  cons. 
Compare  880,  (^),  and  408,  (16.),  (17.)  ;  also  the  Vote  to  page  517. 

4q 
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•0  thftt  »!  dwotei  Um  angia  it  which  th«  geodetic  crotses  the  normal  y\  to  («i>, 
eoDsidend  at  a  tangmt  to  the  given  mrteoe  («},  the  flnt  integral  XYI.  takea  the 
form,* 

XIX.  ,  ,  e^sei  Bin*  ©i  +  e2  co*'  ©i, 
or  XX.  ..«,*  =  fli*  sin*  vi  +  02"  ooe*  »i,  &c. ; 

in  which  the  constant  a  is  the  primarr  semiaxis  of  the  toached  confocal  (5.). 

(9.)  Without  Buppoeing  that  Tdp  ia  constant,  we  may  investigate  as  follows  the 
differential  of  the  real  scalar  k  in  IX.  or  X.,  or  of  the  product  F^.  Z>~*,  for  mgr  cvrre 
on  a  central  surface  of  the  second  order.  Leaving  atfint  the  svr/bee  arhitrmry,  as  ia 
(1.)  and  (2.)>  and  resolving  d*p  in  the  three  rectangular  dlrectioas  of  v,  d^  and  ydp, 
we  get  the  gtMral  expression, 

XXI. . .  dV  ==  -  v-^Sdvdp  +  d/»-iSd^V  +  (ydp)~>SvdpdV  ; 
of  which,  under  the  conditions  I.  and  IL,  the  two  last  terms  vanish,  as  in  III. 
Without  assuming  those  conditions,  if  we  now  introduce  the  relations  VIL  which 
belong  to  a  central  surface  of  the  second  order,  we  have  by  V.  and  IX.  the  expres- 
sion, f 

XXII.  .  .  |dA .  dp3  =  v*Sdi/dV  +  SvdvSdvdp  -  ASdpd^  =  Svdvdpi-Svdpd^p, 
or  XXIII. .  .  dA  =  d.i/«Sdvdp-i=d.P-«2?-«=2SvdKlp-»Svdp-idVi 

or  finally,  XXIV.  .  .  dA.dp« e23vdi/dp.Srdpd*p, 

the  scalar  variable  with  respect  to  which  the  differentiations  are  perfbrmed  bang  here 
entirely  arbitrary. 

(10.)  For  a  geodetic  line  on  any  aurfaee,  referred  thus  to  aiijr  MeaUar  variable^ 
we  have  by  880,  II.  the  differential  equation, 

XXV...  Svdpd*p  =  0; 
and  therefore  by  XXIV.,  for  tuck  a  line  on  a  central  surface  of  the  weeomd  order,  we 
have  again^  as  in  (8.), 

XXVI.  . .  dA  =  0,    or    XXVI'. . .  *=const., 
with  A  =  P-«2H  as  in  X. 

(1 1.)  But  we  now  sec,  by  XXIV.,  that  for  such  a  surface  the  condition  XXVI. 
is  satisfied,  not  only  by  this  differential  equation  of  the  eeeond  order  XXV.  bat  also 
by  this  oMsr  differential  equation, 

XXVII.  .  .  Si/dydps=0; 
the  product  P-^D-*  (or  P2>  itself)  is  therefore  constant,  not  only  as  in  (3.)  for  every 


*  Under  this  form  XX.,  the  integral  is  easily  seen  to  coincide  with  that  of  IL 
Liouville, 

/!> cos'  i  +  V* sin* i^fi^ts const, 

cited  in  page  290  of  Dr.  Salmon's  Treatise. 

t  In  deducing  this  expression,  it  is  to  be  remembered  that 

dSdi/dp  =  d/dp  s=  2Sdi^>p ; 

in  fact,  the  linear  and  self-conjngate  form  ot  v^fp  gives, 

Sdp^«v=»/(dp,  dtp)=  SdrdV* 
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geodetic  on  the  sorfaee,  bot  also  for  e9ery  mrre  of  another  «ef,*  represented  by  this 
hut  equation  XZVII.,  which  u  only  of  the^En t  order,  and  the  geometrical  meaning 
of  which  we  next  propose  to  consider. 

410.  lo  general,  if  v  and  v  +  /lv  haye  the  directions  of  the  nor- 
mals to  any  surfetce^  at  the  extremities  of  the  vectors  p  and  p  +  A/>, 
the  condition  of  intersection  (or  parallelism)  of  these  two  normals 
is,  rigorously, 

L  .  .  Sv^vAp^O'y 

the  differential  equation^  of  what  are  called  the  Lines  of  Curvature, 
on  an  arbitrary  surface,  is  therefore  (comp.  409,  XXVII.), 

II.  .  .  Si'di/d/>  =  0; 

from  which  we  are  now  to  deduce  a  few  general  consequences,  toge- 
ther with  some  that  are  peculiar  to  surfaces  of  the  second  order. 

(1.)  The  differential  equation  of  the  eurface  being,  as  usual, 

III. .  .  SvdpsO, 

the  normal  vector  v  is  generally  eome  function  of  p,  although  not  generally  linear, 
because  the  surface  is  as  yet  arbitrary :  its  differential  dv  is  therefore  generally  some 
function  of  p  and  dp,  which  is  linear  relatively  to  the  latter.  And  if,  attending  only 
to  the  dependence  of  dv  on  dp,  we  write 

IV.  ..dva^dp, 

it  results  from  what  has  been  already  proved  (868),  that  thie  linear  and  vector  fime- 
tion  ^  is  at  the  same  time  self-eonj^gate. 

(2.)  Denoting  then  by  r  a  tangentl  ft  to  a  line  of  curvature,  drawn  at  the 
given  extremity  f  of  p,  we  see  that  the  vector  r  must  satisfy  the  two  followiug  sca- 
lar equations,  in  which  V  is  supposed  to  be  given, 


*  Namely,  the  Una  of  curvature,  as  is  known,  and  as  will  presently  be  proved 
by  quaternions. 

t  In  this  equation  II.,  dp  and  dv  are  two  eimultaneouM  differentiah,  which  may 
(according  to  the  theory  of  the  present  Chapter,  and  of  the  one  preceding  it)  be  at 
pleasure  regarded,  either  as  two  finite  right  Knee,  whereof  dp  is  (rigorously)  tangen- 
tiai  to  the  surface,  and  to  the  line  of  curvature;  or  else  as  /wo  infinitely  email  vec- 
tors, dp  being,  on  this  latter  plan,  an  infiniteeimal  chord  Ap.  (Compare  pages  99, 
892,  497,  626,  and  the  first  Notes  to  pages  623,  680.)  The  treatment  of  the  eqna- 
tione  is  the  eame,  in  these  two  viewe,  whereof  one  may  appear  clearer  to  some  readers, 
and  the  other  view  to  others. 

X  This  symbol  r  U  used  here  parUy  for  abridgment,  and  partly  that  the  reader 
may  not  be  obHged  to  interpret  dp  as  denoting  a  finite  tangent,  although  the  princi- 
ples of  this  worlL  allow  him  so  to  interpret  it. 
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V. . .  Svr = 0,    and    VI.  .  .  Svr^r  =  0  ; 
this  tangent  r  admits  therefore  (355)  of  hao  real  andrecttrnguXar  directiont,  but  not 
in  general  of  more :  opponte  directions  being  not  here  counted  as  duHnet,     Hence,  as 
is  indeed  well  known,  through  each  point  of  any  ntrfaee  there  pase  ffeneraUy  two  lUee 
ofewrvature  :  and  these  two  curve*  intersect  each  other  at  right  angles. 

(8.)  A  construction  for  the  two  rectangular  directions  of  r  can  easily  be  asngoed 
as  follows.  Assnming,  as  we  maj,  that  the  length  of  the  tangent  r  varies  with  its 
direetiony  according  to  the  law, 

VII.  ..Sr^r=l, 
which  gives 

VIII.  ..S(^r.dr)  =  0,     or  briefly    VIII'.  . .  S^rdr  =  0, 
by  the  properties  above  mentioned  of  ^ ;  and  remembering  that  v  is  treated  as  a  con- 
stant in  v.,  so  that  we  may  write, 

IX.  .  .  Si/dr  =  0,    and  therefore  (by  VI.),     3L  . .  Srdr=  0 ; 

we  see  that,  under  the  conditions  of  the  question,  the  above  mentioned  length  Tr,  of 
this  tangential  vector  r,  is  a  maximum  or  minimum :  and  therefore  that  the  two 
directions  sought  are  those  of  the  two  axes  of  the  plane  conic  V.  VII.,  which  has  its 
centre  at  the  given  point  p  of  the  surface,  and  is  m  the  tangent  plane  at  that  point 

(4.)  This  plane  conic  V.  VII,  may  be  called  the  Index  Omx,  for  the  given  sur- 
face at  the  given  point  p  ;  in  fact  it  is  easily  proved  to  coincide,  if  we  ab^ract  from 
mere  dimen^ons,  with  the  known  indicatrix  (la  courbe  indicatrice)  of  Duptn,*  who 
first  pointed  out  the  coincidence  (3.)  of  the  directions  of  its  axes,  with  those  of  the 
lines  of  curvature  ;  and  also  established  a  more  general  relation  of  conjugation  be- 
tween two  tangents  to  a  surfiiice  at  one  point,  which  exists  when  the}'  have  the  direc- 
tions of  any  two  conjugate  semidiameters  of  that  curve  :  so  that  the  lines  of  curvature 
are  distinguished  by  this  characteristic  property ^  that  the  tangent  to  each  is  per- 
pendicular to  its  conjugate, 

(5.)  In  our  notations,  this  relation  of  conjugation  between  two  tangents  r,  r', 
which  satisfy  as  such  the  equations, 

V.  .  .  Si/r=  0,     and    V. .  .  Svr'  =  0^ 
is  expressed  by  the  formula, 

XI.  .  .  Sr^r'  =  0,     or    XI'. . :  Sr>r  =  0 ; 
we  have  therefore  the  parallelisms,t 

XII. .  .  r  II  Vv^r',     Xir.  .  .  r'  ||  Vv^r  ; 
10  that  the  equation  VI.  may  be  written  under  the  very  simple  form, 

XIII.  ..Srr  =  0, 
which  gives  at  once  the  rectangularity  lately  mentioned. 
I 

*  Ddveloppements  de  Giomitrie  (Paris,  1813),  pages  48,  145,  &c. 

t  The  conjugate  character  of  these  two  parallelisms,  or  the  relation, 
V.v^Vr0r||r,     if    SvrsO, 
may  easily  be  deduced  from  the  self-conjugate  property  of  ^,  with  the  help  of  the 
formula  348,  VII.,  in  page  440. 
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(6.)  The  ptralleliflm  XII'.  may  be  otherwise  expresaed  bj  saying  (comp.  (4.)) 
that 

XrV.  .  .  dp    and    Vvdv 

hare  the  directions  of  conjugate  tangents  ;  or  that  the  two  vectors, 

XV. .  .  Ap  and  VvAv, 
"ti&ve  ultimately  such  directions,  when  T^p  diminishes  indefinitely.  But  whatever 
may  be  this  length  of  the  chord  Ap,  the  vector  V vAv  has  the  direction  of  the  line 
of  intersection  of  the  two  tangent  planet  to  the  surface,  drawn  at  its  two  extremi- 
ties :  another  theorem  of  Dupin*  is  therefore  reproduced,  namely,  that  if  a  develop^ 
able  be  circumscribed  to  any  surface^  along  any  proposed  curve  thereon,  the  generai- 
ing  lines  of  this  developable  are  everywhere  conjugate,  as  tangents  to  the  surface,  to 
the  corresponding  tangents  to  the  curve,  with  the  recent  definition  (4.)  of  such  con- 
jugation. 

(7.)  The  following  is  a  very  simple  mode  of  proving  by  quaternions,  that  t/a 
tangent  r  satisfies  the  equation  YI.,  then  the  rectangular  tangent, 

XVI.  ..r'=vr, 
satisfies  the  same  equation.     For  this  purpose  we  have  only  to  observe,  that  the  self- 
conjugate  property  of  0  gives,  by  VI.  and  XVI., 

XVII.  .  .  O  =  SrVr  =  Sr0r'=v-*S>'r>r'. 

(8.)  Another  way  of  exhibiting,  by  quaternions,  the  mutual  rectangularity  of 
the  lines  of  curvature,  is  by  employing  (comp.  857,  I.)  the  self-conjugate ybrm, 

XVIII.  . .  ^r=gT+Y\rft; 

in  which  the  vectors  X,  /i,  and  the  scalar^,  depend  only  on  the  surface  and  the  point, 
and  are  independent  of  the  direction  of  the  tangent  The  equation  VI.  then  be- 
comes by  v., 

XIX. . .  0  =  SvrXr/i  =  SvrXS/ir  +  Svr/iSXr ; 

assuming  then  the  expression, 

XX.  .  .  r=a?VvX  +  yVv/i, 
ire  easily  find  that 

XXL  ..y8(Vv^)«  =  »«(VvX)«,     or    XXf. .  .  y  tVv/i  =  ±  «TVvX ; 

the  two  directions  of  r  are  therefore  those  of  the  two  lines, 

XXII.  ..UVvX+UVvfi, 

which  are  evidently  perpendicularf  to  each  other. 


•  Dupin  proved^r**  (Dev.  de  GSome'trie,  pp.  48, 44,  &c.),  that  tw^such  tangents 
as  are  described  in  the  text  have  a  relation  of  reciprocity  to  each  other,  on  which 
account  he  called  them  *'  tangentes  conjuguees  :*'  and  afterwards  he  gave  a  sort  of 
image,  or  construction,  of  this  relation  and  of  others  connected  with  it,  by  means  of 
the  curve  which  he  named  *^  Findicatrice"  (in  his  already  cited  page  48,  &c.). 

t  This  mode,  however,  of  determining  generally  the  directions  of  the  lines  of 
curvature,  gives  only  an  illusory  result,  when  the  normal  v  has  the  direction  of 
either  X  or  fi,  which  happens  at  an  umbilic  of  the  surface.  Compare  408,  (27.),  (29.), 
and- the  first  Note  to  page  466. 
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(9.)  An  imitrprtiaihmf  of  eonie  interMt,  may  be  giren  to  this  Uat  ezpreMiou 
XXII.,  by  the  introdoction  of  a  certain  auxiliary  gurface  of  iht  Mteomd  order^  whidi 
may  be  called  the  Index  Surface,  because  the  index  curve  (4.)  is  the  diametral  eet- 
Hon  of  this  new  surface,  made  by  the  tangent  plane  to  the  given  one.  WUh  the  re- 
cent signification  of  ^,  this  index  eurfaee  is  represented  by  the  equation  YIL,  if  r 
be  NOW  supposed  (comp.  (2.))  to  represent  a  line  pt  drawn  in  any  direcliom  froQ 
the  given  point  p,  and  therefore  not  now  obliged  to  satisfy  the  eondiiion  V.  of  tan- 
geneg.  Or  if,  for  greater  clearness,  we  denote  by  p  +  p'  the  vector  from  the  origin 
o  to  a  point  of  the  index  surface,  the  equation  to  be  satisfied  is,  by  the  form  XYIIL 
of  ^  (comp.  857,  II.)t 

XXIIL  . .  1  =Sp>p'«^p'«+8\pVp'; 

the  centre  of  this  auxiliary  surface  being  thus  at  p,  and  its  two  (real)  cgreNc  nanmah 
being  the  lines  X  and  fi :  so  that  VvX  and  Yvfi  have  the  directions  of  the  /races  of 
its  two  cgelie  planes^  on  that  diametral  plane  (Svp'«=  0)  which  touekee  tKe  given 
Murfaee.  We  have  therefore,  by  XXII.,  this  general  theorem,  that  the  bioeetore  of 
the  angle  formed  bg  theee  two  traces  are  the  tangente  to  the  two  lines  of  curvature, 
whatever  the  form  of  the  given  eurfaee  may  be, 

(10.)  Supposing  now  that  the  given  eurfaee  is  itself  one  of  the  second  order,  and 
that  iU  centre  is  at  the  ort^'n  o,  so  that  it  may  be  represented  (comp.  405,  XIT.) 
by  the  equation, 

XXIV.  . .  1  =  Sp^p  «yp«+  SXp/ip, 

with  eonsfonf  values  of  X,  fi,  and  g,  which  will  reproduce  with  those  values  the  form 
XVIII.  of  ^,  we  see  that  the  index  surface  (9.)  becomes  in  this  case  simply  that 
given  one,  with  its  centre  transported  from  o  to  P ;  and  therefore  with  a  tangent 
plane  at  the  origin,  which  is  parallel  to  the  given  tangent  plane.  And  thus  the 
traces  (9.),  of  the  cyclic  planet  on  the  diametral  plane  of  the  index  surface,  become 
here  the  tangents  to  the  circular  sections  of  the  given  surface.  We  recover  then, 
as  a  ewe  of  the  general  theorem  in  (9.).  this  hnown  but  less  general  theorem  :  that 
the  angles  formed  by  the  two  circular  sections,  at  any  point  of  a  surface  of  the  se- 
cond order,  are  bisected  by  the  lines  of  curvature,  which  pass  through  the  same 
point 

(11.)  And  because  the  tangents  to  these  latter  lines  coincide  generally,  by  (3.) 
(4.)  (9.),  with  the  axes  of  the  diametral  section  of  the  index  surface,  made  by  the 
tangent  plane  to  the  given  surface,  they  are  parallel^  in  the  ease  (10.),  as  indeed  is 
well  known,  to  the  axes  of  the  parallel  section  of  a  given  surface  of  the  second 
orders 

(12.)  And  if  we  now  look  back  to  the  Equation  of  Confocals  in  407,  (26.),  and 
to  the  earlier  formulae  of  407,  (4.),  we  shall  see  that  because  the  vector  vi,  in  the 
last  cited  sub-lrticle,  represents  a  tangent  to  the  given  surface  Sp^p  =  1,  complamar* 
with  the  normal  v  and  the  derived  vector  ^v\,  so  that  it  satisfies  (oomp.  407,  XII. 
XIV.,  and  the  recent  formula)  V.  VI.)  the  two  scalar  equations, 

XXV. . .  Svvi  =  0,    and    XXVI.  . .  Svvn^vi  =  0, 
which  are  likewise  satisfied  (comp.  (7.))  when  we  change  vi  to  the  reetangulsff'  lua- 


*  Compare  the  Note  to  page  645. 
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^ent  V2j  it  follows  that  theie  two  vteton,  vi  and  ys,  which  are  the  normah  to  thM 
two  etmfotaU  to  (a)  iktough  p,  are  also  the  tangtnU  to  the  two  UneM  ofetmature  on 
that^iMift  narfaee  of  the  second  order  at  that  point :  whence  follows  this  other  theo- 
rem* jof  Dapin,  that  the  curve  of  orthogonalintereeeiion  (407,  (4.)),o/rvo  comjbeal 
titrfaeet,  it  a  line  of  curvature  on  each. 

(18.)  And  by  combining  this  known  theorem,  with  what  was  lately  shown  re- 
specting the  umhilicar  generatrices  {m  408,  (80.),  (32.),  comp.  also  (36.),  (36.)), 
we  may  see  that  while,  on  the  one  hand,  the  lines  of  curvature  on  a  central  sarface 
of  the  second  order  have  no  real  envelope^  yet  on  the  other  hand,  in  <m  imaginary 
sense,  they  have  for  their  common  envelope  f  the  system  of  the  eight  imaginary  right 
lines  (408,  (81.)),  which  connect  the  twelve  (real  or  imaginary)  umbilies  of  the  sur- 
face, three  by  three,  and  are  at  onob generating  lines  of  the  smrfaee  itself  and  also  of 
the  known  developable  envelope  of  the  confocal  system, 

(14.)  It  may  be  added,  as  another  cnriooa  property  of  these  eight  imaginary 
right  lines f  that  each  is,  in  an  imaginary  sense^  itself  a  line  of  curvature  upon  the 
sarface :  or  rather,  each  represents  two  coincident  lines  of  that  kind.  In  fact,  if  we 
denote  the  variable  vector  408,  LXXX.  of  such  a  generatrix  by  the  expression, 

XXVII.  ..p  =  «'<r+ff', 

in  which  «^  is  a  variabls  scalar,  bat  ir,  9*  an  two  given  or  constant  but  imaginary 
vectors,  such  that 

XXVIII. . .  <r»  =  0,    S<r<r'=-P,    <r^  =  -6», 
and  XXIX.  .  .  /<r  =  Ba^o  =  0,    f(jr,  O  =  S<'><'  =  0,    /<r'  *  1, 

we  have  the  imagincary  normal  v,  with  (for  the  case  of  a  real  umbiUc')  a  real  tensor, 

XXX.  .  .  v  =  e>(r  +  ^(r'  j.  <r,     XXXI.  .  .  Tv  =  ±      \      '? 


*  Dev,  de  Geometrie,  page  271,  &c. 

t  The  writer  is  not  aware  that  this  theorem,  to  which  he  was  condaoted  by  qua* 
temlons,  has  been  enunciated  before ;  but  it  has  evidently  an  intimate  connexion 
with  a  result  of  IVofessor  Michael  Roberts,  cited  in  page  290  of  Dr.  Salmon's  Trea- 
tise, respecting  the  imaginary  geodetic  tangents  to  a  line  of  curvature,  drawn/r^m  an 
umhUicar  point,  which  are  analogous  to  the  imaginary  tangents  to  a  plane  oonic, 
drawn  from  sl  focus  of  that  curve.  An  illustration,  which  is  almost  a  visible  reprc' 
semtation,  of  the  theorem  (18.)  is  supplied  by  Plate  II.  to  LiouviUe's  Monge  (and  by 
the  corresponding  plate  in  an  earlier  edition),  in  which  the  prolonged  and  dotted 
parts  of  certain  ellipses,  answering  to  the  real.prt^ections  of  imaginary  portions  of 
the  lines  of  curvature  of  the  ellipsoid,  Knseen  to  touch  a  system  of  fbur  real  right 
lines,  namely  the  projections  (on  the  same  plane  of  the  greatest  and  least  axes),  of 
tXk^four  real  umbilicar  tangent  planes,  and  therefore  also  of  what  have  been  above 
calkd  (408,  (80.),  (81.))  the  eight  (imaginary')  umhilicar  generatrices  of  the  sur&oe. 
AoGOfdingly  Monge  observes  (page  160  of  Lionville's  edition),  that  "  toutes  let 
ellipses,  projections  dea  lignes  de  oourbure,  seront  inscrites  dans  ce  parall^logramme 
dost  chaenne  d*eUes  tonchera  les  quatre  c6t^  :**  with  a  similar  remark  in  his  expla- 
nation of  the  corresponding  Figure  (page  160). 
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and  we  find,  after  redactions,  the  imaginary  expression, 

XXXII.  .  .  v(F=  + V-lffTv,     whence    XXXIII. .  .  S»'ff  =  0,     Svvfa^O. 
The  differential  equations  V.  VI.  of  a  line  of  carvature  are  therefore  symbolienify 
satisfied^  when  we  subsUtatc,  for  the  tangential  vector  r,  either  the  imaginary  line 
o  iUelf,  or  the  apparently  perpendicular  but  in  an  imaginary  sense  coincident*  rec- 
tor va ;  and  the  recent  assertions  are  justified. 

(15.)  As  regards  the  real  lines  of  curvature,  on  a  central  surface  of  the  seoood 
order,  we  see  by  comparing  the  general  differential  equation  II.  with  the  expres- 
sion 409,  XXIII.  for  the  differential  of  A,  or  of  P-^J>^,  that  this  latter  product,  or 
the  product  P,D  itself^  is  constant  f  for  a  litie  of  curvature^  as  well  as  for  a  geo- 
detic line,  on  such  a  surface,  as  indeed  it  is  well  known  to  be :  although  this  last 
constant  (P.  D)  may  become  imaginary,  for  the  case  of  a  single-sheeiedX  kyperho- 
loid,  and  must  be  such  for  a  line  of  curvature  on  an  hyperboloid  of  two  sheets, 

(16.)  And  as  regards  the  general  theory  of  the  index  surface  (9.),  it  is  to  be  ob- 
served that  this  auxiliary  surface  depends  primarily  on  the  scalar  function  f  in  the 
equation  /p  =  1,  or  generally /p  =  const.,  of  the  given  surface  ;  and  that  it  is  not  em- 
tirely  determined  by  means  of  that  surface  alone.     For  if  we  write,  for  instance, 

XXXI7.  ..ffp  =  fl,    with    d/p  =  2Svdp  as  before, 
we  shall  have,  as  the  new  first  differential  equation  of  the  same  given  surfaeey  instead 
of  III,, 

XXXV.  .  .  0  =  df/p  =  2Sni.dp,     with     XXXVI.  .  .  n  =  f/p; 

and  if  we  then  write,  by  analogy  to  IV., 

XXXVII.  .  .  d .  i« V  =  *dp  =  K0dp  +  n VSvdp,     with     XXXVIII.  .  .  »'  =  ^Cfp, 
the  new  index  surface,  constructed  on  the  plan  (9.),  will  have  for  its  eqaatioo^ 
analogous  to  XXIII.,  the  following: 

XXXIX.  . .  Sp'<6p'  =  nSp'^p'  +  »'  (SvpO*  =  const 

*  As  regards  the  paradox,  of  the  imaginary  vector  o  being  thus  apparently  per- 
pendicular to  itself  a  similar  one  had  occurred  before,  in  the  investigation  353,  (17.), 
(18.),  (19.) ;  and  it  is  explained,  on  the  principles  of  modem  geometry,  by  observ- 
ing that  this  imaginary  vector  is  directed  to  the  circle  at  infinity.  Compare  408, 
(81.),  and  the  Note  to  page  459. 

t  Compare  the  first  Note  to  page  667. 

"l  Although  the  writer  has  been  content  to  employ,  in  the  present  work,  some  of 
these  usual  but  rather  long  appellations,  he  feels  the  elegance  of  Dapin*sphrueo]ogy, 
adopted  also  by  Mobius,  and  by  some  other  authors,  according  to  which  the  two  cen- 
tral hyperboloids  are  distinguished,  as  elliptic  (for  the  case  of  two  sheets),  and  Ajr- 
perbolie  (for  the  case  of  one).  The  phrase  "  quadric,"  for  the  general  surface  of  the 
second  order  (or  second  degree),  employed  by  Dr.  Salmon  and  Mr.  Cayley,  is  also 
very  convenient.  It  may  be  here  remarlsed,  that  Dupin  was  perfectly  aware  o^  or 
rather  appears  to  have  first  discovered,  the  existence  ofwhat  have  since  his  time oome 
to  be  called  the  focal  conies;  which  important  curves  were  considered  by  him,  as 
being  at  once  limits  of  confocal  surfaces,  and  also  loci  ofumbilics,  Comp.  Dec.  de 
Giometrie,  pages  270,  277,  278,  279  ;  see  also  page  890  of  the  Aperfu  JHciorique, 
kc,  by  M.  Chasles  (Brussels,  1887). 
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(17.)  But  ifiretekethji  last  oeiMtaBis«,tb6teH>«ida0wr/a^ 
XXXIX.,  will  have  a  €MmNO»  diamtiral  seelhm,  made  hy  the  £fme$i  tampeni  pUme, 
namely  the  index  curve  (4.) ;  and  they  will  tomek  each  «fAcr,  in  the  wMeextent  <if 
that  cmrve.  And  it  will  be  fomd  that  the  anuimttiS*  (9.),  for  the  dirteiuma  of  the 
Unee  ofeurvature,  applies  equally  well  to  the  o«e  as  to  the  other,  of  these  two  aozi- 
liaiy  sor^^ces:  in  fact,  it  is  evident  that  the  differential  equation  II.,  namely 
Svdvdps  0,  reoeiyes  no  real  alteration,  when  v  is  mnltiplied  by  any  ««o2eir,  »,  even 
if  that  scalar  should  be  variable. 

(IS,)  Andlnetead  of  snpposiDg  that  the  MD-io&b  McCor  ^  te  tfaoi  ofaKged,  as  in 
878,  to  satisfy  a  given  eealar  equatiouj  of  the  fbrm* 

/^sconat, 


•  Ifpsia;+^4.jb,«ndv=>9»  =  F(aB,3r,«>,  andifwewrite, 
dv  =pda!  +  qdy  +  rdjr,      ^^p'dso + r"dy  +  ^''dr, 
dy  =  g'dy + p"dz  +  r"d«,    dr  =  r'dar  +  ^'da?  +p"4y, 
we  may  then  write  also,  on  the  present  plan,  which  gives  dfp  b  2Svdf>, 
dp  s  ids  +jdy  +  Adz,  J'*'-  l(«P+J?  +  *r), 

dys-|(td/>-ir>d9  +  Mr),     Sdpdy  « |(djrdp  +  dyd^  +  dtdr); 
and  thetfuiftpjatr^fiMe,  constmcted  as  in  (9.),  and  with  p'  changed  to  Af>  >=  tA«  H-jAy 
•f  k^f  will  thus  have  the  eqoation, 

(a>  . .  ip'Aaj>+  |y'Aya+  irAi* ^-p'^ytz  +  9"A«A«  +  r^A«Ay  =  1, 
or  more  generally  *=  const ;  so  that  it  may  be  made  in  this  way  to  depend  vpon,  and 
be  entirely  determined  by,  the  nas  partial  diffkreniial  eo^eiente  of  the  aeeond  order, 
p'.  ,p", .,  of  the  fonction  v  orfp,  taken  with  respect  to  the  three  reetanyular  eo- 
itrdinatea,  xyx.  And  by  coni|iaring  this  equation  (a)  with  the  following  eqnatioa 
of  the  same  auxiliary  sur&oe^  which  results  more  directly  from  the  jprindplas  am* 
ployed  in  the  text  (eomp.  XYIIL  XXIIL), 

(b)u  . .  SA^ApsfA^+flXApfiApsl, 
we  can  easily  dednoe  •spretwma  for  those  six  partial  eoefidetda,  fn  terms  of  ^,  X,  p. 
Thus,  for  example, 

|D,i^«ip's-9+  SXi>t»SX/i-^+2S«'XSi> ; 
but  S«XSt/i  +  SjXSj>  +  Si(XSil/i»-SXfi;  therefore, 

(c>  . .  J(D,^  +  D,^+  D,««)=SX/»-8^  =  ci  +  «*  +  c»  =  -m'', 
if  Oil  c^  «8  be  the  roots  and  m"  a  coefficient  of  a  certain  cubic  (854,  III.),  deduced 
from  the  linear  and  vector  (unction  dv »  ^p,  on  a  plan  already  explained.    If 
tiMB  the  fanedon  v  midUty,  as  in  several  phydcal  qnestions,  the  partial  djj/erentiai 
equation, 

(d).  .  .  D«%+ Dy%  +  DgSv  «  0, 

the  tmn  of  fhese  three  roofs,  ei,  eg,  eg,  wifl  voMieh :  and  consequently,  the  aaympto^ 
tie  cone  to  the  indeX'iurfkee,  found  by  changing  1  to  0  in  the  second  member  of  (a), 
is  real,  and  has  (camp.  406,  XXL,  XXIX.)  the  property  that 

(e).  ..cot»a  +  cot>b  =  l, 
if  a,  b  denote  its  two  extreme  semianglm.    An  enttiely  diiianDt  nethod  of  tnuis- 

4  R 
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m  mty  suppose,  as  in  872,  tlut  p  is  a  given  vector  fimeHtm  of  two  oealar  v&ria- 
62cff, »  and  y,  between  which  there  will  then  arise,  by  the  same  ftindameotal  Ibnnola 
II.,  a  diffarmUial  epuMom  of  the  Jfret  order  and  eecoiuL  degree,  to  be  infeegnted 
(when  possible)  by  known  methods.    For  example,  if  we  write, 
XL.,  .psts+ir+^i    d*=pd«  +  94jf, 
we  shall  satisfy  the  equation  III.  by  assuming  (with  a  constant  &ctor  understood), 

XLL  . .  y  s=  tp  ■\-jq  -  A,    whence    XLIL  . .  dy  =  tdp  -k-jdq ; 
and  thus  the  gemeral  equatUm  II.,  for  the  lines  of  conratnre  on  an  arbttnuy  snriace, 
rsoeiyes  (by  the  laws  of  ifk)  the  form, 

XLIII. . .  dp(dy-f9ds)«d9(da;+/»d2); 
which  last  form  has  accordingly  been  assigned,  and  in  several  important  qnestioDi 
employed,  by  Monge*  :  but  which  is  now  seen  to  be  induded  in  the  still  more  con- 
cise (and  mors  easily  deduced  and  interpreted)  quatendom  equatUm^ 

Sydydp  =  0. 

411.  For  a  central  surface  of  the  second  order^  we  have  as  usual 
V  a  0p,  Ay  a  0Ap,  and  therefore  (by  347»  348,  and  by  the  self-con- 
jugate  form  of  0), 

L  .  .  VyAy  =  V0p0Ap  =  ^VpAp  =  TO0-»VpAp; 
the  general  condition  of  intersection  410,  I.  of  two  normals^  at  the 
eztremitieB  of  a  finite  chord  Ap,  and  the  general  differential  equaOon 
410,  II.  of  the  lines  of  curvature^  may  therefore  for  such  a  surface 
receive  these  new  and  special  forms  : 

fbrming,  by  quaternions,  the  well  known  equation  (d),  oocuned  eariy  to  the  present 
writer,  and  will  be  briefly  mentioned  somewhat  farther  on.  In  the  mean  time  it 
may  be  remarked,  that  becanse  m"  s  0  by  (c),  when  the  equation  (d)  is  satidied,  we 
haye  then,  by  the  general  theory  III.  iL  6  of  linear  and  yector  functions,  and  cepe- 
dslly  by  the  subartides  to  850,  remembering  that  f  is  here  self-oonjogateb  the  ftr- 
mulK, 

(f). .  .  dy+  x<if>  =  0,    and    (g). . .  ^<r-  ^«a  =  «iV, 

X,  ^  being  auxiliary  functions,  and  m'  another  coefficient  of  the  cubic,  while  oh  an 
arbitrary  yector.  For  the  same  reason,  and  under  the  same  condition  (d),  the 
function  ^  itself  has  the  properties  expressed  by  the  equations, 

(h). . .  ^ViK  =  ff^i  - 1^«,    and    (i).  .  .  ^« V««  =  V^i^«  -  m'Vac ; 
in  which  the  two  veetore  i,  c  are  arhUnarg,  and  m'  is  the  same  eeaiar  coegideiU  $a 
hefors. 

*  See  the  enunciation  of  the  formula  here  numbered  as  XLIII.,  in  psge  183  of 
.  LiouyiUe's  Monge :  compare  also  the  applications  of  it,  in  psges  274,  SOS,  S05, 357. 
(The  corresponding  pages  of  the  Fourth  Edition  are,  115,  240,  235,  267,  311) 
The  quaternion  equation,  Sydydp  =  0,  was  published  by  the  present  writer,  in  s 
communication  to  the  Philoeophical  Magazine,  for  the  month  of  October,  1S47 
(page  289).  See  also  the  Supplement  to  the  same  Volume  xxxl.  (Thiid  Series); 
and  the  Proceedings  of  the  Royal  Irish  Academy  for  July,  1846. 
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IL  .  .SA/)0-»V/»A/i  =  O,     or    11'.  .  .  S/>A/)0-»A/i  =  O; 

ni.  . .  8dp(fir^Ypdp  =  0,     or    IIP.  .  .  S/>d^>d/> «  0 ; 
"which  ftdmit  of  geometrical  interpretations,  and  conduct  to  some 
new  theorems,  especially  when  they  are  transformed  as  follows: 

IV. . .  8\^p .  Bp^p<^>'y  +  SfiAp.  Bp^p<fr^\  «  0, 
V.  . .  8\dp.  8/>d/)0->  +  Syad/» .  S/»d^-»X  «  0, 

X  and  /»  being  (as  in  405,  (5.),  &c.)  the  two  real  cydie  normals  of 
the  surface:  while  the  same  equations  may  also  be  written  under 
the  still  more  simple  forms, 

VI.  .  .  SaAp  .SaVA/»  +  Sa'Ap .  SapAp  =  0, 

VII.  ..  Sfld/> .  Sapdp  +  Sa'dp .  Sapdp  =  0, 

a,  a'  being,  as  in  several  recent  investigations,  the  two  real  focal 
unit  linesy  which  are  common  to  a  whole  confocal  system, 

(1.)  The  vector  ^-^VpAp  in  II.  has  by  I.  the  direction  of  YyAv;  whence,  by 
410,  (6.),  the  interpretation  of  the  recent  equation  II.,  or  (for  the  present  purpose) 
of  the  more  general  equation  410,  L,  is  that  M«  chord  pp'  ia  perpendicular  to  iU 
own  polar^  if  the  normaU  at  its  extremitiee  imieretet.  Accordingly,  if  their  point  of 
intersection  be  called  v,  the  polar  of  pp'  is  perpendicular  at  onoe  to  pn  and  pV,  and 
therefore  to  pp'  itself. 

(2.)  The  equation  IV,  may  be  interpreted  as  expressing,  that  when  the  normali 
at  p  and  p'  thus  interteet  in  a  paint  h,  there  exitta  a  point  t^  in  the  <Sametral  plane 
OPF^,  alt  which  the  normal  p'V  £f  paralld,  to  the  chord  pp':  a  result  which  may  be 
otherwise  deduced,  from  elementary  principles  of  the  geometry  of  surfaces  of  the 
second  order. 

(8.)  It  is  unnecessary  to  dwell  on  the  eonoer««  propositions,  that  when  either  of 
these  conditions  is  satisfied,  there  ie  intereeetion  (or  parallelism)  of  the  two  normale 
at  p  and  p* :  or  on  the  corresponduig  but  limiting  results,  expressed  by  the  equations 
UI.  and  Iir. 

(4.)  In  order,  however,  to  make  any  use  in  calculation  of  these  new  forms  II.,  III., 
we  must  select  some  suitable  expression  for  the  self-conjugate  function  ^,  and  deduce 
a  corresponding  expression  for  the inyerse  function  ^'K    ThB form* 
Vin.  .  .0p=^p  +  VXp^ 

which  has  already  several  times  occurred,  has  also  been  more  than  once  inverted  r 
but  the  following  new  invereef  formj 


*  The  vector  form  YIII.  occurred,  for  instance,  in  pages  468,  469,  474,  484, 
641,  668 ;  and  the  connected  eealarform, 

fp^gp'-k-SXpfip,  367,11. 

has  likewise  been  frequently  employed. 

t  Literae  fbnne,  Ibr  ^'^p  or  m-^if/p,  have  ooonrred  in  pages  468,  484,  641  (the 
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has  an  tOraitag^,  for  o«r  preaeDt  parpose^  oyv  thoaaanigBedlwfore.  In  Iket,  thU 
fom  IX.  gim  at  oooe  the  eqnatioo, 

and  80  conducts  immodiaUl/  from  IL  to  IV.,  or  from  IIL  to  V.  as  a  limit. 

(6.)  The  equation  IV.  expreB0e8^eiMra//jr,  that  the  cAoref  Ap,  or  pf',  ia  a  tidt  of 
a  certain  coim  of  the  second  order,  which  has  its  vertex  at  the  point  p  of  the  grren 
snrflMi^  md  paana  thioqgh  all  the  points  p'  for  which  the  noimab  to  thai  sirfiMa  w- 
NnKiihb  pivem  aormoiatr ;  nd  the  equatioii  T.  expresses  fMcrs/lf,  that  the  taw 
ridn  of  this  last  cone,  in  which  it  is  cut  by  the  ^*e«»  toi^cirf  |>ia»e  at  th«  same  point 
p,  are  the  tangtntt  to  the  Unet  of  curvature. 

(6.)  But  if  the  snfrce  be  an  efKp^oid,  or  a  Ai«Mt^eheeted  hTperboloid,  then 
(oomp.  408,  (29.))  the  ahsayr  rmd  wtetore*  f^X  and  f'^fi^  have  the  directiotts  of 
etmidiametere  drawn  to  two  of  the  four  real  umhiiiee:  snpposmgthen  that  p  is  aueh 
a  semidiameter,  and  that  it  has  the  direction  of  +  ^~'X,  the  second  term  of  the  first 
member  of  the  equation  IT.  Tmnidies,  and  the  eoue  TV.  breaks  op  hito  a  pair  of 
phaue,  of  which  the  equations  in  p'  are^ 

XI.  ..SX(p'-p)=0.    and    XII.  . .  Sp>->Xf - >  =  0 ; 

whereof  ihafirwur  r^reaenta  the  taa^eal  pioMe  ai  the  umhiSe  p,  and  the  imtter  re- 
pieasnls  the^lme  mfikef&mt  roml  «aiU/tra. 

(7.)  It  fdllowa^  then«  that  the  monmal ai 4he real mmihiHc  r  ia neiimleraeeUd hy 
any  real  normal  to  the  surfroe,  except  ihoee  ufhieh  are  drawn  otpeimiM  t'  ^  thmt 
principal eeetimy  on  which  all  the  reed  wmUHce  are  eituaied:  bui  that  the  eame  real 
umhdicar  normal  rtt  w,  in  an  ima^mary  soue,  inierceelcd  by  all  the  tnaytaoFjr  Mr- 
malcy  which  are  drawn  f^vm  the  imagimarjf  pdnU  P*  ef  either  rfthe  Am  im^imary 
fcneratricee  through  p. 

(8.)  In  fact,  the  locus  of  the  point  p',  under  the  eoiuKfioii  of  interceeHom  of  its 
normal  p'm'  with  a  given  morwuU  ph,  ia  generally  a  quariic  emnfc,  aamefy  the  fatter- 
section  of  the  given  eurface  with  the  mm  IY.  ;  but  when  this  cone  brcedke  «p,  as  ia 
(6.)»  into  Iwo  ploaet,  whereof  one  is  normal^  and  the  other  tamgential  to  the  saifaee, 
the  general  quariic  is  liicewise  decompoeed^  and  becomes  a  system  of  a  real  comie, 
name]/  the  pn'ad^al  eection  (7.),  and  a  pair  ofimutgimawg  right  Hmee,  namely  the 
Iwo  MiMtoar  generairieee  at  p. 

(9.)  We  see^  at  Ae  same  time,  ia  a  new  way  (oompu  410,  (14^)),  thatcodksMil 
generatrix  is  (in  an  imaginary  sense)  a  litte  ofcurvedure  :  because  the  (imaginary) 
normale  to  the  eurface^  at  all  the  points  of  that  generatrix,  are  situated  by  (7.)  in 
one  common  (imaginary)  norma/ j»/anc. 

(10.)  Hence  through  a  real  mmbUic^  on  a  surface  of  the  second  order,  there  pa» 


eorrectlon  in  a  Note  to  whidi  last  page  should  be  attended  to).     In  oompaiing  these 
with  the  form  IX.,  it  will  easily  be  seen  (comp.  page  661)  that 

*  Compare  the  Note  immediately  preceding. 
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tkree  imew  efetirvahire:  vhenof  mtf  Is  a  real  etmie  (8.),  and  the  tieo  otken  are 
imaffmeay  right  Knefy  namtty,  the  wmMHeor  ge¥»eratriee9  as  beftwe. 

(11.)  If  we  pre%r  differeniiaU  to  diffkremees^  and  therefore  nse  the  eqnatkn  V. 
of  the  lines  of  cnrratiire^  we  Bad  that  this  eqnation  takes  the  form  0  =  0,  if  the 
point  p  be  an  nrnUIic;  and  that  if  the  normal  at  that  pomt  be  parallel  to  X,  the 
differemiimi  oftka  eqwMoH  Y.  breaks  op  into  tmofaetan^  namely, 

Xni. .  .  SXd'p  =  0,    and    XIY.  . .  Sdp^-'X^' V  =  0 ; 
whereof  the  former  gives  two  imaginary  directiont^  and  the  latter  gives  oa«  real  di- 
reetioH,  coinciding  precisely  with  the  three  directiona  (10.)* 

(12.)  And  if  p,  instead  of  beiog  the  vector  of  an  umbilic^  be  only  the  vector  of  a 
point  on  a  generatrix  corresponding,  we  shall  still  aaiisfg  the  differential  equation 
v.,  by  supposing  that  dp  belongs  to  the  tame  imaginary  right  line :  because  we 
shall  then  have,  tjS  at  the  umbilic  itself, 

XY. . .  SXdp  =  0,     Spdp^-iX  s  0. 
▲n  mmbiUear  gemeratriB  is  tberefoce^proMd  anew  (comp.  (9.))  to  be,  ui  ifs  wkoU 
eoBienl,  a  line  of  eurvatmrt, 

(13.)  The  recent  reasonings  and  cakulations  apply  (6.),  not  only  to  an  ellipsoid, 

bat  also  to  a  donble-sheeted  hyperboloid,  four  nmbilics  for  each  of  these  two  sor- 

Csoes'being  reoL    But  if  for  a  moment  we  now  consider  specially  the  case  of  an  «//!/>- 

a  —  c 
eoid,  and  if  we  denote  for  abridgment  the  real  auotient by  h,  we  may  then 

substitute  in  lY.  and  V.  for  X,  /i,  ^-iX,  f^/t  the  ezprsssions, 

flc(a  +  r)'  ae{a  +  e}' 

and  then,  after  division  by  A*-  1,  there  remain  only  the  two  vector  constants  a  a\ 
the  equation  lY.  reducing  itself  to  YL,  and  Y.  to  Yll. 

(14.)  The  simplified  equations  thus  obtained  are  not  however  peculiar  to  ellip^ 
eoide,  but  extend  to  a  whole  eonfoeal  ayetem.  To  prove  this,  we  have  only  to  oom- 
blne  the  equations  II.  and  III.  with  the  inverse  Jbrmf 

XYIII. . .  /'^-'p  =  aSa'p  +  a  Sap  -  p  («  +  Saa), 
which  follows  from  407,  XY.,  and  gives  at  once  the  equations  YI.  and  YII.,  what- 
ever the  apeeiea  of  the  sur&ce  may  be. 

(15.)  The  differential  equation  YII.  must  then  be  satisfied  by  the  three  rectan- 
gular directiona  of  dp,  or  of  a  tangent  to  a  Hne  ofcurvatwe^  which  answer  to  the 
orthogonal  interaectiona  (410,  (12.))  of  the  three  confoeala  through  a  given  pohit  P ; 
it  ought  therefore,  as  a  verification,  to  be  satisfied  alao,  when  we  substitute  y  for  dp, 
y  being  a  normal  to  a  eonfoeal  through  that  point :  that  is,  we  ought  to  have  the 
equation, 

XIX  .  .  SovSa'pv  +  Sa'ySapv  =  0. 

And  acooidingly  this  is  at  once  obtained  from  407,  XYI.,  by  operating  with  S.pv ; 
so  that  the  three  normeUa  v  are  all  aidea  of  this  cone  XIX.,  or  of  the  cone  YII.  with 
dp  for  a  side,  with  which  the  cone  Y.  is  found  to  coincide  (18- )• 

(16.)  And  because  this  last  equation  XIX.,  like  YI.  and  YIL,  involves  oafy  the 
two  fjcal  lima  a,  a'  as  its  cewfaais,  we  may  infer  from  it  thislAcoreai :  '<  Jfimda- 
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Jimiitfy  mnif  awrfoen  of  the  $eeond  order  have  only  their  agifmpioiU  oomn  Heoe^o- 
ealf*  and  paee  through  a  gioem  poimt^  their  normala  at  thatpoimt  have  a  come  of  the 
eeeond  order  for  their  loeue  ;"  which  latter  eome  is  aleo  the  loetu  of  the  tamffemts,  at 
the  same  point,  to  all  the  Umee  of  curvature  which  pose  through  it,  when  diilisrent 
▼alnes  are  sacoesaively  aasignod  to  the  scalar  constant  «>-  c>  (or  2I>) :  that  is,  when 
the  aegmptotee  a,  a'  to  VbA  focal  hyperbola  remain  unehamged  in  poeitiou^  bat  the 
eemiaxee  (as~  6*)*,  (6>  —  cs)i  of  that  curve  (here  treated  as  both  real)  vary  together, 
(17.)  The  equation  YI.  of  the  cone  of  chorde  (5.)  introdufies  the  fixed  focal 
Umee  a,  a'  by  their  direetiome  only.  But  if  we  suppose  that  the  lemgthe  of  those 
two  lines  are  equal^  without  being  here  obliged  to  assume  that  each  of  those  lengths 
is  unity,  we  shall  then  have  (comp.  407,  (2.),  (3.)),  the  following  reeiimgulier  eye- 
tern  of  unit  lines,  in  the  directions  of  the  axee  of  the  eyetem, 

XX.  . .  U  (a  +  a'),     U Vaa',     U  (a  -  «*)>    * 

which  obey  in  all  respects  the  laws  of  ijk,  and  may  often  be  oouTeniently  demofcrfby 
those  symbols,  in  inyestigations  such  as  the  present.  And  then,  by  decomposing  the 
semidiameter  p,  and  the  chord  Ap,  in  these  three  directions  XX.,  we  easily  find  the 
following  reetanguUar  traneformationf  of  the  foregoing  equation  TL, 

S (g  +  a')-ip      S(a -  aQ-y  ^  Q.(Jaa')-^ 
*  •  S(a  +  a')Ap  ■*"  S(a-aO^       S.Vaa  Ap  ' 

in  which  it  is  permitted  to  change  Ap  to  dp,  in  order  to  obtain  a  new  form  of  the 
diflferential  equation  of  the  linee  of  curvature ;  or  else  at  pleasure  to  y,  and  so  to 
find,  in  a  new  way,  a  eoudition  satisfied  by  the  three  Hormals,  to  the  three  comfbcaU 
through  F. 

(18.)  The  eone,  YI.  or  XXL,  is  generatty  the  locue  of  a  eyelem  ^ three  rectan- 
gular linet ;  each  plane  through  the  vertex,  which  is  perpendicular  to  amy  real  eide, 
cutting  it  in  a  real  pair  of  mutually  rectangular  sidee  :  while,  for  the  same  reasoo, 
the  eection  of  the  same  cone,  by  any  plane  which  does  not  pass  through  its  vertex  t, 
but  cuts  any  eide  perpendicularly,  is  generally  an  equilateral  hyperbola. 

(19.)  It,  however,  the  point  p  be  situated  in  any  one  of  the  three  principal 
planee,  perpendicular  to  the  three  lines  XX.,  then  the  coa«  XXL  (as  its  eqoatioD 
shows)  breahe  up  (oomp.  (6.))  into  a  pair  of  planee,  of  which  one  is  that  principal 


*  That  is,  if  the  surfaces  (supposed  to  have  a  common  centre)  be  cat  by  the 
plane  at  infinity  in  biconfocal  conies,  real  or  imaginary. 

t  The  corresponding /brm,  in  rectanguUr  co-ordinates,  of  the  condition  ofim- 
tereeetion,  of  normale  at  two  points  (xyz)  and  (x'yV),  to  the  surface, 

a^     y«      «>     , 

is  the  equation  (probably  a  known  one,  although  the  writer  has  not  happened  to 
meet  with  it), 

(6«-c')«'      (c«-«9)y'      (a«-6«)»'     ^ 

___   ^   ^__ ^ -sQ  J 

»-«'  y-y  z-z 

in  which  it  is  evident  that  xyz  and  xys*  may  be  interchanged. 
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plane  itself;  wbile  the  oiker  is  perpendieMkar  thereto.  And  vhOe  the  Jinmur  plane 
etUi  the  warface  in  a  prtneipal  fee/ton,  which  is  alway$  a  line  ofeurvatttre  throngh 
F,  the  latter  plane  usually  cats  the  surface  in  another  eontc,  which  eroeset  the  for- 
mer section  at  right  anglet,  and  gives  the  direction  of  the  second  line  of  curyatnre. 

(20.)  But  if  we  farther  suppose,  as  in  (6.)>  that  the  point  p  is  an  umhilie,  then 
(as  has  been  seen)  the  second  plane  is  a  tangent  plane;  and  the  tecond  conic  (19.) 
is  itself  deeompoeed,  into  a  pair  of  imaginary  right  lines :  namely,  as  before,  the  boo 
umbUiear  generatrices  through  the  point,  which  have  been  shown  to  be,  in  an  ima- 
ginary sense,  both  Knes  of  curvature  themselves^  and  also  a  portion  of  the  envelope 
of  all  the  others, 

(21.)  We  shall  only  here  add,  as  another  transformation  of  the  general  equation 
VI.  of  the  cone  of  chords,  which  does  not  even  assume  Ta=  Ta',  the  following : 

XXII.  .  .  S(a  +  a')Ap.S(a  +  a')f>Ap  =  S(a-a')Ap.S(a-a')pAp; 
where  the  directions  of  the  two  new  Knes^  a  +  a'  and  a—a'y  are  only  obliged  to  be 
harmonically  conjugate  with  respect  to  the  directions  of  iht  fixed  focal  lines  of  the 
system :  or  in  other  words,  are  those  of  any  two  cot^fugate  semidiamsters  of  \he  focal 
hyperbola, 

412.  The  subject  of  Lines  of  Curvature  receives  of  course  an 
additional  illustration,  when  it  is  combined  with  the  known  concep- 
tion of  the  corresponding  Centres  of  Curvature,  Without  yet  en- 
tering on  the  general  theory  of  the  curvatures  of  sections  of  an  arbi- 
trary surface,  we  may  at  least  consider  here  the  curvatures  of  those 
normal  sections^  which  touch  at  any  given  point  the  lines  of  curva- 
ture. Denoting  then  by  <r  the  vector  of  the  centre  s  of  curvature  of 
such  a  section,  and  by  B  the  radius  pb,  considered  as  a  scalar  which 
is  positive  when  it  has  the  direction  of  -f  v,  it  is  easy  to  see  that 
we  have  the  two  fundamental  equaiions  : 

I.  .  .ff  =  />  +  5Ui';        II...  J^'d/>  +  dUl'  =  0; 
whence  follows  this  new  form  of  the  general  differential  equation 
4 1 0,  IL  of  the  Unes  of  curvature^ 

m.  .  .  Vd/»dUv  =  0; 
with  several  other  combinations  or  transformations,  among  which 
the  following  may  be  noticed  here: 

x^       Tv     „dv     ^ 
IV.  .  .-s'  +  St-^O. 

a      Qp 

(1.)  The  equation  I.  requires  no  proof;  and  from  it  the  equation  II.  is  obtained 
by  merely  differentiating*  as  if  9  and  R  were  constant :  after  which  the  formula  III. 
follows  at  once,  and  lY.  is  easily  deduced. 


To  stadents  who  are  accustomed  to  infinitesimals,  the  eatiest  way  is  here  to 
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(2.)  To  obtelaftom  this  last  «qaaaoa  a  mora  doTdoped  expmnon  Cor  ^  vc 
ma/  asBome  tor  dr,  conidered  as  a  lioev  and  self-oonjiigato  ftuction  of  d^  (410, 
(l.)X  tha  goMxal  form  (comp.  410,  XVIII.), 

Y.  ..dr»9d^  +  VXd/)|i, 
in  which ^,  X,  fimindependeiit  of  dp;  and  then,  wliilet]weaii9ai<dpha8(bj4]0. 
XXIL)  one  or  otiier  of  the  two  direetiotM, 

VI. .  .  dp  I  UVvXi  UVv/i, 
the  aavatmrt  R"^  receives  one  or  other  of  the  two  vahui  corre^Kmding^ 
VII. . .  J^l=-T^rlO  +  SXUv.S|4Uv±TVXUv.TV/«^J•r> 

(8.)  One  mode  of  arriving  at  this  last  transformation,  or  of  showing  thai  if 
(com|».  sgain  410,  XXII.)  we  assame, 

Vm.  . .  r s=  (or  ID  UVXv  ±  UV/iv, 
then  EL  . .  SXrf»r-»  =  SXUv .  SfiVv  ±  TVXUv.TV^Ur, 

or  X.  . .  2SXr .  S/ir-*  =  8(VXUv . V/iUv)  ±  TVXUv. TV^TJv, 

or  finally,    XI.  . .  2SUXr.SU;ir->  sSCVUXv.VUMOiTVUXv.TVU^t^, 

is  to  mtrodooe  the  oMziKary  quaiemum, 

XIT.  . .  9  =  VUXr.Vn^v ; 

and  to  prove  that,  with  the  value  (or  direction)  VIII.  of  r,  we  have  thns  the  eqna- 
tion  (in  which  Yq\  as  usaal,  represents  the  square  of  Yq), 

XIII.  .  .  2SDXr.SU^r-l-Sg  +  Tg-  g^V* 

(4.)  And  this  may  be  done,  by  simply  observing  that  we  have  thns  (with  tbe 
value  VIII.)  the  expressions, 

TVUfiv'  '^      TVUXv' 

'^     TVUXv.TVU^v        Tf 
because  XVI. . .  V^B-Uy.SUX^y; 

and  XVII.  . .  r«  =  -2±28U9  =  ±?i?^ll2i 

(6.)  Admitting  then  the  expression  VII.,  for  the  curvatore  R'\  we  eanly  aes 
thai  it  may  be  thns  transformed : 

xviiL  . .  /r»  =-Ty-i L+  txm.oos f  z ^?ii-^y, 

and  that  the  Sffirenc*  of  the  tw9  (principal)  «vroafvres,  of  normal  mcHomb  of  as 
arhitrary  mrfaee^  answering  geturally  to  the  two  (rectangular)  dSreetiomt  of  the 


conceive  the  differentials  to  be  such.  But  it  has  already  been  abandanfly  shown,  thst 
this  view  of  the  latter  is  by  no  means  nscetiaty^  in  the  treatment  of  them  by  qnatv- 
niona    (Compare  the  second  Note  to  page  667.) 
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Uaet  of  cniratiire  through  the  ptrtienlar  point  considered,  ooncrAct  when  the  normal 
V  has  the  dhreetum  of  either  of  the  two  cyW«c  normale,  X,  /i,  of  the  Uidem  tw/kee 
(410,  (9.)) ;  that  is,  when  the  index  curve  (410,  (4.))f  considered  as  a  taction  of 
that  index  sui&ce,  is  a  eirele :  or  finally,  when  the  point  in  question  is,  in  a  received 
sense,  an  umbilie*  of  the  given  sarface. 

(6.)  That  sorftice,  althoogh  considered  to  be  a  ffiven  one,  has  hitherto  (in  theee 
last  snb-articles)  been  treated  as  quite  (general.  But  if  we  now  suppose  it  to  be  a 
central  surface  of  the  second  order^  and  to  be  represented  by  the  equation, 

XIX.  .,fp  =  gp^-i-  SXp/ip  =  1, 

which  has  already  several  times  occurred,  we  see  at  once,  from  the  formula  YII.  or 
XVIII.  (comp.  410,  (10.)),  tliat  the  difference  ofewvaturee,  of  the  two  principal 
normal  sections  of  any  such  snrftoe,  variee  proportionally  to  the  jTeiT^radiica/ar  (Tv'' 
or  P)  from  the  centre  on  the  tangent  plane,  multiplied  by  the  product  of  the  sines  of 
ike  inelinations  of  that  plane,  to  the  two  eyc/tc  planes  of  the  surface. 
(7.)  In  general  (comp.  409,  (8.)),  it  is  easy  to  see  that 

XX.  . .  8 ~  =  Sr'^r  =  - D*, 

dp  ^ 

if  D  denote  the  (scalar)  iemidiameter  of  the  index  surface^  in  the  direcUon  of  dp  or 
cf  r ;  but  for  the  two  directions  of  the  lines  of  curvature,  these  semidiametera  become 
(410,  (3.),  (4.))  the  aemiaxes  of  the  index  curve.  Denoting  then  by  an  and  ag  these 
last  semiaxes,  the  two  principed  radii  of  curvature  of  any  surface  come  by  lY.  to 
be  thus  expressed : 

XXI.  .  .  JJi  =  ai*Tv ;    J?2  =  aa'Tv. 

And  if  the  surface  be  a  central  one,  of  the  second  order^  then  ai,  as  are  the  semiaxes 
of  the  diametral  section,  parallel  to  the  tangent  plane  ;  while  Tv  is  (comp.  again  409, 
(3.))  the  reciprocal  P-i  of  the  perpendicular,  let  fall  on  that  plane  fh>m  the  centre. 
Accordingly  (comp.  (6.)t  and  219,  (4.)),  it  b  known  that  the  difference  of  the  m- 
perte  squares  of  tboee  semiaxes  varies  proportionally  to  the  product  of  the  si$us  of 
the  inclinations,  of  the  plane  of  the  section  to  the  two  cyclic  planes. 

(8.)  And  as  regards  the  squares  themselves,  it  follows  from  407,  LXXL,  that 
they  may  be  thus  expressed,  in  terms  of  tht  principal  semiaxes  of  the  eomjbeal  sut^ 
faces,  and  in  agreement  with  known  results : 

XXn.  ..ai«=a«-aia;    a2«=<i»-tf»«; 

being  thus  both  positive  for  the  case  of  an  ellipsoid ;  h<fth  negative,  for  that  of  a 
douhU'theeted  hyperboloid;  and  one  positive,  but  the  other  negative,  for  the  case  of 
an  hyperboloid  of  one  sheet  (comp.  410,  (15.)). 

(9.)  In  all  these  cases,  the  normal  -f  v  is  drawn  towards  the  same  side  of  the 
tangent  plane,  as  that  on  which  the  centre  o  of  the  surface  is  situated  (because 
Syp  s  1) ;  hence  (by  I.  and  XXI.)  both  the  radii  of  curvature  Bi,  Eg  are  drawn 
in  this  direction,  or  towards  this  side,  for  the  ellipsoid;  but  one  such  radius  for  the 
«ui^<«^sheeted  hyperboloid,  and  both  radii  for  the  hyperboloid  of  two  sheets,  are  di- 
rected towards  the  opposite  side,  as  indeed  is  evident  from  the  forms  of  these  surfaces. 


Compare  the  second  Note  to  page  069. 
4s 
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(100  'I^*  following  is  mother  method  of  deducing  generally  the  two  prindf«I 
cnryatuns  of  a  sur&oe,  from  the  self -conjugate  fimetiouy 

XXIIL  .  .  dv^fdp,  410,  TV. 

which  affords  some  good  practice  in  the  processes  of  the  present  Calculus.  Writiiif , 
fSor  abridgment, 

ff-p  dp 

where  r  is  still  a  tangent  to  a  line  of  cuirature^  the  equation  II.  is  ea^j  brought  to 
the  form, 

XXV. rrsi  v-iVv0r  «=  ^r  -  v^Srfv  =  *r, 

where  ^  denotes  a  new  linear  and  vector  function^  which  however  is  not  in  gencnl 
eelf-conjngate,  because  we  have  not  generallj  fv  \\  v.  Treating  then  this  aev/ine- 
tion  on  the  plan  of  the  Section  III.  ii.  6,  we  derive  from  it  a  new  cuHe  egmoHon,  of 
the  form, 

XXVI.  .  .  0  =  itf  +  iifr  +  Afri  ■!- r», 

and  with  the  coefficients, 

XXVII.  ..Jr=0,  Ar  =  Sir»»f'V,  af"=m--Siri^v; 
yf/  being  a  certain  auxiliary  fknetion  (=  m^'i),  and  m"  being  the  coejffieieiU*  anab- 
gons  to  AT*,  in  the  cubic  derived  from  the  function  ^  Hieif,  The  root  r  =  0  b  foreign 
to  the  present  inquiiy ;  but  the  two  CHrvaiures,  J?i~i,  /^rS  are  the  two  roota  of  the 
following  quadratic  in  S'\  obtained  ft-om  the  equation  XXVI.  by  the  rejection  of 
that  foreign  root : 

XXVIII.  . .  0  =  (2^lTv)«  +  ATjR-rTv  +  AT. 
(11.)  As  a  first  application  of  this  general  equation  XXVIII.,  let  fr  have  agsia, 
as  in  v.,  the  form  yr  +  VXr^ ;  we  shall  then  have  the  values, 
XXIX  .  .  Ar''  =  2(y+SXUv.SMUv). 
and  XXX. .  .  if '  =  (y  +  SXUv.  S/iUv)'  - (VXUv)« (V^Up)«, 

=  a  great  variety  of  transformed  expressions ;  and  the  two  resulting  cnrvatuies  agree 
with  those  assigned  by  VII. 

(12.)  As  a  second  application,  let  the  surface  be  central  of  the  second  ocder,  with 
ahe  for  its  scalar  semiazes  (real  or  imaginary) ;  then  the  aymhoKeal  cubic  (S50)  m 
^  becomes, 

XXXI.  .  .  O=f«-«'>«+m>-iii  =  (0+a-«)  (^  +  6-«)  (0  +  c-«); 

and  the  coefficients  of  the  quadratic  XX VII  I.  in  i2~>  take  the  values,  in  which  >^ 
denotes  the  semidiameter  of  the  surfitce  in  the  direction  of  the  nonnal : 
XXXII.  .  .  -Ri-i  +  JRa- »  =  -  if  "Tv-»  =  -  (m"  +/Uv)  P=  («-»  +  ft"  +  c*  -  A»)  P; 


*  Compare  the  Note  to  page  673j  continued  in  page  674.  The  reason  of  tht 
Evanescence  of  the  coefficient  if,  or  of  the  occurrence  of  a  nuU  root  of  the  cubic,  is 
that  we  have  here  ^^~iy  s  0,  so  that  the  symbol  4-iO  may  represent  an  actual  t^bc- 
ibr  (comp.  851).  Geometrically,  this  corresponds  to  the  drcnmstance  thai  when  ve 
^ass,  along  a  semidiameter  prolonged,  from  a  surface  of  the  second  order  to  another 
surface  of  the  same  kind,  concentric,  similar,  and  similarly  placed,  the  dixectka  of 
the  normal  does  not  change. 
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XXXIII. .  .  iirii?8-J  =  i»f'Tv-«  =  -«v-«=a-«6-»c-«iH. 
both  of  which  agree  with  known  results,  and  admit  of  elementary  Terifications.  • 

(18.)  In  general,  if  we  obaerre  that  m"-  ^s^  (350,  XVI.),  we  shall  see  that 
the  qoadratic  XXVIII.  in  r  (or  in  ^-^Tv)  may  be  thus  written: 

XXXIV. .  .  0  =  Sv-i(r« v  +  rxv  +  ^v)  ; 
or  thus  more  briefly  (comp.  898,  LXXIX.), 

XXXV.  .  .  0  =  Sv-»(^  +  r)-iv. 
(14.)  Accordingly,  the  formula  XXV.  gives  the  expression, 
XXXVI.  .  .  v»r  =  (^  +  r)-iv.  Sr^v  ; 
firom  which,  nnder  the  condition  Svr  s=  0,  the  equation  XXXV.  follows  at  once. 

(15.)  We  have  therefore  ^en«ra2/y,  for  the  procfiief  of  the  two  principal  enrva- 
iwe»  o/seetunu  of  tn^  turfaee  at  any  point,  the  expression: 

XXXVII.  .  .  i?i-iJ22->  =rir,Tv-«  =  -»HSvi^v=-  S  i  0^  ^  ; 

which  contains  an  important  theorem  of  Gauss,  whereto  we  shall  presently  proceed. 
(16.)  Meanwhile  we  may  remark  that  the  recent  analysis  shows,  that  thesquaret 
ai*,  a^s  (7.)  of  the  semiaxes  of  the  index-curve  are  generally  the  roots  of  the  follow* 
ing  equation, 

XXXVIII. .  .  0  =  Sv(0  +  a-«)- V, 

ifhen  developed  as  a  quadratic  in  a*. 

(17.)  And  that  the  same  quadratic  assigns  the  squares  of  the  semiaxes  of  a  dia- 
metral section,  made  by  a  plane  -i-  v,  of  the  central  surface  of  the  second  order  which 
has  Sp^p  =  1  for  its  equation. 

(18.)  Accordingly,  Vp^p  has  the  direction  of  a  tangent  to  this  surface,  which  is 
perpendicular  to  p  at  its  extremity ;  and  therefore  the  vector, 

XXXIX.  .  .  <y  =  p-»Vp^p  =  ^p  -  p-i  =  (^  -  p-*)  p, 
is  perpendicular  to  the  plane  of  the  diametral  section,  which  has  the  eemidiameter  p 
for  a  temiaxis :  so  that  it  is  perpendicular  also  to  p  itself.    The  equation, 

XL.  .  .  Sff(^-p-«)-'iy  =  0, 
assigns  therefore  the  values  of  the  squares  (-  p*)  of  the  scalar  semiaxes  of  the  cen- 
tral section  -^  9;  which  agrees  with  the  formula  XXXVIII. 

(19.)  If  then  a  ewface  be  derived  firom  a  given  central  surface  of  the  eeeond  or* 
der,  as  the  locnt  of  the  extremitiee  ofnormaU  (erected  at  the  centre)  to  the  diame- 
tral seetione  of  the  g^ven  surface,  «aeh  eueh  normal  (when  real)  having  the  length  of 
one  of  the  eemiaxee  of  that  section,  the  equation  ofthie  new  eurfaeef  (or  locus)  will 
admit  of  being  written  thus : 

XLI.  ..Sp(0-p-«)-ip  =  O. 

* 

*  As  an'  easy  verification  by  quaternions  of  the  expresaon  XXXII.,  it  may  be 
remarked  (comp.  408,  (27.)>  that  if  a,  ^  y  be  any  three  rectangular  unit  linee, 
then 

fa  +yp  +/y  =  const  =  Cj  +  cj  +  C3=  «■"  +  *"'  +  «'•• 

t  When  the  given  surface  is  an  eUiptoid,  this  derived  surface  XLI.  is  therefore 
the  celebrated  fFave  Surface  of  Frcsnel,  which  will  be  briefly  mentioned  somewhat 
farther  on. 
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(20.)  The  fint  of  tbe  viloea  XXIV.,  for  the  auxiliary  scalar  r,  giTes  the  expK»- 
lion  (if  V  B^p,  as  it  is  for  a  central  siu&ce  of  Uie  second  order), 

XLII.  ..<r  =  p  +  r-'v  =  (l+r-»p  =  r-i(^  +  r)p; 
whence,  by  inversion,  and  operation  with  ^, 

XUII.  . .  p  =  r(^+r)-i<r;         XLIV. . .  v=r(^  +  r)-i^<r; 
and  therefore,  because  Spv  =■  1, 

XLV. .  .  r-^  =  S((0  +  r)-iff .(^  +  ry^i^<0  =  »•» (f  +  »^)-*f <'• 
(21.)  The  following  is  a  quite  different  way  of  arriTlng  at/this  result,  which  ia  alao 
useful  for  other  purpoees.  Considering  9  as  the  vector  ob  of  a  point  a  on  the  SmrfiMet 
of  CmtreB,  that  is,  on  tbe  loeua  of  all  the  centres  of  curvature  of  principal  nonnal  sec- 
tions, the  vector  (say  t/)  of  the  Reciprocal  Surface  is  connected  with  a  (comp.  S73, 
(21.))  by  the  cqmation$  of  reciprocity  * 

XLYI.  .  .  S<rv  =  Sv(T  =  l;         XLYII. .  .  Strdcr^O;         XLYIII.  .  .  S«d«  =  0; 
which  are  all  satisfied  by  the  vector  expression, 

XLIX.  ..  w  =  -^, 

Spr 

where  r  is,  as  before,  a  tangent  to  the  line  of  curvature :  so  that,  if  u  denote  the  va- 
riable vector  of  the  normal  plane  to  this  last  curve,  the  equation  of  that  plane  (oompL 
069,  lY.)  may  be  thus  written, 

L.  .  .  Sw(«-p)  =  0. 
This  normal  plane,  to  the  line  of  curvature  at  p,  b  therefore  at  the  same  time  tbe 
tangent  plane  to  the  eurface  of  centres  at  8,  as  indeed  it  is  known  to  be,  from  simple 
geometrical  consideratioos,  independently  of  the  ybrm  of  the  given  surfiice,  which  re- 
mains here  enth^y  arbitrary. 

(22.)  The  expression  XLIX.  for  v  gives  generalljf  the  relation, 

LI.  .  .  Spw  =  1 ; 
giving  also,  by  410,  Y.  and  YI.,  these  two  other  equations. 


*  It  is  understood  that  do*  and  dv,  in  the  differential  equations  XLYIL, 
XLYIII.,  are  in  general  only  obliged  to  have  directions  tamgeuHal  to  the  surface 
of  centres,  and  to  its  reciprocal,  at  corresponding  points:  so  that  tbe  equmtiocs 
might  be  in  some  respects  more  clearly  written  thus,  Sv^tr  =  0,  S^^v  s=  0,  the  marls 
d  being  reserved  to  indicate  changes  which  arise  fW>m  motion  along  a  gi»en  lime  of 
curvature,  while  i  should  have  a  more  general  agnification.  Accordingly  if^  in  par- 
ticular, we  write  ^p  =  vdp,  fur  a  variation  answering  to  motion  along  the  oiher  lime, 
and  denote  the  two  radii  of  curvature  for  the  two  directions  dp  and  ip  by  Ri  aiid 
JZa,  we  shall  have  by  II.,  i?r»dp  +  dUv  =  0,  Rz-^p  +  ^Uv=  0,  aud  therefore  by  I., 

d(r  =  d/^i.Uv,  Sa^Sp  +  5(i?iUv)  =  (l  -  RiRi'^)vdp-^  iRi.Vv, 
so  that  we  have  both  Sdpd(r  =  0,  and  Sdp^tr  =  0,  and  therefore  the  iangemi  dp  or  r 
to  the  given  line  of  curvature  ha.^  the  direction  of  the  normal  v  to  the  corresponding 
skset  of  the  surface  of  centres,  as  is  otherwise  visible  from  geometry.  And  when 
we  have  thus  found  an  eqnatiun  of  tlie  form  tursr,  operation  with  S.9  grm  br 
XLYI.  the  valne  /  =  Spr,  as  in  XLIX.,  because  <t-  p^v-^r. 
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LIL  .  .  Svvs  0,    and    LIIL  . .  Svv^v=  0, 
-which  are  8ti]I  independent  of  ih»form  of  the  giTWo  surface. 

(23.)  But  if  that  surface  be  a  central  quadricj*  then  the  equation  LI.  may  be 
thus  written, 

U V. .  .  1  =  Sw0-»v  =  Svf -'w ; 

combining  which  with  LII.  and  LIII.,  we  derive  the  expressions : 

LV. . .  v=  ^'^'^-^J?^;         LVI.  .  ,p  =  ^•^y  =  tz£!!!&. 
v*-fv.Fv*        ^^^-P     ?   ^     vL-fv.Fv' 

wherein /v  =  Sv0v,  and  Fu  =  Sv^-^Vf  as  usual 

(24.)  Operating  with  S.y  on  this  last  expression  for  p,  and  attending  to  LII. 
and  Liy.|  we  find  the  following  quatermum  formt  of  the  Equation  of  the  Reciprocal 
of  the  Surface  of  Centree : 

LVII.  .  .  1  =  (Si'p=)  ^  "{^  ^   ;     or     LVIII. . .  w*  =  (J-w -  l)/i; ; 
or 

LIX.  ..l  =  (Fir-l)/i;     or     LX.  .  .  Fi;- -i?  «  1  j  &c, 

II 
whereof  the  second,  when  translated  into  co-ordinates,  is  found  to  agree  perfectly 
with  a  knownf  equation  of  the  same  reciprocal  surface. 
(25.)  Differentiating  the  form  LX.,  and  obserriog  that 

LXI.  ..f/^y  =~      d.w*=4Sw»di;,     d/v  =  2S0vdw,     dFi;  =  2S^-ivdi;, 
we  find,  by  comparison  with  XLYI.  and  XLVIII.,  the  expression : 

or  finally  by  XLIX.,  with  the  recent  signi^cation  XXIV .  of  r, 

LXIV. .  .  <r=r-«(0  +  r)20-it;,    because    LXV.  .  .  r  =/Ur=/Ut;: 
and,  for  the  same  reason,  the  equation  LX.  of  the  reciprocal  aurface  may  be  thus 
briefly  written, 

LXVL  .  .  Fw  +  r-iti*  =  1,     whUe    LXVI'.  . .  /V  +  r««  =  0. 
(26.)  Inverting  the  last  form  for  ff,  and  using  again  the  relation  XLYI.,  we  first 
find  for  V  the  expression, 

LXVn.  ..  t;=rt(^  +  r)-«0(r; 
and  then  are  conducted  anew  to  the  equation  XLV.,  or  to  the  following, 
LXVIII.  .  .  1  =S.<y(l  +  r-»^)-»^<r. 


*  Compare  the  last  note  to  page  672 ;  see  also  the  use  made  of  this  known  name 
"  qnadric,"  for  a  surface  of  the  second  order  (or  degree),  in  the  sub-articles  to  899 
(pages  614,  &c.). 

t  The  equation  alluded  to,  which  is  one  of  t\\e  fourth  degree,  appears  to  have  been 
first  assigned  by  Dr.  Booth,  in  a  Tract  on  Tangential  Co-ordimatee  (1840),  cited  in 
psge  168  of  Dr.  Salmon's  Treatise.  See  also  the  Abstract  of  a  Paper  by  Dr.  Booth, 
in  the  Proceedings  of  the  Royal  Society  for  April,  1856. 
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(27.)  This  lAst  equation  may  also  be  thus  writteOf 

LXIX.  .  .  l«S.(T(l  +  r-»f)-»  (0  +  r-V)ff ; 
but  by  combining  XLIII.  LI.  LXYII.  we  have, 

LXX.  .  .  l  =  (Spii=)S.<r(l  +r-i^)-»^; 
hence  LXXI.  .  .  0  =  S .  a (1  +  r-»^)-8^«<y, 

a  result  which  may  be  otherwise  and  more  directly  deduced,  under  the  form  SwsO 
(Lll.),  fh>m  the  expressions  XLIV.  LXYIL  for  v  and  v. 

(28.)  If  we  write, 

LXXII. . .  r  =  XJdp,     t"  =  U(vdp),    and  therefore    LXXIII.  ..rr'^  Ur, 
T  and  r'  being  thus  unit^tanffentM  to  the  lines  of  curvature,  the  equation  III.  gi^es, 
generally, 

LXXIV.  ..0  =  Vrd(rr')  =  -dr'  +  rSr'dr,     whence    LXXI  V.  . .  dr' |  r ; 
of  which  general  paralUUem  of  dr'  to  r,  the  geometrical  reason  is  (comp.  again  II L) 
that,  a  line  ofeurwUure  on  an  arbitrary  surface  is,  at  the  same  time,  a  line  of  cur- 
vature on  the  developable  normeJ  eurfaee  which  re$U  upon  that  Hne,  and  to  which 
the  vectors  r'  or  vdp  are  mormals, 

(29.)  The  same  substitution  LXXIII.  for  Uv  gives  by  II.,  if  we  doiote  by « the 

are  of  a  line  of  curvature,  measured  from  any  fixed  point  thereof,  so  that  (by  3S0, 

(7.),  &C.), 

LXXV.  .  .  Tdp  =  d*,     dp  =  rd#,    D^)  =  r, 

the  following  general  expreesion  for  the  curvature  of  the  given  surface^  in  the  direc- 
tion r  of  the  given  line,  which  by  LXXIV.  is  also  that  of  dr' : 

LXXVL  .  .  i^»  =  S.rD,(rr')=-S.^r'D,^  =  S(U»rl.D,V); 

but  D«*p  is  (by  889,  (4.))  what  we  have  called  the  vector  of  curvature  of  the  line  of 
curvature,  considered  as  a  curve  in  epaee^  and  R'^XJv  is  the  corresponding  vector  of 
curvature  of  the  normal  eection  of  the  given  surfiice,  which  has  the  same  tangent  r  at 
the  given  point :  hence  the  latter  vector  of  curvature  i»  (generally)  the  priffeetiom  of 
the  former^  on  the  normal  v  to  the  given  turfaee, 

(30.)  In  nice  manner,  if  we  denote  for  a  moment  by  R-^  the  curvature  of  the  de- 
velopable normal  surface  (28.),  for  the  same  direction  r,  the  general  formula  II. 
gives,  by  LXXIV., 

LXXVIL  .  .  JR,-i  =  rD,r'  =  -Sr'D,r  =  S.r'-'D,V; 


the  vector  R;W  of  this  new  curvature  is  therefore  the  projection  on  the  new  i 
r',  of  the  vector  of  curvature  D«*p  of  the  given  line  of  curvature.  But  we  diall  soon 
see  that  these  two  last  results  are  included  in  one  more  general,*  respecting  aU plane 
eections  of  an  arbitrary  surface. 

(81.)  The  general  parallelism  LXXIV.  conducts  eamly,  for  the  case  of  a  central 
quadric,  to  a  known  and  important  theorem,  which  may  be  thus  investigated.  Writ- 
ing, for  such  a  surface, 

LXXVIIL..r=/r,     r'=yr', 


*  Namely  in  Meusnier's  Theorem,  wluch  can  be  proved  generaify  by  quateniioDt 
with  about  the  same  ease  as  the  two  foregoing  cata  of  it. 
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80  that  r  retains  here  its  recent  signifkation  LXV.,  and  r  is  the  analogous  scalar  for 
the  other  direction  of  cunrature,  we  have  by  LXXIV.  the  difiTerential, 

LXXIX.  . .  dr'=2S^r'dr'  =  2Sr^r'ST'dr  =  0, 
becanse  Sr0r'  =  0,  by  410,  XL 
(82.)  We  have  then  the  relation, 

LXXX.  .  .  /U  ( vdp)  =/r'  =  /  =  const. ; 
that  is  to  say,  the  «f  iiar«  (K-i)  of  the  scalar  temidicaneter  (Z)')  of  the  surface,  which 
is  paralM  to  the  teeond  tangent  (/),  is  conttantfor  any  one  line  ofeurvatttre  (r)  ; 
and  accordingly  (comp.  XXIL,  and  the  expression  407,  LXXI.  for/Uvj),  the  value 
of  this  square  is, 

LXXXL  . .  (/Uvdp)-i=r'-»  =:a«-a'«  =  6a-6'»  =  c«-c'2, 

if  a',  b\  e*  be  the  scalar  semiazes  of  the  confocal,  which  cuts  the  given  quadric  {ahc) 
along  the  line  of  curvature,  whereof  the  variable  tangent  is  r. 

(83.)  This  constancy  of /Uvdp  may  be  proved  in  other  ways  ;  for  instance,  the 
general  equation  Svdvdp  =  0  gives,  for  a  line  of  curvature  on  an  arbitrary  twfaee, 

LXXXIL  . .  dv  =  vSv-Jdv  +  dpS  ^ ;        LXXXIIL  . .  Vdvdp  =  vdpSvkiv ; 

dp 

and  LXXXIY.  .  .  S.dp^(vdp)  =  0,     because    dv  =  0dp; 

while  for  a  central  quadric  (/p  s  1,  ^p  =  v)  it  is  easy  to  show  that  we  have  also, 

LXXXV.  .  .  0(vdp)  =  Vpdp/(i;Udp) ; 

hence,  for  such  a  surface,  if  we  suppose  for  simplicity  that  dt  or  Tdp  is  constant, 
which  gives  Yi/d'p  J  dp,  we  have, 

LXXXVI.  . .  d/(vdp)=2S(0(vdp).d(vdp))  =  2Sv-idv./(vdp), 
a  differential  equation  of  the  geeond  order,  of  which  ajirat  integral  is  evidently, 
LXXXVIL  . . /(vdp)  =  Cv«dp«,    or    LXXXVII'.  .  .  /U(vdp)  =  C  =  const. 

(84.)  But  we  see  that  the  lineg  of  curvature  on  a  central  quadric  are  thus  tn- 
cluded  in  a  more  general  aystem  of  curves  on  the  same  surface,  represented  by  the 
differential  equation  LXXXVI.,  of  which  the  complete  integral  would  involve  two 
conttants  :  and  which  expresses  that  the  »emidi<xmeters  parallel  to  those  tangents  to 
the  surface,  which  cross  any  one  such  curve  at  right  angles^  have  a  common  square, 
and  therefore  (if  real)  a  common  length,  so  that  (in  this  case)  they  terminate  on  a 
sphero-eome.* 

(85.)  Admitting  however,  as  a  ease  of  this  property,  the  constancy  LXXX.  of 
the  scalar  lately  called  r*,  namely  the  second  root  of  the  quadratic  XXXIV.  or 
XXXY.,  of  which  the  coefficients  and  the  first  root  r  vary,  in  passing  from  one  point 
to  another  of  what  we  may  call  for  the  moment  a  line  ofjirst  curvature,  we  have  only 
to  ooneeive  r  and  v  to  be  accented  in  the  equations  LXYI.  LXYl'.,  in  order  to  per- 
ceive this  theorem^  which  perhaps  is  new : 


Compare  tiie  si^^-artides  (6.)  (7.)  (8.)  to  219,  in  page  231. 
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Tlu  Cmtm*  on  tke  Retiproeal  (24.)  •f  «A«  Sitrfaet  of  Cemireg  of  carratare  a£  a 
central  qnadric,  which  answen  to  the  ncond  emrvature  of  that  given  amfiiee  fiir  aU 
the  poiats  of  a  given  /in«  otfirti  carvature,  or  which  ib  iUtlfin  a  known  acoae  the 
reciprocal  (with  respect  to  the  given  centre)  of  the  developable  normal  emjaee  (28.) 
which  reete  apou  that  /me,  is  the  iniereedioncittooqnadrice;  irbeteot one (hXYV.) 
is  a  COM,  coMcyc/ic  with  the  given  enrface  (fp  =  1) ;  while  the  other  (LXYL)  is  a 
surface  coney  die  with  the  reciprocal  of  that  given  qoadric  (Rf  =  1). 

(86.)  Again,  the  scalar  Equation  of  the  Snrfaee  of  Centree  (21.)  may  be  laid 
to  be  the  result  of  the  elimination  of  r'l  between  the  equations  LXYUI.  mad  hSXL, 
whereof  the  latter  is  the  deripoiivef  of  the  former  with  re«pect  to  that  aealar;  we 
have  therefore  this  theorem : 

An  AuxUiarg  Quadrie  (LXYIII.  or  XLY.)  tonehee  the  Seeoeui  SkeH  of  the 
Swrfaee  of  Centree  of  a  givien  quadrie,  along  a  Quartic  Curve,  which  is  the  iocm  ef 
the  eentree  of  Second  Curvature  for  all  the  points  of  a  Line  ofFiret  Cmrvatnre  (35.) ; 
and  (for  the  same  reason)  the  same  auxiliary  quadrie  is  eircumsenhed,  along  the 
same  quartic,  by  the  Developable  Normal  Surface  (28.),  which  reeU  on  that  jSntf 
line:  with  permiSBion,  of  course,  to  interchani^  the  rrordajtret  and  second,  in  this 
enunciation. 

(87.)  When  the  arbitrary  constant  r  is  thus  allowed  to  take  sucoeasivdy  all  va- 
lues, corresponding  to  both  eyhteme  of  lines  of  curvature,  the  Smrfmee  ofCeairti  in 
therefore  at  once  the  EnvelopeX  of  the  Auxiliary  Quadrie  LXVIIL,  and  the  Loaa 
of  the  Quartic  Curve  (36.),  in  which  one  or  other  of  its  two  eheete  is  touched,  by  that 
anxiliaiy  quadrie  in  one  of  its  suocessive  states,  and  also  by  one  of  the  developabis 
surfaces  of  normals  to  the  given  surface. 

(88.)  To  obtain  the  vector  equation  of  that  envelope  or  locns,  we  may  proceed 


*  The  variable  vector  of  this  cvrre  is  easily  seen  (comp.  XLIX.)  to  be, 

,       *■'  •'^ 

Sr'p       Svrp ' 

and  the  reciprocal  turface  (21.)  or  (24.)  is  by  (25.)  the  loeuM  ofthia  quartic  (35.). 

t  The  analogous  relation,  between  the  co-ordinate  forms  of  the  equations,  wai 
perhaps  thought  too  obvious  to  be  mentioned,  in  page  161  of  Dr.  Salmon's  Tnatise ; 
or  possibly  it  may  have  escaped  notice,  since  the  quartic  curve  (36.)ia  only  mentioBed 
there  as  an  inter$ection  of  two  quadrict,  which  is  on  the  eurfaee  of  eentree,  and 
answers  to  points  of  a  line  of  curvature  upon  the  given  surface.  But  as  regards 
the  poetible  novelty ^  even  in  part,  of  any  such  geometrical  deductione  $5  those  givn 
in  the  text  from  the  quaternion  analyeis  employed,  the  writer  wishes  to  be  under- 
stood as  expressing  himself  with  the  ntmost  diffidence,  and  as  most  willing  to  be 
corrected,  if  necessary.  The  power  of  derivating  (or  differentiating)  any  ajp^baHeei 
expreesion  of  the  form  LXVIIL,  or  of  any  analogous /)n»,  with  respect  to  oiijf  sea- 
lar  which  it  involves  explicitly,  as  if  the  expression  wenalgebraiealj  is  an  unpoitaBt 
but  an  easy  consequence  from  the  principles  of  the  Section  IIL  ii.  6,  whiph  has  been 
so  often  referred  to. 

X  Compare  the  Note  immediately  preceding.         ^ 
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as  follows^  anBg  a  new  expreoaUm  for  9%  in  terma  qf  v  or  of  p,  which  may  then  be 
transformed  into  a  function  of  two  independent  and  scalar  variables.  Denoting 
(comp.  <,S2.))  by  ai,  5i,  c\  the  semiaxee  of  the  confocal  which  cuts  the  given  sur- 
face in  the  given  line  of  curvature,  and  by  03,  (2,  cz  those  of  the  other  confocal,  so 
that  the  nonwU  vi,  v%  to  these  two  oonfocaU  have  the  directions  of  the  iaw^enis  t\ 
T  lately  considered^  we  have  not  only  the  expressions  L^^XXI.  for  r ->,  with  a'k'e' 
changed  to  ai,  &i,  ci,  but  also  the  analogous  expressions  (comp.  407,  LXXL), 

LXXXVIII. .  .r-'=<i»-a2«  =  6«-*2«  =  c«-cjt. 
We  have  therefore  by  XLIL,  combined  with  407,  XYL,  this  very  simple  expression 
for^r 

LXXXIX.  .  .  <T  =  (^-»  4  r-^)v  =  ^-^v  =  ^f^p  ; 

containing,  in  the  present  notation,  and  as  a  result  of  the  present  analysis,  a  known 
and  interesting  theorem,*  on  which  however  we  cannot  here  delay. 

(39.)  It  follows  from  this  last  value  of  9,  combined  with  the  expression  408, 
LXXXIL  for  p,  that  we  may  write, 

XC. ..  <T  =  /-»    — rv+  — ^ — ; — + -,    I 

\  a  +  a  yaa  a  —  a   ) 

as  the  sought  Vector  Equation  of  ike  Surface  of  Centre*  of  curvature  of  a  given 
quadric  (^abc)  ;  ambiguous  signs  being  virtually  included  in  these  three  terms,  be- 
cause in  the  subsequent  eliminationst  the  semisxes  enter  only  by  their  squares : 
while  /,  a,  a  are  constants,  as  in  407,  &c.,  for  the  whole  confocal  system^  and  abc 
are  also  constant  here,  but  a^  -  ai>  and  a>  —  oa*,  or  r'~i  and  r-^  (38.),  are  variable, 
and  may  be  considered  to  be  the  two  independent  seaiars  of  which  9  is  a  vector  func- 
tion. 

413.  Some  brief  remarks  may  here  be  made,  on  the  connexion 
of  the  general  formula, 

I.  .  .  Si/-'  (0  +  r)-'u  =  0,  412,  XXXV. 

in  which  r^J^^Tv  (412,  XXIV.),  and  which  when  developed  by  the 
rules  qf  the  Section  III.  ii.  6  takes  (comp.  898,  LXXIX.)  the  form 
of  the  quadratic, 

•  Namely  Dr.  Salmon's  theorem  (page  161  of  his  Treatise),  that  the  centres  of 
«tir«a<tire  of  a  given  quadric  at  a  given  point  are  the  poles  of  the  tangent  plane, 
with  respect  to  the  two  confocals.  The  connected  theorem  (page  186),  respecting 
the  rectilinear  loeua  of  the  poles  of  a  given  plane,  with  respect  to  the  surfaces  of  a 
confocal  system,  is  at  once  deducible  from  the  quaternion  expression  407,  XYL  for 
^'iv,  although  the  theorem  did  not  happen  to  be  known  to  the  present  writer,  or  at 
least  remembered  by  him,  when  be  investigated  ihsii  formula  of  inversion  for  other 
applications,  of  which  some  have  been  alrea4y  given. 

t  The  corresponding  elimination  in  co-ordinates  was  first  efiected  by  Dr.  Salmon, 
who  thus  detarmmed  the  equation  of  the  surface  of  centres  of  curvature  of  a  quadric 
to  be  one  of  the  twelfth  degree,  (Compare  pages  161,  162  of  his  already  cited  Trea- 
tise.) 

4  T 
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II.  .  .  r»  +  rSi'-»x»'  +  Sv^irp  =  0,        412,  XXXIV. 

with  Gauss's*  theory  of  the  Measure  of  Curvature  of  a  Surface;  and 
especially  with  his  fundamental  result,  that  this  measure  is  equal  to 
-the  product  of  the  two  principal  curvatures  of  sections  of  thai  surface: 
a  relation  which,  in  our  notations,  may  be  thus  expressed, 

III.  . .  YA\5vS[Jvr.R^-^R^-^Ydiphp. 

(1.)  As  regaitU  the  deduction,  by  qiutternions,  of  the  equation  IIL,  in  which  d 
and  ^  may  be  regarded  as  twof  distinct  symbols  of  differentiation,  perfbnned  with  re- 
spect to  two  independent  scalar  variables,  we  may  obserre  that,  by  prindpleB  and 
roles  already  established, 

IV.  . .  dUv  =  V-.Uy,    eUy  =  V  — .Uv«-Uv.V~; 

V  V  V 

and  that  therefore  the  first  member  of  III.  may  be  thos  transformed : 

V.  . .  V.  dUv  ^Uv  =  V  [  V  ~ . V  ~  ^  =  -  v-»Sv-Mv^v. 

(2.)  Again,  since  we  have  dy»0dp  (410,  lY.,  &c),  and  in  like  manner  iv- 
^fp,  the  relations  Svdp  =  0,  Bv^p  =  0,  and  the  self-conjugate  property  of  f ,  allow 
us  to  write, 

VI.  .  .  Vdv^v  =  i^YdpSp,    and    VII.  . .  Vdp^p  =  v'^vdpSp ; 

whence  follows  at  once  by  V.  the  formula  IIL,  if  we  remember  the  general  expres- 
sion, deduced  fh>m  the  quadratic  II., 

VIII. .  .  J?i-iiia-»  =  - ir^ir,=: ^S^^f^.        412,  XXXVIl. 

(8.)  If  then  we  suppose  that  p,  Pi,  P|  are  oajr  three  near  poimte  on  an  mrii- 
trary  eurfaee,  and  that  R,  Ri,  B2  are  three  near  and  eorreapanding  ptnmia  on  the 
wMt  ephere^  determined  by  the  condition  of  parallelism  of  the  radii  on,  obi,  obs  to 
the  normals  ph,  PiNi,  P2N2,  the  two  email  trianglee  Urns  formed  will  besr  to  eaeb 
other  the  ultimaie  rath, 

APPlPjl 

a  result  which  justifies  (although  by  an  entirely  new  analysis)  the  adoption  by  Gaia 


*  The.  reader  is  referred  to  the  Additions  to  Lionville^s  Monge  (pages  505,  &c). 
hi  which  the  beautiful  Memoir  by  Gauss,  entitled :  Disqnieiiumee  gemeraha  etrea 
enperfidee  eurvae^  is  with  great  good  taste  reprinted  in  the  Latin,  from  the  Commen- 
tationee  reeentioree  of  the  Royal  Society  of  Gottingen.  He  is  also  supposed  to  look 
back,  if  necessary,  to  the  Section  III.  ii.  6  of  these  Elemenie  (pages  435,  &c),  si^ 
especially  to  the  deduction  in  page  487  of  ^  from  ^,  remembeiing  that  the  Utter 
fhnction  (and  therefore  also  the  former)  is  here  self- conjugate. 

t  Compare  page  487,  and  the  Note  to  page  684. 
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of  this  product  of  cnnratares  ciseeiumM,  as  the  mtatmrt  of  the  carrature  of  the 
iurfaeey  with  his  signification  of  the  phrase. 

(4.)  As  another  form  of  this  important  product  or  measure,  if  we  conceive  that 
the  vector  p  of  the  surface  is  expressed  as  a  ftinction  (372)  of  two  independeot  sca- 
larsi  t  and  »,  and  if  we  write  for  abridgment, 

X...Dip  =  p',    D«p  =  p„    Wp=^p'%    DiD«p=p/,     D„«p=p^ 

which  will  allow  us  (oomp.  872,  V.)  to  assume  for  the  normal  vector  v  the  ezpres> 
sioD, 

XL".  .  v  =  Vp'prt 

it  is  easy  to  provef  that  we  have  generally, 

XII.  .  .  Ei-iJk'^^S  tl  s^  -  (  S^' Y; 
which  takes  as  a  verification  the  well-known  form, 


XIII.  ..i?,-»iJ2-»=; 


"(l+P»  +  g«>' 
when  we  write  (comp.  410,  (18.)}, 

XIV.  .  .  p  =  te+^y+*r,     p'sD«p  =  i  +  Ap,     p,  =  l>ff>-j-\-hq\ 
XY...v=Yp'p^^k-ip-Jq,     p'-^kr,    p;  =  *t,     p,=kt. 

(5.)  In  genera],  the  equation  XII.  may  be  thus  transformed, 

XVI.  .  .  v*/?r»/?2-»  =  S(VV'.VvpJ-(Vvp;)«  +  .;»(Sp>,,-p,'2); 
also  XVII. . .  Tdp»  =r  «dia  +  2/dMi«  +  gdu\ 

if     XVIII. .  .  «  =  -  p*",    /=  -  Sp'p,,    jf  =  -p,»,     whence    XIX.  . .  v*  =/«  -  v 

and  if  we  still  denote,  as  in  X.,  derivations  relatively  to  t  and  u  by  upper  and  lower 
accents,  we  may  substitute  in  the  quadruple  of  the  equation  XVI.  the  values, 

XX. . .  2Vvp"=  (*,-2/)p'+«V,,     2Vvp/=-i?V  +  e^,.     2Vvp,=  -^y 

+  (2/;-/)p,, 
and  XXI.  ..  2  (Sp"p«  -  p/')  =  •,  -  2//+ /' ; 

hence  Me  meoMure  of  curvature  is  an  expUeit  funelion  of  the  ten  scaUtrM^ 

XXII...e,/,^j     *,/,/;     «,,/,^,J     and    «„-2/'+^": 

and  therefore,  as  was  otherwise  proved  by  Gauss,  this  meature  dependt  wdyX  on  the 


*  If  it  be  supposed  to  be  in  any  manner  known  that  a  limit  such  as  IX.  exiete, 
or  that  the  quotient  of  the  two  vector  areas  in  III.  is  a  scalar  independent  of  the  di- 
rections of  ppi,  ppa,  or  of  dp,  ^p,  we  have  only  to  assume  that  these  are  the  direc- 
tions of  the  Hnee  of  curvature,  in  order  to  obtain  at  once,  by  412,  II.,  the  product 
Si-^Mf^  as  the  value  of  this  quotient  or  limit 

t  The  quadratic  in  A'l  may  be  formed  by  operating  on  412,  II.  with  S.p'  and 
S.p«,  and  then  eliminating  6t :  dv. 

X  The  proof  by  quaternions,  above  given,  of  this  exclusive  dependence,  is  per- 
haps as  simple  as  the  subject  will  allow,  and  is  somewhat  shorter  than  the  correspond- 
ing proof  in  the  Lectures :  in  pag^  605  of  which  is  given  however  the  equation, 
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exprestum  (ItTII.)  of  the  iqtutre  of  a  !uuar  tlemeni,  tn  terms  of  tifo  ibdependait 
S€Alars  (f,  «)i  and  of  their  differentiAls  (df,  dw). 

(6.)  Hence  follow  abo  them  two  other  theorenul*  of  Ganss: — 
If  a  turfhet  be  eonsidered  as  an  injiniiely  thin  9olid,  and  sapposed  to  be  JleriUf 
but  intxtetuibUf  then  every  deformation  of  it,  as  snch,  wHI  leave  unaltered,  Ist,  tiie 
Measure  of  Curvature  ai  anp  Point,  and  Ilnd,  the  Total  Curvature  ofaM$  Area ; 
that  is,  the  area  of  the  corresponding  portion  of  the  unit  ^here,  determined  as  in  (3.) 
by  radii  parallel  to  normals. 

(7.)  Supposing  now  that  t  and  u  are  geodetic  co-ordmatee,  whereof  the  former  re- 
presents the  Unffth  of  a  geodetic  ap  from  ti  fixed  point  a  of  the  snrfisce,  and  tfa«  Utter 
represents  the  angle  bap  which  this  variable  geodetic  makes  at  a  with  ^fLeed  geo- 
detic AB,  it  is  easy  to  see  that  the  general  expression  XVII.  takes  the  shorter  form. 

XXIII.  ..Tdp«  =  dl«  +  »«di«»,    in  which    XXIV.  .  .  »  =  Tp,  =  Tf; 
so  that  we  have  now  the  values, 

XXV.  .  .  e  =  1,    /=  0,     y  =  «»,     ^  =  9nn\     f  =  2»n"  +  2«'«, 

and  the  derivatives  of  e  and /all  vanish.    And  thus  the  general  ezpreaaon  XII.  fur 
the  meoMMTe  of  curvature  reduces  itself  by  (5.)  to  the  very  simple  form, 

XXVI.  .  .  i2r»  i?,-i  =  -  n- V  =  -  ii-»D,»« ; 

in  which  n  is  generally  a  function  of  both  t  and  «,  although  here  twice  derivsted 
with  respect  to  the  former  only. 

(8.)  The  point  P  being  denoted  by  the  symbol  (f,  w),  and  any  other  poiot  p'  of 
the  surface  by  {t  4-  Af,  »  +  Am),  we  may  consider  the  two  connected  points  Pi,  F2,  of 
which  the  corresponding  symbols  are  (t  +  A<,  »)  and  (<,  u  +  Am)  ;  and  then  the 
quadrilateral  PPiP'Pa,  bounded  by  two  portions  ppi,  f^p'  of  geodetic  linee  from  a. 
and  (as  we  may  suppose)  by  two  arcs  pp»,  Pip'  of  geodetic  cirelee  round  the  sane 
fixed  point,  will  have  its  area  ultimately  =  nA^AM  (by  XXIII.),  and  therefore  (by 
XXVI.,  comp.  (8.),  (6.))  its  ^o/d/cMrva^Mre  ultimately  =  -»"ArAu,  or  =- A^'.Av, 
when  Af  and  Am  diminish  together,  by  an  approach  of  p'  to  p. 

(9.)  Again,  in  the  immediate  neighbourhood  of  a,  we  have  m  =/,  »'  s  1 ;  chang- 
ing then  -  A<m'  to  -  din',  and  integrating  with  respect  to  t  from  <  =  0,  we  obtain 
1  ~  n'  as  the  coefficient  of  Am  in  the  result,  and  are  thus  conducted  to  the  es.pn&- 
sion: 

XXVII.  .  .  TVfn/  Curvature  of  Triangle  app'=  (1  -  n')  Am,  ultimately, 

if  ap,  ap'  be  any  two  geodetic  Kne$f  making  with  each  other  a  emaU  angle  =  ^m, 
and  if  pp'  be  any  email  arc  (geodetic  or  not)  on  the  same  surface. 


4  («y  -PyBi-^R2-^  =  e  Gr-*-  2gJ-  +  ge,) 

+/(*>,  -  'y  -  2e,/  -  2gr  +  iff.) 

+i^W-2e'/  +  «y)-2(*y-/»)(e,.-2/;  +  pO. 

which  may  now  be  deduced  at  eight  from  XVI.,  by  the  subatitutioiis  XIX.  XX 

XXL,  and  differs  only  in  notation  from  the  equation  of  Gauss  (Liouville's  M<30gr. 

page  523,  or  Salmon,  page  809). 

*  Sec  psge  524  of  Liouville's  Monge. 
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(1(>.)  GoticeiTB  tbeii  tbat  pq  ii  tk  finite  are  id  any  etirve  upon  the  surface,  for 
which  therefore  I,  and  consequently  n',  may  be  conoeived  to  be  a  ftinction  of  u ;  we 
shall  have  this  other  expressioii  of  the  same  kind, 

XXVIII.  .  .  Total  Cvrvature  of  Area  afq  =  J(1  -  n*)du  =  Au  -  Jw'dt* ; 
the  area  here  conwdered  being  bounded  by  the  two  geodetie  lines  Ap,  aq,  which 
make  with  each  other  the  finite  angle  Am,  and  by  the  are  pq  of  the  arbitrary  curve. 

(11.)  If  this  curve  be  iteelf&  geodeticy  and  if  we  treat  its  co-ordinates  f,  u,  and 
its  vector  p,  as  functions  of  4ts  arc,  «,  then  the  second  differential  of  p,  namely, 

XXIX.  .  .  d«p  =  p'dU  +  pfiiu  +  p"d<«  +  2p;d/du  +  p^  die«, 
must  be  normal  to  the  surface  at  p,  and  consequently  perpendicular  to  p'  and  p^. 
Operating*  therein  with  S,p\  and  attending  to  the  relatioDS  XVIII.  and  XXV., 
which  give 

XXX...p^  =  -l,    8p'p,=  Sp'p''  =  Sp'p',=  0,     Sp'p„=-Sp^/-nii', 
we  obtain  the  differential  equation, 

XXXI.  . .  d«/ = i.Ji'd««,    or    XXXII. . .  d«  *  -  ii'd«, 
if  we  observe  that  we  may  write, 

XXXIII.  . .  d<=:cosod«,  ndte^sinvdf,  because  XXXIV.  .  .  d/«  +  n*d«)sdj*; 
V  being  here  the  variable  angle,  which  the  geodetic  pq  makes  at  p  with  ap  pro- 
longed. 

(12.)  Substituting  then  for  -n'dic,  in  XXVIII.,  its  value  dt7  given  by  XXXII., 
the  integration  becomes  possible,  and  the  result  is  A«  +  Ao ;  where  Ate  is  still  the 
angle  at  A,  and  ir  +  Ao  =  (ir  —  v)  +  (v  +  Av)  is  the  sum  of  the  angles  at  p  and  q,  in 
the  geodetic  triangle  apq. 

(13.)  Writing  then  b  and  c  instead  of  T  and  q,  we  thus  arrive  at  another  meet 
remarkable  Theoremf  of  Gauss,  which  may  be  expressed  by  the  formula : 

XXXy. .  .  Total  Curvature  of  a  Geodetic  triangle  abc  =  A  +  B  +  c-a-, 

=  what  may  be  called  the  Spheroidal  Exceee  ;  A,  b,  c,  in  the  second  member,  being 
used  to  denote  the  three  angles  of  the  triangle :  and  the  total  surface  of  the  unit 
sphere  (=  4^-)  being  represented  by  720%  when  the  part  corresponding  to  the  geodetic 
triangle  is  thus  represented  by  the  anpulat  excess,  A  +  b  +  o  >  1 80". 

(14.)  Ajid  it  is  easy  to  perceive,  on  the  one  hand,  how  Ibis  theorem  admits  iX 
being  extended,  as  it  was  by  Gauss,  to  all  geodetic  polygons ;  and  on  the  other  hand, 
how  it  may  require  to  be  modified^  as  it  was  by  the  same  eminent  geometer,  so  as  to 
give  what  would  on  the  same  plan  be  called  a  spheroidal  defict^  when  the  measure 
of  curvature  is  negative,  as  it  is  fbr  surfaces  (of  parts  of  surfaces)  of  which^the  prin- 
cipal sections  have  their  curvatures  oppositely  directed. 


*  To  operate  with  S.p,  would  give  a  result  not  quite  so  simple,  but  reducible  to 
the  form  XXXI.,  with  the  help  of  d>«  ^  0. 

t  The  enunciation  of  this  theorem,  respecting  which  its  illustrious  discoverer 
justly  says,  "  Hoc  theorems,  quod,  ni  fslUmur,  ad  elegantissima  in  theoriasuperflcie- 
rnm  curvarum  referendum  esse  videtur,^ ...  is  given  in  page  583  of  the  Additions  to 
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414.  The  onlj  sections  of  a  surface,  of  whicli  the  curratiires 
hfCVe  been  aboye  determined,  are  the  two  principal  normal  tections  at 
any  proposed  point;  but  the  general  expressions  of  III.  iii.  6  maj 
be  applied  to  find  the  carvature  o(  any  plane  section,  normal  or  ob- 
lique, and  therefore  also  ofuny  curve  on  a  given  eurface^  when  only 
its  osculating  plane  is  known*  Denoting  (as  in  389»  &c.)  by  p  and  c 
the  yectorsof  the  given  point  p,  and  of  the  centre  K  of  the  osculating 
circle  at  that  point,  and  by  s  the  arc  of  the  curve,  we  have  generally 
(by  389,  XIL  and  VL), 

1      d'p 

I.  .  .  Vector  of  Curvature  of  Curve  =  ip-»  =  (/d  -  «)>  =  D,V  *  5- V-=-^ ; 

dp     up 

the  independent  variable  in  the  last  expression  being  arbitrary.  And 
if  we  denote  by  <r  and  f  the  vectors  of  the  points  8  and  x,  in  which 
the  axis  of  the  osculating  circle  meets  respectively  the  normal  and 
the  tangent  plane  to  the  given  surface,  we  shall  have  also,  by  the 
right-angled  triangles,  the  general  decomposition,  kp~*  =  SP'^ -h  xp~' 
(as  vectors),  or 

II. . .  D.v=0»-O-  =  (/'-')-'+{/»-f)-'; 

where  the  two  components  admit  of  being  transformed  as  follows: 
III. .  .  Normal  Component  of  Vector  of  Curvature  of  Curve  (or 

Section)  =  (p  -  <r)-»  =  iz-'S  —  =  (p  -  <ri)-»  cos^  v  +  (p  -  <r,)"*  sin*  v 

=  Vector  of  Normal  Curvature  of  Surface  for  the  direction  of 
the  given  tangent; 
ffij  ff,  being  the  vectors  of  the  centres  Si,  s^  (comp.  412)  of  the  two 
principal  curvatures,  and  t;  being  the  angle  at  which  the  curve  (or 
its  tangent  dp)  crosses  the^r^  line  of  curvature  (or  its  tangent  t,), 
while  ff  is  the  vector  of  the  centre  s  of  the  sphere  which  is  sud  to 
osculate  to  the  surface^  in  the  given  direction  (of  dp) ;  and 

IV.  .  .  Tangential  Component  of  Vector  of  Curvature 

m{p^  f)-» «  v-»dp-'Si'dp->dV 
e  Vector  of  Oeodetic  Curvature  of  Curve  (or  Section) ; 

this  latter  vector  being  here  so  called,  because  in  fact  its  tensor  re- 


LiouviUe*B  Monge.  A  proof  by  quaternions  was  published  in  the  Ltcturt  (pages 
606>609,  see  also  the  few  preceding  pages),  bat  the  writer  ooneeiveB  that  the  oae 
given  above  will  be  found  to  be  not  only  shorter,  but  more  clear. 
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presents  what  is  known  by  the  name  of  the  geodetic*  curvature  of  a 
curve  upon  a  surface :  the  independent  variable  being  still  arbi- 
trary. 

(1.)  As  regards  the  decompoBitioa  II.,  if  a,  /3  be  any  two  rectangular  vectors 
OA,  OB|  and  if  y  s  oo  =  the  perpendicular  from  o  on  ab,  then  (comp.  816,  Lb,  and 
408,  XLI.), 

^•••^-'  =  Yfe  +  4i  =  ""'^^'- 
(2.)  To  prove  the  first  transfoimation  III.,  we'  have,  by  I.  and  IL,  obfler^nng 
thatdSvdp  =  0, 

VI  ^    =S     ^     _g    y  ydV_-S»d«p_Sd»dp_gdy 

'  '  '  p  —  c        P~*  ^P      ^  ^P*  ^P'  ^P 

(8.)  Hence,  by  412,  (7.)i  if  we  denote  the  vector  III.  of  normal  cnrvatare  by 
R-^Vvy  we  have  the  general  ezpressiona' (comp.  412,  I.  XXI.), 

VIL..<T  =  p  +  i2Uv,    il=D«.Tv,    with    VIII. .  ,  Tv=:P-«» 

for  the  case  of  a  central  quadrie  ;  D  being  generally  the  semidiameter  of  the  index 
etafaee  (410,  (9.),  &c),  or  for  a  quadric  the  semidiameter  of  that  surface  iiedf^ 
which  has  the  direction  of  the  tangent  (or  of  dp)  :  and  P  being,  for  the  Utter  sur- 
face, the  perpendicular  from  the  centre  on  the  tangent  plane,  as  in  some  earlier  for- 
mnlflB. 

(4.)  To  deduce  the  second  transformation  III.,  which  contains  a  theorem  of 
Enler,  let  r,  n,  ra  denote  unit  tangents  to  the  section  and  the  two  lines  of  curvature, 
so  that 

IX.  .  .  rsricoso  +  nsino,    and    r"  =  ri*  =  T|*=s-l ; 

we  may  then  write  generally  (comp.  412,  IV.), 

X.  . .  ie-iTtr =-^  =  -  S~  «=  -  Sr- Vr  =  Sr^r, 
<r  — p  dp 

and  shall  have  the  values  (comp.  410,  XL), 

XI. . .  Sn^Ti  =  Jir^Tv,    Sn^rj= JKj-iTv,    Srifrt^Br^ri  =  0 ; 

whence  XII.  . .  i?-i  =  Ari  co^  o  4-  J7s~'  tan*  «} 

and  the  required  transformation  is  accomplished. 

(6.)  The  theorem  of  Meusnier  may  be  considered  to  be  a  result  of  the  eiimination 

(2.)  of  d>p  from  the  expressions  for  the  normal  component  III.  of  what  we  may  call 

the  Vector  D«Sp  of  Oblige  Curvature:  and  it  may  be  expressed  by  the  equation, 

XIII, .  .  S  ^^  =1,    or    Xlir.  .  .  S  ^^ = 0,  which  gives  XIII". . .  pm  =  ^, 


p-jc  p-K 


2' 


if  it  be  now  understood  that  the  point  s,  of  which  <r  is  the  vector,  is  the  centre  of  the 


*  The  name,  "coardire  giodteique,'*  was  introduced  by  M.  LiouvUle,  and  has 
been  adopted  by  several  other  mathematical  writera.  Compare  pages  668,  675,  &c 
of  his  AddUioni  to  Monge. 


696  KLBMVNTS  OF  QUATERNIONS.  [bOOK  III. 

circle  which  oiculatet  to  the  normal  aeetion  ;  or  of  the  sphere  which  oBcalatos  in 
the  tame  direction  to  the  eurfaee,  as  will  be  more  clearly  Men  by  what  follows. 

(6.)  Id  general,  if  p  +  Ap  be  the  vector  of  any  aeamd  poiml  p'  of  the  giTen  sor- 
face,  the  equation 

XIV.  .  .  S =  S  — ,  with  w  for  a  yariable  yector, 

(i>  — p         Ap 

repreeents  rigorously  the  sphere  which  touches  the  surface  at  the  given  point  p,  aod 
passes  through  the  second  point  p';  conceiving  then  that  the  latter  point  t^sprooeAe^ 
to  the  former,  aod  observing  that  the  development*  by  Taylor^s  Series  of  the  equa- 
tion fp  =  const,  gives  (if  dfp  =  2S>'dp,  and  dv  =  ^dp), 

V  ^Ao 

XV. .  .  0  =  Ap-^Afp  =  28  —  +  S^--;-  +  terms  which  vanish  yeneralfy  with  Af , 
^  Ap  Ap 

even  if  they  be  not  aboajfe  null,  we  are  conducted  in  a  new  way,  by  the  known  eon- 
ception  of  the  Osculating  Sphere  for  a  given  directum  to  a  surface^  to  the  same  cen- 
tre s,  and  radius  R,  as  before :  the  equation  of  <Aw  sphere  being, 

XVI...S^=(lim.S?^  — Hm.S*^  =  Vs^ 
itf-p      \  Ap  Ap       I        dp 

(7.)  Conversely,  if  we  assume  a  radms  J2,  such  that  R-^  is  algebrakaUy  inter- 
mediate between  J^r^  and  £t-\  the  tangent  sphere^ 

XVU...S-?^;=^    or    XVU'. . .  S  —  =  i^^ 
tt>  —J)       R  w  —  p 

will  cut  the  surfaoe  in  two  directions  of  osculation,  assigned  by  the  fomrala  XII. ; 
but  if  iR~^  be  outside  those  limits^  there  will  be  onlg  contact,  and  not  any  (real)  in- 
tersection,  at  least  in  the  vicinity  of  p. 

(8.)  If  p'  be  again,  as  in  (6.),  any  second  point  of  the  snrface,  and  if  w«  doioce 
for  a  moment  by  (IX)  and  (£}  the  normal  plane  pnp'  and  the  normal  MaeHom  cor- 
responding, we  may  suppose  that  n  is  the  point  in  which  the  normals  to  the  plane 
curve  (£)  at  P  and  p'  intersect ;  and  if  we  then  erect  a  perpendicular  at  9  to  the 
plane  (n),  it  will  be  crossed  by  every  perpendicular  at  p*  to  the  tangent  p't'  to  the 
section,  and  therefore  in  particular  by  the  normal  at  p^  to  the  surface^  in  a  point 
which  we  may  call  n'  :  so  that  the  line  p'n  is  the  projection,  on  the  plane  pp^x,  ei 
this  second  normal  pV  to  the  surface..  Conceiving  then  the  plane  (n)  to  be^CndC 
bat  the  point  p'  to  approach  indefinitely  to  p,  we  see  that  the  centre  s  of  enrwutun 
of  the  normal  section  (S),  which  is  also  by  (6.)  the  centre  of  the  oscnUtting  sphere 
to  the  surface  for  the  same  direction,  is  the  limiting  position  of  the  point «,  in  whkh 


*  Compare  Art.  874,  and  the  Second  Note  to  page  608.  The  occasiooal  use, 
there  mentioned,  of  the  differential  symbol  dp  as  signifying  a  finite  and  ehordal  vec- 
tor, in  the  development  of/(p  +  dp),  has  appeared  obscnre,  in  ibe  Loeimres,  to  some 
ftiends  of  the  writer ;  and  he  has  therefore  aimed,  for  the  sake  of  clearness,  in  at  least 
the  text  of  these  Elements,  and  especially  in  the  geometrical  apph'cationa,  to  eonfioe 
that  symbol  to  iU  first  signification  (100,  869,  878,  &c.},  as  denotlqg  a  tam^mtial 
vector  (finite  or  infinitely  small,  an4  to  a  onrve  or  surfiuw) :  p  itself  being  geBeBrally 
regarded  as  a  vector  Junction,  and  not  as  an  independent  vaxiable  (oonpu  868,  (d.)N 
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the  phem  normal  at  p  if  UUtnoetod  hjf  th*  projecihm^  ofih§  fMor  norauif  pV,  tm 
the  given  normal  plane* 

(9.)  The  two  compoiMQts  IIL  and  IV.  are  hiduded  In  the  ftlMmio/  expreuicn, 

XVIIL..  retieTofOliHqueCwva*wre{pxeiCyT9a:tm^ofOUi^ 
=  (p  -  «)ri  B  irlSdvdp-i  +  •ridpiSvdp-idV, 
which  is  obtained  by  snbstitatfaig  in  I.  the  general  eqaivalent  409,  XXI.  for  d'p, 
and  in  irhich  (as  before)  the  independent  variable  is  arbitrary ;  and  the  tangential 
component  IV.  may  be  otherwise  found  by  observing  that,  by  L  and  II., 

XIX. . .  J??fL  =s:=!t =8^— svdp-idv, 

p-l        p-K         dp 
and  that  -(vdp)-i  =v-idp-i,    because    Svdp  =  0. 

(10.)  Another  way  of  deducing  the  same  component  IV.,  is  to  rssoive  the  follow- 
ing system  of  three  scalar  equations,  which  by  the  geometiicsl  de6oitlon  of  the  point 
X  the  vector  (  must  satisfy : 

XX...S(C-p)v=0;    S«-p)dp«0;    B(C-p)dV=dpt; 
and  which  give^ 

TTT       I  ydp»     ^      ydp 

'*•*     *^     Sydpd'p     8»dp->dV 

or  (p  -  Q-i  s  dbc,  as  before.    We  have  also  the  transformations, 

XXIL  . .  Vector  of  Cfeodetie  Curvature  =  (p  -  Q'' 
c=  (vdp)-i  S(vUdp.dUdp)  =  -  vdp S  ^^^^^ »  &C. 

(11.)  The  definition  of  the  point  x  shows  also  easily,  that  if  a  developable  ear- 
fact  (o)  he  drettmeerihed  to  a  given  ewrfaee  (s),  along  a  given  curve  (c),  and  if  in 
the  unfolding  of  the  former  eurfaee,  the  point  x  he  carried  with  the  tangent  plane, 
originaUg  drawn  to  the  latter  eurfaee  at  p,  it  will  heeome  the  centre  ofemrvaim^  at 
the  new  point  (p),  to  the  new  or  plane  curve  (o')  obtained  by  this  development :  so 
that  the  radiue  (px)  of  geodetic  curvature  is  equal,  as  indeed  It  is  knownf  tO  be,  to 
the  radiue  of  plane  curvature  of  the  developed  curve, 

(12.)  Thisp^ofM  curve  (o*)  is  therefore  a  circleX  (or  part  of  one)  if  the  condi- 

tiOD, 

XXIU, . .  px»T(C-p)-ooiist, 


*  The  reader  may  compare  the  calculations  and  constructions,  in  pages  600,  601 
of  the  Lecturee,  In  the  language  of  infinitesimals,  an  infinitely  near  normal  p^v' 
intereecte  the  axis  of  the  osculating  circle,  to  the  given  normal  section. 

t  Compare  page  676  of  the  Additions  to  Liouville's  Ifonge. 

X  The  curves  on  any  given  surface,  which  thus  become  circles  by  development, 
have  also  the  isoperimetrical  property  expressed  in  quaternions  (oomp.  the  fint  Note 
to  page  580)  by  the  formula, 

XXVI, . .  ^/S(0v»dpap)+ca/Tdp«O, 
which  conducts  to  the  differential  equation, 

XXVII.  .  .  c-idpaV.UvdUdp  (comp.  880,  IV.), 

4  u 
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be  aatifliied ;  bat  It  degaiMratos  into  «  rijfkt  Zme,  if  this  ndlos  of  peocieftc  cnrvaton 
be  iMftHite,  that  is,  if 

XXIV.  ..T(p-O-«=:0,    or    XXV...SvdpdV=0, 
or  finaUy  (by  880,  II.,  comp.  409,  XXY.),  if  tbe  original  cnnre  (c)  be  a  geodeUe  Kme 
on  the  given  turface  (s),  and  therefore  aleo  on  the  deoelopoNe  (d)  :  which  agrees 
with  the  ftrndamental  property  (882,  888)  of  geodetice  on  a  deyelopable  aurfaoe. 

(18.)  Accordingly  it  may  be  here  observed  that  the  general  formula  lY^  com- 
buied  with  the  notations  and  calcolationa  of  882,  oondocts  to  the  expression 

(s  +  o*)  Tp'-\  or  — - — 'y  for  the  geodetic  cnrvatnre  of  any  curve  on  a  developable 

sozfaoe,  whereof  the  element  d«  crosses  a  generating  line  at  the  variable  angle  v,  while 
sdx  is  the  angle  between  two  such  eonsecative  lines :  a  resalt  easily  confirmed  by  geo- 
dletiical  considerations,  and  agreeing  with  the  differential  equation  s +9' ^01^882, 
IX)  of  ^focMief  on  a  developable. 

415.  We  shall  conclude  the  present  Section  with  a  few  supple- 
mentary remarks,  including  a  new  and  simplified  proof  of  an  im- 
portant theorem  (354),  which  we  haye  had  frequent  occasion  to 
employ  for  purposes  of  geomdry^  and  which  presents  itself  often 
in  physical  applications  of  quaternions  also :  namely,  that  if  the  linear 
and  vector  Junction  0  be  edf-cor^ugate^  then  the  Vector  Quadratic, 
L  . .  Yfxpp  =  0,  354, 1. 

represents  generally  a  System  of  Three  Real  and  Rectangular  Direc- 
tions; and  that  these  (comp.  405,  (1.),  (2.),  &c.)  are  the  directions 
of  the  Axes  of  the  Central  Surfaces  of  the  Second  Order,  which  are 
represented  by  the  scalar  equation, 

II.  .  .  Sp4>p  =  const.; 
or  more  generally, 

IIL . .  Sp<t>p  =  Cp*  +  fff  where  C  and  C  are  any  two  scalar  constants. 

(1.)  It  is  an  easy  oonseqaence  of  the  theory  (850)  of  the  eymboUe  and  cmbie 
equoHan  in  f,  that  if  e  be  a  root  of  the  derived  algebraical  eubie  M=0  (354),  and 
if  we  write  ^  =  ^  +  e  (as  in  that  Article),  the  new  linear  and  vector  function  «p  must 
be  reducible  to  the  binomial  firm  (851), 


and  in  which  the  scalar  constant  e  can  be  shown  to  have  the  value, 

XXVIII.  . .  c  =  (?-p)U.vdp  =  f  T(5-p)  =  JJorfiM  ofGeodetie  Curvature, 
s  radius  of  developed  circle ;  and  each  such  curve  includes,  by  XXYL,  on  the  given 
surface,  a  maximum  area  with  a  given  perimeter  :  on  which  account,  and  in  allusioa 
to  a  well-known  classiGal  stoiy,  the  writer  ventured  to  piopoee,  in  page  582  of  the 
Ledurett  the  name  *<  Didonia"  for  a  curve  of  this  kind,  while  acknowledging  that 
tbe  eurvee  themtelvee  had  been  discovered  and  discussed  by  M.  Delannay. 
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IV. . .  *p«^p  +  cp  =  j8Sap  +  j3'Sa'p,    with    V. . .  V/8a  +  V/3'a'=0, 
as  the  eondition  (858,  XXXYI.)  at  telf- conjugation.    With  this  condition  we  may 
thftp  write, 

VI. .  ./3=ila  +  Ai',    p^A'a'^Ba\ 

and  it  is  easy  to  see  that  no  essential  generality  Is  lost,  by  snpposbg  that  a  and  a' 
are  two  lectangnlai  vector  nmts,  which  may  be  tozned  about  in  thdr  own  plane,  M 
p  and  jS*  be  suitably  modified :  so  that  we  may  assume, 

VII...a»«a'«=-l,    Saa'-O;    whence    VnL..*a  =  -/3,    *a'  =  -i3', 
and        IX.  ..Vi3'a'«^aa'=-V^a,    Ypa^Aaa',    V/3'a=-il'aa'. 
(2.)  The  equation  I.,  nnder  the  form, 

X.  ..yp«ps=0,    issatisfiedby    XI.  ..«pr=0,    or    XII. ..  Vaa'p  »  0 ; 
and  it  cannot  be  satisfied  otherwise,  unless  we  suppose, 

XIIL  . .  p=«a  +  »V,    and    XIV. . .  V(a?/3  +  4r'j30  (ayo  +  r'aOsO; 

that  is,  by  IX., 

XV. . .  ^(«'«-a»)  +  (A  ^A')xaft^O: 

while  conversely  the  expression  XI II.  will  satisfy  I.,  under  this  condition  XV.  But 
this  quadratic  in  a/ :  x,  of  which  the  coefficients  B  and  A  — A*  do  not  generally  va^ 
niah,  has  necessarily  two  real  roots^  with  a  product  =-  1 ;  hence  there  aJtwayt  «a>- 
Utt,  as  asserted,  a  system  of  three  real  and  redangnlar  direeiunu^  such  as  the  fol- 
lowing, 

XVI.  .  .  «o  +  ajV,    afa-xa'^    and    aa' (pxYaoT)^ 

which  satisfy  the  equation  I. ;  and  this  system  is  generally  definite :  which  proves 
ihfijiret  part  of  the  Theorem. 

(8.)  The  lines  a,  a  may  be  made  by  (1.)  to  turn  in  their  own  plane,  till  they 
coincide  with  the  two  first  directions  XVI, ;  which  wHl  give, 

XVII.  ..5  =  0,     p  =  Aa,    /3'=  A'a\ 
and  therefore, 

XVIII.  .  .  ^p  =  -  cp  +  -4aS«p  +  A'a'Sa'p 

=  (c  +  -4)  a8ap  +  (c  +  A')  a'Sa'p  +  eaa'&aa'p ; 

and  thus  the  scalar  equation  II.  will  take  the  form, 

XIX. .  .  Sp^p  =  (e  +  -4)  (Sapy  +  (e  +  A')  (Sa'p)«  +  c(8aap^=  const, 

which  represents  generally  a  central  surface  of  the  second  order,  with  its  three 
axes  in  the  three  directions  a,  a',  aa'  of  p ;  and  does  not  cease  to  represent  such  a 
surface,  and  with  such  axes,  when  fbr  Sp^p  we  substitute,  as  in  III.,  this  new  ex- 
pression: 
XX. . .  Sp^p  -  Cp^  =  Sp^p  +  C  ((Sap)»  +  (Sa»a  +  (Saa'p)«)  =  C  «  const ; 

the  second  surface  being  in  fact  coneyclic  (or  having  the  same  cyclic  planes)  with  the 
first,  and  the  new  term,  -  Cp,  hi  fp,  disappearing  under  the  sign  V.p :  so  that  the 
second  part  of  the  Theorem  is  proved  anew. 

(4.)  It  would  be  useless  to  dwell  here  on  the  cases,  'm  which  the  surfitees  XIX., 
XX.  come  to  be  of  revolution,  or  even  to  be  spheres,  and  when  conseqoently  the 
directions  of  their  axes,  or  of  p  in  I.,  become  partially  or  even  wholly  mdff«rmtiiale. 
But  as  an  example  of  the  reduction  of  an  equation  in  quaternions  to  the/yrm  I., 
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without  iUo^/rtlpmentUigitsdf  under  thtt  fonn,  we  may  take  the  veryiimple 

eonationi 

XXI. . .  ptpiea  cpirp,  with  c  Mof  )  i, 

which  may  be  redooed  (comp.  86i,  (12.))  to 

XXU.  ..V.pVipr«0; 

•ndwUchieaoooidiiigly  Mtiified(eoiiip.  878,  XXIX.)  by  the  IAtm  reetev^wlor  di- 


XXIII. . .  Ui  -  Uk,    V«,    Ui  f  Uk, 
of  the  axei  (aW)  of  the  ettiptoid, 

XXIV. .  .  T(ip  +  pjc)=K«-»S  282,  XIX. 

whiok  is  OM  of  the  tuliioes  of  the  concyelic  9y$UM  (oomp.  III.), 

XXV. . .  SUpicps  Cp«+  C, 
as  appears  firom  the  transformations  886,  XI.,  &c. 

(5.)  In  applying  the  theorem  thos  recently  proved  anew,  we  have  on  several 
oooasions  nsed  the  exprassiony 

XXVI.  ..dv  =  ^dp,  410,1V. 

in  wfaioh  y  is  a  veotOf  normal  to  a  smfMe  whereof  p  is  the  variaMe  vector,  and  the 
fimction  f  is  treated  as  ttf-^oi^pigaU  (363> 

(6.)  It  is,  however,  important  to  ramark  that,  in  order  to  justify  tlie  assertion 
of  this  last  property,  the  following  expre$sion  of  integral  formj 

XXVII.  ..jSi/dp, 
■HHt  adnlt  of  Mng  eqaaled  to  sorm  soolor  fimetiim  of  p,  sooh  as  |/p  +  const., 
vHtkotU  its  being  aasomed  that  p  ttee//is  aykacfton,  of  any  determinate  form,  of  a 
spalar  miiable^  f.  Hie  seif-^omptpation  of  the  linear  and  vector  fimction  ^  in 
XXVI.,  is  the  eondUitm  eftke  esaiaimee  of  ike  integral  XXVIL,  eonslderad  as  re- 
presenting 9ueh  a  scalar  functioH  (oomp.  again  868). 

(7.)  There  are  indeed  several  investigations,  in  which  it  is  sufficient  to  regaid 
V  as  denoting  «oni«  normal  vector j  of  which  only  the  direction  is  important,  and 
which  may  therefore  be  multiplied  by  an  eirbitrar$  eealar  coefficient^  conatant  or 
variable,  without  any  change  in  the  results  (oomp.'  the  calculations  respecting  ^eoile- 
He  linee,  in  the  Section  III.  liL  5,  and  many  others  which  have  slready  oocnirad). 

(8.)  And  there  have  been  other  general  invtttigationa,  such  as  those  regarding 
the  lines  of  curvature  on  an  arbitrary  surface,  in  which  dv  was  treated  as  a  self- 
conjugate  Ainction  of  dp,  while  yet  (comp.  410,  (17.))  the  fundamental  differential 
equation  Svdvdp  =  0  was  not  affected  by  any  such  multiplication  of  v  by  a. 

(9.)  But  there  are  qnestions  in  which  a  factor  of  this  sort  may  be  introduced, 
with  advantage  for  some  purposes,  while  yet  it  is  inconsiatent  with  these/f-^oii^ya- 
Hon  above  mentioned,  vnleas  the  multiplier  n  be  such  as  to  render  the  new  e:^rte- 
sim  Bat/dp  (oompi.  XXVII.)  an  exact  differential  of  some  scalar  function  of  p. 

(10.)  For  example,  in  the  theory  of  JRedproeal  Sur/atee  (comp.  412,  (21.)),  ii 
is  convenient  to  employ  the  system  of  the  three  connected  equation^ 

XXVIII. . .  Svpa  1,    Si^p sO,    SpdvsO ;  878,  L,  U. 

but  wben  the  length  of  v  is  determined  so  as  to  satisfy  the^ie  of  these  equatioos, 
v"i  being  then  the  vector  perpendicular  from  the  origin  on  the  tangent  plane  to  the 
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ffhtm  but  arhitnay  gitrfitea  of  whidi  p  is  the  sector,  wbUe  p'l  is  the  corrt^ponSmg 
perpendicular  for  the  redpr^cal  eurfaee  with  v  for  Tector,  the  d^gereiUial  dv  loeee 
generally  ite  teff-etn^jngaie  cKarader^  oa  a  Hnear  and  rector  ftnietion  of  dp :  alChongh 
it  retains  that  character  if  the  scalar  fanctiony^  be  hatnogeneem,  in  the  equation 
fy  s  const,  of  the  original  eorfiioe^  aa  it  ia  for  the  case  of  a  eeninU  qnadrie,^  for 
which  V  =  fpt  dv  =  ^dp,  &c.,  as  in  former  Artidea. 

(1 1.)  In  Ucty  the  introduction  of  the  first  equation  XXVIII.  is  eqdvalent  to  the 
mnltiplicatioD  of  y  by  the  liMstor  » = (Svp)-i ;  and  if  we  write  (comp.  410,  (16.))y 

XXIX.  ..dfp  =  2Svdp,    dy  =  ^,    dji  e  Sodp, 
we  shall  have  this  new  pair  of  conjugate  Ihiear  and  rector  Amctiona, 

XXX. .  .  d.fiy e Mpssfi^dp  +  vSvdp,         XXXI. .  .  ^'dp sm^+  vSydp ; 
and  these  will  not  be  equal  generaHy^  because  we  shall  not  in  general  have  9  0  v- 
But  this  last  parallelism  exists  in  the  eaee  of  homogeneity  (10.),  because  we  have 
then  the  reUtiona, 

XXXn.  .  .  2S vp  »  rfp^     d .  n-»  =  dSvp  =  rS vdp, 

If  r  be  the  number  which  representa  the  dSmention  of  yp  (supposed  to  be  whole), 

(12.)  On  the  other  hand  it  may  happen,  that  the  differential  equation  Svdp  =  0 
represents  a  surface,  or  rather  a  set  of  surfaces,  without  the  egepreseion  Svdp  being 
an  exact  differential,  as  in  (6.) ;  and  then  there  necessarily  exists  a  scalar /aetor, 
or  multiplier,  «,  which  renders  it  such  a  differential. 

(18.)  For  example  the  differential  equation^ 
XXXIII.  ..S7pdp  =  Sydp=0,  with  XXXIV. ..  y=V7p,  dy=rV7dp  =  ^dp, 
represents  an  arbitrary  plane  (or  a  set  of  planes'),  drawn  through  a  given  line  y ; 
but  the  expression  Sypdp  itself  \b  not  an  exact  differential,  and  the  in^c^a/ XXVII. 
repreaents  no  scalar  fimetion  ofp,  with  the  present  form  of  v,  of  which  the  differen- 
tial dv  ia  accordingly  a  linear  function  ^p,  which  is  not  conjugate  to  itself  hut  to 
its  opposite  (comp.  849,  (4.)),  so  that  we  have  here  ^'dp  s-^dp. 

(14.)  But  if  we  multiply  v  by  therefor, 
XXXV. .  .  fi  =  ir«  s(Vyp)-a,  which  gives  XXXVI. . .  d]i»Sadp,  <T«2ii»yV7p, 
and  therefore  S79  =  0,  Spcr  =  —  2n,  then  the  new  normal  vector  nv,  or  v**,  ia  foand 
to  h*Te  the  setf-ew^ugate  differential, 

XXXVII. .  .  d.iiv  =  d.iri=r- v-iVydp.ir«=*dp  =  *'dp; 
and  accordhigly  the  new  expression, 

dp 
XXXVni. . .  Snydp  =  Sv^dp  =  S  ^ ,  with  y  conatant, 

ia  eaaQy  aeen  to  be  an  exact  differential,  namely  (if  Ty  =  1),  that  of  the  tutgle  which 
the  plane  of  y  and  p  makes  with  ^  fixed  plane  through  y :  ao  that,  when  v  ia  thua 


•  It  waa  for  thia  reaaon  that  the  symbol  Tv  waa  not  interpreted  generally  aa 
denoting  the  reciprocal,  P-\  of  the  length  of  the  perpendicular  from  the  origin  on  the 
tangent  plane,  in  the  formalsa  of  410,  412,  414 :  although.  In  aereral  of  those  for- 
mula, aa  in  an  equation  of  409,  (8.),  that  ^mbol  woa  ao  Intopwted,  for  the  earn  of 
a  central  aurboe  of  the  woond  order. 
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changed  to  nv^  the  imtegfrai  in  XXVII.  aoqairee  Agmmeirieal  <»^ii(^eaftdn,  whidi  is 
often  nsefiil  in  pkfrieol  tg^pKeaiunUf  since  it  then  ie|»eflent8  the  ehtrnge  of  this  am^ 
in  pusing  from  one  position  of  p  to  another;  or  the  angle  throogh  which  the  vaHoUe 
plane  of  yp  has  revohed, 

(15.)  In  fsct,  the  general  formnla  886,  XV.  fbr  the  diffiraiiiai  oftkt  amgU  of 
a  quaternion  giTes,  if  we  write 

XXXIX. . .  9  s  =^,     y  s  const,    po  »  const,    Ty  s  1, 

the  two  connected  expresrions  : 

XI*..d^9=±S^;         XLL../sie^=±A^(Vrp:Vypo)5 

which  contdn  the  aboye-stated  resolt,  and  can  easily  be  otherwise  established. 

(16.)  Jngonoraly  if  the  linear  and  vector  ftinction  dv  =  ^p  be  not  self-conjn- 
gate,  and  if  tlie  ftinction  d.nv s ^p  be  formed  from  it  as  in  (11.),  it  results  from 
that  snb-artide,  and  from  849,  (4.),  that  we  may  write, 

XLII.  .  .  (^  -  f  )dp  =  2Vydp,    (6  -  ^Odp  =  2Vy,dp. 

with  the  relation, 

XLIII.  ..2y,  =  2i»y  +  Vv<r; 

where  y,  y,  are  independent  ofAp^  although  thej'  may  depend  on  p  ite^f.  If  then 
the  new  linear  function  6Ap  is  to  be  eelf-eomj^gatey  so  that  y,-  0,  we  most  have 

XLIV.  . .  Say  +  Vv<r  =  0,     and  therefore    XLV. . .  Sy v  =  0 ; 

which  latter  very  simple  equation,  not  iavolving  either  »  or  v,  is  thus  a  form,  in 
quaternions,  of  the  Condition  of  Integrability*  of  the  dijieteniial  equation  Svdps^O, 
if  the  vector  y  be  deduced  from  v  as  above. 

(17.)  The  Bifocal  Drantformation  of  Sp^p,  in  860,  (2.),  has  been  sufficiently 
considered  in  the  present  Section  (III.  iii.  7) ;  but  it  may  be  useful  to  remark  here, 
that  the  Three  Mixed  TraneformeUiont  of  the  same  scalar  Amotion  y^,  in  the  same 
series  of  sub-arUdee,  include  virtually  the  whole  known  theoiy  of  the  Modular  and 
Umbiliear  Generatione  of  Surfacee  of  the  Second  Order, 

(18.)  Thus,  in  the  formulsB  of  860,  (4.),  if  we  make  e^l,  e  is  the  vector  of  an 
UmbiKcar  Foeue  of  the  surface /p  =  1,  and  C  i>  the  vector  of  a  point  on  the  UnMS^ 
car  Directrix  corresponding;  whence  the  umbiliear  focal  conic  and  tSri^ent  cylin- 
der (real  or  imaginary)  can  be  deduced,  as  the  loci  of  this  point  and  line, 

(19.)  Again,  by  making  ei  and  «s  oach  =  1,  in  theformulse  of  860,  (6.),  we  ob- 
tain 7Wo  Modular  Tranaformatione  of  the  equation  ofthe  same  surface;  ci,  cs being 


*  If  the  proposed  equation  be 

Svdp«pd»  +  9dy+rd*  =  0,     so  that    »"=  -  (v» +>i  +  *r), 
we  easily  find  that  2y  =  iP  +  j  Q-\^kR^  where 

the  condition  of  integrability  XLV.  becomes  therefore  here, 

|>P+  jQ 4  riZ  =  0,  which  agrees  with  known  results. 
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Tecton  of  ModuUtr  Foei,  in  two  diatinct  planes,  and  ^i,  ^  being  Tectora  of  points 
upon  the  Modmlar  Dirtetriees  oomeponding :  wlsencs  the  modular  Jbeal  eontet,  and 
dirigent  eylindert  (real  or  imaginary),  are  found  by  easy  eliminations. 

(20.)  Thus,  by  aswiming  that  either 

XLVI.  ..SX(p-Ci)  =  0,    SX(p-W  =  0, 
or  XLVn.  ..SfiO>-Ci)  =  0,    S/a(p-&)  =  0, 

the  equations  360,  XVI.,  XVIL  may  be  broogfat  to  the  forms, 

XLVIII.  .  .  (p-€i)>=mi»(p-;i)«,        XUX. . .  (p-«8)«=-«««(p-««)«, 
with  the  values, 

L...«i>  =  l-^,    and    LI.  . .  mi«=  1- -  ; 

in  which  ci,  0},  c^  are  the  three  roeU  of  a  certain  cubic  (AT ss  0),  or  the  invene 
eqvares  of  the  three  scalar  semiaxe*  (real  or  imaginary)  of  the  surface,  arranged  in 
algebraically  ascending  order  (857,  IX,  XX ;  406,  (6.),  &c.):  and  mi,  tm^  are  the 
two  (real  or  imaginary)  Moduli,  or  represent  the  modular  roAioe^  in  the  two  modee 
of  Modular  Generatitm.*  corresponding. 

(21.)  It  is  obvioos  that  an  equation  of  the  form, 

Ln.  ..  T^p=C»  const, 
represents  a  central  quadrie^  if  ^p  be  any  Unearf  and  yector  function  of  p,  of  the 


*  Uac  Cullagh's  rule  of  modular  generation,  which  includes  both  those  modes, 
was  expressed  in  page  487  of  the  Lecturee  by  an  equation  of  the  form, 

TO)-«)«TV.yV^p; 

in  which  the  origin  is  on  a  directrix,  p  is  the  yector  of  another  point  of  that  right 
line,  a  is  the  vector  of  the  corresponding  focus,  y  is  perpendicular  to  a  directive 
(that  is,  generally,  to  a  cyclic)  plane^  p  is  the  vector  of  any  point  p  of  the  surface, 
and  +  SPy  is  the  constant  modular  ratio,  of  the  distance  ap  of  p  from  the  focus,  to 
the  distance  of  the  same  point  p  from  the  directrix  on,  measured  parallel  to  the  di-  . 
rective  plane.  The  new  forms  (860),  above  referred  to,  are  however  much  better 
adapted  to  the  working  out  of  the  various  consequences  of  the  construction ;  but  it 
cannot  be  necessary,  at  this  stage,  to  enter  into  any  details  of  the  quaternion  trans- 
formations :  still  less  need  we  here  pause  to  give  references  on  a  subject  so  interest- 
ing, but  by  this  time  so  well  known  to  geometers,  as  that  of  the  modular  and  um- 
bilicar  generations  of  surfaces  of  the  second  order.  But  it  may  just  be  noted,  in  order 
to  facilitate  the  applications  of  the  formuls  L.  and  LI.,  that  if  we  write,  as  usual, 
for  all  the  central  quadrics,  a*  >  5*  >  e*,  whether  (<  and  c>  be  podtive  or  negative, 
then  the  roots  ei,  cs,  cs  coincide,  for  the  elUpeoid,  with  a~s,  ft->,  c-s ;  for  the  tingle- 
sheeted  hgperhoUnd,  with  e-\  a"*,  h* ;  and  for  the  dotiftZe- sheeted  hyperboloid  with 
6-*,  c"*,  a-«,  (comp.  page  661). 
t  In  page  664  the  notation, 

dp  =  23vdp  =:  2S^pdp,  409,  lY. 

was  employed  for  an  arbitrary  turf  ace;  but  with  the  understanding  that  thiefime- 
tion  fp  (comp.  863)  was  generally  non-linear.    It  may  be  better,  however,  as  a 
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Und  oonaidered  in  the  Section  III.  fi.  8,  whetber  edf-eonjogate  or  not;  but  it  le- 
qnins  a  little  more  attention  to  perceive,  that  an  equation  of  this  other  firm, 

LIII.  .  .  T(p-V./5Vya)  =  T(a-V.7V/3p), 

repreientB  tuck  a  sarfaoe,  wfaateTer  the  thret  vector  eonetamti  a,  p,  y  may  be.  The 
diflcoflsion  of  this  laat/brm  would  preeent  some  drcamstaocei  of  interest,  and  might 
be  considered  to  supply  a  new  mode  of  generoHofn^  on  which  however  we  caonoC 
enter  here. 

(22.)  The  snrfkoes  of  the  second  order,  oonddered  hitherto  in  the  present  Section, 
have  all  had  the  origin  for  centre.  But  if,  retaining  the  ngnifications  oi^fj  and  J>J 
we  compare  the  two  equations, 

LIV. .  ./(p-k)  =  (7,    and    LV. . . /p - 2Sfp  =  C, 
we  shall  see  (by  862,  &c.)  that  the  constants  are  connected  by  the  two  relations, 

LVI. .  .sa^c,     C'eC-/«=»C-Sea=C-F«; 
ao  that  the  equation, 

LVII. . .  /p  -  2&P  =/(p  -  rU)  -  Ff, 
is  an  ideniitg. 

(28.)  If  then  we  meet  an  equation  of  the  form  LV.,  in  which  (as  has  been  usual) 
we  have  still  y}>  =  Sp^p  =  a  scalar  and  Komogeueoiu  function  of  p,  of  the  eecemd 
dimension,  we  sliall  know  that  it  represents  generaUy  a  surface  of  thai  order,  with 
the  expression  (comp.  847,  IX.,  &&), 

LVIII. .  .  K  =  ^->€  =  m->?f/£  =  Vector  of  Centre. 
(24.)  It  may  happen,  however,  that  the  two  relations, 
LIX...m=0,     T4;f>0, 
exist  together ;  and  then  the  centre  may  be  said  to  be  at  an  infinite  duteace,  but  In  s 
definite  direction :  and  the  surface  becomes  a  Paraboloid,  elliptic  or  hyperbolic,  accord- 
ing to  conditions  which  are  essy  consequences  from  what  has  been  already  shown. 
(25.)  On  the  other  hand  it  may  happen  that  the  two  equations, 

LX.  ..m»0,    ^c«=0, 

are  satisfied  together ;  and  then  the  vector  jc  of  the  centre  acquires,  by  LVIII.,  an 
indetemmuxte  vaiue,  and  the  sur&ce  becomes  a  Cylinder^  as  has  been  already  suffi- 
ciently exemplified. 

(26.)  It  would  be  tedious  to  dwell  here  on  such  details ;  but  it  may  be  worth 


general  rule,  to  aooi<i  writing  v»^p,  excqi>t  for  central  qoadrics;  and  to  confine 
ourselves  to  the  notation  dv=  ^dp,  as  in  some  recent  and  several  earlier  sab-articles, 
when  we  wish,  for  the  sake  of  aasoeiation  with  other  investigations  and  rcaolts,  to 
treat  the /unction  ^  as  linear  (or  distributive) ;  because  we  shall  thus  be  at  liberty 
to  treat  the  surface  as  general,  notwilhstandiog  this  property  of  ^.  As  r^anls 
the  methods  of  generating  a  quadric,  it  may  be  worth  while  to  look  back  at  the  Note 
to  page  649,  respecting  the  Six  Generations  of  the  Ellipsoid,  which  were  given  by 
the  writer  in  the  Lectures^  with  saggestions  of  a  few  othen,  as  interpreCataoos  of 
quaternion  equations. 
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while  to  obserre,  that  the  general  equation  of  a  Swfaee  of  the  Third  Degree  may 
be  thus  written : 

LXI.  .  .  &qp^pq*'p  +  Sp0p  +  Syp  +  C  =  0 ; 

C  and  y  being  any  scalar  and  vector  constants ;  0p  any  linear,  vector,  and  self-con- 
jugate fonction ;  and  q,  q\  q"  any  three  constant  quaternions :  while  p  is,  as  usnal, 
the  yariable  vector  of  the  surface. 

(27.)  In  &ct,  besides  the  one  ecalar  constant^  C,  three  are  included  in  the  vector 
y,  and  eise  others  in  the  function  0  (comp.  858) ;  and  of  the  ten  which  remain  to  be 
introduced,  for  the  expression  of  a  scalar  and  homogeneoue  function  of  p,  of  the  third 
degree^  the  three  veraora  Ug,  JJq\  Vq"  supply  nine  (comp.  812),  and  the  tenaor 
T.qq'q"'^^^  tenth. 

(28.)  And  for  the  same  reason  the  monomial  equation^ 

LXII.  .  .  Sqpq'pq"p  =  0, 

with  the  same  significations  ofg,  q\  g",  represents  the  ^mera/ Cone  o/'<Ae  Third 
Degree,  or  Cubic  Cone,  which  has  its  vertex  at  the  origin  of  vectors. 

(29.)  If  then  we  combine  this  last  equation  with  that  of  a  aeeant  plane,  such  as 
Sep  +1  =  0,  we  shall  get  a  quaternion  expression  for  a  Plane  Cubic,  or  plane  curve 
of  the  third  degree :  and  if  we  combine  it  with  the  equation  p'  +  1  =  0  of  the  unit- 
sphere,  we  shall  obtain  a  corresponding  expression  for  a  Spherical  Cubic,*  or  for  a 
curve  upon  a  spheric  surface,  which  is  cut  by  an  arbitrary  great  circle  in  three  pairs 
of  opposite  points,  real  or  imaginary. 

(30.)  Finally,  as  an  example  of  sections  of  surfaces,  represented  by  transcend 
dental  equations,  let  us  consider  the  Screw  Surface,  or  Melicoid,f  of  which  the  vec- 
tor equation  may  be  thus  written  (comp.  the  sub-arts.  to  314) : 

LXIII.  ..  p  =  c(j?  +  a) o  +  ya*7,     with     To  =  l,     y  =  Va/3,     and    y>0; 

a  being  the  unit  axis,  while  /3,  y  are  two  other  constant  vectors,  a,  c  two  scalar 
constants,  and  x,  y  two  variable  scalara. 

(31.)  Cutting  this  surface  by  the  plane  of /Sy,  or  supposing  that 

LXIV.  .  .  0  =  Sy]3p  =  j3>Sap  -  SafiSpp,    and  writing    LXY. .  .  c  »  bSafi, 

we  easily  find  that  the  scalar  and  vector  equations  of  what  we  may  call  the  Screw 
Section  may  be  thus  written  : 

LXVI. .  .6(jj  +  a)  =  yS.a'-i;        LXVIL  .  .  p=y(yS.a«-/3S.a»-»)• 
(32•)  Derivating  these  with  respect  to  x,  and  eliminatiiig  fi  and  y',  we  arrive 
at  the  equation, 

LXVIII.  .  .p  =  (x  +  a)p'  +  «7,     if    LXIX.  .  .  26x  =  wy« ; 


*  Compare  the  Note  to  page  43 ;  see  also  the  theorem  in  that  page,  which  con- 
tains perhaps  a  new  mode  of  generation  of  cubic  curves  in  a  given  plane  :  or,  by 
an  easy  modification,  of  the  corresponding  curves  upon  a  sphere. 

t  Already  mentioned  in  pages  383,  502,  514,  657.  The  condition  y>0  an- 
swers to  the  supposition  that,  in  the  generation  of  the  surface,  the  perpendiculars 
from  a  given  helix  on  the  axis  of  the  cylinder  are  not  prolonged  beyond  that  axi.s. 
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bat  zy  in  LXVIII.  is  the  vector  of  the  point,  Baj  o,  in  which  the  tanffmt  to  tkeMte- 
tum  at  the  point  (x,  y),  or  p,  interseeU  the  given  line  y,  namely  the  line  in  the  plane 
of  that  section  which  is  perpencUeular  to  the  axis  a  :  we  see  then,  by  LXIX.,  that 
thie  point  of  interteetion  depende  only  on  the  eonstantf  b,  and  on  the  variable,  y, 
being  independent  of  the  eonatant,  a,  and  of  the  variable,  x, 

(38.)  To  interpret  this  result  of  calculation,  which  might  have  been  otberwi5e 
found  with  the  help  of  the  expression  872,  XII.  (with  j3  changed  to  y)  for  the  nor- 
mal V  to  a  screw- surface,  we  may  observe,  first,  that  the  equation  LXVII.,  which 
may  be  written  as  follows, 

LXX.  . .  p  =yV.a»*»j3,     and  gives    LXXI. .  .  TVa/t>=yTy, 

would  represent  an  ellipse,  if  the  coefficient  y  were  treated  as  constant ;  namely,  the 
section  of  the  right  cylinder  LXXI.  by  ih^  plane  LXIV. ;  the  vector  semiaxes  (ma- 
jor and  minor)  of  this  ellipse  being  yj3  and  yy  (comp.  814,  (2.)). 

(84.)  By  assigning  a  new  value  to  the  constant  a^  we  pass  to  a  new  screw  wr> 
face  (80.),  which  differs  only  in  position  from  the  former,  and  may  be  conceived  to 
be  formed  from  it  by  sliding  along  the  axis  a ;  while  the  value  of  x,  corresponding 
to  a  given  y,  will  vttry  by  LXYI.,  and  thus  we  shall  have  a  new  screw  section  (31.), 
which  will  cross  the  ellipse  (33.)  in  a  new  point  q  :  but  the  tangent  to  the  tecfton  at 
this  pomt  will  intersect  by  (32.)  the  minor  axis  of  the  ellipse  in  the  same  point  o  as 
before. 

(35.)  We  shall  thus  have  a  Figure*  such  as  the  following  (Fig.  85);  in  which 
if  F  be  Si  focus  of  the  ellipse  bc,  and  g  (as 
above)  the  point  of  convergence  of  the  tan- 
gents to  the  screw  sections  at  the  points  p,  q, 
&c.,  of  that  ellipse,  it  is  easy  to  prove,  by 
pursuing  the  same  analysis  a  little  farther, 
1st,  that  the  angle  (jg),  subtended  at  this 
focus  F  by  the  minor  semiazis  oc,  which  is 
also  a  radius  (r)  of  the  cylinder  LXXI.,  is 
equal  to  the  inclination  of  the  axis  (a)  of 
that  cylinder  to  the  plane  of  the  ellipse,  as  may  indeed  be  inferred  from  elementaiy 
principles ;  and  Ilnd,  what  is  less  obvious,  that  the  other  angle  (A),  subtended  at  the 
same  focus  (f)  by  the  interval  oo,  or  by  what  may  be  called  (with  reference  to  the 
present  construction,  in  which  it  is  supposed  that  6  <  0,  or  that  the  angles  made  by 
D^  and  /3  with  a  are  either  both  acute,  or  both  obtuse)  the  Depression  (»)  of  the  Skew 
Centre  (o),  is  equal  to  the  inclination  of  the  same  axis  (a)  to  the  helix  on  the  same 
cylinder,  which  is  obtained  (comp.  314,  (10.))  by  treating  y  as  consUnt,  in  the 
equation  LXIII.  of  the  Screw  Surface, 


♦  Those  who  are  acquainted,  even  slightly,  with  the  theorj-  of  (Clique  Arches  (cr 
skew  bridges),  will  at  once  see  that  this  Figure  85  may  be  taken  as  representing  rud^ 
such  an  arch :  and  it  will  be  found  that  the  construction  above  deduced  agrees  with 
the  celebrated  Rule  of  the  Focal  Excentricity,  discovered  practically  by  the  late  Mr. 
Buck.  This  application  of  Qnaternious  was  alluded  to,  in  page  620  of  the  Lev- 
tures. 
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Section  8. — On  a  few  Specimens  of  Physical  Application  of 
Quaternions^  with  some  Concluding  Remarks, 

416.  It  remains  to  give,  accordiDg  to  promise  (368),  before  con- 
clading  this  work,  some  examples^  oi physical  applications  of  the 
present  Calculus:  and  as  a  first  specimoK,  we  shall  take  the  Statics 
of  a  Eigid  Body. 

(1.)  Let  ai, . .  Am  b«  n  Vector*  of  Application^  and  let  /3i, . .  ^m  be  n  correspond- 
ing  Veetort  of  Force,  in  the  sense  that  n  forces  are  applied  at  the  points  Ai,  . .  a«  of 
tifiree  bat  rigid  eyetem,  and  are  represented  as  nsnal  by  so  many  right  lines  from 
those  poiutSi  to  which  lines  the  vectors  OBi, . .  obn  are  equal,  though  drawn  from  a 
common  origin;  and  let  y(=oc}  be  the  vector  of  an  arbitrary  point  o  of  space. 
Then  the  Equationf  of  Equilibrium  of  the  system  or  body,  under  the  action  of  these 
n  applied  forces,  may  be  thos  written : 

I.  .  .  2V(a -  7)i3  =  0 ;     or  thus,     I'. .  .  Vy2i3=  SVa^S. 

(2.)  The  supposed  arbitrariness  (1.)  of  y  enables  us  to  break  up  the  formola  I. 
or  I^,  into  the  two  vector  equations : 

II..  .  S^  =  Oj         III...  SVa/3  =  0; 

of  each  of  which  it  is  easy  to  assign,  as  follows,  the  physical  signification, 

(8.)  The  equation  II.  expresses  that  if  the  forces,  which  are  applied  at  the  points 
Ai . .  of  the  body,  were  all  transported  to  the  origin  o,  their  steUieal  resultant,  or 
vector  sum,  would  be  zero. 

(4.)  The  equation  III.  expresses  that  the  resultant  of  all  the  couples,  produced 
in  the  usual  way  by  such  a  transference  of  the  applied  forces  to  the  assumed  origin, 
is  mull. 

(5.)  And  the  equation  I.,  which  as  above  includes  both  II.  and  III.,  expresses 
that  if  all  the  given  forces  be  transported  to  any  common  point  o,  the  couples  hence 
arising  will  balance  each  other :  which  is  a  sufficient  condition  of  equilibrium  of  the 
system. 

(6.)  When  we  have  only  the  relation, 

IV.  ..S(Si3,SVa/3)  =  0, 

without  2/3  vanishing,  the  applied  forces  have  then  an  Unique  HesuUant  =  2^, 
acting  along  the  line  of  which  I.  or  I',  is  the  equation,  with  y  for  its  variable  vec- 
tor. 


*  The  reader  may  compare  the  remarks  on  hydrostatic  pressure,  in  pages  434, 
435. 

t  We  say  here,  ^^  equation  .•"  because  the  single  quaternion  formula,  I.  or  I'., 
contains  virtually  the  six  usual  scalar  equations,  or  conditions,  of  the  equilibrium  at 
present  considered. 
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(7.)  And  the  phyaieal  imterpretation  of  this  condition  IV.  is,  that  when  the 
forces  are  transported  to  o,  as  in  (8.)  and  (4.)  the  rtntUani  foree  is  in  the  plane  of 
the  rentliant  couple. 

(8.)  When  the  equation  IL,  bat  not  III.,  is  satisfied,  the  applied  forces  oompoosd 
themselves  into  One  Couple,  of  which  the  j4xit  =  ZVa/S,  whatever  may  be  the  poe- 
tion  of  the  oriffin, 

(9.)  When  neither  II.  nor  III.  is  satisfied,  we  may  still  propose  so  to  place  the 
auxiliary  point  o,  that  when  the  fiven  forces  are  transferred  to  it,  as  in  (5.)|  the 
retultant  Jbrce  2/3  may  have  the  direction  of  the  axis  XV  ^a  -  y)i3  of  the  reeultant 
couple,  or  else  the  oppoeite  of  that  direction ;  so  that,  in  each  case,  the  condition,* 

shall  be  satisfied  by  a  suiuble  limitation  of  the  auxiliary  vector  7. 

(10.)  This  last  equation  V..  represents  therefore  the  Central  Axis  of  the  given 
system  of  applied  forces,  with  y  for  the  varii^ble  vector  of  that  right  line :  or  the  axis 
of  the  screw-motion  which  those  forces  tend  to  produce,  when  they  are  not  m  Manccj 
as  in  (1.),  and  neither  tend  to  produce  translation  alone,  as  in  (6.),  nor  rotefuw 
aZoAe,  as  in  (8.). 

(11.)  In  general,  if  9  be  an  txuxiliary  quaternion,  such  that 

VI.  .  .95:/3  =  SVa/3, 

its  vector  part,  Vq,  is  equal  by  (V.)  to  the  Vector- Ferpendieular,  let  fall  from  the 
origin  on  the  ceniral  axis  ;  while  its  scalar  part,  Sq,  is  easily  proved  to  be  the  9*0- 
tient,  of  what  may  be  called  the  Central  Moment,  divided  by  the  Total  Forte:  so 
that  Yq  =  0  when  the  central  aids  passes  through  the  origin,  and  S9  =  0  when  there 
exists  an  unique  resultant. 

(12.)  When  the  total  force  2)3  does  not  vanish,  let  Q  be  a  new  auxiKary  qua- 
ternion, such  that 

^     ra/3           2Sa/3 
VII.  .  .  0  =  — ~  =  a  4 ^, 

with  VIII.  .  .  c  =  SQ  =  S^,    and    IX. .  .  y  =  oc  =  VO, 

for  its  scalar  and  vector  parts ;  then  e'Sfi  represents,  both  in  quantity  and  m  directioi, 
the  Axis  of  the  Central  Couple  (9.),  and  y  is  the  vector  of  a  point  c  which  is  os  lAe 
central  axis  (10.),  considered  as  a  right  line  having  situation  in  space;  whUe  the 
position  of  this  point  on  this  line  depends  only  on  the  given  system  of  applied  forces, 
and  does  not  vary  with  the  assumed  origin  o. 

(18.)  Under  the  same  conditions,  we  have  the  transformations, 

X. . .  2a/3=(c  +  y)S^;         XI.  .  .  TSa)3=(c«-y«)JT2/3; 
XII.  .  .  SVa/S  =  c2/3  +  Vy 2/8 ;         XIII.  .  .  (2Va^)«  t=  c«(2i3)«  +  (Vy2/5)* ; 


*  The  equation  V.  may  also  be  obtained  from  the  condition, 

v.  .  .  T2V(a  -  y)P  =  a  minimum, 

when  y  is  treated  as  the  only  variable  vector  ;  which  answers  to  a  known  property 
of  the  Central  Moment. 
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whereof  XII.  contains  the  known  law,  according  to  which  theaxii  of  the  eouph  (4.), 
obtained  by  transferring  all  the  forces  to  an  assnmed  point  o,  varies  generally  in 
quantitjf  and  in  direction  with  the  poMition  of  that  point :  while  XIII.  expresses  the 
known  corollary  from  that  law,  in  virtue  of  which  the  quantity  aloney  or  the  energy 
(TSVa/3}  of  the  conple  here  considered,  is  the  tame  for  all  the  points  o  of  any  one 
right  cylinder ^  which  has  the  central  axis  of  the  system  for  its  axit  ofrevolnHon, 

(14.)  If  we  agree  to  call  the  quaternion  product  pa.  aa'  the  quaternion  moment ^ 
or  simply  the  Moment,  of  the  applied  force  aa'  at  A,  with  retpeet  to  the  Fioint  p,  the 
quaternion  nan  2a^  in  X.  may  then  be  said  to  be  the  Total  Moment  of  the  given 
system  of  forces,  with  respect  to  the  assnmed  origin  o ;  and  the  formula  XL  ex- 
presses that  the  teneor  of  this  ram,  or  what  may  be  called  the  quantity  of  this  total 
moment,  is  constant  for  all  points  o  which  are  situated  on  any  one  epherie  euffaee, 
with  the  point  c  determined  in  (12.)  for  its  centre :  being  also  a  minimum  when  o  is 
placed  at  that  pomt  c  itself  and  being  then  equal  to  what  has  been  already  called 
the  central  moment^  or  the  energy  of  the  central  couple. 

(15.)  For  these  and  other  reasons,  it  appears  not  improper  to  call  generally  the 
point  c,  above  determined,  the  Central  Point,  or  simply  the  Centre,  of  the  given 
system  of  applied  forces,  when  the  total  force  does  not  vanish ;  and  accordingly  in 
the  particular  but  important  ease,  when  all  those  forces  are  parallel,  without  thehr 
sum  being  zero^  so  that  we  may  write, 

XIV.../3i  =  6ift..     Pn^b^,     T2/3>0, 

the  scalar  e  in  (12.)  vanishes,  and  the  vector  y  becomes  (comp.  Art.  97  on  bary^ 

centres), 

--_                        biai  +  .  .  +  bnOn      26a 
XV.  .  .  oc  =  y  =  —r r =  -— T-; 

so  that  the  point  c,  thus  determined,  is  independent  of  the  common  direction  j3,  and 
coincides  with  what  is  usually  called  the  Centre  of  Parallel  Forces. 

(16.)  The  conditions  of  equilibrium  (1.),  which  have  been  already  expressed  by 
the  formula  I.,  may  also  be  included  in  this  other  quaternion  equation, 

XVI.  .  .  Total  Moment  s  Saj3  =  a  scalar  constant, 

of  which  the  value  is  independent  of  the  origin ;  and  which,  with  its  sign  changed 
represents  what  may  perhaps  be  called  the  Total  Tension  of  the  system. 

(17.)  Any  infinitely  small  change,  in  the  position  of  a  rigid  body,  is  equivalent  to 
the  alteration  of  each  of  its  vectors  a  to  another  of  the  form, 

XVII.  .  .  a  +  aa  =  a+£  +  Vitf, 

ff  and  i  being  two  arbitrary  but  infinitesimal  vectors,  which  do  not  vary  in  the  pas- 
sage from  one  point  a  of  the  body  to  another :  and  thus  the  conditions  ofequiUbrimm 
(1.)  may  be  expressed  by  this  other  formuhi, 

XVIII.  ..28/3^0=0, 

•which  contains,  for  the  case  here  considered,  the  Principle  of  Virtual  Velocities,  and 
admits  of  being  extended  easUy  to  other  cases  of  Statics. 

417.  The  general  Equation  of  Dynamics  may  be  thus  written, 
I..  .  2mS(D,»«-f)fn  =  0, 
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with  significations  of  the  symbols  which  will  soon  be  stated;  but  as 
we  only  propose  (416)  to  give  here  some  specimena  of  physical  appli- 
cation, we  shall  aim  chiefly,  in  the  following  sub-articles,  at  the  de- 
duction of  a  few  formulse  and  theorems,  respecting  Axes  and  Mo- 
menta of  Inertia^  and  subjects  therewith  connected. 

(1.)  In  the  formula  I.,  a  is  the  rector  of  poution,  at  the  time  t,  of  an  element 
m  of  the  system ;  Sa  is  any  variation  of  that  vector,  geometrically  oompattble  with 
the  mutual  connexions  between  the  parts  of  that  sjrstem ;  the  vector  m^  repreeenta 
a  moving  force,  or  (  an  accelerating  force,  which  acts  on  the  element  at  of  maas;  D 
and  S  are  marks,  as  usual,  of  derivating  and  taking  the  scalar ;  and  the  summation 
denoted  by  £  extends  to  all  the  elements,'  and  is  generally  equivalent  to  a  triple  in- 
tegration, or  to  an  addition  of  triple  integrals  in  space.  And  the  formula  is  ob- 
tained (comp.  416,  (17.)),  by  a  combination  of  D'Alembert's  principle  with  the  prin- 
ciple of  virtual  velocities,  which  is  analogous  to  that  employed  in  the  Mecmuq&e 
Antdytique  by  Lagrange. 

(2.)  For  the  case  of  tifrtt  but  rijfid  hodif^  we  may  snbatitnte  for  ^a  the  esqires- 

sion  c  +  V<a,  assigned  by  416,  XYII. ;  and  then,  on  account  of  the  arbitrariness 

of  the  two  infinitesimal  vectors  c  and  i,  the  formula  L  breaks  up  into  the  two  fotloir- 

iog* 

II. .  .  S:m(Di«a-O  =  0;         HI.  •  .  2mVa(D,«a-C)  =  0; 

which  correspond  to  the  two  statical  equations  416,  II.  and  III.,  and  contain  re- 
spectively the  law  of  motion  of  the  centre  of  gravity,  and  the  law  of  description  of 


(3.)  If  the  body  have  tL  fixed  pointy  which  we  may  take  for  the  origin  o,  we 
eliminate  the  reaction  at  that  point,  by  attending  only  to  the  equation  III. ;  and 
may  then  express  the  connexions  between  the  elements  m  by  the  formula, 

IV.  .,Dta-  Via,    whence    V. . .  D««a  =  t  Via  -  VaD|t ; 

i  being  the  Vector- AxU  of  itutantaneaua  dotation  of  the  body,  in  the  sense  that  its 
versor  Uc  represents  the  direction  of  the  axis,  and  that  its  teneor  Ti  repraaeots  the 
angular  velocity ^  of  such  rotation  at  the  time  t. 
(4.)  By  v.,  the  equation  III.  becomes, 

VI.  . .  SmaVaDii  =  2m(ViaSia  -  YaK) ; 

and  other  easy  combinations  give  the  laws  of  areas  and  living  force,  under  the  fonts, 

VIL  .  .  £maDta  -  SmV  /  a(d<  =  7  =  a  constant  vector ; 
VIII.  .  .  iSm(D<a)>-SmS/ia(d<scsaconstant scalar. 

(6.)  When  the  applied  forces  vanish,  or  balance  each  other,  or  mora  genenlly 
when  they  compound  themselvee  into  a  single  force  acting  at  the  fixed  point,  so  that 
in  each  case  the  condition 

IX...  2mVa|=0 

is  satiafied,  the  equations  (4.)  are  amplified ;  and  if  we  introduce  a  linear,^vector, 
and  self-conjugate  function  0,  such  that 

X.  .  •  ^1=  SmaVa(  =  c£ma'-  SmaSai, 


CUAP.  III.]  MOMENTS  AND  AXES  OF  INERTIA.  711 

and  write  h*  for  -  2e,  they  take  the  forms, 

XI. .  .>D«i + Vt^i= 0  i        XII.  .  .  ^i  +  y  =  0 ;        XIII. . .  Si^i=  A« ; 
y  and  h  being  two  real  constants,  of  the  vector  and  scalar  kinds,  connected  with  each 
other  and  with  i  by  the  relation, 

XIV. .  .  Siy  +  A«  =  0 ;     also    XV.  .  .  ^D«e = Viy. 

It  may  be  added  that  y  is  now  the  tfector  sum  of  the  doubled  areal  velocities  of  all  the 
elements  of  the  body,  multiplied  each  by  the  mass  m  of  that  element,  and  each  re- 
presented by  a  right  line  aDta  perpendicular  to  the  plane  of  the  area  described 
round  the  fixed  point  o  in  the  time  df ;  and  that  A'  is  the  living  forecy  or  vie  viva  of 
the  body,  namely  the  positive  sum  of  all  the  products  obtained  by  multiplying  each 
element  m  by  the  square  of  its  linear  velocity,  regarded  as  a  scalar  (TD^a). 

(6.)  'When  t  is  regarded  as  a  variable  vector,  the  equation  XIII.  represents  an 
ellipsoid^  wUch  is  fixed  in  the  hody^  but  moveable  with  it ;  and  the  equation  XIV. 
represents  a  tangent  plane  to  this  ellipsoid,  which  plane  infixed  in  space^  but  changes 
in  general  its  position  relatively  to  the  body.  And  thus  the  motion  of  that  body  may 
generally  be  conceived,  as  was  shown  by  Poinsot,  to  be  performed  by  the  rolling 
(toithout  gliding^  of  an  ellipsoid  upon  a  plane  ;  the  former  carrying  the  body  with  it, 
while  its  centre  o  rem9\n%  fixed :  and  the  semidiameter  (c)  of  contact  being  the  vec- 
tor-axis (8.)  o{  instantaneous  rotation, 

(7.)  The  ellipsoid  XIII.  may  be  called,  perhaps,  the  Ellipsoid  of  Living  Force, 
on  account  of  the  signification  (5.)  of  the  constant  A*  in  its  equation  ;  and  the  fixed 
plane  XIV.,  on  which  it  rolls,  is  parallel  to  what  may  be  called  the  Plane  of 
Areas  (Scy  =  0) :  no  use  whatever  having  hitherto  been  made,  in  this  investigation, 
of  any  axes  or  moments  of  inertia.  But  if  we  here  admit  the  usual  definition  of  such 
a  moment,  we  may  say  that  the  Moment  of  Inertia  of  the  body,  with  respect  to  any 
axis  i  through  the  fixed  point,  is  equal  to  the  living  force  h^  divided  by  the  square* 
of  the  semidiameter  Ti  of  the  ellipsoid  XIII. ;  because  this  moment  is, 

XVL.  .  Sm(TVaU02=i-22m(V»a)«=-Si-Vt  =  A'Tr*. 

(8.)  The  equations  XII.  and  XIII.  give, 

XVII.  .  .•  0  =  7«St0i  -  A«(^0«  =  Si V,     if    XVIII.  .  .  v  =  y«^i  -  A^^'i ; 

and  this  equation  XVII.  represents  a  cone  of  the  second  degree,  fixed  in  the  body 

(comp.  (6.)),  but  moveable  with  it,  of  which  the  axis  i  is  always  a  side,  and  to  which 

the  normal,  at  any  point  of  that  side,  has  the  direction  of  the  line  v.     But  it  follows 


*  Hence  it  may  easily  be  inferred,  with  the  help  of  the  general  construction  of<m 
ellipsoid  (217,  (6.)),  illustrated  by  Figure  58  m  page  226,  that  for  any  solid  body, 
and  any  given  point  a  thereof,  there  can  always  be  found  (indeed  in  more  ways  than 
one)  two  other  points,  b  and  o,  which  are  Wkemaibfixed  in  the  body,  and  are  such  that 
the  square-root  of  the  moment  of  inertia,  round  any  axis  ad,  is  geometrically  con- 
structed by  the  line  bd,  if  the  point  d  be  determined  on  the  axis,  by  the  condition  that 
A  and  D  shall  be  equally  distant  from  c.  This  theorem,  with  some  others  here  re- 
produced, was  given  in  the  Abstract  of  a  Paper  read  before  the  Royal  Irish  Academy 
on  the  10th  of  January,  1848,  and  was  published  in  the  Proceedings  of  that  date. 
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firom  XL,  or  from  XIL  XY.,  and  from  the  properties  of  the  fonctioa  ^,  that  Dic  is 
perpendicular  to  both  ^c  and  ^*i,  and  therefore  also  by  XVIII.  to  y ;  the  cone  XTIL 
ifl  therefore  toueKed,  along  the  side  i,  by  that  other  coney  which  is  the  loeue  in  space 
of  the  inttcnUaneoui  axis  of  rotation.  We  are  then  led,  by  this  simple  quaternion 
analysis,  to  a  eeeond  representation  of  the  motion  of  the  body,  which  also  was  pro- 
posed by  Poinsot :  namely,  as  the  rolUnff  of  one  cone  on  another, 

(9.)  To  treat  briefly  by  qaatemions  some  of  Mac  Cullagh's  results  on  this  sub- 
ject, it  may  be  noted  that  the  line  7,  ihwighjixed  m  epaee,  describes  in  the  botfy  a 
cone  of  the  second  degree,  of  which  the  equation  is,  by  what  precedes, 

XIX...^<Sy^-»y  +  AV  =  <>.     '^    XX...^=Ty,     or     XXL..7«  +  ^  =  0; 
while,  if  we  write  y  =  00,  the  point  c  is  indeed  fixed  in  Bpaecy  but  describes  a 
ephero-eonie  in  the  hody^  which  is  part  of  the  common  intersection  of  the  cone 
XIX.,  the  sphere  XXL,  and  the  reciprocal  ellipsoid  (com^,  XIIL), 

XXIL  .  .  Sy^-iy  =  A». 

(10.)  Also,  the  normal  to  the  new  cone  (9.),  At  any  point  of  the  side  7,  has  the 
direction  oXg^^-^y  +  A'y,  or  of «  +  A'y'  (comp.  XIV.) ;  and  if  a  line  in  this  direc- 
tion be  drawn  through  the  fixed  point  o,  it  will  be  the  side  of  contact  of  the  plane 
of  areas  (7.),  with  the  cone  of  normals  at  o  to  the  cone  XIX. ;  which  last  (or  reci- 
procal) cone  rolls  on  that  plane  of  areas. 

(IL)  As  regards  the  Axes  of  Inertia,  it  may  be  sufficient  here  to  obserre  that 
if  the  body  revolve  round  a  permanent  axis,  and  with  a  eonst€tnt  velocitjf,  the  vee- 
tor  axis  i  is  constant ;  and  must  therefore  satisfy  the  equation, 

XXIIL  .  .  Vt^c  =  0,     because  XXIV. .  .  D|i  =  0  ; 

it  has  therefore  in  general  (comp.  415)  one  or  other  of  Three  Real  and  Jteetanffmlar 
Directions,  determined  by  the  condition  XXIIL :  namely,  those  of  the  Axes  of 
iHf^rtf  of  either  of  the  two  Reciprocal  Ellipsoids,  XIIL  XXIL 

(12.)  And  the  Three  Prineipal  Moments,  say  A,  B,  C,  corresponding  to  those 
three  principal  axes,  are  by  XYI.  the  three  scalar  values  of  -  r^pt ;  so  that  the 
symbolical  cubic  (850)  ui  ^  may  be  thus  written, 

XXV.  .  .  (^  +  ^)  (0  +  P)  (^  -f  C)  =  0. 

(13.)  Forming  then  this  symbolical  cubic  by  the  general  method  of  the  Secdaa 
III.  iL  6,  we  find  that  the  three  moments  A,  B,  C,  are  the  three  roots  (always  real, 
by  this  analysis)  of  the  algebraic  and  cubic  equation, 

XXVI.  .  .  ^»  -  2«M3  +  (»*  +  n'«)  A  -  (n«»'a  -  n"«)  =  0  ; 

in  which,  n',  n*,  n'**  are  three  positive  scalars,  namely, 

XXVIL  .  .  ««=-  Xma^i     n'2  =  -  J:mm\Yaay  ;     ii''«=Sm»'w''(SaoV)S; 

and  the  combination  nhi**—  a"^  is  another  positive  scalar,  of  which  the  value  may 
be  thus  expressed, 

XXVIIL  .  .  ABC  =  n*n'i  -  «"«  =  Xmfm'a*  (Yaay 

+  22)»im'm"  (Taa'Ta'a"Ta"a  +  Saa'SaVSa'a), 

if  a,  a',  a",  &c.  be  the  vectors  of  the  mass-elements  m,  m\  m**,  &c 
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(14.)  And  because  the  equation  XXY.  gives  this  other  symbolical  result, 
XXIX.  .  .  -ABC^-^  =^i^(^A^B+C)^-^BC^  CAJtAB, 
it  follows  that  XXX.  . .  0-iO  =  0  ; 

and  therefore,  by  XV.,  &c.,  that  if  a  body,  with  a  fixed  point,  &c.,  begin  to  revolve 
round  one  of  its  three  principal  axes  of  inertia,  it  -will  eoniinut  to  revolve  round  that 
axis,  with  an  unchanged  velocity  of  rotation. 

(15.)  It  has  hitherto  been  supposed,  that  all  the  moments  of  inertia  are  referred 
to  axes  passiug  through  one  point  o  of  the  body ;  but  it  is  easy  to  remove  this  re- 
striction. For  example,  if  we  denote  the  moment  XVI.  by  /u,  and  if  /^  be  the  cor- 
responding moment  for  an  axis  parallel  to  i,  but  drawn  through  a  new  point  Q,  of 
which  the  vector  is  o),  then 

XXXI.  .  .  /^  =  r'2m(Vi(a-w))a 

= /o  +  22m.  S  (wi-iViic)  +  p'Ssi, 
if  XXXII. .  .  icSm  =  :^ma,    and    XXXIII.  .  .  /» =  TVwUc, 

so  that  le  is  the  vector  of  the  centre  of  inertia  (or  of  gravity)  of  the  body,  and  p  h 
the  dietanee  between  the  two  parallel  axes. 
(16.)  If  then  we  suppose  that  the  condition 

XXXrV,  ..  Vtjc  =  0 

is  satisfied,  that  is,  if  the  axb  c  pass  through  the  centre  of  inertia,  we  shall  have  the 
very  simple  relation, 

XXXV.../^  =  /ol-P»S«i 
which  agrees  with  known  results. 

418.  As  a  third  specimen  of  physical  applications  of  quaternions, 
we  propose  to  consider  briefly  the  motions  of  a  System  of  Bodies, 
m,  m\  ml', . . .  regarded  as  free  material  points,  of  which  the  variable 
vectors  are  a,  a',  a'\  . . .  and  which  are  supposed  to  attract  each  other 
according  to  the  law  of  the  inverse  square:  the  fundamental  for- 
mula employed  being  the  following, 

I.  .  .  2OTSD;a^a  +  «P  =  0,      if     II. .  .  P  =  2  ; 


T(a-a')' 

P  thus  denoting  the  Potential  (or  force-function)  of  the  system,  and 
the  variations  ra,  fa\ . . .  being  infinitesimal,  but  otherwise  arbi- 
trary. 

(1.)  To  deduce  the  formula  I.,  with  the  signification  II.  of  P,  from  the  general 
equation  417,  L  of  dynamics,  we  have  first,  for  the  case  of  two  bodies,  the  following 
expressions  for  the  accelerating  forces, 

4  Y 
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whence  follows  the  transformation,* 

IV.  .  .  -  S(m55a  i-mT^a')  =  ^1^  S  ^SfLZS^^  ^  — ; 
r  a-a  r 

a  resalt  easily  extended,  as  above.  If  the  law  of  attraction  were  supposed  different, 
there  would  be  no  difficulty  in  modifying  the  expression  for  the  potential  aocordin^y. 
(2.)  In  genera!,  when  a  9ealar^f{tA  here  P\  is  a  Junction  of  one  or  more  mc. 
tortj  a,  a', .  •  •  ^^  variation  (or  differential)  can  be  expressed  as  a  linear  and  ualar 
function  of  their  yariaUons  (or  differentials),  of  the  form  SjS^a  +  S^da'  -{-..  (or 
2S/3da) ;  in  which  ^3,  j3' . . .  are  certain  new  and  /inite  veetore,  and  are  them- 
selves generally /k»c^ofu  of  a,  a', . . .,  derived  from  the  given  scalar  function/.  And 
we  shall  find  it  convenient  to  extend  the  Notation^  of  Derivatives^  so  as  to  denote 
these  derived  vectora  /3,  jd*,  &c.,  by  the  tgmboU,  D^^  ^a^f  ^<  ^i^  this  manner  we 
shall  be  able  to  write, 

V.  ..^P=SS(DaP.^a); 

and  the  diflerential  equations  of  motion  of  the  bodies  m,  m',  m", . .  will  take  by 
I.  the  forms : 

VI.  .  .  mD««a  +  D«P  =  0,     m'Wa*  +  Da'  P  =  0.  &c. ; 
or  more  fully, 

^"-  •  •  ^''"  =  (a-a-)T(a-aO  +  (a  -  a")  T(a  -  a  )  +  •'*'■ 

(8.)  The  laws  of  the  centre  of  gravity,  of  areas,  and  of  living  force,  result  imme- 
diately (torn  these  equations,  under  the  forms, 

VIII.  .  .  SmDias/?;         IX  .  .  2f«VaDfa=  y  ; 
and  X...  r=-.ii:»(D,a)«=P+^; 

in  which  )3,  y  are  constant  vectors,  If  is  a  constant  scalar,  and  2  7  is  the  living 
force  of  the  system  (comp.  417,  (5.)). 

(4.)  One  mode  (comp.  417,  (2.))  of  deducing  the  three  equations,  of  which  thes^ 
are  the  first  integrals,  is  the  following.  To  obtain  VIII.,  chsnge  every  vaiiatioo 
ia  in  I.  to  one  common  but  arbitrary  infinitesimal  vector,  c.  For  IX.,  change  la 
to  Vca,  ^a'  to  Via',  &c. ;  i  being  another  arbitrary  and  infinitesimal  vector.  Fmally, 
to  arrive  at  X.,  change  variations  to  differentials  (Sa  to  da,  &c.),  and  integrate 
once,  as  for  the  two  former  equations,  with  respect  to  the  time  t. 

(6.)  The  formula  I.  admits  of  being  integrated  by  parts,  without  any  restric- 
tion on  the  variations  da,  by  means  of  the  general  transformation, 

XI. ,  .  S  (Ut'^a .  da)  =  D<S  (Dta .  da}  -  ^d .  (D/a)«, 

combined  with  the  introduction  of  the  following  definite  integral  (comp.  X), 


XU.,,F=.('jP^T)dt. 


*  It  may  not  be  useless  here  to  compare  the  expression  in  page  417,  for  the  dif- 
ferential of  a  proximity. 

t  In  this  extended  notation,  such  a  formula  as  d/p  =  2Sv6p  would  give. 
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(6.)  In  fact,  if  we  denote  by  ao,  a\ . .  the  initial  values  of  the  vectors  a,  a\  .  . 
or  their  values  when  f  =  0,  and  by  Dqa,  Doa', . .  the  corresponding  values  of  Dta, 
D<a', . . ,  we  shall  thus  have,  as  a  first  integral  of  the  equation  I.,  the  formula, 

XIII.  .  .  SmS  (Dta  .da-Doa.  dao)  +  dF=  0 ; 
m'which  no  variation  St  is  assigned  to  /,  and  which  <ionduct8  to  important  conse- 
qaences. 

(7.)  To  draw  from  it  some  of  these,  we  may  observe  that  if  the  masses  m,  m', . . 
be  treated  as  constant  aod  known,  the  completer  integrals  of  the  equations  VI.  or 
YIL  must  be  conceived  to  give  what  may  be  called  the  final  vectors  of  position  a, 
a', . .  and  of  velocity  D«a,  D<a', . .  .in  terms  of  the  initial  vectors  ao,  a'o, . .  Dqa, 
Doa% . .  and  of  the  time,  t :  whence,  conversely,  we  may  conceive  the  initial  vectors 
of  velocity  to  be  expressible  as  functions  of  the  initial  and  final  vectors  of  position,  and 
of  the  time.  In  this  way,  then,  we  are  led  to  consider  P,  T,  and  F  as  being  scalar 
/unctions  (whether  we  are  or  are  not  prepared  to  express  them  as  such),  of  a,  a', . . 
oo,  a'ot  •  •  and  t;  and  thus,  by  (2.),  the  recent  formula  XIII.  breaks  up  into  the  two 
following  systems  of  equations : 

XIV. .  .  mDta  +  DaF=  0,     m'D<a'  +  Da  F=  0,  &c. ; 
and  XV.  .  .  -  mVoa  +  Da^F  =0,     -  m'Doa  +  Do'^^-F  =  0,  &c. ; 

whereof  the  ybnn«r  may  be  said  to  be  intermediate  integrals,  and  the  latter  to  be 
final  integrals,  of  the  differential  equations  of  motion  of  the  system,  which  are  in- 
cluded in  the  formula  I. 

(8.)  In  fact,  the  equations  XIV.  do  not  involve  the  final  vectors  of  acceleration 
Df*a, . .  as  the  differential  equations  VI.  or  VII.  ha^}  done ;  and  the  equations  XV. 
express,  at  least  theoretically,  the  dependence  of  the  ^na/ vectors  of  position  a, . .  on 
the  time,  t,  and  on  the  initial  vectors  of  podtion  ao, . .  and  of  velocity  Doa, . .  as  by 
(7.)  the  complete  integrals  ought  to  do.  Ajid  on  account  of  these  and  other  impor- 
tant properties,  the  function  here  denoted  by  Fmay  be  called  the  iVmct/>a/*  Func- 
tion of  Motion  of  the  System, 

(9.)  If  the  initial  vectors  ao, . .  and  Doa, . .  be  given,  that  is,  if  we  consider  the 
actual  progress  in  space  of  the  mutually  attracting  system  of  masses  m, . .  from  one 
set  of  positions  to  another,  then  the  function  F  depends  upon  the  time  alone ;  and 
by  its  definition  XII.,  its  rtite  or  velocity  of  increase,  or  its  total  derivative  with  re- 
spect to  t,  is  thus  expressed, 

XVI.  ..DtF=P4  T. 

(10.)  But  we  may  inquire  what  is  the  partial  derivative,  say  (PtF),  of  the 
same  definite  integral^,  when  regarded  (7.)  as  a  function  of  the  final  and  initial  vectors 
of  position  a, . .  ao,  • .  which  involves  also  the  time  explicitly,  and  is  now  to  be  deri- 
vated  with  respect  only  to  that  variable  t,  as  if  the  final  vectors  a, . .  were  constant  : 
whereas  in  fact  those  vectors  alter  with  the  time,  in  the  course  of  any  actual  mo- 
tions of  the  system. 

*  This  function  was  in  fact  so  called,  in  two  Essays  by  the  present  writer,  "  On 
a  General  Method  in  Dynamics,"  published  in  the  Philosophical  Transactions  (Lon- 
don), for  the  years  1834  and  1835  ;  although  of  course  coordinates,  and  not  qua- 
Urnions,  were  (hen  employed,  the  latter  not  having  been  discovered  until  1843 : 
and  the  notation  S,  since  adopted  for  scalar,  was  then  used  instead  of  F. 
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(11.)  For  this  purpose,  it  is  sufficieDt  to  observe  that  the  part  of  the  total  deri- 
vative D<F,  which  arises,  firom  the  last  mentioned  changes  of  a, . .  is  (by  XIT. 

and  X.), 

XVII.  .  .  2S(DaF.D,fl)  =  2r; 

and  therefore  (by  XVI.  and  X.),  that  the  remaining  part  most  be, 

XVIII.  . .  (D«F)  =  P-  r=  -  -K 

(12.)  The  complete  vaHation  o£  the  fonction  jpis  therefore  (comp.  XIII.),  when 

t  aa  well  as  a, . .  and  ao) . .  is  treated  aa  varying^ 

XIX.  .  .  ^F=:~AV<-SmSDia^a  +  SmSDoa^ao. 

(18.)  And  hence,  with  the  help  of  the  equations  X.  XIV.  XV.,  it  is  easy  to  infer 

that  .the  principal  ftmction  i^must  satisfy  the  two  following  Peartitd  Differential 

Equations  in  Qwxtemion* : 

XX.  .  .  (D«iO-iSm-»(DaF)a  =  P; 

XXI.  .  .  (DtP)-iSm-i(D^F)«  =  Po; 

in  which  Pq  denotes  the  initial  value  of  the  potential  P. 
(14.)  If  we  write 

XXII..  .  r=['2rd/, 

so  that  V represents  what  is  called  the  Action,  or  the  accumulated  living  force,  of 
the  system  during  the  time  t,  then  by  X.  and  XII.  the  two  definite  integrals  Fand 
V  are  connected  by  the  very  simple  relation, 

3BKIII.  ..  V^F^tHi 
whence  by  XIX.  the  complete  variation  of  V,  considered  as  a  function  of  the  final 
and  initial  vectors  of  position,  and  of  the  constant  H  of  living  force,  which  does  not 
explicitly  involve  the  time,  may  be  thus  expressed, 

XXIV.  .  .  dV=tdH-I^mSDta9a  +  J:mSDoadao. 
(16.)  The  partial  derivatives  of  this  new  function  F,  which  is  for  some  purposes 
more  useful  than  F,  and  may  be  called,  by  way  of  distinction  firom  it,  the  Ckarae- 
teristie*  Function  of  the  motion  of  the  system,  are  therefore, 

XXV.  .  .  J)aV=-mDta,  Ac  ; 

XXVI.  .  .  D^,,F=4-mDoa,  &c; 

and  XXVII.  .  .D^r=^ 

(16.)  The  intermediate  integrals  (7.)  of  the  differential  equations  rf  motion, 
which  were  before  expressed  by  the  formulie  XIV.,  may  now,  somewhat  less  simply, 
be  regarded  as  the  result  of  the  elimination  of  ^between  the  formulse  XXV.  XXVII. ; 
and  the  Jinal  integrals  of  those  equations  VI.  or  VII.,  which  were  expressed  by  XV., 
are  now  to  be  obtained  by  eliminating  the  same  consUnt  H  between  the  recent  equa- 
tions XXVI.  XXVII. 


*  The  Action,  T,  was  In  fact  so  called,  in  the  two  Essays  mentioned  in  (he  pre- 
ceding Note.  The  properties  of  this  Characteristic  Function  bad  been  perceived  by 
the  writer,  before  those  of  that  wliich  he  came  afterwards  to  call  the  Frineipnl 
Function,  as  above. 
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(17.)  The  Characteristic  Fimetion^  V,  is  obliged  (comp.  (18.))  to  satisfy  the  two 
following  partial  eHfferential  equation§f 

XXVIII. .  .  ^2m-i  (Dtt  r)2  +  P  +  fl^=  0 ; 
XXIX.  .  .  i2m-»(I>aon»  +  Po  +  ^=  0  ; 
it  YRniabes,  like  F^  when  t  =  0,  at  which  epoch  a^OQ,  a'  =  a'o,  kc. ;  each  of  these 
two  fonctions,  F  and  V,  depends  symmetriealfy  on  the  initial  and  final  vectors  of  po- 
sition :  and  each  does  so,  only  by  depending  on  the  mutnal  configuration  of  all  those 
initial  and  final  potitionM, 

(18.)  It  follows  (comp.  (4.),  see  also  416,  (17.),  and  417,  (2.)),  that  the  func- 
tion F  must  satisfy  the  two  conditions, 

XXX.  .  .  S  (DaF+  D^^)  =  0 ;         XXXI.  . .  2V(aDaF  +  a<,D^F)  =  0 ; 

which  accordingly  are  forms,  by  XIV.  XV.,  of  the  equations  YIII.  and  IX.,  and 
therefore  are  expressions  for  the  law  of  motion  of  the  centre  of  gravity,  and  the  law  of 
description  of  areas.  And,  in  like  manner,  the  function  V  is  obliged  to  satisfy  these 
two  analogous  conditions, 

XXXII.  .  .  2(D„r  +  D„oV)  =  0;         XXXIII.  .  .  i:V(aDar+  aol>ooO  =  0; 

which  accordingly,  by  XXY.  XXVI.,  are  new  forms  of  the  same  equations  YIII.  IX., 
and  consequently  are  new  expressions  of  the  same  two  laws. 

(19.)  All  the  foregoing  conditions  are  satisfied  when  t  is  tmally  that  is,  when  the 
time  of  motion  of  the  system  is  shorty  by  the  following  approximate  expreuioue  for  the 
fanctions  Fand  T,  with  the  respectively  derived  and  mutually  connected  expressions 
for  H  and  t : 

XXXIY...F=^(i»+Po)+£; 

XXXY.  .  .  F=»(P+Po  +  2S)i; 

XXXYI.  .  .  S  =  -(D,F)=-i(P+Po)-t^,; 

XXXYII.  .  . /  =  Di/F=»(P+Po  +  2H)  4; 

n  which  t  denotes  a  real  and  positive  scalar,  such  that 

XXXVIII.  .  .  j»  =  -  Sm  (o  -  ao)»,     or    XXXIX.  .  .  •  =  V2mT  (a  -  no)«. 

419.  As  &  fourth  specimen,  we  shall  take  the  case  of  a  free  point 
or  particle^  attracted  to  a  fixed  centre*  o,  from  which  its  variable 
vector  is  a,  with  an  accelerating  force  =  Mr'^y  if  r  »  Ta  =  the  distance 

*  When  two  free  mattes,  m  and  m',  with  variable  vectors  a  and  a',  attract  each 
other  according  to  the  law  of  the  inverse  square,  the  difierential  equation  of  the  r«/a- 
tive  motion  of  m  about  m'  is,  by  418,  VII., 

I',  .  .  D«  (a  -  a')  =  (m  +  wi')  (a  -  ay^r  \     if    r  =  T(a  -  a')  j 

and  this  equation  I'.  re<luces  itself  to  I.,  when  we  write  a  for  a  -  «',  and  M  for 
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of  the  point  from  the  centre,  while  if  is  the  attracting  mass:  the 
differential  equation  of  the  motion  being, 

I.  ..  D*a  =  jlfa-'r-», 

if  D  (abridged  from  D,)  be  the  sign  of  derivation,'  with  respect  to 
the  time  i. 

(1.)  Operating  on  I.  with  V.a,  and  integrating,  we  obtain  immediatelj  the 
equation  (comp.  338,  (5.)}, 

IL  .  .VaDo=/3=  const; 
^vlilch  expresses  at  once  that  the  orbit  is  plane,  and  also  that  the  twea  described  in 
it  is  proportional  to  the  time  ;  U^  being  the  fixed  unit-normal  to  the  plane^  ronad 
Avhich  the  pomt,  in  its  angular  motion,  revolve*  posilivefy  ;  and  T/3  representiDg  in 
quantity  the  double  areal  velocity^  which  is  often  denoted  by  e. 

(2.)  And  it  is  important  to  remark,  that  these  conclusions  (1.)  woold  have  been 
obtained  by  the  same  analysis,  if  r-Un  I.  had  been  replaced  by  antf  other  seaiar 
function^  /(r)^  of  the  distance  ;  that  is,  for  any  other  law  of  central  force,  instead  of 
the  law  of  the  inverse  square. 

(3.)  In  general,  we  have  the  transformation, 

III...  a-'Ta-»  =  dUa:Voda, 
because,  by  334,  XV.,  &c.,  we  have, 

IV.  .  .  dUa  =  V(da.o-i)-Ua  =  a-«Ua.Vada  =  o-»Ta-i.Vada; 
the  equation  I.  may  therefore  by  II.  be  transformed  as  follows, 

V.  .  .  D2a  =  7DUa,     if    VI.  .  .  y  =- JlT/S-i ; 
and  thus  it  gives,  by  an  immediate  integration, 

VII.  ..Da  =  y(Ua-€),     or    VII'.  . .  Da  =  (€- Ua)  y, 

c  being  a  new  constant  vector^  but  one  sitnated  in  the  plane  of  the  orbit,  to  which 
plane  /3  and  y  sltq  perpendicular. 

(4.)  But  a,  Da,  D*a  are  here  (comp.  100,  (6.)  (6.)  (7.))  the  vectors  of poitTioa, 
velocity^  and  acceleration  of  the  moving  point;  and  it  has  been  defined  (100,  (o.)) 
that  if,  for  any  motion  of  a  point,  the  vectors  of  velocity  be  set  off  from  any  eommom 
origin,  the  curt>e  on  which  they  terminate  is  tlie  Hodograph*  of  that  motion. 

(5.)  Hence  a  and  Da,  if  the  latter  like  the  former  be  drawn  from  the  fixed  point 
o,  are  the  vectors,  of  corrMpoN<fin^  points  of  orbit  and  hodograph  ;  and  becan>e  the 
formula  VII.  gives, 

VIII.  .  .  SyDa  =  0,     and     IX.  .  .  (Da  +  yO'  =  r". 
it  follows  that  the  hodograph  is,  in  the  present  question,  a  Circle,  in  the  plane  of  the 


*  Compare  Fig.  32,  p.  98;  see  also  pages  100,  515,  578,  from  the  two  latter 
of  which  it  may  be  perceived,  that  the  conception  of  the  hodograph  admits  of  somf 
purely  geometrical  applications. 
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orbit,  with  —  ye  (or  +  «y)  for  the  vector  of  its  centre,  and  with  Ty  =  Afr/3-<  for  its 
radhit,  which  radiua  we  Bhall  also  denote  by  A. 

(6.)  The  Law  of  the  Circular*  Hodograph  is  therefore  a^  mathematical  conse- 
quence of  the  Law  of  the  Inverae  Square  ;  and  conversely  it  will  soon  be  proved,  that 
no  other  law  of  central  force  would  allow  generally  the  hodograph  to  be  a  circle, 

(7.)  For  the  law  of  nature,  the  Badiue  (h)  of  the  Hodograph  is  equal,  by  (1.)  and 
(S.))  to  the  quotient  of  the  attracting  mate  (Af))  divided  by  the  double  ureal  velocity 
(T/3  or  «)  in  the  orbit ;  and  if  we  write 

this  positive  scalar  e  may  be  called  the  Excentrieity  of  the  hodograph,  regarded  as  a 
cirele  eccentrically  tituated,  with  respect  to  ihe/ixed  centre  of  force  ^  o. 

(8.)  Thus,  if  e  <  1,  the  fixed  point  o  \%initrwr  to  the  hodographic  circle ;  if  e  =  1, 
the  point  o  is  on  the  drcumferenee  ;  and  if  e>  1,  the  centre  o  of  force  is  then  exte- 
rior to  the  hodograph,  being  however,  in  all  these  cases,  situated  in  its  plane. 

(9.)  The  equation  YIL  gives, 

XL  .  .  e-Ua=-y-»Da  =  Da.y-'; 

operating  then  on  this  with  S.  a,  and  writing  for  abridgment^ 

XIL../>=/3y-i  =  3f-iT)3«  =  if«Jf-i,    and     XIIL  .  .  SUa«  =  co8f>, 

80  that  p  is  a  constant  and  positive  scalar,  while  v  is  the  inclination  of  a  to  -  c,  we 
find, 

XIV.  ..r  +  Sa«=p;     or    XV.  .  .  r=  ^ ; 

1  +  «  cos  V 

the  orbit  is  therefore  a  plane  conic,  with  the  centre  offeree  o  for  afocuMj  having  e 
for  its  excentrieity,  and  p  for  its  eemiparameter, 

(10.)  And  we  see,  by  XII.,  that  if  this  semiparameter  p  be  multiplied  by  the 
attracting  mass  M,  the  product  is  the  equare  of  the  double  areal  velocity  c ;  so 
that  this  constant  c  may  be  denoted  by  (Mp)^,  which  agrees  with  known  results. 

(11.)  If,  on  the  other  hand,  we  divide  the  mass  (Af)  by  the  semiparameter  (p), 
the  quotieiU  is  by  XII.  the  equare  of  the  radiue  (if  TjS'i  or  A)  of  the  hodograph. 

(12.)  And  if  we  multiply  the  same  semiparameter  p  by  this  radius  Af  T/5~*  of 
the  hodograph,  the  product  is  then,  by  the  same  formula  XII.,  the  constant  T/S  or 
c  of  double  areal  velocity  in  the  orbit,  so  that  A  =  JTe'i  &:  cp'K 

(18.)  If  we  had  operated  with  V.  a  on  VII'.,  we  should  have  found, 

XVL.-.i8  =  V.a(£-Ua)y  =  (S«  +  r)y; 
which  would  have  conducted  to  the  same  equations  XIV.  XV.  as  before. 


*  This  law  of  the  circular  hodograph  was  deduced  geometrically,  in  a  paper  read 
before  the  Royal  Irish  Academy,  by  the  present  author,  on  the  14  th  of  December, 
1846 ;  but  it  was  virtually  contained  in  a  quaternion  formula,  equivalent  to  the  re- 
cent equation  VII.,  which  had  formed  part  of  an  earlier  communication,  in  July,  1 845. 
(See  the  Proceedinge  for  those  dates ;  and  especially  pages  345,  347,  and  xxxix., 
xlix.,  of  Vol.  m.) 
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(14.)  If  we  operate  on  VII.  with  S.a,  we  find  this  other  equation, 
XVII.  .  .  -  rDr  «  SaDa  =  y Vae ; 

but  XVIII.  . .  -  ya  =  A«  «  -  (by  VI.  and  XII.,  comp.  (1 1.)), 

P 

and  XIX.  .  .  -(Vac)«  =  e*r«-0>-r)«=/>(2r-j)-r?a-i). 

if  we  write  XX.  .  ,  a  =  --^ ; 

hence  sqoaring  XVII.,  and  dividing  by  r',  we  obtain  the  equation, 

xx,...(*y.„(!.i.sy 

(16.)  It  is  obviouB  that  this  last  equation,  XXI.,  connects  the  duttmee,  r,  with 
the  Hme,  t,  as  the  formula  XV.  connects  the  same  distance  r  with  the  true  anemafy, 
V ;  that  is,  with  the  angular  elongaJtion  in  the  orbit,  finom  the  pontitm  of  iea$t  du- 
tanee.  But  it  would  be  improper  here  to  delay  on  any  of  the  elementaiy  conse- 
quences of  these  two  known  equations  :  although  it  seemed  useful  to  show,  as  above, 
how  the  equations  themselyes  might  easily  be  deduced  by  quaternicnsj  and  be  con- 
nected with  the  theory  of  the  hodograpK 

(16.)  The  equation  II.  may  be  interpreted  as  expressing,  that  iheparalRdoffram 
(comp.  Fig.  32)  under  the  vectors  a  and  Da  of  position  and  velocity,  or  under  any 
two  corresponding  vectors  (6.)  of  the  orbit  and  hodography  has  a  constant  plane  and 
area,  represented  by  the  constant  vector  /3,  which  is  perpendicular  (1.)  to  that  plane. 
But  it  is  to  be  observed  that,  by  (2.),  these  constancies,  and  this  representation,  are 
not  peculiar  to  the  law  of  the  inverse  square,  but  exist  for  all  other  laws  of  central 
force. 

(17.)  In  general,  if  any  scalar  function  R  (instead  of  Mr'*)  represent  the  acce- 
lerating force  of  attraction,  at  the  distance  r  from  the  fixed  centre  o,  the  difierential 
equation  of  motion  will  be  (instead  of  I.), 

XXII.  .  .  D«a  =  i?ra-i  =  -  ItXJa ; 

and  if  we  still  write  VaDa  =  /3,  as  in  II.,  the  formula  IV.  will  give, 

XXIII.  .  .  D'a  =  -  DR.  Va  -  ib-'/3Ua,    and  XXIV.  .  .  V  5!^  =  r-«/3 ; 

in  which  /3  =  cU/3,    if  c  =  T/3,  as  before. 

(18.)  Applying  then  the  general  formula  414,  I.,  we  have,  for  any  law*  offeree. 

the  expressions, 

1         D^a        c 
XXV. .  .  Vector  of  Curvature  of  Hodograph  =  ——  V  ---  =         Vap ; 

D'ci      \j*Q      Rj* 

XXVI.  .  .  Ra<Uus  (A)  of  Curvature  of  Hodograph  =  Rr^-\ 

Force  x  Square  of  Distance 

"Double  A  real  Velocity  in  Orbit  * 


♦  The  general  value  XXVI.,  of  the  radius  of  curvature  of  the  hodograph,  was 
geometrically  deduced  in  the  Paper  of  1846,  referred  to  in  a  recent  Note. 
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of  which  the  last  not  only  eooducts,  in  a  new  way,  for  the  iaw  ofnatun^  to  the  con- 
stant valae  (7.),  h  =  Aie~\  but  also  proveS)  as  stated  fn  (6.)*  that  for  any  other  htw 
of  central  force  the  hodograph  cannot  he  a  eirelcy  unless  indeed  tlte  orbit  happens  to 
be  such,  and  to  have  moreoyer  the  centre  of  force  at  ite  centre. 

(19.)  Confining  ourselves  however  at  present  to  the  law  of  the  inverse  square, 
and  writing  for  abridgment  (comp.  (5.)), 

XXVII.  .  .  K  =:  OH  s  cy  =  Vector  of  Centre  r  of  Hodofpraph^ 
which  gives,  by  (5.)  and  (7.), 

XXVIII..  .Tje  =  eA, 
the  origin  o  of  vectors  being  still  the  centre  oXforce^  we  see  by  the  properties  of  the 
circle,  that  the  product  of  any  two  opponte  velocitiet  in  the  orbit  is  eonatant ;  and 
that  this  constant  product*  may  be  expressed  as  follows, 

XXIX.  .  .  (e-l)AUjc.(e+l)AUjc  =  A«(l-«')  =  'Wo"*t 
by  XVIII.  and  XX. 

(20.)  The  expression  XXIX.  may  be  otherwise  written  as  k'  -  yS;  and  if  t;  be 
the  vector  of  any  point  u  external  to  the  drde,  but  in  its  plane,  and  u  the  length 
of  a  tangent  UT  from  that  point,  we  have  the  analogous  formula, 
XXX..  .t»>=ya-(w-jc)«=T(w-jc)«-A». 
(21.)  Let  r  and  r^  be  the  vectors  or,  ot'  of  the  two  points  of  contact  of  tan- 
gents thus  drawn  to  the  hodograph,  from  an  external  point  u  in  its  plane ;  then 
each  miuit  satisfy  the  system  of  the  three  following  scalar  equations, 

XXXI...Syr  =  Oj  XXXIL . .  (r  -  ic)«  =  y« ;  XXXIII.  ..  S(r -«)(»-«)  =y«  j 
whereof  the  firet  alone  represents  the  plane  ;  the  two  Jirst  jointly  represent  (comp. 
(5.))  th^  eirele  ;  and  the  third  expresses  the  condition  of  ccm^gation  of  the  points 
T  and  u,  and  may  be  regarded  as  the  #ca/ar  equation  of  the  polar  of  the  latter  pdnt. 
It  is  understood  that  Sy v  =  0,  as  well  as  Syic  ==  0,  &g.,  because  y  is  perpendicular 
(8.)  to  the  plane. 

(22.)  Solvmg  this  syirtem  of  equations  (21.),  we  find  th«  two  expressions, 

XXXIV.  ..r  =  i:+y(y  +  «)(t;-r)-»j  XXXIV. ..  r'«fc  +  y(y -«)(«- «)-»; 
in  which  the  scalar  v  has  the  same  value  as  in  (20.).  As  a  voiflcatioiiy  these  ex- 
pressions give,  by  what  precedes, 


*  In  strictness,  it  is  only  for  a  doted  orbit,  that  is,  for  the  case  (8.)  of  the  centra 
of  force  being  interior  to  the  hodograph  (e  <  1),  that  two  velocities  can  be  oppotUe  ; 
their  vectors  having  then,  by  the  fundamental  rules  of  quaternions,  a  tealar  rndpori- 
tive  product^  which  is  here  found  to  be  »  Ma~^,  by  XXIX.,  in  consistency  with  the 
known  theory  of  elliptic  motion.  The  result  however  admits  of  an  interpretation,  in, 
other  cases  also.  It  is  obvious  that  when  the  centre  o  of  force  is  exterior  to  the  hodo- 
graph, the  polar  of  that  point  divides  the  circle  into  two  parts,  whereof  one  is  con- 
cave, and  the  other  convex,  towards  o ;  and  there  is  no  difficulty  in  seeing,  that  the 
former  part  corresponds  to  the  branch  of  an  hyperbolic  orbit,  which  can  be  described 
under  the  inflnoice  of  an  attracting  force :  while  the  latter  part  answers  to  that 
other  branch  of  the  same  complete  hyperbola,  whereof  the  description  would  require 
the  force  to  be  repulnve. 

4  2 


722  BLBMBNTS  OP  QUATERNIONS.  [bOOK  III. 

XXXV. .  ,  S(r-r)(r-t»)  =  0;      XXXV.  .  .  SC^-c)  (r'-w)=0; 
and  XXXVI.  .  .  (r-»)i  =  (r' -«)*  =  -«». 

In  fact  it  Is  found  that 

XXXVII.  ..r-v  =  «(«  +  r)(i;-ic)-^;       XXXVIIL.  .  T(«  +  7)  =  T(w -c); 
and  XXXIX.  ..  (r-w)  (r-r)  =  «7; 

«  +  y  bdng  here  a  quaternion. 

(28.)  If  V  be  the  vector  ou'  of  any  point  u',  on  the  polar  of  the  point  u  wiih 
leapect  to  the  circle,  then  changing  r  to  v',  and  u  to  r,  in  XXXIV.,  we  find  this  vector 
form  (comp.  (21.))  of  the  equation  of  that  polar, 

XL.  .  .  v'=  K  +  y  (y  +  z)  (w-  ON 
or,  by  an  easy  transformation, 

XLI.  .  .  (*«  +  «»)»'=  A«ti  +  «a«+«y(jc-v), 
in  which  z  is  an  arbitrary  scalar. 

(24.)  If  then  we  suppose  that  u'  is  the  iniereeetion  of  the  chord  Ttf  with  the 

right  line  ou,  the  condition 

ic'Vjcv 
XLII.  .  .  Vv'v  =  0     wUl  give     XLIII.  .  .  «y  =  - — ^— ; 

bat  XLIV.  .  .  Vjcw  .  (jc  -  w)  =  jcS  {kv  -  v«)  +  vS  (jew  -  c*) ; 

the  coefficient  then  of  k,  in  the  expanded  expression  for  tf ',  disappears  as  it  ought  to 
do :  and  we  find,  after  a  few  reductions, 

\       v*-Skv  I        V-  w-»Sict;  ' 
a  result  which  might  have  been  otherwise  obtained,  by  eliminating  a  new  scalar  jr 
between  the  two  equations, 

XLVI.  .  .  v*  =yw,     S  (yti  -  jc)  (w  -  «)  =  y«. 
(25.)  Introducing  then  two  auxiliary  vectors,  X,  ^,  such  that 
XLVII.  . .  X  =  v-»Sjcw,    or    StfV  =  vXrrXv, 
and  therefore    XLVII'.  ..  X-c=iriVjcv,    SicX  =  X«,    (X-c)«=c«-X», 

and     XLVm.../i=xf  l+fl+t!lll'yY     whence    ^|X,    Oi-«)«=y«, 

we  have  the  very  simple  relation, 

XLIX. . .  (w-X)  (ti'-X)  =  (/*- X)*,  or  L. . .  lu.mt'=iji', 
if  X  =  OL,  and  fi =om.  Accordingly,  the  point  l  is  the  foot  of  the  perpendicular  let 
ikll  from  the  centre  h  on  the  right  line  ou,  while  m  is  one  of  the  two  points  m,  m '  of 
intersection  of  that  line  with  the  circle ;  so  that  the  equation  L.  expresses,  that  the 
points  u,  u'  are  harmouicaUy  conjugate,  with  respect  to  the  chord  mm',  of  which  l  is 
the  middle  point,  as  is  otherwise  e\'ident  from  geometry. 

(26.)  The  vector  a  of  the  orbit  (or  o( position),  which  corretpondM  to  the  v«srtor 
r  (=  Da)  of  the  hodograph  (or  of  velocity),  and  of  which  the  length  is  Ta  =  r  =  the 
distance,  may  be  deduced  from  r  by  the  equations, 

LI.  .  .  o  =  r  (r  - r)  y-»,     and     LIL  .  .  Vra  =  - j3  =  Afy-»; 
whence  follow  the  expressions, 

LIH.  ..  Porfliha/=  Afr-i  =  (8ay)P=Sr(ic-r)  =  Sv(ie-.r); 
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the  second  ezpreesion  for  P  being  deduced  from  the  first,  by  means  of  the  relation 
XXXV. 

(27.)  The  Jirst  expression  LIIL  for  P  shows  that  the  potential  is  equal,  Jst,  to 
the  rectangle  under  the  rtidiue  of  the  hodograph,  and  the  perpencUeular  from  the 
centre  o  of  force,  on  the  tangent  at  t  to  that  circle ;  and  II nd,  to  the  eqwire  of  the 
t€mgent  from  the  same  point  t  of  the  hodograph,  to  what  may  be  called  the  Circle  of 
Exeentrieity,  namely  to  that  new  circle  which  has  oh  for  a  diameter.  And  the  first 
of  these  values  of  the  potential  may  be  otherwise  deduced  from  the  equality  (7.)  of  the 
mass  M,  to  the  product  he  of  the  radius  h  of  the  hodograph,  multiplied  by  the  constant 
e  of  double  areal  velocity,  or  by  the  eanitant  pctrallelogram  (16.)  under  any  two  cor- 
responding vectors. 

(28.)  The  teeond  expresdon  LIII.  for  the  potential  P,  corresponding  to  the 
point  T  of  tfie  hodograph,  may  (by  XXX IT.,  &c.)  be  thus  transformed,  with  the 
help  of  a  few  reductions  of  the  same  kind  as  those  recently  employed : 

LTV.  ..P=~=:-^^^,     if    LV...g  =  i;(ic-i;), 

q  bdng  thus  an  auxiliary  quaternion ;  and  in  like  manner,  for  the  other  point  t* 
lately  considered,  we  have  the  analogous  value, 

LVT  p,_^  _h^'UyYq 

Lviii...::,=p^.f^^";L^, 

and  finally, 

(29.)  In  fact,  the  same  second  expression  LIIL  shows,  that  if  y  and  y'  be  the 
feet  of  perpendiculars  from  t  and  jf  on  hl,  then  the  potentials  are, 
LXI. .  .  P=ou . TV,    and    P'  =  ou .  Jfy' ; 
and  it  is  easy  to  prove,  geometrically,  that  the  eegmeni  xfh  is  the  harmonic  mean  be- 
tween what  may  be  called  the  ordinatetf  tv,  t^v',  to  the  hodographic  axU  hl. 

(80.)  If  we  suppose  the  point  v  to  take  any  new  but  near  position  u,  in  the  plane, 
the  polar  chord  tt^,  and  (in  general)  the  length  m  of  the  tangent  ur,  wUl  change ;  and 
we  shall  have  the  differential  relations : 

LXII.  .  .  dr  =  (r -  v)-iS (r-  k)  dv  ; 
LXir. . .  dr' «  (r*  -  v)-iS  (r'  -  ic)  dw ; 
and  0  LXIIL  . .  dii  =  ir»S  (k  -  v)  dw. 

(81.)  Conceiving  next  that  u  moves  along  the  line  ou,  or  lu,  so  that  we  may 
write, 

LU        LM  .        ,      LO 

Lxiv. ..«=(aj-oo*-x),  if  ^=5i=ur'  *""*  ''^' 

we  shall  have, 


whence 


and  therefore. 
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LXV.  .  .dw  =  (/i-X)d»  =  v(«-0"'*»»  ^**^  aB>l>e, 
if  u  be  on  LM  prolonged,  and  if  o  be  on  the  concave  side  of  the  arc  tmt'  ;  and  thus, 
by  LIII.,  the  differentia]  expressions  (30.)  become, 

LXVI.  .  .  dr  =  (w  -  r)-»P(«  -  ^'Hx ;     dr'  =  (w  -  t')-^P'  («  -  e'y^dx ; 
and              LXVII.  .  .  durrtriSg-Cx-eO-^da?,    irith  S9  =  v(X- v); 
Pdx         P'da: 


so  that       LXVIII.  ..Tdr» 


Tdr'«  • 


if    dr>0. 


Snob  then  an  thQ  Un^thM  of  the  two  eUmeutary  are$  rr,  and  t^t/  of  the  bodograph^ 
intercepted  batWMO  two  near  secants  xm'  and  itt^t/  drawn  from  the  pole  s  of  the 
chord  IOC',  and  haying  u  and  u,  for  their  own  poles ;  and  we  see  ttiat  these  arcs  an 
proportional  to  iha  pottmtinla^  Pand  JP*,  or  by  LXI.  to  the  ordtaotet,  tv,  t^v',  cr 
finalily  to  the  lines  kt,  vt'  :  and  aooordtngly  we  have  the  iuvene  similarity  (ooisp. 
118),  of  the  two  sotaU  triasglea  with  n  for  vertex, 

LXIX.  .  ,  Amtt,  oc'nt  V, 
as  appears  on  inspection  of  the  annexed  Figure  86. 


rig.  8G. 


(32.)  For  any  motion  of  a  pomt,  however  complex,  the  element  di  of  time  which 
corresponds  to  a  given  element  dDa  of  the  hodograph^  is  foond  bv  dividing  the  litter 
element  by  the  vector  D^a  oS  aeeelerating  force  ;  if  then  we  denote^y  dt  and  dt'  %ht. 
times  corresponding  to  the  elements  dr  and  dr  (31.),  we  have  the  expn^ions, 

rdi; 


LXX.  ..dt. 


Mdx 
:Af.P-«.Tdr=  ;,v^--r,= 
Pu{x  -  <?') 


LXX'.  ,  ,  d«'=i/.P'-2.Tdr'  = 


Mdx 
ru(x~e) 


«(*-er 
r'djf 

«(-^-e')' 
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becauM,  for  the  motion  hero  contidered,  the  meaAure  or  quantity  of  the  force  ia,  by  I. 
and  LIII., 

LXXI.  .  .  TD«a  =  Afr-«  =  Af-«P«. 

(33.)  The  time§  of  hodographieaUjf  deierihing  the  two  small  circular  area,  t,t 
and  t't/,  are  therefore  inversely  proportional  to  the  potentiah^  or  directly  propor- 
tional to  the  dietaneea  in  the  orbit;  and  their  sum  ia, 

I  M      M\  «-»da      (r  +  r*^  Ax 

Lxxii. . . d«+d<'=  -^  +  ~  y^-^.  =  ^ ;  ^°f; 

that  ia,  by  LX.  and  LXIY., 

LXXIII.  ..d<  +  d*'«--^ -— ,    if    LXXIV.  ..p=T(/i-X)  =  LM. 

(34.)  We  have  also  the  relatione, 

LXXV.  .  .  tt  =(x«  -  1)4^,      and      LXXVI.  .  .  ~  =  (1  -  e**)^* ; 

a 

so  that  the  sum  of  the  two  small  times  may  be  thus  expressed, 

Lxxvii. . .  d.+dr=  i^<L-l!»? .  (iz^^)!^, 

or  finally, 

LXXVIII...d«+d.  =  2(f!<L^Y.-_*:^. 

\  M  I       (1-«C08W)* 

if  LXXIX.  .  .  a;  =  sec  w,     or    w  =  l  mlw  in  Fig.  86, 

in  which  Figure  uV  is  an  ordinate  of  a  semidrde,  with  the  chord  mm'  of  the  hodo- 

graph  for  its  diameter. 

(35.)  The  two  near  aecanta  (81.),  firom  the  pole  ir  of  that  chord,  have  been  hero 
supposed  to  cot  the  half  chord  lm  ittelf,  as  in  the  dted  Figure  86 ;  but  if  they  were 
to  cut  the  other  half  chord  lm',  it  is  easy  to  prove  that  the  formulas  LXXVIII. 
LXXIX.  woold  still  hold  good,  the  only  difference  being  that  the  angle  to,  or  mlw, 
would  be  now  obtuse,  and  its  secant  x<^l. 

(36.)  A  ctrele,  with  v  for  centre,  and  u  for  radius,  cuts  the  hodograpb  orthogo- 
nally in  the  points  t  and  t';  and  in  like  manner  a  near  circle^  with  it^  for  centre, 
and  «+  die  for  radius,  is  another  orthogonal^  cutting  the  same  hodograph  in  the  near 
points  T  and  t/  (31.).  And  by  conceiving  a  series  of  soch  orthogonals,  and  ob8er\'- 
ing  that  the  differential  expression  LXXVIII.  depends  only  on  the  four  sealars^ 
M'^a^f  e\  10,  and  dio,  which  are  all  known  when  the  mass  M  and  the^e  points  o, 
i^  m,  u,  u^  are  given,  so  that  they  do  not  change  when  we  retain  that  mass  and  those 
points,  but  alter  the  radius  h  of  the  hodograpb,  or  the  perpendicular  ul  let  fall  from 
its  centre  u  on  the  fixed  chord  mm',  we  see  that  the  sum  of  the  times  (oomp.  (33.), 
of  hodographically  describing  any  two  circular  ares^  such  as  t^t  and  t't/,  even  if 
they  be  not  small^  but  intercepted  between  any  two  secants  from  the  pole  n  of  the 
Jlxed  chord,  is  independent  of  the  radius  (A),  or  of  the  height  hl  of  the  centre  h  of 
the  hodograph. 

(37.)  If  then  (wo  circular  hodographs,  such  as  the  two  in  Fig.  86,  having  a  com- 
mon chord  mm',  which  passes  through,  or  tends  towards,  a  common  centre  of  force  o, 
wUh  a  common  ma^s  M  there  situated,  be.  cut  by  any  two  common  orthogonals,  tlie 
sum  of  the  two  times  o(  hodographically  detcribing  (33.)  the  two  intercepted  arcs 
(small  or  large)  wiO  be  the  same  for  those  two  bodographs. 
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(88.)  And  M  a  eate  of  this  gentral  rasolt,  ire  have  the  following  Theorem*  «/ 
Hodographic  Isoehronism  (or  Synehroniam) : 

"  If  two  circular  hodographa^  having  a  common  chords  which  poBces  thrcmgh,  or 
tende  towardgj  a  common  centre  offeree,  be  cut  perpemHenlarlg  hg  a  third  ctrefe, 
Me  time$  of  hodographicallg  dtaeribing  the  intercepted  arce  will  be  eynal.'" 

For  example,  in  Fig.  86,  we  have  the  equation, 

LXXZ. .  .  Time  of  tmt=  time  o/wmw'. 

(39.)  The  time  of  thiu  deacribing  the  arc  tmt'  (Fig.  86),  if  this  arc  be  through- 
out  coneavef  towards  o  (so  that  x>l>e\  as  in  LXy.)i  u  expreased  (oompL 
LXXYIIL)  by  the  definite  integral, 

LXXXI.  .  .  2Vm€o/TMT'  =  2(^^^^y  Tr; — ^ r-; 

•^  \         M         y  Jo  (l-«  coew)» 

and  the  time  of  describing  the  remaimder  of  the  hodographic  cirde,  if  thie  remaining 

arc  t^m't  be  tlironghout  ooncave  towards  the  centre  o  of  force,  is  expressed  by  this 

other  integral, 

LXXXII. . .  Time  o/tVt  =  2  (  «'(^--^'*)*Y  T  — -^?? -. 

V        Af        j  J,,(l-«'cosii7)» 

(40.)  Hence,  for  the  case  of  a  closed  orbit  (e**  <  1,  e  <  1,  a  >  0),  if  n  denote  the 
mean  angular  ffeloeitg,  we  have  the  formula, 

LXXXIII.  .  .  Periodic  J\me  =  — =  2  '  *  ^*  ''       "^^^^ 


'{ih-<<r^- 


OOBwy 


-m- 


or  LXXXI  V.  . .  M^iAt\  as  usual 

The  same  result,  for  the  same  case  of  elliptic  motion,  may  be  more  rapidly  obtained, 
by  conceiving  the  chord  BtM*  through  o  to  be  perpendicular  to  oh  ;  for,  in  this  posi- 
tion of  that  chord,  its  middle  point  t«  coincides  with  o,  and  e  -  0  by  LXIY. 
(41.)  In  general,  by  LXXYI.,  we  are  at  liberty  to  make  the  substitutioo, 

LXXXV.  .  .  (      ^  ^    r  =  -j-,  with  if  =  half  chord  of  the  hodogra^  : 

supposing  then  that «'  e-  l,  or  placing  o  at  the  extremity  m'  of  the  chord,  we  have 
by  LXXXI., 

LXXXVI. . .  Parabolic  time  o/TMT'  =  ?^r--— ^??^--  ; 

for,  when  the  centre  of  farce  is  thus  situated  on  Mectrmm/erencf  of  the  hodographic 
cirde,  we  have  by  (8.)  the  exceiUricity  e  =  1,  and  the  orbit  becomes  by  XV.  a  para- 


*  This  Theorem,  in  which  it  is  understood  that  the  common  centre  of  force  (o) 
is  occupied  by  a  common  ma$»  (itf),  was  communicated  to  the  Royal  Irish  Aca- 
demy on  the  16th  of  March,  1847.  (Seethe  Proceedinga  of  that  date,  VoL  III.,  page 
417.)  It  has  since  been  treated  as  a  subject  of  investigation  by  several  able  wiitan, 
to  whom  the  author  cannot  hope  to  do  justice  on  this  subject,  within  the  verr  abort 
^paoe  which  now  remains  at  his  disposal 

t  Compars  the  Kote  to  page  721. 


withoat  the  substitution  LXXXV.)  is  to  be  employed  if  •  <  - 1,  that  is,  if  o  be  on 
lm'  prolonged;  and  the  formula  LXXXIL,  if  e'>l,  e'<8ectt»,  that  w,  if  o  be  si- 
tuated between  m  and  u. 
•  (42.)  For  any  law  of  central  for  ct,  if  p,  p'  be  the  points  of  the  orbit  which  corre- 
spond to  the  points  t,  t'  of  the  hodograpK,  and  if  q  be  the  point  of  meeting  of  the 
tangents  to  the  orbit  at  p,  p',  as  in  the  annexed  Figure  87,  while  the  tengents  to  the 
hodo^aph  at  t,  t'  meet  as  before  in  u,  we  shall  have  the  parallelisms, 


Fig.  87. 


LXXXVII 
writing  then, 
LXXXVIII. 


.  OP  II  UT,     or'  II  t'u,     pq  II  OT,    Qp'  II  ot'  ; 


OP  =  a,  OP'  =  a',  OT  =  Da  =  r,  ot'  =  Da'  =  r,  ou  =  w,  og  =  w, 
most  of  which  Dotations  have  occurred  before,  we  have  the  equations, 

LXXXIX.  .  .  0  =  Va(r-v)  =  Va'(w-r')  =  Vr(ui-a)=Vr'(a'-«); 
thus  XC.  .  .  Vow  =  Var  =  /3  =  VaV  =  Va'i/,     a' -  a  ||  v,     pp'  ||  ou, 

and        XCI.  . .  Vrw  =  Yra  =  -  /3  =  Yr'a'  =  Vr'cu',     r  -  r'  ||  w,     t't  ||  oq. 
Geometrically^  the  conttant  parallelogram  (16.)  under  op,  ot,  or  under  op',  ot*,  is 
equal,  by  LXXXVII.,  to  each  of  the  four  following  parallelograms :  I.  under  op,  ou  ; 
II.  under  op',  ou;  III.  under  oq,  ot  ;  and  IV.  under OQ, ot*;  whence  pp'||ou,  and 
VtIIoq,  as  before. 

(43.)  The  paralleliem  XC  may  be  otherwise  deduced  for  the  law  of  the  incene 
Bqmare,  with  recent  notations,  from  the  quaternion  formula). 


XCIL  .  . 


r-{-r 


X-v 


in  which,     XCII'. 


aud  which  may  be  obtained  in  various  ways ;  whence  it  may  also  be  inferred,  that 
if  «  denote  the  length  T(a'-  a)  of  the  chord  pp'  of  the  orbit,  then  (comp.  Fig.  86), 


XCIII.  , 


r-l-r'      T(\-t;) 
w  being  the  same  auxiliary  angle  as  m  (34.),  &c. 


UT  :  UL  =  &c.  =  An  w; 
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(44.)  It  is  eisy  to  prove  that 

whence 

XCV...T^  =  :^  =  -„     and    XCVI.  .  .  P'-»(r'-X)v  =  K.P-i(r-X)i;; 
r  —  X      P      r 

the  lines  lt,  lt*  are  therefore  in  len^h  proportional  to  the  potentialM,  P,  -P ;  an^ 
their  direetimu  are  equally  inclined  to  that  of  ou,  bat  at  opposite  aidet  of  it,  so  that 
the  line  lo  hieeett  the  angle  tlt'.  Accordingly  (see  Fig.  86).  the  three  points  t,  ^  r 
are  on  the  circle  (not  drawn  in  the  Figure)  which  has  ho  for  diameter;  so  that  th« 
angles  dlt',  tlu  are  equal  to  each  other,  as  being  respectively  eqaal  to  the  angles 
utt',  TTfVf  which  the  chord  tt'  of  the  hodograph  makes  with  the  tangents  at  its  ex- 
tremities :  the  triangles  tlv,  t'lv*  are  therefore  similar,  and  iS  is  to  lt'  sa  tv  to 
tV,  that  is,  by  LXL,  as  P  to  P*,  or  as  r'  to  r. 
(45.)  Again,  calculation  with  quaternions  gives, 

xcvii. . .  (2iz0ix:ii)^  ("-^C^-^) ,  (.-.)(,-  x)»-.)-.. 


whence 


XCVni...T^ — r  =  T^-^.  =  T^--?  =  UT:uL  =  sinw; 
X-r        X-r         \-v 


such  then  is  the  common  ratio^  of  the  aegmentt  tu',  u't'  of  the  baee  tt'  of  the  tri- 
angle tlt',  to  the  adjacent  aidee  iTf,  Ef',  which  are  to  each  other  as  r'to  r  (44.) ; 
and  because  this  ratio  is  also  that  of  «  to  r  i-  r ,  by  (48.),  we  have  the  proportion, 

XCIX. .  .  OP :  op'  :  PP'=  r :  r' :  #  =  iS' :  LT :  Tt'i 
and  the  formula  of  inverse  similarity  (118), 

C. .  .  Alt't  a'opp'. 

Accordingly  (comp.  the  two  last  Figures),  the  base  angles  opp',  op'p  of  the  seoond 
triangle  are  respectively  equal,  by  the  parallelisms  (42.),  to  the  angles  tul,  t'cl, 
and  therefore,  by  the  cirele  (44.),  to  the  base  angles  ti'l,  t^tl,  of  the  first  triangle : 
but  the  two  rotations,  round  o  from  p  to  p',  and  round  l  from  x*  to  x,  are  oppo- 
sitely directed. 

(46.)  The  investigations  of  the  three  last  subartides  have  not  assumed  any  know- 
ledge of  the  form  of  the  orbit  (as  elliptic,  &c.),  but  only  the  law  of  aUraetion  ac- 
cording to  the  inverse  equarCf  or  by  (6.)  the  Law  of  the  Circular  Hodograph,  And 
the  same  general  principles  give  not  only  the  expression  LXXV I.  for  the  coostaol 
JTo-i,  but  also  (by  LX.  LXIV.  LXXIY.  LXXIX.)  this  other  expression, 

2if     .        .         V   .         ^  ^„        '■  +  »•'  1-*^ 

CI. . .  L  =  (l-e  cosw)^*;    whence    CII.  .  .  -r—  =- ; ^ 

r+/^  2a        l-ecosv 

which  last  may  be  considered  as  a  quadratic  in  €^,  assigning  two  values  (resl  or 
imaginary)  for  that  scalar,  when  the  first  member  of  CII.  and  the  angle  w  are  given ; 
the  sine  of  this  latter  angle  being  already  expressed  by  XCIII. 

(47.)  Abstracting,  then,  from  any  amhigmty^  of  solution,  we  see,  fay  the  definite 


*  That  there  ought  to  be  some  such  ambiguity  is  evident  from  the  consideratior. 
that  when  a  focus  o,  and  two  points  p,  p'  of  an  elliptic  orbit  are  Sfiven^  It  is  su J 
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integrals  in  (39.),  that  the  time  ofdeueribing  an  arc  pp'  of  an  orbit,  with  the  law 
of  the  inverte  square,  is  A/unetion  (comp.  (36.))  of  the  three  ratiotj 

cni...g,  liT.  _i:,, 

M^       a     *     T-\-r' 
which  is  a  form  of  Lamhere$  Theorem,  bat  presents  itself  here  as  deduced  from  the 
recently  sUted  Theorem  of  Hodo^aptdc  I§ochroni$m  (38.),  without  the  employment 
of  any  property  of  conic  teciione, 

(48.)  The  differential  eqoation  I.  of  the  present  rdative  motion  may  be  thus 
written  (comp.  418, 1.,  and  generally  the  preceding  Series  418) : 

CIV. . .  S.D«aaa  +  eP  =  0,    whence    CV.  .  .  r=  P+  ff, 
as  in  418,  X.,  if  we  now  write, 

CVI. . .  r=  -  }Da«  =  -  ir«,    and    CVIL  .  .  ^  =  —  ; 

2a 

in  fact  (by  LIIL,  comp.  (20.)  (21.)), 

CVin...-2ff=2(P-r)=2P+r5  =  ic^-y>=— . 

(49.)  Integrating  CIV.  by  parts,  &c.,  and  writing  (as  in  418,  XII.  XXII.), 

CIX. .  .  F=  r  (  r+  P)  df,     and    CX. , .  F^  ['2  Td^ 

80  that  F  may  again  be  called  the  Principal  Function    and  V  the  Chnracteristie 
Function  of  the  motion,  we  have  the  variations, 

CXI.  .  .  SF^SrSaSrda'-mt;         CXII.  . .  dV^SrBa-ST'Sa'-VtSH; 
in  which  a,  a'  (Instead  of  ao,  a)  denote  now  what  may  be  called  the  iuUial  and 
Jin€d  veetore  (op,  op')  of  the  orbit ;  whence  follow  the  partial  derivatives, 

CXIII.  . .  DaP=DaF=T  ;        CXIir. . .  D„'F=  Da'r=-  r*; 
CXIV.  . .  (D,F)  =  -  JSr ;        and        CXV.  . .  D^r r=  « ; 

F  being  here  a  scalar  function  of  a,  a',  t,  while  F  is  a  scalar  function  of  a,  a',  If, 
if  Af  be  treated  as  given. 

(50.)  The  two  vectors  a,  a'  can  enter  into  these  two  scalar  functions^  only 
tlirough  their  dependent  scalars  r,  r',  s  (comp.  418,  (17.)) ;  but 

CXVI. .  .  ^r  =  -  r-»So^tf,     er*  =  -  r'-^Sa'Sa',     ^«  =  -  r»S  (a  -  a)  (^Sa'  -  ^a) ; 

confining  ourselves  then,  for  the  moment,  to  the  function  V,  and  observing  that  we 
baye  by  CXII.  the  formula, 

CXVII. . .  S  (r^a  -  r'ia')  =  D,  V.  dr  +  D,*  V.  S/  +  D.  V.  ^s, 

in  which  the  variations  da,  Sa  are  arbitnuy,  we  find  the  expressions, 

CXVIII.  .  .  r^-ar'iDrV'{-ia'-a)s-^D,V; 
CXVnr.  .  .  r'  =  +  aV-«D/^+(a'-a)»-»D,r; 


permitted  to  conceive  the  motion  to  be  performed  along  either  of  the  two  elliptic  arcs, 
pp',  p^p,  which  together  make  up  the  whole  periphery.  But  into  details  of  this  kind 
we  cannot  enter  here. 

5  A 
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which  give  these  othen, 

CXIX.  .  .  Dr  r=  rY(ar  -  o)  r :  Yaa' ; 
CXir.  .  .  D/F=rT(a-a')r':Vaa'; 
and  CXX.  .  .  D,F=»/3 :  Yaa\ 

becauBe  Yar  =  Yq't' = j8. 

(51.)  But,  by  XCir., 

CXXI.  .  .  rr  +  rV  =  (r  +  r')w'||  »||a'-a, 
the  chord  tt'  of  the  hodograph,  in  Figures  86,  87,  being  diyided  at  u'  into  s^meBti 
Tv%  uV,  which  are  inyecwly  as  the  distances  r,  r',  or  as  the  lines  op,  op  in  the 
orbit ;  we  have  therefore  the  partial  di£forential  equation, 

CXXII.  ..DrF=D/F,    and  similarly,    CXXIII. . .  DrF=  D^F; 

so  that  each  of  the  two  functions,  F and  F,  depends  on  the  diatameM  r,  r,  only  bf 
depending  on  their  mm,  r  +  r\ 

(52.)  Hence,  if  for  greater  generality  we  now  treat  Jf  as  variabh,  the  iVnc^ 
FHneUtm  F,  and  therefore  by  CXIV.  its  partial  derivative  fi=-  (DiF),  are  ftinc- 
tions  of  the/oicr  scalars, 

CXXIV.  ..r  +  r',    #,     «,    and    Jf. 

(53.)  And  in  like  manner,  the  CharaeierisHe  FtmctioH  (or  Aetum-F^meHtm)  F, 
and  it9  partial  derivative  (by  CXV.)  the  Hme,  t  =  DsV,  may  be  considered  u 
functions  of  this  other  tyitem  of  four  scalars  (comp.  (47.)), 

CXXV.  ..r  +  r',    »,     H,     and    M; 
no  knowledge  whatever  behig  here  assumed,  of  the  form  or  properties  of  the  orbits 
but  only  of  the  law  of  attraction. 

(54.)  But  this  dependence  of  the  Kms,  t,  on  the  four  scalara  GXXV.,  is  a  new 
form  of  Lamberft  Theorem  (47.) ;  which  celebrated  theorem  is  thus  obtained  in  t 
new  way,  by  the  foregoing  quatermum  analyeU, 

(55.)  Squaring  the  equations  GXVIII.  GXYIII'.,  attending  to  the  reiatioB 
CXXII.,  and  changing  signs,  we  get  these  new  partial  differential  equations, 

CXXVI.  . .  2P+  2g  =  (DrF)«-h(D,F)«  +''*"" ^"*'*'Drr.D,r; 

CXXVr. .  .2P'+2g=(Drr)»  +  (D,F)«-f^''"^'^**DrF.D,F; 
because  CXXVII.  . .  a*  =  - r",    a'»=-r'».    (a'-a)«  =  -#». 

Hence,  by  merely  algebraical  combinations  (because  P^Mr-\  and  P'^Mi^-%  ve 
find: 

CXXVIII. . .  K(DrF)i  +  (D.F)«)  =  fl+-^^  +7^173-/ 

CXXIX...D.FD.r=^^^-;:^^; 

CXXX. .  .  (D.F+D,F).  =  2fl+  -^^^m[^^  -  i); 
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(56.)  Bat,  by  CXIL  CXVII.  CXXIL,  we  have  the  variation, 

CXXXI...^K-<^iy=J(Dr^+D.F)^(r +  /+•)  + J(Drr-D,F)^(r  +  r'-#); 

and  the  fmction  V  vanishes  with  <,  and  therefore  with  f ,  at  least  at  the  commence- 
ment of  the  motion ;  whence  it  is  easy  to  infer  the  expressions,* 

Ab  a  veriflcaUon,t  when  i  and  9  are  small,  and  therefore  /  nearly  »r,  we  have 
thus  the  approximate  values, 

CXXXIV.  . .  r=(2P+2iy)*»  =  (2r)4»  =  2IV; 

cxxxv. . .  *= (2P+  2£0"** = (2  r)-*«  J 

in  which  t  may  be  considered  to  be  a  tmaU  are  of  the  orhit^  and  (2  T)^  the  velocity 
with  which  that  arc  is  described. 

(67.)  Some  not  inelegant  constructions,  deduced  from  the  theory  of  the  hodo- 
grapb,  might  be  assigned  for  the  case  of  a  closed  orbit f  to  represent  the  exeetUrie  and 
mean  anomaUee;  bat  whether  the  orbit  be  closed  or  not^  the  arc  TMif  of  the  hodo- 
ffraphie  drele,  in  Fig.  86,  represents  the  arc  of  true  anomaly  described  :  for  it  snb- 
tends  at  the  hodographic  centre  u  an  angle  tht',  which  is  equal  to  the  anyular  mo- 
tion pop'  in  the  orbit 

(58.)  We  may  add  that,  whatever  the  epecialform  of  the  orbit  may  be,  the  equa- 
Uona  CXVIIL  CXVIII'.  give,  by  CXXIL, 

CXXXVI. .  .  r'  -  r  =  (Ua'  +  Ua)Drr; 

from  which  it  follows  that  the  chord  tt'  of  the  hodograph  is  parallel  to  the  bisector 
of  the  angle  pop'  in  the  orbit :  and  therefore,  by  XCL,  that  this  angle  is  bisected  by 
OQ  in  Fig.  87,  so  that  the  eegmentt  pb,  bp',  in  that  Figure,  of  the  chord  pp'  of  the 
orbit,  are  inveredy  proportional  to  the  segments  tu',  u  V  of  the  chord  nf  of  the  ho- 
dograph. 

(59.)  We  arrive  then  thus,  in  a  new  way,  and  aa  a  new  verification,  at  this 
known  theorem :  thitiftwo  tangents  (qp,  qp')  to  a  conic  section  be  drawn  from 


*  Expresaons  by  definite  integrals  equivalent  to  these,  for  the  action  and  time 
iu  the  relative  motion  of  a  binary  system,  were  deduced  by  the  present  writer,  but  by 
an  entirely  diffisrent  analysis,  in  the  First  Essay,  &c.,  already  cited,  and  will  be 
foand  in  the  Phil,  Tranjs.  for  1834,  Part  IL,  pages  285,  286.  It  is  supposed  that 
the  radical  in  CXXXIII.  does  not  become  infinite  within  the  extent  of  the  integra- 
tion; ifit  did  so  become,  transformations  would  be  required,  on  which  we  cannot 
enter  here. 

t  An  analogous  verification  may  be  applied  to  the  definite  integral  LXXXI. ;  in 
which  however  it  is  to  be  observed  that  both  rJtr'  and  s  vary,  along  with  the  va- 
riable w :  whereas,  in  the  recent  integrals  GXXXII.  CXXXIII.,  r  +  r*  is  treated  as 
constant. 
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awy  eommoH  paimt  (g),  th^  Mubtemd  equal  angle*  at  afoeue  (o),  whatoTOr  the  spe- 
cial form  of  the  oonio  may  be. 

(60.)  And  although,  in  several  of  the  preceding  sob-articlea,  geimetrieaJ  em- 
Btruetiont  hare  been  used  only  to  illuitrate  (and  so  to  con/Etm,  if  oonfinnatlon  were 
needed)  reeulu  derived  through  calculatUm  with  quatemiam* ;  yet  the  emiiieoUy 
euggutive  nature  of  the  present  Calculus  enables  us,  in  thia  as  in  many  other  ques- 
tions, to  diepense  vnth  its  own  proceeeee,  when  once  tbey  have  indicated  a  definite 
train  of  geometrical  investigation,  to  serve  aa  their  substitute. 

(61.)  Thus,  after  having  in  any  manner  been  led  to  percdve  that,  for  the  motion 
above  considered,  the  hodograph  is  a  circle*  (5.),  of  which  the  radius  ht  is  equal 
(7.)  to  the  attracting  mom  M,  divided  by  the  constant  pora/fo^i^raai  (16.)  under 
the  vectors  op,  ot  of  position  and  velocity,  in  the  recent  Figures  86  and  87,  which 
parallelograni  is  equal  to  the  rectangle  under  the  distance  op  in  the  ortnt,  and  the 
perpendicular  oz  let  fall  from  the  centre  o  of  force  on  the  tangent  trr  to  the  hodo- 
graph, we  see  geometrically  that  the  potential  P,  or  the  mass  divided  by  the  dis- 
tance, for  the  point  p  of  the  orbit  corresponding  to  the  point  t  of  the  hodogmpb,  is 
equal  (as  in  (27.))  to  the  rectangle  under  ht  and  oz,  and  therefore,  hy  the  similar 
triangles  htv,  uoz,  to  the  rectangle  under  ou  and  ty  (as  in  (29.)). 

(62.)  In  like  manner,  the  three  potentials  corresponding  to  the  second  point  t'  of 
the  first  hodograph,  and  to  the  points  w  and  w'  of  the  second  hodograph,  in  Fig.  86, 
are  respectively  equal  to  the  rectangles  under  the  same  line  otj,  and  the  three  otfao- 
perpendlculars  t'v',  wx,  w'x',  on  what  we  have  called  (29.)  the  hodograpkie  axis^ 
HL ;  so  that,  for  these  two  pairs  of  points,  in  which  the  two  circular  hodogn^ks,  with 
a  common  chord  mm',  are  cut  by  a  common  orthogonal  with  v  for  centre,  Untfonr 
potentials  are  directly  proportional  to  the /bar  hodograpkie  ordinaies  (29.). 

(68.)  And  because  the  force  (^Mr-*)  is  equal  to  the  square  of  the  potential 
(^Mr-^),  divided  by  the  mass  (Jf ),  the  four  forces  are  directly  as  the  squares  of  the 
four  ordinates  corresponding ;  each  force,  when  divided  by  the  square  of  the  corre- 
sponding hodographic  ordinate,  giving  the  constant  or  common  quotient, 

CXXXVII. .  .  ou» :  Af. 
(64.)  It  has  been  already  seen  (31.)  to  be  a  geometrical  consequence  <^  the  two 
pairs  of  similar  triangles,  ntt,,  nt',t',  and  mtv,  ntV,  tliat  the  two  email  arcs  of  the 
first  hodograph,  near  t  and  t',  intercepted  between  two  near  secants  from  the  pole  5 
of  the  fixed  chord  mm',  or  between  two  near  orthogonal  circles,  with  u  and  u,  for 
centres,  are  proportional  to  the  two  ordinates^  tv,  t'v'. 

(65.)  Accordingly,  if  we  draw,  as  in  Fig.  86,  the  near  radius  (represented  by  a 


*  This  follows,  among  other  ways,  from  the  general  value  XXVI.  for  the  i 
of  curvature  of  the  hodograph,  with  any  law  of  central  force  ;  which  value  was  geo- 
metrically  deduced,  as  sUted  in  the  Note  to  page  720,  compare  the  Note  to  page 
7 19,  by  the  present  writer,  in  a  Paper  read  before  the  Royal  Irish  Academy  in  1846, 
and  published  in  their  Proceedings,  In  fact,  that  general  expression  for  the  radios 
of  hodographic  curvature  may  be  obtained  with  great  facility,  by  dividing  the  ele- 
ment/d«  of  the  hodograph  (in  which /deuotes  the  force),  by  the  coriesponding 
element  er'^dt  of  angular  motion  in  the  orbit. 
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dotted  line  from  h)  of  the  first  hodograph,  and  aUo  the  tmaU  perpendicular  ur, 
erected  at  the  centre  v  of  the  fint  orthogonal  to  the  tangent  irr,  and  terminated  in 
Y  by  the  tangent  from  the  near  centre  u„  the  two  new  pairs  of  similar  triangles,  tht,, 
UTT,  and  THVy  uu^t,  giye  the  proportion, 

GXXXYIII. . .  TT, :  TV  =  vVs :  UT » 
which  not  merely  confirms  what  has  just  been  stated  (64.),  for  the  case  of  the  Jirst 
hodograph,  but  proves  that  the>bvr  small  ares^  of  the  two  circular  hodographs  in 
fig.  86,  intercepted  between  the  two  near  orthogonals,  are  direct) j  proportional  to  the 
/our  ordmatec  already  mentioned. 

(66.)  Bat  the  time  of  describing  any  small  hodographic  arc  is  the  quoUent  (82.) 
of  that  are  divided  by  the  force;  and  thereforCi  by  (68.),  (65.),  the  four  small  times 
are  inversely  proportional  to  the  yimr  ordinates.  And  ,the  harmonic  mean  u'l  be- 
tween the  two  ordinates  tv,  t'v'  of  the  first  hodograph,  does  not  vary  when  we  pass 
to  the  second,  or  to  any  other  hodograph^  with  the  same  fixed  chord  mm',  and  the 
same  orthogonal  circles ;  it  follows  then,  geometrically,  that  the  sum  (83.)  of  the 
two  small  times  is  the  same,  in  anyone  hodograph  as  in  any  other,  under  the  condi- 
tions above  supposed :  and  that  this  sum  is  equal  to  the  expression, 

nirwTV  2Af.uu'  2Af.uU'.UL 

OU'.UT.U'L       OU'.LM*.UT 

which  agrees  with  the  formula  LXXIII. 

(67.)  On  the  whole,  then,  it  is  found  that  the  7%eorem  of  Hodographic  Isochro- 
nism  (38.)  admits  of  being  geometrically*  proved,  although  by  processes  suggested 
(60.)  by  quaternions :  and  sufficient  hints  have  been  already  given,  in  connexion 
with  Figure  87,  as  regards  the  geometrical  passage  from  that  theorem  to  the  well- 
known  Theorem  of  Lambert,  without  necessarily  employing  any  property  of  conic 
sections, 

420.  As  t^  fifth  specimen,  we  shall  deduce  bj  quaternions  an  equa- 
tion,  which  is  adapted  to  assist  in  the  determination  of  the  distance 
of  a  cornet^  or  new  planet^  from  the  earth, 

(1.)  Let  M  be  the  mass  of  the  sun,  or  (somewhat  more  exactly)  the  sum  of  the 
masses  of  sun  and  earth ;  and  let  a  and  w  be  the  heliocentric  vectors  of  earth  and 
comet.     Write  also, 

I.  ..Ta  =  r,     Ta»  =  uT,    T(«-o)  =  «,     U((i*-a)  =  p, 

so  that  r  and  w  are  the  distances  of  earth  and  comet  from  the  sun,  while  z  is  their 
distance  from  each  other,  and  p  is  the  unit-vector,  directed  from  earth  to  comet. 
Then  (comp.  419, 1.), 


*  It  appears  from  an  unprinted  memorandum,  to  have  been  nearly  thus  that  the 
author  orally  deduced  the  theorem,  in  his  communicatioB  of  March,  1847,  to  the 
Royal  Irish  Academy ;  although,  as  usually  happens  in  cases  of  invention,  his  own 
previous  processes  of  investigation  h!id  involved  principles  and  methods,  of  a  much 
less  simple  character. 
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II.  .  .  D»a  =  -  Mr^a,     Dt«  =  -  Af»-8«, 
and  III.  .  .  D».*p  =  DK«-a)  =  Af(r-3-»-«)a-Af«D-V» 

with  I V.  ..»«=- (a  +  xpy  =  fa  +  *» - 2zSap. 

(2.)  The  vector  a,  with  its  tensor  r,  and  the  mass  Af,  are  given  by  the  theory  of 
the  earth  (or  sun) ;  and  p,  Dp,  D*p  are  deduced  from  three  (or  more)  near  obser- 
vations of  the  comet;  operating  then  on  III.  with  S.pDp,  we  arrive  at  the  formula, 

SpPpPy  _  r  /  Af      M\ 
'  "  SpDpUa  ^zVr»  ""  »»  j' 

which  becomes  by  IV.,  when  cleared  of  fractions  and  radicals,  and  divided  by  2,  an 
algebraical  equation  of  the  seventh  d^^ree,  whereof  one  root  is  the  sought  distance*  z, 
of  the  comet  (or  planet)  from  the  earth. 

421.  As  a  sixth  specimen^  we  shall  indicate  a  method,  suggested 
by  quaternions,  of  developing  and  geometricallj  decomposing  the 
disturbing  force  of  the  sun  on  the  moon,  or  of  a  relativelj  superior 
on  a  relatively  inferior  planet. 

(1.)  Let  a,  <r  be  the  geocentric  vectors  of  moon  and  sun ;  r,  •  their  geocentric 
dbtances  (r  =  Ta,  •  =  T<r) ;  M  the  sum  of  the  masses  of  earth  and  moon ;  and  S  the 
mass  of  the  sun ;  then  the  difierential  equation  of  motion  of  the  moon  about  the 
earth  may  be  thus  written  (comp.  418,  419), 

I.  . .  D«a  =  Af .  ^a+  5.(0(7  -  ^  (<r  -  a)), 
if  D  be  still  the  mark  of  derivation  relatively  to  the  time,  and 

II.  .  .0a  =  0(a)  =  o-iTa->; 
so  that  0a  is  here  a  vector-function  of  a,  but  not  a  linear  one. 

(2.)  If  we  confine  ourselves  to  the  term  Mfa,  in  the  second  member  of  k,  we 
fan  back  on  the  equation  41 9, 1.,  and  so  are  conducted  anew  to  the  laws  of  Mudisturbed 
relative  elliptic  motion. 

(8.)  If  we  denote  the  remainder  of  that  second  member  by  9,  then  i|  may  be 
called  the  Vector  of  Dittwhing  Force  ;  and  we  propose  now  to  deve^pe  this  vector, 
according  to  deteendinp  powere  of  T  (<r :  a),  or  according  to  aecending  powers  of 
the  9ifofien^  r : «,  of  the  diataneet  of  moon  and  sun  from  the  earth. 

(4.)  The  expression  for  that  vector  may  be  thus  transformed : 

III.  .      Vector  of  JHeturhing  Force  =  i|  =  D«o  -  M^a 

=  S6-\o-^  { 1  -  (1  -  «»-»)■*  T(l  -  afT^y^} 
=  St-^o-^  { 1  -  (1  -  ao-^y^  (1  -  ff-»a)-»} 

=  5t-i<T^i|l~^l+?a<T-»  +  |^(aa-»)«  +  ..^^l  +  i(r-i«  +  i^^^ 


«  Compare  the  equation  in  the  Mecanique  Celeete  (Tom.  I.,  p.  241,  new  edi- 
tion, Paris,  1848).  Laplace's  rule  for  determining,  by  inspection  of  a  globe,  which 
of  the  two  bodies  is  the  nearer  to  the  sun,  results  at  once  from  the  formula  Y. 


/x^ 

.m' 
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thmtis,  IV.  .  .  j|  =  ifi  +  ij«+t?3+&c., 

if  V. . .  i?i  =  -  &-»<T-»  (i<r-^a  +  fa«r>)  =  5^(«+  S^'tt'^O  =  »7i.i+  nh2\ 

VI. . .  ija  = (a<ra-»  +  2<f  +  6<raaa-^<r^)  =  «J2,  i  +  i?2i a  +  la,  s ;  &c- 

the  general  term*  of  this  development  being  easily  aasignod. 

(5.)  We  have  thus  ^Jirit  group  of  two  component  and  diatnrbing  forces,  which 

are  of  the  same  order  as  -=• ;  a  teeond  group  of  three  snch  forces,  of  the  same  order 

Sr^ 
as  -3- ;  a  third  group  of /<mr  forces,  and  so  on. 

(6.)  The^rj*  component  of  thejiret  group  has  the  following  tensor  and  versor, 

it  is  therefore  a  purely  ahlati- 
tiouM  force  kn,  acting  along  the 
moon's  geocentric  vector  km  pro- 
longed, as  in  the  annexed  Fi- 
gure 88,  '   pjg^  gg 

(7.)  The  teeond  component 
m%  of  the  same  first  group,  has  an  exactly  triple  intentity,  mn'=  8mn  ;  and  its  di- 
reeiion  is  snch  that  the  angle  nmn',  between  these  two  forces  of  the  first  group,  b 
trisected  by  a  line  ms'  fi-om  the  moon,  which  is  parallel  to  the  stm**  geocentric  vector 

■8. 

(8.)  If  then  we  conceive  a  line  em'  from  the  earth,  having  the  same  duncdon  as 
the  last  force  mn',  this  new  line  will  meet  the  heavens  in  what  may  be  called  for  the 
moment  Ajictitiout  moon  Di,  such  that  the  arc  DDi  otti  great  circle,  connecting  it 
with  the  true  moon  ])  in  the  heavens,  shall  be  bisected  by  the  ««»  Q,  as  represented 
in  Fig.  88. 

(9.)  Proceeding  to  the  teeond  group  (6.),  we  have  by  VI.  for  the>Irt*  compoilent 
of  this  group, 

VIII.  .  .  Tj73,  I  =  -g^,      U172, 1  =  Uaira*  =  ; 

a  line  ttoxn  the  earth,  parallel  to  this  new  force,  meets  therefore  the  heavens  in  what 
may  be  called  tifirttfictitioua  tun,  Q 1,  such  that  the  arc  of  a  great  circle,  QQ 1,  con- 
necting it  with  the  true  sun,  is  bisected  by  the  moon  ]),  as  in  the  same  Fig.  88. 


*  Snch  a  general  term  was  in  fact  assigned  and  interpreted  in  a  communication 
of  June  14,  1847,  to  the  Royal  Irish  Academy  (JProceedingt,  Vol.  III.,  p.  614}  ; 
and  in  the  Zeeturet,  page  616.  The  development  may  also  be  obtained,  although 
less  easily,  by  Taylor' t  Seriet  adapted  to  quaternions.  Compare  pp.  427, 428,  480, 
431  of  the  present  work ;  and  see  page  882,  &c,  for  the  interpretation  of  such  sym- 
bols as  <ra(r',  aoa'^. 
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(10.)  The  ueond  component  force,  of  the  same  second  group,  hie  an  intemnty  ex- 
actly double  that  of  Xhejirtt  (Tfit,%  -  2Ti|2i  i) ;  and  in  direeHon  i(  is  parallel  to  the 
8an*a  geocentric  vector  es,  so  that  a  line  drawn  in  its  direction  from  the  earth  would 
meet  the  heavens  in  the  place  of  the  sun  Q. 

(11.)  The  third  component  of  the  present  group  has  an  intensitj  which  is  pre- 
cisely/pe-yb/d  that  of  the  Jirtt  component  (Ti}a,3=  6T}}2,i);  and  a  line  drawn  in  its 
direction  from  the  earth  meets  the  heavens  in  a  second fictitioui  ntn  Qj,  such  that 
the  arc  0L  Qi,  connecting  these  two  fictitious  suns,  is  hueeted  by  the  trne  turn  0. 

(12.)  There  is  no  difficulty  in  extending  this  analysis,  and  this  interpretation,  to 
tuhMequent  grovpt  of  component  disturbing  forces,  which  forces  imerease  m  iitiai6er, 
and  dimtHuh  in  intensity ^  in  passing  from  any  one  group  to  the  next ;  thdr  tntenti- 
(ie«,  for  each  wparate  group,  bearing  numerical  ratios  to  each  other,  and  their  dvve- 
tions  being  connected  by  simple  angular  relaiionM* 

(18.)  For  example,  the  third  group  consists  (5.)  of  four  small  Jbreesy  qsi  i  •  •  V3>  «< 

Sr^ 
of  which  the  intensities  are  represented  by  ~--,  multiplied  respectively  by  the  four 

16  J* 

whole  numbers,  5,  9,  15,  and  35 ;  and  which  have  directions  respectively  panUklto 

lines  drawn  fh>m  the  earth,  towards  a  second  fictitious  moon  Ds,  the  true  moon,  the 

firat  fictitious  moon  Di  (8.),  and  a  third  fictitious  moon  J^i ;  these  three  fictitious 

moons,  like  the  two  fictitious  suns  lately  considered,  being  all  situated  in  the  mom«i»- 

tary  plane  of  the  three  bodies  K,  u,  s  :  and  the  three  celestial  ores,  ]hl>i  DDh  DiDsi 

being  each  equal  to  double  the  are  IQ  of  apparent  elongation  of  sun  fh>m  moon 

in  the  heavens,  as  indicated  in  the  above  cited  Fig.  88. 

(14.)  An  exactly  similar  method  may  be  employed  to  develope  or  decompose  the 

disturbing  force  of  one  p/anef  on  another,  which  is  nearer  than  it  to  the  tun;  and  it 

is  important  to  observe  that  no  supposition  is  here  made,  r'Specting  any  smaBmest 

of  exeentricities  or  inclinations. 

422.  As  a  seventh  specimen  of  the  physical  application  of  quater- 
nions, we  shall  investigate  briefly  the  construction  and  some  of  the 
properties  of  Fresnd*s  Wave  Surface,  as  deductions  from  his  princi- 
ples or  hypotheses*  respecting  light. 

(1.)  Let  />  be  a  Vector  of  Ray- Velocity,  and  n  the  corresponding  Vector  of 
Wave-Slowness  (or  Index-  Vector^,  for  propagation  of  light  from  an  origin  o,  within 
a  biaxal  crystal ;  so  that 

I. .  .  S/ip  =  - 1 ;        II.  .  .  SftSp  =0  ;    and  therefore    III. .  .  SpSp  =  0, 


*  The  present  writer  desires  to  be  understood  as  not  expressing  any  opimon  of 
his  own,  respecting  these  or  any  rival  hypotheses.  In  the  next  Series  (423),  as  an 
eighth  specimen  of  application,  he  proposes  to  deduce,  from  a  quite  different  set  o/ 
physical  principles  respecting  light,  expressed  however  still  in  the  language  of  the 
present  Calculus,  Mac  Cullagh*s  Theorem  of  the  Folar  Plane  ;  intending  then,  as  a 
ninth  tindjinal  specimen,  to  give  briefly  a  quaternion  transformation  of  a  odebrated 
equation  in  partial  differential  coeflicients,  ofthe  first  order  and  second  d^pree,  whicb 
occurs  in  the  theory  of  heat,  and  in  that  of  the  attraction  of  spheroids. 
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if  dp  and  9 ft  be  any  infiniteflimal  yariatioiis  of  the  vectors  p  and  fi,  cooBiBtent  with 
the  scalar  equations  (supposed  to  be  as  yet  unknown),  of  the  JFave-Surfaee  and  its 
Bedprocal  (with  respect  to  the  unit-sphere  round  o),  namely  the  Surface  of  Wavt' 
Siownettj  or  (as  it  has  been  otherwise  called)  the  Index* -Surface  :  the  velocity  of 
light  in  a  vacuum  being  here  represented  by  unity. 

(2.)  The  variation  dp  being  next  conceived  to  represent  a  small  dieplaeement, 
tangential  to  the  wave,  of  a  particle  of  ether  in  the  crystal,  it  was  supposed  by  Fres- 
nel  that  such  a  displacement  dp  gave  rise  to  an  eloMticforee^  say  ^c,  not  generally  in 
a  direction  exactly  oppoeite  to  that  displacement,  but  still  k  function  thereof,  which 
function  is  of  the  kind  called  by  us  (in  the  Sections  III.  ii.  6,  and  III.  ill.  7)  linear^ 
vector,  and  telf- conjugate  ;  and  which  there  will  be  a  convenience  (on  account  of  its 
connexion  with  certain  optical  eonttantSj  o,  6,  c)  in  denotmg  here  by  ^'^dp  (instead 
of  0^p)  :  so  that  we  shall  have  the  two  converse  formulss, 

TV,  .  ,dp  =  ^di ;         V.  .  .  ^€  =  ^-^dp, 

(3.)  The  ether  being  treated  as  incompreuihle,  in  the  theory  here  considered,  so 
that  the  normal  component  fi'^Sfjidi  of  the  elastic  force  may  be  neglected,  or  rather 
supprested,  ti.ere  remains  only  the  tangential  component, 

VI. .  .  n-^y/idt  =  di-fi-iS/idi, 

as  regulating  the  mo/ton,  tangential  to  the  wave,  of  a  disturbed  and  vibrating  par- 
tide, 

(4.)  If  then  it  be  admitted  that,  for  the  propagation  of  a  rectilinear  vtftroitoii, 
tangential  to  a  wave  of  which  the  velocity  is  T/a~i,  the  tangential  force  (3.)  must  be 
exactly  oppoeite  in  direction  to  the  displacement  dp,  and  equal  in  quantity  to  that 
diapkcement  multiplied  by  the  equare  (Tf|-')  of  the  wave-^velocily,  we  have,  by  V. 
and  YI.,  the  equation, 

VII. . .  ^-^dp-fi-^afidi^p-^dp,    or    VIII.  . .  ^p  =  (0-1 -/!-«)->-> Sfi^«  ; 

combining  which  with  II.,  we  obtam  at  once  this  Symbolical  Form  of  the  scalar 
equation  of  the  Index  Surface, 

IX.  .  .  O  =  S/i->(0-»  -/«-«)-i^-i; 
or  by  an  easy  transformation, 

X. . .  1  =  S^0-»  (0-1  -  fi-«)-i/i-» ; 
or  finally,  XI. . .  1  =  S/i  (fi»  -  0)-> ; 


*  This  brief  and  expres&ve  name  was  proposed  by  the  late  Prof.  Mac  Cullagh 
(Trans.  R.  I.  A.,  Vol.  XVIII.,  Parti.,  page  88),  for  that  r««proca/ of  the  wave-sur- 
face which  the  present  writer  had  previously  called  the  Surface  of  Componentt  of 
Wavc'Slowneee,  and  had  employed  for  various  purposes :  for  instance,  to  pass  from 
the  corneal  cuspe  to  the  circular  ridgee  of  the  fTave,  and  so  to  establish  a  geometri- 
cal connexion  between  the  theories  of  the  two  conical  refractions,  internal  and  exter* 
nal,  to  which  his  own  methods  had  conducted  him  (Trans.  R.  I.  A.,  Vol.  XVII , 
Part  I.,  pages  125-144).  He  afterwards  found  that  the  same  Surface  had  been 
otherwise  employed  by  M.  Cauchy  (Exercises  de  Mathimatiques,  1830  p.  36),  who 
did  not  seem  however  to  have  perceived  its  reciprocal  relation  to  the  Wave. 

5   B 
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while  th«  diricH^n  of  the  vibntion  Sp^  for  any  giren  tangent  plane  to  the  wtve,  it 
determined  peneralfy  by  the  formnla  VITT. 

(5.)  That  formula  ibr  the  displacement,  eombfaied  with  the  expreaiioB  Y.  for  the 
elastic  force  resulting,  gives 

XII. .  .  ^p  =  -  ^vSfiit,    and     XIII. .  .  ^«  =  -  vS/i^f , 
if  XIV.  .  .  (^  -  /i2)  w  =  /<,    or    XV.  .  .  V  =  (^  -  /x')"'M» 

t;  being  thus  an  auxiliary  rector;  and  because  the  equation  XI.  of  the  index,  aurfaos 
gives, 

XVI.  ,  .  S|4w  =  -  1,    while    XVII.  ,  .  Vi;^«  =  0,  by  XIEL, 

it  follows  that  the  vector  v,  if  drawn  like  p  and  ft  from  o,  tehHinattt  on.  the  tunffent 
plane  to  the  tmiee,  and  iB  parallel  to  the  direction  of  the  elattie  force. 

(6.)  The  equations  XIV.  XVI.  give, 

XVI II...  |»«i;«  -  Bvfv  =  1,    whence    XIX. .  .  v^Sft^ft  =  Sfidv  =  -  Sv^fi, 
because  ^Sfcv  =  0,  by  XVI.,  and  $Sv^v  =  2S(pv.Sv)y  by  the  self-conjugate  pro- 
perty of  f ;  comparing  then  XIX.  w^ith  III.,  we  see  that  f  p  (as  being  J-  every  ^^) 
has  the  direction  of /i  +  v-\  and  therefore,  by  I.  and  XVI.,  that  we  may  write, 

XX.  ..p-i  =  -^-w-J;         XXI..  .  p-«  =  /i«-i;-»;         XXII.  .  .Spw  =  0; 
which  last  equation  shows,  by  (5.),  that  the  ray  ie  perpendicular  (on  Freanel's  prin- 
ciples) to  the  eUttHo  force  ity  produced  by  the  displacement  dp. 

(7.)  The  equations  XX.  and  XXI.  show  by  XIV.  that 
XXIII.  .  .  (p-«^rtw  =  P"'i     whence    XXIV.  .  .  v=^  (p-*-rt"*f>''; 
we  have  therefore,  by  XXII.,  the  followbg  Symbolical  Form  (comp.  (4.))  of  the 
Equation  of  the  Wave  Surface^ 

XXV. . .  0 = Sp->  (^  -  p-«)-V'> ; 

or,  by  transformations  analogous  to  X.  and  XI., 

XXVI. .  .  1  =  Sp^ (^  _p-i)-ip-i ;        XXVn. . .  1  =  Sp  (p« - 0-i)-ip ; 
and  we  see  that  we  can  return  from  each  equation  of  the  wave,  to  theconespooding 
equation  of  the  index  eutfaccy  by  merely  changing  p  to  fi,  and  ^  to  ^"^r  but  this 
result  will  soon  be  seen  to  be  included  in  one  more  genial,  which  may  be  called  the 
Sule  of  the  Jnterchanyes, 

(8.)  The  equation  XXV.  may  also  be  thus  written, 

XXVIIL  .  .  S^  (^  -  p-^y^p  c=  0 ; 
but  under  this  last  form  it  coincides  with  the  equation  412,  XLI. ;  hence,  by  413, 
(19.),  the  fFdve  Surface  may  be  derived  from  the  auxiliary  or  Generating  SH^eoid, 

XXIX.  ..  Sp^psl, 
by  the  following  Comtruetion,  which  was  m  f^t  assigned  by  Fresnel*  hirnseU;  but 
as  the  result  of  far  more  complex  calculations : —  Cut  the  ellipsoid  (o5c)  fly  an  orftt- 
trary  plane  through  itt  centre,  and  at  that  centre  erect  perpendieulare  to  thai  plane, 
which  ehatt  have  the  lengths  of  the  semiaxee  of  the  eedion  ;  the  locut  of  the  extremi- 
ties of  the  perpendiculars  so  erected  will  be  the  sought  wave  surface, 

*  See  Sir  John  F.  W.  HerscheVs  Treatise  on  Light,  in  the  BnegHopctJ^  Me- 
tropoliiana,  page  64i^,  Art.  1017. 
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(».)  And  we  see,  by  IX.,  that  tbe  huUx  Smface  may  be  deri9§d,  by  «a  exactly 
limilar  oonstnictton,  from  that  Reciprocal  ElUpioid^  of  which  the  equation  ie,  on 
the  same  plan, 

XXX..  .Sf)0-V  =  l. 

(10.)  If  the  scalar  equations,  XXYIL  and  XI.,  of  the  wave  and  index  surface,  be 
denoted  by  the  abridged  forms, 

XXXI. .  .  fp  =  1,    and    XXXII. .  .  F^  =  1, 
then  the  relations  I.  II.  IIL  enable  ua  to  infer  the  expressions  (comp.  the  notation  in 
418,  (2.)), 

xxxiiL..u=::M;     xxxiv...p=zM^. 

^^  '^     SpDpfp'         ^^^*   •    -P     S/iD^F/4' 

in  which  (comp.  412,  (86.),  and  the  Note  to  that  sub-article), 

XXXV.  ..^Dpfpa(p8-0-i)-ip-pSp(p«-0-»)-V  =  -«-*'*Pi 
and        XXXVI.  .  •  ^D^F/i  =  (^i^  -  0)-i/*  -  ^S/i  (/a*  -  f  )-'^  =  -  w  -  w«/* ; 

V  being  the  same  auxiliary  vector  XY.  as  before,  and  w  being  a  new  auxiliary  ree- 
tor,  such  that  (by  XXIV.  XXVH.  and  IX.  XV.), 

XXXVII. .  .  a»s  (^-i-  pa)-»p  =  ^„ ;        XXXVIII.  .  .  8p«=  -  1 ; 
XXXIX.  .  .  S/io^  =  0 ; 

whence  also  «i»  (  ^p  by  XII.,  so  that  (comp.  (5.))  if  »  be  drawn  (like  p,  ^,  and  v) 
from  the  point  o,  ihU  new  vector  terminatei  on  the  tangent  plane  to  the  index  cur- 
face^  and  is  parallel  to  the  dUplaeement  on  the  wave  ;  also  ^p  :  ^c  s  w :  ir. 
(11.)  Hence,  by  XXXIII.  XXXV.  XXXVIII., 

^^••'*'Sv"=^^  =  '-f^'  +  ^^'''     "'    XLI... -,*-««  p  +  «-i; 
and  simikrly,  by  XXXIV.  XXXVI.  and  XVI., 

so  that,  with  the  help  of  the  expressions  XV.  and  XXXVII.  for  v  and  «i»,  the  ray-r«r- 
tor  p  and  the  index-vector  p,  are  expressed  aa/vachona  of  each  other :  which  func- 
tions are  generally  definite^  although  we  shall  soon  see  cases,  in  which  one  or  other 
becomes  partially  indeterminate. 

(12.)  It  is  easy  now  to  enunciate  the  rule  of  the  interchangee,  alluded  to  in  (7.), 
as  follows: — In  any  formula  involving  the  vectors  p,  /i,  v,  en,  and  the/Wncfiona/ 
tjfmbol  0,  or  some  of  them,  it  is  permitted  to  exchange  p  with  fc,  v  with  a;,  and  p 
with  0-1;  provided  that  we  at  the  same  time  interchange  dp  with  Si  (but  not*  gene- 
rally with  ip)f  when  either  Sp  or  ^e  occurs. 


*  It  is  true  that,  in  passing  from  II.  to  III.  (instead  of  passing  to  XLIII.),  we 
may  be  said  to  have  exchanged  not  only  p  with  /i,  but  aho  dp  with  dfi.  But  ura- 
ally,  in  the  present  investigation,  dp  represents  a  small  displacement  (2.),  which 
19  conceived   to   have  a  definite  direction^  tangential  to  the  wave ;    whereas  Bii 
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For  example,  we  pass  thus  from  XX.  to  XU.,  and  oonrenely  from  the  latter 
to  the  former ;  fh)m  11.  we  pass  by  the  same  role,  to  the  formula, 

XLIII.  . .  Spdt  =  0,    which  agrees  by  XVII.  with  XXII. ; 
and,  as  other  verifications,  the  following  equations  may  be  noticed, 
XLIV. .  .  ^p  =  /lYfiSt ;        XLV. .  .  ^t  =  pYpdp ;         XLVI.  . .  S/iSt  =  SpSp, 
(18.)  The  relations  between  the  vectors  may  be  tllnstrated  by  the  annexed  Fi- 
gure 89 ;  in  which, 

XLVII...op  =  p.    OQ=^,  ^_JW^^ 3^ 

OU  =  Vf      OW  =  ft», 

and     XLVIII.  ..op'=-p-», 

oq'  =  -  fi-\  ou'  =  -  v",  ow'  =-  «~i ; 

in  fact  it  is  evident  on  inspection, 
that 

XLIX.  . .  OP .  op'  =  OQ .  oq'  Fig.  89. 

=ou .  ou'  =  ow .  ow' ; 

and  the  common  valne  of  these  foar  scalar  products  is  here  taken  as  negative  miity. 

(14.)  As  examples  of  such  illustration,  the  equation  XX.  becomes  p'o  =  qu'; 
XLI.  becomes  oq'  =:  w'p;  XXIII.  may  be  written  as  w  +  p-i  =  p-tv,  or  as 
p'w :  oas=  p'o :  op;  &c.  And  because  the  lines  pq'u  and  qp'w  are  sections  of  the 
tangent  planes,  to  the  wave  at  the  extremity  p  of  the  ray,  and  to  the  index  surfaoe 
at  the  extremity  q  of  the  index  vector,  made  by  the  plane  of  thoee  two  vectors  p  and 
fij  while  ^p  and  di  (as  being  parallel  to  w  and  v)  have  the  directions  of  pq'  and  qp*  ; 
we  see  that  the  dhplacemeni  (or  vibration)  has  generally^  in  FresneVs  theory,  the 
direction  of  the  projection  of  the  ray  on  the  tangent  plane  to  the  wave;  and  that  the 
eloitic  force  resulting  has  the  direction  of  the  projection  of  the  index  vector  on  the 
tangent  plane  to  the  index  enrfaee :  results  which  might  however  have  been  other- 
wise deduced,  from  the  formulas  alone, 

(16.)  It  may  be  added,  as  regards  the  reciprocal  deduction  of  the  two  vectors  ft. 
and  p  from  each  other,  that  (by  XLL  XXXYIIL,  and  XX.  XVI.)  we  have  the 
expressions,  % 

L. .  .  -  /*-*  er  «-»Vaip,     and    LI. .  .  —  p->  =  ii"iVi»fi ; 

wluch  answer  in  Fig.  89  to  the  relations,  that  oq'  is  the  part  (or  component)  of  op, 
perpendicular  to  ow  ;  and  that  op'  is,  in  like  manner,  the  part  of  oq  -i-  ou, 
(16.)  We  have  also  the  expressions, 

LII.  .  .  -  /i-i  =  w-i  Vw V,     and     UIL  .  .  -  p-»  =  w' Vtf«a, 
which  may  be  similarly  interpreted ;  and  which  conduct  to  the  relations, 
LIV.  . .  -  ( V«u»)*  =  t;8p'a=  J>/«-s= Svw. 

Hence,  the  Locum  of  each  of  the  two  Auxiliary  Points  v  and  w,  in  Fig.  89,  w  «  &ir> 
face  of  the  Fourth  Degree;  the  scalar  equations  of  these  two  loci  being, 

LV.  . .  (Yv^vy  +  Su^w  =  0,    and    LVI. .  .  (Vw^-»w)«  +  S»^-»«  =  0 ; 


continues,  as  in  (1.)  to  represent  any  infinitesimal  tangent  to  the  index  wrfoce, 
while  ^e  still  denotes  the  elastic -f or ce  (2.),  resulting  from  the  duplacement  fp. 
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from  which  it  would  be  easy  to  deduce  eonstmeticma  for  those  surfkceB,  with  the  help 
of  the  two  reciprocal  elHpioid§,  XXIX.  and  XXX. 

(17.)  The  equations  XII.  XXII.,  combined  with  the  self-con j agate  property  of 

LVII.  ..0  =  S(^-V-^p)i    0'    LVIII.  ,.0=a8p^-»p; 
hence  (between  suitable  limits  of  the  constant),  every  ettipioid  of  the  form, 

LIX. . .  Sp^-ip  =  h*=i  const, 
which  is  thus  comcenirie  and  coaxal  with  the  reciprocal  eUipioid  XXX.,  being  also 
similar  to  it,  and  timilarfy  placed,  contains  upon  its  snrfaoe  what  may  be  called  a 
Line  of  Vibration*  on  the  Wave  ;  the  intersection  of  this  new  ellipsoid  LIX.  with 
the  wave  surfkce  being  generally  such,  that  the  tangent  at  each  point  of  that  line  (or 
canre)  has  the  direction  of  Fresnel*8  vibration. 

(18.)  The  fiindamental  connexion  (2.)  of  theyimc^toM  ^  with  the  optical  con- 
stantSf  a,  6,  c,  of  the  crystal,  is  expressed  by  the  symbolical  cubic  (comp.  850,  L, 
and  417,  XXV.), 

LX. . .  (^  +  «-»)  (^  +  6"«)  (0  +  c-«)  =  O; 

from  which  it  is  easy  to  infer,  by  methods  already  explained,  thatif  e  be  any  tcalar, 
and  if  we  write, 

LXI.  .  .  E=(e-<r4)  (e-fc-«)  (e-c-«), 

we  have  then  thiB  formula  ofinversion^ 

LXn.  .  .  £(^  +  e)-i  =  et-e(^  +  «-«  +  6-*  +  c-»)-a-«6-te-ii0-i. 

(19.)  Changing  then  e  to  —  p~*,  the  equation  XXVIII.  of  the  wave  becomes, 
LXIII.  ..0  =  p-«  +  <r«+ 6-^ +  <?-«+  Sp-»0p -  a-*6-'c-*Sp0-»/E) ; 
the  Wane  is  therefore  (as  is  otherwise  known)  a  Surface  of  the  Fourth  Degree :  and 
(as  is  likewise  well  known),  the  Index  Surface  is  of  the  same  degree,  its  equation 
(fonnd  by  changing  p,  ^,  a,  5,  c  to  /i,  ^-i,  a~^  b'\  e-*)  being,  on  the  same  plan, 
LXrV.  . .  0  =  /t-«+  «»  h  6»  +  c«  +  Sfi-«  0- '/i  -  a«6«c»S^^fi. 
(20.)  These  equations  may  be  variously  transformed,  with  the  help  of  the  cubic 
LX.  in  ^,  which  gives  the  analogous  cubic  in  ^-i, 

LXV. . .  (0-»+  rf«)  (^-1  +  6«)  (^->  +  c«)  =  0  ; 
for  instance,  another  form  of  the  equation  of  the  wave  is, 

LXVL  . .  0  =  Sp0-«p  +  (p»  +  a»  +  6'  +  e«)  Sp^'V  -  ««**«« ; 
in  which  it  may  be  remarked  that  Sp^-'p  =  (^V)'  <  0,  whereas  Sp^-^p  >  0. 

(21.)  Substituting  then,  for  Sp^ip  in  LXVL,  iU  value  A«  fh)m  (17.),  we  find 
that  this  second  variable  ellipsoid,  with  A  for  an  arbitrary  constant  or  parameter, 

LXVII.  .  .  0  =»(^-»p)«  +  A<  (p«  +  tt«  +  6a  +  c«)  -  a«6«c», 
contains  upon  its  surface  the  same  line  of  vibration  as  the  first  variable  ellipsoid 
LIX.,  which  involves  the  same  arbitrary  constant  h ;  and  therefore  that  the  line  in 


•  Such  lines  of  vibration  were  discussed  by  the  present  writer,  but  by  means  of 
a  quite  different  analysis,  in  his  Memoir  of  1832  (TAird  Supplement  on  Systems  of 
Bays),  which  was  published  in  the  following  year,  in  the  Transactions  of  the  Royal 
Irish  Academy.     See  reference  in  the  Note  to  page  787. 
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qmstion  li  a  quartic  atrp*^  or  Oirv9  qftke  Fourth  Decree,  m  being  tbe  interMctkni 
of  these  two  yariable  but  connected  eliip»oid»  t  and  that  the  wave  itaelf  is  the  locm 
of  all  such  qnartio  carvee. 

(22.)  The  Generating  Ettiptoid  (Sp^p  =  1 )  has  a,  6,  e  for  its  semiaxes  (a  >  6  >  c 
>  0) ;  and  for  oiiy  vector  p,  in  the  plane  of  be^  ire  have  the  wymboUeal  quadratic 
(comp.  858,  (9.)}» 

LXVIII. .  .  (^  +  6-«)  (^  +  «r»)  =  0,     or    LXIX  .  .  --y-^c^-i^f  +  M+  c-« ; 

making  tbea  this  last  snbatittttion  for  f -left's +  <rS  in  LXIIL,  we  find,  for  tlie  «m- 
<jom  of  the  waTe  bj  this  principal  plane  of  the  ellipsoid  XXIX.,  an  equation  which 
breaks  op  into  the  twofaetcra, 

LXX...p-«  +  a-»=0,    and    LXXI. .  .  1  -  Mc-»Sp^-ip  =  0  j 

whereof  the ^«f  represents  (the  plane  bdng  understood)  a  cireUf  with  radw-a^ 
which  we  may  call  briefly  the  circle  (a) ;  while  the  «econcf  represents  (with  tke  same 
understanding)  an  ellipse^  which  may  by  analogy  be  called  here  the  elKpee  (a) :  its 
two  semisxes  having  the  lengtht  of  c  and  6,  bat  in  the  directions  of  b  and  c,  for 
which  directions  ^  +  6-3=0  and  ^  -f  c*  =  0,  respectively,  so  that  f Am  eliipae  (a)  is 
merely  the  elliptic  8eetio\  {be)  of  the  elUpeoid  (o&e),  turned  through  a  right  angle 
in  its  own  plane,  as  by  the  eonstructton  (8.)  it  evidently  ought  to  be.  And  an  ex- 
actly similar  analysis  shows,  what  indeed  is  otherwise  known,  that  the  plane  of  ca 
cuts  the  wave  in  the  system  of  a  circle  (6),  and  an  ellipse  (A) ;  and  that  the  plans 
of  ab  cuts  the  same  wave  surface,  in  a  eirde  (c),  and  an  ellipee  (c)w 

(28.)  The  circle  (a)  is  entirely  exterior  to  the  ellipse  (a) ;  and  the  ciicle  (c)  is 
wholly  interior  to  the  ellipse  (c) ;  but  the  circle  (b)  eute  the  ellipse  (6),  in  four 
real  points,  which  are  therefore  (in  a  sense  to  be  soon  more  fully  examined)  cusps 
(or  nodal  points)  on  the  wave  surface,  or  briefly  Wave-  Cusps :  and  the  vectors  p,* 
^y  ±  Po  *nd  ±  Pu  which  are  drawn  from  the  centre  o  to  these^lmr  cusps,  may  be 
called  Lines  of  Single  Ray-  Felodty,  or  briefly  Cusp-Sags, 

(24.)  It  is  clear,  from  the  oonstmction  (8.),  that  these  lines  or  rays  most  have 
the  directions  of  the  cyclic  normals  of  the  ellipsoid  (abc)  ;  which  snggests  our  using 
here  the  cyclic  forms j 

LXXII. .  .  ^p  =yp  +  VXpX',    and    LXXIII. . .  Spfp  ^gp^'\-  SXpX  p  =  1, 
for  the  function  ^,  and  the  generating  dUpsoid  (8.) ;  X'  being  written,  to  avoid  eon- 
fusion,  instead  of  the  ^  of  867,  &c.,  to  represent  the  second  cyclic  nozmaL 

(25.)  Changing  then  ^  to  X',  v  to  p,  and  gU>g^  p-*,  in  the  expressiaa  861, 

XXYII.  for  fV  or  Su^'^v ;  equating  the  result  to  zero,  and  resolving  the  equation  so 

obtained,  as  a  quadratic  in  ^ ;  we  find  this  new  form  of  the  Equation  XXY IIL  of  the 

Wave, 

LXXIV.  . .  ^p*  =  1  +  SXpSX  p  +  TVXpTVX'p  ; 

the  upper  rign  belonging  to  one  sheet,  and  the  lower  sign  to  the  ofAer  sheet,  of  that 
wave  surfkoe.  The  new  equation  may  also  be  thus  written,  as  an  expreBSonforthe 
inverse  square  of  the  ray-velocity  Tp,  or  of  the  radius-vector,  say  r,  of  the  wave, 

LXXV...r««Tp-*= 

because,  by  405.  (2,),  (6.),  &c., 

LXXVI.  ..a«  =  -^-TXX',     6  2  =  -^  +  SXA',     c2  =  -y  +  TXX' 


LXXVII.  ..r-t  =  6-«,     or    r  =  Tp  =  6,     if    p  ||  \  or  X'. 
(26.)  If  we  write  (oomp.  XXXI.), 

LXXVIII.  .  .  fp  =  -  p-«  (1  +  Sp0p)  +  rt-«6-«<r«Sp0-»p, 
the  equation  LXIIL  of  the  wave  takes  the  form, 

LXXIX. .  .fp  =  ir*+6-2  +  tf-««coMt.; 
and  we  have  the  partial  derivative  (comp.  XXX Y.), 

LXXX  .  .  iDpfp  =  p-^(l  +  Sp^p)  -  p-*fp  +  a-*6-«e"«0-ip 
=  p-»  (1  -  Vp^p)  +  tf-«6-»<r«0-ip ; 
which  gives  by  XXXIII.  the  expression, 

p-»(Vp^p-l)-tf-26-«c-«0-i 

and  therefore  a  generally  definite  value  (comp.  (11.))  ^o^  the  index  vector  fi,  when 
the  ray  p  is  given. 

(27.)  If  the  ray  be  in  the  plane  of  ae,  then  (comp.  LXIX.), 
LXXXII.  .  .<pp-\-{ar*-\'e-'^p+  (r'*c-^-^p  =  0, 
whence     LXXXIII.  .  .  Yp^p  =  -  (r*tr*Yp^-  »p  =  q-^c^^  (Sp^'p  -  p^"  V)  ♦ 

and  therefore  by  LXXXL, 

T  YYTTV  «  -  p-K^Pr^P  -  ^<^*)  -  (P''+  fc-«)^-'p  . 

laJLJULLY,  .  '  A* "  ft-,(Sp^-i^ ^^V)  +  (p-a  +  6-«)aV 
an  expression  which  gives,  definitely , 

LXXXV. . .  |»  =  -  p-i,    if    LXXXyi. .  .  p-«  +  6-«  =  0, 
bat  no^  LXXXYIL  .  .  Sp^ip  =  a'h*, 

that  is  (comp.  (22.)),  if  the  ray  terminate]|on  the  circle  (h),  at  any  point  which  is 
not  also  on  the  elHpee  (6);  and  with  equal  dejiniteneee, 
LXXXVIII.  .. /4=-a-«c-*^-»Pi     if    LXXXVII.  but  nol  LXXXVL  hold  good, 
that  is,  if  the  ray  terminate  on  the  ellipse  (&),  at  any  point  which  is  not  also  on  the 
circle. 

(28.)  The  normal  then  to  the  wavcy  in  each  of  the  two  cases  last  mentioned,  co- 
incides with  the  normal  to  the  section^  made  by  the  plane  of  ac ;  and  if  we  abstract 
for  a  moment  f^om  the  cuspt  (23.),  we  see  that  the  wave  is  touched,  along  the  circle 
(6),  by  the  concentric  sphere  LXXXYI.  with  radios  =  &,  which  we  may  call  the 
sphere  (b) ;  and  along  the  ellipse  (b)  by  the  concentric  ellipsoid  LXXXYII.  which 
may  on  the  same  plan  be  called  the  ellipsoid  (b), 

(29.)  An  exactly  similar  analysis  shows  that  the  wave  is  touched  along  the  cir- 
cles (a)  and  (c),  by  two  other  concentric  spheres,  with  radii  a  and  c,  which  may  be 
briefly  called  the  spheres  (a)  and  (c) ;  and  along  the  ellipses  (a)  and  (c)  by  two  other 
concentric  and  similar  ellipsoids,  which  may  by  analogy  be  called  the  ellipsoitts  (a) 
and  (e).  And  by  comparing  the  equation  LXXXYII.  of  the  ellipsoid  Qi)  with  the 
form  LIX.,  we  see  that  the  three  elliptic  sections  (a)  (b)  (c)  of  the  wave,  made  by 
the  three  principal  planes  of  the  generating  ellipsoid  (afr«),  are  lines  of  vibration 
(17.) ;  the  constant  A*  receiving  the  three  values,  5M,  c><J«,  e^b\  fcr  these  tiiree 
ellipses  respectively. 
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(80.)  Bat  at  a  eutp  the  two  eqiutiona  LXXXYI.  and  LXXXVII.  coexht^  ud 
the  expreasion  LXXXIY.  for  /i  takes  the  xndHermimatB  form  ^ ;  in  fiict,  there  b  in 
thia  caw  no  reason  for  preferring  eitlur  to  the  other  of  the  tiro  value*,  witkU  ike 
plane  otaci 

LXXXIX.  .  ./i  =  -po-^        Xa../i  =  fio,    if    XCI.  ..fio  =  -a-»c-W>o? 
in  which  po  is  the  euep-ray  (28.),  and  the^t^  yalne  of  ft  corresponds  to  the  cirek, 
bat  the  eeeond  to  the  elUpwe  (6). 

(81.)  The  mdeterminatioH  d  fi,  at  a  wave-euep,  is  however  even  greater  than 
this.  For,  if  we  observe  that  the  equations  LXXIX.  and  LXXX.  grve,  for  this  case, 
by  LXXXin.  LXXXVI.  LXXXVII., 

XCII.  . .  fj()o= «-•  +  h*  +  c-*,    and    XCIII. .. .  Dpfp  =  0,    for    p  =po, 

we  shall  see  that  if  p  be  changed  to  po  +  p'  in  the  expression  LXXVIIL  for  fp,  and 
only  terms  which  are  of  the  eeeond  dimeneion  in  p'  retained,  the  result  equated  to  seio 
will  represent  a  eone  of  tangents  p\  or  a  Tangent  Cone  to  the  Wave  at  the  Cmsp  : 
which  cone  is  of  the  eeeond  degree^  and  everg  normal  fi  to  which,  if  limited  by  theooo- 
dition  I.,  is  here  to  be  considered  as  one  tfalue  of  the  vector  /l,  corresponding  to  the 
value  Po  of  p. 

(82.)  And  it  is  evident,  by  the  law  (12.)  of  trantition  from  the  wave  to  the  in- 
ilex  surikoe,  that  if  f  voi  ±  vi  be  the  Zineg  of  Single  Normal  Slemneee,  or  the  (bor 
values  of  p,  which  are  analogoue*  to  the  four  euep-rage  +  po,  +  pi  (23.),  then,  at  the 
end  of  each  such  new  line,  there  must  be  a  Conical  Cusp  on  the  Index  Surface,  sna- 
logons  to  the  Oonical  Cusp  (81.)  on  the  Wave,  which  is  in  like  manner  one  dfiur 
such  cusps. 

(88.)  In  forming  and  applying  the  equation  above  indicated  (81.),  of  the  tan- 
gent cone  to  the  wave  at  a  cusp,  the  following  transformations  are  useful : 

xciv. . .  -  (p + p')-' = "  p-»  ( 1 + p- v)-'  (1 + p'p-^y^ 

= -  p-«  +  2p-«Sp'p-i  +  p-V  -  4p-«(S^P')'  +  *c^ 
the  terms  not  written  being  of  the  third  and  higher  dimensions  in  p',  and  p,  p  being 
any  two  vectors  such  that  Tp'<  Tp  (comp^  421,  (4.)) ;  also,  without  ne^ecting  amy 
terms,  the  self-conjugate  property  of  f  gives  (oomp.  862), 

XCV. . .  S(p  +  p')  ^(p  +  pO  =  Sp^p+  2Sp>p+Sp>p', 

with  an  analogous  transformation  for  the  corresponding  expression  in  f-^ ;  while  the 
cubic  LX.  in  ^,  or  LXV.  in  ^-i,  gives  for  an  arbttrorg  p, 

XCVI.  .  .  0(0  +  a-«)(0  +  e-»)p  =  -*-'(^  +  «-')(*  +  e-^)p. 
XCVII.  ..  ^-i(^  +  a-^)(0  +  c-«)p=~6«(0  +  a-«)  (^  +  c-t)p; 

and  therefbre,  among  other  transformations  of  the  same  kind, 

XCVUI.  . .  (^  +«-«)«  (^  +  ir»)tp  =  («-«-  6-«)  (c-«  -  6-«)  (^  +  «-«)  (^  +  5  «)p. 


*  This  word  **  analogous**  is  here  more  proper  than  "  corresponding" ;  in  &et, 
the  cusps  on  each  of  the  two  surfaces  will  soon  be  seen  to  correspond  to  drtlee  on 
the  other,  in  virtue  of  the  law  of  reciprocity. 
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We  ]uiT6  abo  tbr  a  eutp,  the  yaloes, 

XCIX. .  .fpo=fto-  (ar^  +  «-")  po ;        XCIX'.  . .  1  +  Spo^po  =  («"«  +  c-s)  6» 

C. .  .  fio«  ««r*iHSpo0-Vo=»  ^^fr'*"*  -  («"•  +  «^)- 
(34.)  In  this  way  the  equation  of  the  tangent  eone  is  easily  found  to  take  the 
form, 

CI. . .  0  =  6*Sp'(^  +  «->)  (^  +  e->)p'-  4Sp'poSp>o 

and  to  give,  by  operating  with  Dp'  (oomp.  (10.)  (26.)  (^l.))» 

CII.  ..Xfi= M(^  +  a-«)  (^  +  <r«)p'  -  2poSp>o  -  2|«oSp'po, 
the  scalar  ooeffident «  being  determined,  fbr  each  direetion  of  the  tangent  p*  to  the 
wave  at  the  cusp,  by  the  condition  I.,  which  here  becomes  (81.), 

cm. . .  S/»po=s  S^po  -  - 1 1 
also,  by  CII.,  &c.,  we  have  after  some  slight  redactions, 

CIV. .  .  «Sfipo=2(6»Sp'^  +  Sp'po) ; 

CV.  .  .  ajSiii/«o  =  2(Sp'A«o-A«o'Sppo); 

CVI.  .  .  a»/4«  =  4(^/io«+  l)Sp'poSp'fio+4(poSp>o  +  A*oSp'po)» 

=  -  4M  (Sp>o)«  +  4  (6  Vo»  - 1)  Sp'po8p'/io  +  4/io»  (8p'po)>; 

but  this  last  ezpreseion  is  equal,  by  CIV.  CY.,  to  -sfiSppoSftpo;  the  equation  of 
the  cone  ofperpentHculartf  let  fall  from  the  teave-eenire  o  on  the  tangent  planet  at 
the  euep,  takes  then  this  very  simple  form, 

CVII.  .  .  ^8  +  S/ipoS/i^  =  0; 

so  that  thie  eone  of  the  second  degree  has  the  two  vectors  po  and  fio  at  once  for  tidee 
and  eyelic  normalt  (comp.  406,  (7.)) ;  and  it  is  en/,  by  ih»  plane  CIIL,  in  a  dreley 
of  which  the  diameter  is, 

CVIII. .  .  T(|io  +  PoO  =(Ta*o*  -  6-^>  =  6(6-«  -a-«)l  (c-«  -i  »)»; 
and  therefore  9ubtend»y  at  the  eentre  o,  and  in  the  plane  of  oc,  the  on^/e, 

CIX.  .  .  Z  t°  =  tan"i .  6»  (6-«  -  «-■>  (c-«  -  6-«)». 

(85.)  And  by  combhiing  the  equations  CIIL  CVII.,  we  see  that  this  circle  (84.) 
is  a  email  circle  of  the  ephere, 

ex. . .  jii*  =  S/i/io,    or    CX'. . .  Sjii"  Vo  =  1 
which  passes  through  the  wave-centre,  and  has  the  vector  ^o  for  a  diameter,  passing 
also  through  the  extremity  of  the  vector  -  po'K 

(86.)  This  circle  is,  by  III.,  a  enrve  of  contact  of  the  plane  CIIL  with  the  ettr- 
face  of  which  ft  is  the  vector,  because  every  vector  ft  of  the  curve  eorreeponds,  by 
(3 1.),  to  the  one  vector  po  of  the  wave  ;  it  is  therefore  one  of  Four  Circular  Ridgee  on 
the  Index  Surface^  the  three  others  having  equal  diameters,  and  corresponding  to 
the  three  renuOning  cusp-rage,  -po,  pi,  -  pi  (28.);  and  there  are,  in  like  manner, 
Four  Circular  Bidgee  on  the  Wave,  along  which  it  is  tonehtd  bg  the  four  planet, 

CXL..  Spvo=-l,    Spvo  =  +  l,     Spvi=s-1,     Spvi  =  +  1, 
±  voi  i.^  being  the  four  lines  introduced  in  (82.) ;  also  the  common  length  of  the 
diameters,  of  these  four  eireles  on  the  wave,  te  (oomp.  CVIII.), 

CXIL  .  .  T(<To  +  vo-0  =  (T<To' -*•)*=  *-'(<*»-**)*  (J'-c*)*. 
where  CXIII. . .  <ro  =»  -  <^e^VQ,    CXIV.  .  .  Tvo«  h'\  and  CXV. . .  Svo^o  =  "  1 J 

5c 
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final! J,  -  vo"'  and  ^o  «"  ^^  '^^  values*  of  p,  in  tbe  plane  of  flc,  for  the  fiwt  of  the 
four  new  circles :  and  tbe  anffle  between  these  two  Tectors,  or  the  angle  whicb  the 
diameter  of  tbe  circle,  in  the  same  plane,  nbtendt  at  the  wave^eentre,  is  (comp. 
CIX.), 

CXVI. .  .  L  ^«tan-».6-«(a«-M)»  (A>-c«)». 

(37.)  In  the  recent  calculations  (88.)  (84.),  the  eircU  of  contact  (86.)  qq  tbe 
index  surface  was  deduced  >>ofii  the  tangent  cone  at  a  wave-cosp,  as  a  Mcfsoa  of  a 
certain  cone  of  normals  GYII.  to  that  tangent  cone  CI.,  made  by  the  plane  CIII. ; 
bat  the  following  is  a  simpler,  and  perhaps  more  elegant  method,  of  dedodng  and 
representing  the  »ame  eirele  by  means  of  its  vector  equation  (comp.  392,  IX.  &c.%  and 
withont  assuming  any  previouM  knowledge  of  the  character,  or  even  the  ezUtenee,  of 
that  conical  wave-cusp» 

(88.)  In  general,  by  eliminating  the  auxiliary  vector  v  between  XX.  and  XXII L, 
we  arrive  at  the  following  equation, 

CXVIL  . .  (^-r«)  (^  +  p-i)-i  =  p-i; 

which  holds  good  for  everg  pair  of  corresponding  vectors  p  and  fc,  of  the  wave  and 
index  surface.  And  in  general,  this  relation  is  svffieientf  to  determine  the  index- 
vector  /I,  when  the  ray-vector  p  Is  given :  because  (9  4-  ey^O  is  generally  =  0. 

(89.)  But  when  e  is  a  root  of  the  equation  E=  0,  with  the  signification  LXI.  of 
£,  then,  by  the  formula  of  inversion  LXIL,  the  symbol  (^  4  «)~'0  ^^^  ^®  indetermi- 
nate form  I ;  and  therefore,  for  everg  point  of  each  of  the  three  circles  (a)  (5)  (c)  of 

the  wave,  ihejbrmula  CXVll.  fails  to  determine  p. :  although  it  is  onig  at  a  aup 
(28.),  that  the  value  of  p  becomes  in  fSsct  indeterminate  (comp.  (27.)  (28.)  (29.) 
(30.)  (81.)). 

(40.)  At  such  a  cusp  (p  s  p,),  the  equation  CXVIL  takes  the  symbolical  fonn, 

CXVIII. . .  Oi  +  Po-»)"'=  (0  +  ft-*)"*Po"»=(/«o  +  Po-»)-*  +  (^  +  6-«)-iO; 

fio  retaining  its  recent  agnification  XGI.,  and  the  symbol  (jp  +  6~*)-i0  denoting  amg 
vector  of  \hA  form  yj3,  if /3  be  the  mean  vector  eemiaxis  of  the  generating  eR^ptotf 
XXIX.,  80  that 

CXIX...  8/8^)3  =  1,    (0  +  6-*)i3  =  O,    T/3=ft. 
(41.)  Writhig  then  for  abridgment  (comp.  XX.), 

CXX.  .  .  Vo=-(iiio  +  Po-0"'i 
the  Vector  Equation  of  the  Index  Ridge  (36.)  is  obtained  under  the  sufficiently 
simple  form, 

CXXI. . .  V0  (|«  +  po-J)-*  +  V/3wo  =  0 ; 
and  this  equation  does  in  fact  represent  a  Circle  (comp.  296,  (7.)),  which  is  easly 


*  It  is  not  difficult  to  show  that  these  are  tbe  vectors  of  two  points,  in  which  the 
dide  and  ellipse  (fr),  wherein  the  wave  is  cut  by  the  plane  of  ac^  are  touched  by  a 
common  tangent. 
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proved  to  be  Uie  tame  as  the  circular  section  (84.),  of  the  cone  CVII.  by  the  plane 
CIII. ;  its  diameter  CVIII.  being  thus  found  anew  nnder  the  form, 

CXXII. .  .  Tvo-»  =  *TVAX'  =  &(fc-«-a-«)J  (c-2_fc-«)», 

with  the  significations  (24.)  (25.)  of  X,  X' ;  in  fact  we  have  now  the  ozpressions, 

CXXII  I.  .  .  joo  =  *UX,    vo  =  po'^  (VXX')-S 

with  the  verification,  that 

CXXIV.  . .  (9  +  6-«)vo=XSX'wo+X'SXi7o  =  6-»UX  =  -po-»- 

(42.)  And  by  a  precisely  similar  analysis,  we  have  first  the  new  general  rela- 
tion (comp.  CXVII.),  for  any  two  correeponding  veetore^  p  and  p^ 

cxxv. . .  (0->  -/*-«)  (p + p-^yi = ^-1 ; 

and  then  in  particular  {comp.  CXYIII.),  for  ^  =  Vq, 

CXXVL  .  .  (p  +  Vo-0-*  =  (r^  +  6«)-ivo-»  =  (<ro  +  vo-0-»+C^->46«)-iO; 
so  that  finally,  if  we  write  lor  abridgment  (oomp.  XLI.  CXX.), 

CXXVII.  .  .  «o=-(<To+»'o-0-^ 
Che  Vector  Equation  of  a  Wave-Ridge  is  found  (comp.  CXXI.)  to  be, 

CXXVIII.  . .  V/3(p  +  vo-O"^  +  Vj8«o  =  0, 
^  being  still  (as  in  CXIX.)  the  mean  vector  eemiaxit  of  the  generating  ellipsoid 
{Sp^p  =  1) :  and  the  diameter  CXIL,  of  this  circle  of  contact  of  the  wave  with  the 
first  plane  CXI.,  is  thns  found  anew  (comp.  CXXII.),  without  any  reference  to  cusps 
(87.),  as  the  value  of  Tt^o"*. 

(48.)  Several  of  the  foregoing  results  may  be  illustrated,  by  a  new  use  of  the 
last  diagram  (13.).    Thus  if  we  suppose,  in  that  Fig.  89,  that  we  have  the  values, 

CXXIX. . .  op=po,    oq  =  pQf    0X3  =  Vq,    whence    CXXX. . .  op'ss-p^-i,  &c., 

then  the  index-ridge  (36.),  corresponding  to  the  wave-cutp  p  (23.),  will  be  the  cir- 
cle which  has  p'q  for  diameter,  in  a  plane  perpendicular  to  the  plane  of  the  Figure, 
which  is  here  the  plane  of  ac ;  the  cone  of  normals  p  (34.),  to  thefan^m/cone  tothe 
HHzve  at  p,  has  the  wave-centre  o  for  its  vertex,  and  rests  on  the  last- mentioned  drck, 
having  also  for  a  subcontraxy  section  that  second  circle  which  has  pq'  for  diameter, 
and  has  its  plane  in  like  manner  at  right  angles  to  the  plane  of  poq  ;  also  if  r  and  s 
be  any  two  points  on  the  second  and  first  circles,  such  that  obs  is  a  right  line,  namely 
a  side  p  of  the  cone  here  considered,  then  the  chord  pr  of  the  second  circle  is  per- 
pendicular to  this  last  line,  and  has  the  direction  of  the  vibration  ip^  which  answers 
here  to  the  two  vectors  p  (=  po)  ^^^  A*  •  because  (comp.  (14.))  this  chord  is  perpen- 
dicalar  to  p,  but  complanar  with  p  and  p. 

(44.)  Again,  to  illustrate  the  theory  of  the  wave-ridge  (36.),  which  corresponds  to 
a  cusp  (32.)  on  the  index-surface^  we  may  suppose  that  this  cusp  is  at  the  point  q 
in  Fig.  89,  wridng  now  (instead  of  CXXIX.  CXXX.), 

CXXXI. .  .  OQ  =  v^    op  =  ffo,    ow  =  woi    oq'  s=  -  vo''i  &C. ; 

for  then  the  ridge  (or  circle  of  contact^  on  the  wave  will  coincide  with  the  second  circle 
(43.),  and  the  cone  of  rays  p  from  o,  which  rests  upon  this  circle,  will  have  iixejirst 
circle  (48.)  for  a  sub-contrary  section :  also  the  vibration,  at  any  point  R  of  the  wave- 
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riilge,  wUl  have  the  ditecUoB  of  the  chord  bq',  for  nasona  of  the  Btme  kind  as  be- 
fore. 

(45.)  Let  K  and  k'  denote  the  bUeeting  pomU  of  the  lines  pq'  and  qp',  in  the 
same  Fig.  89  ;  then  k'  is  the  centre  of  the  index  ridge^  in  the  case  (48.) ;  while,  in 
the  case  (44.),  s  is  the  centre  of  the  wave-ridge. 

(46.)  In  the^«^  of  these  two  cases,  the  point  k  is  lurf  the  centre  of  w^  rufye, 
on  either  wave  or  index-surface ;  but  it  u  the  centre  of  a  certain  enbcontrary  and 
circular  eeetion  (48.),  of  the  cone  with  o  for  vertex  which  reete  upon  an  index-ridge ; 
and  each  of  its  chorda  PB  has  the  direction  (48.)  of  a  vtbraition  dp^  at  the  waoe-cuMp 
T  corresponding :  so  that  this  cusp-tibration  revolvetf  in  the  plane  of  the  circle  last 
mentioned,  with  exactly  half  the  angular  velocity  of  the  revolving  radimt  kb. 

(47.)  And  every  one  of  those  cuap-vibratione  Spo,  which  (as  we  have  seen)  are 
all  situated  m  one  plane,  namely  in  the  tangent  plane  at  the  etr^  p  to  the  dHpeeid 
(6)  of  (28.),  has  (as  by  (14.)  it  ought  to  have)  the  direction  of  the  prejeetiom  of  the 
cuep-rag  pQ,  on  some  tangent  plane  to  the  tangent  cone  to  the  wore,  at  that  point  p  : 
to  the  determination  of  which  last  cone,  by  some  new  methods,  we  purpose  shortly 
to  return. 

(48.)  In  the  eceond  of  the  two  cases  (45.),  namely  in  the  ease  (44.),  pq'  b  a 
diameter  of  a  wave-ridge,  with  k  for  the  centre  of  that  circle,  and  with  uplamo  (per- 
pendicular to  that  of  the  Figure)  which  touches  the  wave  at  every  point  of  the  same 
drcular  ridge ;  and  the  vt&raium,  at  any  such  point  b,  has  been  seen  to  have  the 
direction  of  the  chord  bq',  which  is  in  fact  the  projection  (14.)  of  the  rag  ob  upon 
the  tangent  plane  at  b  to  the  wave. 

(49.)  And  we  see  that,  in  passing  from  one  point  to  another  of  this  waM-ndj^e, 
the  vibration  bq'  revolves  (comp.  (46.))  round  the  fixed  pmnt  q'  of  that  drcie, 
namely  round  th^Jbot  of  the  perpendicular  from  o  on  thenc^-^toie,  with  (again) 
half  the  angular  velocitg  of  the  revolving  radius  kr. 

(50.)  These  laws  of  the  two  sets  of  vibrations,  at  a  cusp  and  sX  abridge  upon  the 
■iMive,  are  inUmately  connected  with  the  two  conical  polarizationsy  which  accompany 
the  two  eonietd  refractions*  extehtal  and  internal,  in  a  biaaieU  ergstal  s  hecaase,  on 
the  one  hand,  the  theoretical  deduction  of  those  two  refractions  is  anociated  with, 
and  was  in  fkct  accomplished  by,  the  consideiation  of  those  cuq>s  and  ridges  :  while, 
on  the  other  band,  in  the  theoiy  of  Fresnel,  the  vihraHom  is  always  perpemdiadar 


*  The  writer^s  anticipation,  firom  theory,  of  the  two  Ck>nical  Beftmctions,  wsa 
announced  at  a  general  meeting  of  the  Royal  Irish  Academy,  on  the  22nd  of  Octo- 
ber, 1832,  in  the  course  of  a  final  reading  of  that  Third  Supplement  on  Sgstems  of 
Jiays,  which  has  been  cited  in  a  former  Note  (p.  787).  The  veiy  elegant  experi- 
ments, by  which  his  fHend,  the  Bev.  Humphrey  Lloyd,  succeeded  shortly  afterwaids 
in  exhibiting  the  expected  results,  are  detailed  in  a  Paper  On  the  Phcftomena  pre- 
sented  by  Light,  in  its  passage  along  the  Axes  ofBiaxal  Crystals,  which  was  read 
before  the  same  Academy  on  the  28th  of  January,  1888,  and  is  published  in  the 
same  First  Part  of  Volume  XVII.  of  their  Transactions.  Dr.  Lloyd  has  also  given 
an  account  of  the  same  phenomena,  in  a  separate  work  since  published,  under  the 
title  of  an  Elementary  Treatise  on  the  Wave  Theory  of  Light  (London,  Longman 
and  Co.,  1857,  Chapter  XL). 
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to  the  piane  of  poiitritatiom.  But  into  the  detaiUi  of  such  inyeetigatioDii,  we  cannot 
enter  here. 

'  (51.)  It  is  not  difficnlt  to  show,  by  deoompofiing  p'  into  two  other  rectors,  pi' 
and  p2,  perpendienlar  and  parallel  to  the  plane  ofae,  that  we  hare  the-^vM«ra;  irans^ 
formatiom,  for  <ifiy  vector  p'y 

CXXXII. .  .  64Sp'(0  +  «-»)  (^  +  c-«)p'=(8^o|t>op')«; 
the  equation  CI.  of  the  tangent  eone  at  a  wave-cu^  may  therefore  be  thus  more 
briefly  written, 

CXXXIII.  .  .  (S;iopop')*=4Spop'S/*op'} 

and  under  this  form,  the  eone  in  question  is  easily  proved  to  be  the  Joeus  of  the  nor- 
mah  from  the  cusp,  to  that  other  eone  CYIX.,  which  has  fi  for  a  side,  and  the  wave- 
centre  o  for  its  vertex :  while  the  same  cone  CYII.  is  now  seen,  more  easily  than  in 
(34.),  to  be  reciprocally  the  locus  of  the  perpendiculars  from  o  on  the  tangent  planes 
to  the  wave  at  the  cusp,  in  virtue  of  the  new  equation  CXXXIII.,  of  the  tangent 
cone  at  that  point 

(52.)  Another  form  of  the  equation  of  the  cusp-cone  may  be  obtained  as  fol- 
lows. The  equation  LXXIY.  of  the  wave  may  be  thus  modified  (comp.  LXXVI.), 
by  the  introduction  of  the  two  non- opposite  cusp-rays,  po  =  ^UX  (CXXIII.),  and 
pi«MJX'! 

CXXXI V. . .  2«»6»^  +  (o3  +  «8)  6«p»  +  (a»  -  c«)  Spop .  Spip 

=  T(a«-c«)TVpop.TVpip; 
where  it  will  be  found  that  the  first  member  vanishes,  as  well  as  the  second,  at  the 
cusp  for  which  p  »  po. 

(58.)  Changing  then  p  to  po  +  p',  and  retaining  only  terms  of /iret  dimension  in 
p'  (comp.  (81.)),  we  find  an  equation  of  unifocal  firm  (comp.  869,  &c.), 

CXXXV.  ..S/8op'=TTVaop',    or    CXXXV'. .  .  (Vaop')*  +  (S/SopO' =  0 ; 

with  the  two  constant  vectors, 

CXXXVI. . .  ao=  (6-«  - ar^y  (e-» -  5-»)»  Po ;     CXXXVI'.  . .  /8o= /to  - |0o*>; 

and  this  equation  CXXXY.  or  CXXXY'.  represents  the  tangent  cone,  with  p'  for 
aide,  Spop'  being  poaitive  for  one  sheet,  but  negative  for  the  other. 

(54.)  As  regards  the  calculations  which  conduct  to  the  recent  expressions  for 
Aof  Pot  It  may  be  sufficient  here  to  observe  that  those  expressions  are  found  to  give 
the  equations, 

CXXXYII.  .  .  2a«62c«Oo  =  (fl«  -  c*)  poTYpoPi ; 
CXXXYir.  . .  2a«5»«»j3o=  2 (fla+e»)&Vo  + («•-«')  (PoSpoPi  -  &«Pi)  ; 
and  that,  in  deducing  these,  we  empby  the  values, 

together  with  the  formula  XCIX.,  and  the  foUowmg, . 

CXXXIX..  .  0(po-pO  =  -«"'{Po-pi)j    0(Po+pO  =  -«"'O>o+pO- 
(55.)  It  is  not  difiicult  to  show  that  the  equation  CXXXY.  or  CXXXY'.,  of  the 
tangent  cone  at  a  cusp,  can  be  transformed  into  the  equation  CXXXIII. ;  but  it 
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may  be  more  iotereating  to  ABsign  here  a  geometrietil  interpretatiom,  or  eoMfnccfsos, 
of  the  unifocal  form  last  found  (53.). 

(56.)  Retaining  then,  for  a  moment,  the  lue  made  in  (48.)  of  Fig.  89,  as  serv- 
ing to  illustrate  the  case  of  a  wave-cusp  at  p,  vrith  the  signification  (45.)  or  the  new- 
point  k'  as  bisecting  the  line  p'q,  or  as  being  the  centre  of  the  index-ridge ;  and 
conceiving  a  parallel  cone^  with  o  instead  of  p  for  vertex,  and  with  a  variable  skU 
OT  =  p' ;  then  the  eutp-ray  op  (=  po  ||  Aq)  is  a  focal  line  of  the  new  oone,  and  the 
line  ok'  (=  \  (jiq  -  po'*)  =  }/3o)  *»  ^®  directive  normal^  or  the  normal  to  the  director 
plane  corresponding ;  and  the  formula  CXXXY.  b  found  to  conduct  to  the  foUov- 

ingi 

CXL.  .  .  cos  K  OT  SB  sin  pok'  sin  pot, 

which  may  be  called  a  Geometrical  Equation  of  the  Cutp-Cone:  or  (more  im- 
mediately)  of  that  Parallel  Cone,  which  has  (as  above)  its  vertex  removed  to  the 
wave-centre  o. 

(57.)  Verifications  of  CXL.  may  be  obtained,  by  supposing  the  side  or  to  be 
one  of  the  two  right  lines,  pi',  pj',  in  which  the  cone  is  cut  by  the/itcmeof  thefiguze 
(or  of  ac) ;   that  is,  by  assuming  either 

CXLI. .  .  OT  =  pi'  =  /lo  +  Po"'  II  ou,    or    CXLI'. .  .  or  =  p,'  =  po  +  ^-»  ||  ow ; 

and  it  is  easy  to  show,  not  only  that  these  two  sides,  ou,  ow,  make  (as  in  Fig.  89) 
an  obtvse  angle  with  each  other,  but  also  that  they  belong  to  one  common  sheet,  of 
the  cone  here  considered,  because  each  makes  an  acute  angle  with  the  directive  nor- 
mal ok'. 

(58.)  Another  way  of  arriving  at  this  result,  is  to  obaerve  that  the  equation 
CXXXIII.  tekes  easily  the  rectangular  form, 

CXLII.  .  .  (Sp'(U;*o+  Upo))«  =  (Sp'(U,.o  -  Upo))"  4  Tfi^o (Sp-UMoPo)*; 
the  internal  axis  of  the  eu^eone  has  therefore  the  direction  of  U/io+  Up^,  that  in, 
of  the  internal  bisector  of  the  angle  foq,  while  the  external  bisector  of  the  same 
angle  is  one  of  the  two  external  axes,  and  thelAtVif  axis  is  perpendicular  to  the  p/aar 
of  Po,  /lo ;  but  Sp'(U/io  +  Upo)  <  0,  whether  p'  =  pi',  or  =  ps' :  and  therefore  these 
two  sides,  pi  and  pa',  belong  (as  above)  to  one  sheet,  because  each  is  inclined  at  sn 
acute  angle  to  the  internal  axis  U/io+  Upo> 

(59.)  It  is  easy  to  see  that  the  second  focal  line  of  the  parallel  cone  (56.)  is  p^ 
or  OQ ;  and  that  the  second  directive  normal  corresponding  is  the  line  ok  (45.),  in 
the  same  Fig.  89  ;  whence  may  be  derived  (comp.  CXL.)  this  second  geomelrieal 
equation  of  the  cone  at  o, 

CXLIII.  . .  cos  KOT  =  sin  koq  sin  qot  ;    with    koq  =  pok'. 

(60.)  And  finally,  as  a  5t/oca/  but  still  geometrical  form  of  the  equation  of  the 
cusp-cone,  with  its  vertex  thus  transferred  to  o,  we  may  write, 

CXLI  V.  ..  z  POT -I- z.  QOT  =  const.  =  z  \fOU. 

(61.)  Aug  legitimate  form  of  anyone  of  the /ovrywicftoiis,  ^p,  f-^p,  6p^, 
Sp^'ip,  when  treated  by  rules  of  the  present  Calculus  which  have  been  already 
stated  and  exemplified,  not  only  conducts  to  the  connected  forms  of  the  three  other 
functions  of  the  group,  but  also  gives  the  corresponding  fonns  of  equation,  of  the 
TJ'ave  and  the  Index* Surface. 
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(62.)  For  instance,  with  the  significatioDB  (32.)  of  vq  and  vi,  the  scalar  func- 
tion Spf-^pf  which  is  =  1  in  the  equation  XXX.  of  the  Reciprocal  Ellipsoid  (9.), 
may  he  expressed  by  the  following  cyelie  form^  with  vo,  v\  for  the  cyclic  normals  of 
that  ellipsoid, 

CXLV.  .  .  Sp^-»p  s=  -  6»p*  +  («*  -  c«)52SvopSvip ; 

reciprocating  which  (comp.  S61),  we  are  led  to  a  bifocal  form  of  the  function 
S^p,  which  function  was  made  =  1  in  the  equation  XXIX.  of  the  Generating  Ellip^ 
sold  (8.),  and  is  now  expressed  by  this  other  equation  (comp.  860,  407), 

40*0*  a'  4  c> 

CXLVI.  .  .  ^^rZ^,  (Sp0p  +  &- V)  =  (Svop)»  +  (Svip)«  -  2  ^-j-^  SvopSvxp ; 

VO)  VI  being  here  the  two  (real)  ybca/  lines  of  the  same  ellipBoid  (8.),  or  of  its  (ima- 
ginary) asymptotic  cone. 

(63.)  Substituting  then  these  forms  (62.),  of  Sp^p  and  Sp^'^p,  in  the  equation 
LXIII.,  we  find  (after  a  few  reductions)  this  new  form  of  the  Equation  of  the 
Wave: 

CXLVII.  . .  (2p«-(tf«-c«)8vopSvip  +  a2  +  c«)«=(<^-c>)2{l-(8voP)*} 

{l-(Sv,p)M; 
whence  it  follows  at  once,  that  eetch  of  the  fotir  planes  CXI.  touches  the  wave,  along 
the  circle  in  which  it  cuts  the  quadric^  with  vo,  vi  for  cyclic  normals,  which  ia  found 
by  equating  to  zero  the  expression  squared  in  the  first  member  of  CXLVII.  For 
example,  the  first  plane  CXI.  touches  the  wave  along  that  circle^  or  wave-ridge^ 
of  which  on  this  plan  the  equations  are, 

CXLVIII.  .  .  Svop  +1  =  0,  2p>  +  (a«  -  c«)  Svip  -  (a*  +  <?»)  Svop  =  0 ; 
and  because 

CXUX.  . .  ^  (vo  +  vi)  =  -  «-« (vo  +  Vi),  0  (Vo  -  vi)  =  -  c-2  (Vo  -  Vl), 
and  therefore,  with  the  value  CXIII.  of  (To, 

CL.  .  .  <ro  =  - fl««^vo  =  J  ((a«  +  c»)vo -(«»-«') vO» 
the  second  equation  CXLVIII.  represents  (comp.  GX.)  the  diacentrie  sphere^ 

CLI. . .  p«  =  SffoP,    or    CLI'. . .  SffoP"'  =  1, 
which  passes  through  the  wave-centre  o,  and  of  which  the  riifye  here  considered  is  a 
section.    The  diameter  of  that  ridge  may  thus  be  shown  again  to  have  the  value 
CXII. ;  and  it  may  be  observed  that  the  circle  is  a  section  also  of  the  eofi«, 

CLII. . .  SvopScToP  =  -  p»,     or    CLII'. .  .  SvopSvoP'^  =  -  !• 

(64.)  It  was  shown  in  (17.)  that  the  vibration  ^p,  at  ang  point  of  the  wave- 
surface,  or  at  the  end  of  ang  rag  p,  is  perpendicular  to  0-ip,  as  well  as  to  /i  by  II. ; 
and  is  therefore  tangential  to  the  variable  ellipsoid  LIX.,  as  well  as  to  the  wave  itself. 
Hence  it  is  easy  to  infer,  that  this  vibration  must  have  generally  the  direction  of  the 
auxiliary  vector  w,  because  not  only  S/ita>  =  0,  by  XXXIX.,  but  also  Sw^'V 
=  Sp0-ia»8  Spv  =  0,  by  XXIL  and  XXXVII.  Indeed,  this  parallelism  of  ^p  to  &> 
results  at  once  by  XXXVIL  from  XII. 

(65.)  If  then  we  denote  by  S'p  an  infinitesimal  vector,  such  as  pip,  which  is  tan- 
gential to  the  wavcj  but  perpendicular  to  the  vibration  dp,  the  parallelism  Sp^ia 
will  give, 
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CLIII. . .  ^  p  a  /iSp  Ifgu-^p,    becacue    CLIII'. . .  Sp/iM  =  0; 
whttDoe    CLI V. .  .  Spi'p  =  0,     ^Tp  =  0,    or    CLV.  .  .  Tp  =  r  =  canat., 

for  this  new  directum  S'p  of  motion  upon  the  wave. 

(66.)  And  thoB  (or  othenrise)  it  may  be  Bhown,  that  the  Orikog&nal  T^ajedo- 
riee  to  tke  Lines  of  Vibration  (17.)  are  the  cnrres  in  which  the  Wiavo  is  c«f  by 
Coneentrie  Spheres,  each  as  GLY. ;  that  is,  by  the  spheree  p'  +  r*  =  0,  in  which  the 
radiua  r  ia  constant  for  any  ons^  bat  varies  in  passing  fVom  one  to  another. 

(67.)  The  spherical  etirves  (r),  which  are  thus  orthogonal  to  what  we  hare 
called  the  lines  (A)  of  vibration,  are  sphero-conies  on  the  wave ;  either  because  eadi 
Bach  carve  (r)  is,  by  XXVIILi  sitoated  on  a  concentric  and  guadrie  cone,  namdy, 

CLVL..O  =  SpC#+»-»)-ip; 
or  becaiuei  by  XXVII.,  it  is  on  this  other  concentric  quadric^ 
CLVII. . .  -  1  =  Sp(^-»  +r«)-ip. 

(68.)  It  is  easy  to  prove  (comp.  LXXY.))  that,  for  any  real  point  of  the  ware, 
r*  cannot  be  less  than  e',  nor  greater  than  a' ;  and  that  the  sqoares  of  the  scalar 
semiazes  of  the  new  qnadric  CLYII.  are,  in  algebraically  ascending  order,  r^-e^, 
r*—  62,  r^-c'';  so  that  this  surface  is  g^erally  an  hyperboloid,  with  one  sheet  or 
with  twOf  according  as  r  >  or  <  &. 

(69.)  And  we  see,  at  the  same  time,  that  the  conjugate  hyperMoidj 

CLVIII. .  .  +  1  =Sp(^-»  +  ra)-ip, 

which  has  two  sheets  or  om,  in  the  same  two  cases,  r>6,  r<  i,  and  has(ladesccBd- 
ing  order)  the  values, 

CLIX...  a«-r«,     &'-r>,     6i-r\ 

for  the  squares  of  its  scalar  semiazes,  is  confocal  with  the  generating  eU^soid 
XXIX. :  so  that  the  quadric  CLYII.  itself  is  the  conjugate  of  such  a  confocal. 

(70).  To  form  a  distinct  conception  (oomp.  (67.))  of  the  course  of  a  curve  (r) 
upon  the  wave,  it  may  be  convenient  to  distinguish  the^ee  following  eases : 

CLX. .  .  (a)..r«a;  (/S)  .  .r<<i,  >ft}  (y)..rB&;  (J)..r<6,>e;  [t).,r^c 

(71.)  In  each  of  the  three  cases  (a)  (y)  (c),  the  eonte  (r)  becomes  a  ctre/e,  in 
one  or  other  of  the  three  principal  planes :  namely  the  circle  (a),  for  the  case  (a) ; 
(6)for(7);  and  (c)  for  (e). 

(72.)  In  the  case  (/3),  the  curve  (r)  is  one  of  double  curvature,  and  oonaiKs  <tf 
two  closed  oviUs,  opposite  to  each  other  on  the  wave,  and  separated  by  ^be  plane  (a), 
which  plane  is  not  (really)  met,  in  ang  point,  by  the  complete  sphero-eonie  (r) ;  and 
each  separate  oval  crosses  the  plane  (If)  perpendicularlg,  in  two  (real)  paints  of  the 
ellipse  (6),  which  are  external  to  the  eircU  (6) :  while  the  som^om/ crosses  a2to  the 
plane  (c)  at  right  angles,  in  some  two  real  points  of  the  ellipse  (e). 

(78.)  Finally,  in  the  remaining  case  {iS),  the  ovals  are  separated  by  the  plsne 
(e),  and  each  crosses  the  plane  (6)  at  right  angles,  in  two  points  of  the  eU^  (6), 
which  are  interior  to  the  circle  (b) ;  crossing  also  perpendicalarly  the  plane  (a),  in 
two  points  of  the  ellipse  (a). 

(74.)  Analogoas  remarks  apply  to  the  lines  of  vibration  (A);  which  are  either 
the  ellipses  (a)  (6)  (c),  or  else  orthogonals  to  the  ciroles  (a)  (&)  (e)^  and  genanlly 
to  the  sphero'conics  (r),  as  appears  easily  from  foregoing  results. 
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(75.)  It  may  be  here  observed,  that  when  we  only  know  the  direction  (U^), 
but  not  the  lemglh  (T/i),  of  an  index-vector  ^,  so  that  we  have  two  parallel  tangent 
planes  to  the  wave,  at  one  common  tide  of  the  centre,  the  directions  of  the  vibrations 
dp  differ  generally  for  these  two  planes,  according  to  a  law  which  it  is  easy  to  as- 
sign as  follows. 

(76.)  The  second  values  of  p  and  Sp  being  denoted  by  p^  and  5p^  we  have,  by 
the  equation  IX.  of  the  index-surface,  these  two  other  equations : 

CLXI. . .  0  =  S^  (^-'  -  /i-«)-i  p  ;        CLXr. .  .  0  =  S^i  (^i  -  p-*y^p ; 

of  which  the  difference  gives,  suppressing  the  factor  p/^  —  p-^, 

CLXII.  .  .  0  =  S|i  (0-»  - 14/«)-»  (0-1  -  p-*y^p  ; 
or  CLXir.  .  .  0  =  S  (0-1  -  |i-«)-»  p  (0-1  -  p-*y^p, 

because  (0->  -fi/*)"*,  as  a  functional  operator,  is  selfeonjvgate,  so  that  p  may  be 
transferred  from  one  side  of  it  to  the  other ;  just  as,  if  v  =  0|O  be  such  a  self-conju- 
gate function  of  p,  then  v*  =  8v0p  =  Sp0v  =  Sp02p,  &c. 
'  (77.)  But,  by  VIII.,  we  have  the  parallelidms, 

CLXIII. . .  ^p  II  (0-»  -/i-*)-»/i ;        CLXIir.  .  .  dp,  II  (0-1  -  ^;«)-V ; 

hence,  by  CLXII'.,  we  have  the  very  simple  relation, 

CLXIV.  ..Sap^|o,=  0; 

that  is,  the  two  vibrations,  in  the  two  parallel  planes,  are  mutually  rectangular. 

(78.)  The  following  quite  different  method  has  however  the  advantage  of  not 
only  proving  anew  this  known  relation  of  rectangularity,  but  also  of  assigning  qua* 
ternion  expressions  for  the  two  directions  separately :  and,  at  the  same  time,  that 
of  leading  easily  to  what  appears  to  be  a  new  and  elegant  Geometrical  Construction, 
sinopler  in  some  respects  than  the  known  one,  which  can  indeed  be  deduced  from  it. 

(79.)  By  the  first  principles  of  Fresners  theory  (comp.  (3.)),  the  vibration  (^p), 
on  any  one  tangent  plane  to  the  wave,  is  situated  in  the  normal  plane  (through  /i), 
which  contains  the  direction  (^f)  of  the  elastic  force ;  that  is  to  say,  we  have  the 
Equation  of  Complanarity, 

CLXV.  ..SpSph^O.  ♦ 

(80.)  We  have  then,  by  II.  and  V.,  the  system  of  the  two  equations, 

CLXVI. .  .  SpSp  =  0,    SpSpf'^Sp  =  0 ; 

comparing  which  with  the  equations  of  the  same  form, 

Svr  =  0,     Svr0r  =  0,  4 1 0,  V.  VI. 

we  derive  at  once  the  following  Construction,  which  may  also  be  expressed  as  a  7A«- 
orem : — 

"^/  either  of  the  two  points  Q  of  the  Reciprocal  Ellipsoid  XXX.,  the  tangent 
plane  ai  which  is  parallel  to  that  at  the  given  point  P  of  the  Wave,  the  tangents  to 
the  Lines  of  Curvature  on  the  Ellipsoid  are  parallel  to  the  tangents  to  the  Lines  of 
Vibration  on  the  Wave ;"  namely,  to  one  at  that  given  point  p  itself,  and  to  another 
at  the  other  point  p',  on  the  same  side  of  the  centre,  at  which  the  tangent  plane  it 
parallel  to  each  of  the  two  others  above  mentioned. 

5  D 
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(81.)  Thus  for  each  of  the  two  points  P,  p'  the  line  of  vibration  is  pftralld  to 
one  of  the  lines  of  eurtaiure  at  Q ;  and  it  is  evident,  from  what  precedes,  that  the 
other  of  these  last  lines  has  the  direction  of  the  corresponding  Orthogonal  (66.)  at 
p  or  p' :  nor  is  there  any  danger  of  confusion. 

(82.)  As  regards  quaternion  expreesione^  for  the  two  vibrations  on  n  given  wave- 
fronts  the  sub-article,  410,  (8.),  with  notations  suitably  modified,  shows  by  its  for- 
mulae XIX.  XXII.  that  we  have  here  the  equations, 

CLXVII.  ,  ,  O^SfidpvoSp VI 

s=  Sfi  Sp  vq  Si'i  dp  +  SfA  ip  v\  Si'q  6pj 
and  CXVIII.  .  .  ?p  ||  UVfir^  ±  UV/iVi, 

if  Vo,  VI  be,  as  in  earlier  forroulie  of  the  present  Series  422,  the  cyclic  normals  of  the 
reciprocal  elUpaoid^  wliich  are  often  called  the  Optic  Axes  of  the  Crystal, 

(83.)  And  henco  may  be  deduced  the  known  construction,  namely,  that  "for 
any  given  direction  of  wave-front^  the  two  planes  of  polarization^  perpendicular 
respectively  to  the  two  vibrations  in  Fresners  theory,  bisect  the  two  supplementary 
and  diedral  angles^  which  the  two  optic  axes  subtend  at  the  normal  to  the  front  :^ 
or  that  these  planes  of  polarization  bisect,  internally  and  externally^  the  angle  be- 
tween the  two  planes^  /iVg  and  fivi, 

(84.)  It  may  not  be  irrelevant  here  to  remark,  that  if  n  and  p^  be  any  two  in- 
dex-vectors, which  have  (as  in  (76.))  the  same  direction,  but  not  the  same  length,  the 
equation  LXIY.  enables  us  to  establish  the  two  converse  relations : 

CLXIX.  . .  abcTp^  =  (Sfi^/i)-* ;        CLXIX'.  .  .  abcTft  =  {Sp,^p,)X 

(85.)  Either  by  changing  a,  6,  c,  0,  p,  to  a"*,  6"*,  c  *,  0~1,  p,  or  by  treating  the 
form  LX II I.,  in  (19.),  of  the  Equation  of  the  Wave^  as  we  have  just  treated  tKe 
form  LXIV.,  of  the  equation  oi  Index  Surface^  in  the  same  sub-article  (19.),  we  see 
that  if  p  and  p,  be  any  two  condirectional  rays  (Up,  =  Up),  then, 

CLXX.  .  .  (a6c)-»Tp,  =  (Sp^- »/»)*,     or,     abcTp,-^  =  (Sp^-^p)! ; 
and         CLXX'. .  .  (ii6c)->Tp  =  S  (p,0">p,)"k,     or,     oJcTp->  =  (Sp^^'p,)*. 

(86.)  A  somewhat  interesting  geometrical  consequence  may  be  deduced  from 
these  last  formuin,  when  combined  with  the  equation  LIX.  of  that  variable  ellipsoid, 
Sp0~ip  =  A^,  which  cuts  the  wave  in  a  line  of  vibration  (A).  For  if  we  introduce  this 
symbol  A*  for  Sp^-'p,  and  write  r,  instead  of  Tp,  to  denote  the  length  of  the  second 
ray  p,  the  first  equation  CLXX.  will  take  this  simple  form, 

CLXXL.  .r,  =  afrcA-9, 

which  shows  at  once  that  r^  and  A  are  together  constant,  or  together  variable  ;  and 
therefore,  that  *'a  Line  of  Vibration  on  one  Sheet  of  the  Wave  is  projected  into  an 
Orthogonal  Trajectory  to  all  such  Lines  on  the  other  Sheet,  and  conversely  the  latter 
into  the  former^  byjthe  Vector  fp  of  the  Wave  :"  so  that  one  of  these  two  ctarves  would 
appear  to  be  superposed  upon  the  other,  to  an  eye  placed  at  the  Wave-  Centre  o. 

(87.)  Tixe  visual  cone,  here  conceived,  is  represented  by  the  equation  CLVI.. 
with  f«ome  constant  value  of  r  ;  and  as  being  a  surface  of  the  seronc/ degree,  it  oogfat 
to  cut  the  wave,  which  is  one  of  the /our/A,  in  some  curve  of  the  eighth  degree:  or  in 
some  system  of  curves,  A\hich  have  thepro^/ifcf  of  their  dimensions  equal  to  eight. 
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Accordingly  we  sow  see  that  the  complete  intersection,  of  the  cone  CLVI.  with  the 
wave,  consists  of  two  curves^  each  of  the  fovrth  degree  ;  one  of  these  beingf  as  in 
(67.)»  a  complete  tphero-conie  Cr),  and  the  other  a  complete  line  of  vibration  (A): 
a  new  geometrical  connexion  being  thus  established  between  these  two  guartic 
curvet, 

(88.)  As  additional  verifications,  we  may  regard  the  three  principal  planes^  as 
limits  of  the  cutting  cones;  for  then,  in  the  plane  (a)  for  instance,  the  circle  (a)  and 
the  ellipse  (a),  which  are  (in  a  sense)  projections  of  each  other,  and  of  which  the 
latter  has  been  seen  to  be  a  line  of  vibration,  are  represented  respectively  by  the  two 

equations, 

CLXXII.  .  ,r=a,    and    CLXXIl'. .  .  5c  =  A*, 

in  agreement  with  CLXXI. ;  and  similarly  for  the  two  other  planes. 

(89.)  It  was  an  early  result  of  the  quaternions,  that  an  ellipsoid  with  its  centre 
at  the  origin  might  be  adequately  represented  by  the  equation  (comp.  281,  XXIX., 
or  282,  XIX.), 

CLXXIII.  .  •  T  (ip  +  pk)  =  jc«-  i»,     if    Ti  >  Tk  ; 

or,  without  ang  restriction  on  the  two  vector  constants,  i,  k,  by  this  other  equa- 
tion, ♦ 

CLXXIir.  .  .  T  (tp  +  p(c)«  =  (jc« - 1«)2. 

(90.)  Comparing  this  with  Sp0p=  1,  as  the  equation  XXIX.  of  the  Generating 
Ellipsoid,  we  see  that  we  are  to  satisfy,  independentlg  of  p,  or  as  an  identity,  the  re- 
lation (corap.  336) : 

CLXXIV.  ..(«»-  t«)2  Sp0p  =  (tp  +  pjc)  (pi  +  jcp 

=  (t»+i:»)p  +  2Stpffp; 

which  is  done  by  assuming  (comp.  again  336)  this  eyelieform  for  0, 

CLXXV.  ..(«:»  =  t«)2  0p  =  (t«  +  k2)  p  +  2VKpi 

e  (i  -  k)^p  +  2tS«p  +  2«Stp ; 

or  as  in  (24.)  comp.  369,  III.  IV., 

^p  =^gp  +  V\pX',    Sp0p  =^p*  +  SXpX'p  =  1 ;      LXXII.  LXXIII. 


*  This  equation,  CLXXIII'.  or  CLXXII.,  which  had  been  assigned  by  the 
author  as  a  form  of  the  equation  of  an  ellipsoid,  has  been  selected  by  his  friend 
Professor  Peter  Guthrie  Tait,  now  of  Edinburgh,  as  the  basis  of  an  admirable 
Paper,  entitled :  **  Quaternion  Investigations  connected  with  Fresnel's  Wave-Sur- 
face," which  appeared  in  the  May  number  for  1865,  of  the  Quarterlg  Journal  of 
Pare  and  Applied  Afat hematics ;  and  Avhich  the  present  writer  can  strongly  re- 
commend to  the  careful  perusal  of  all  quaternion  students.  Indeed,  Professor  Tait, 
who  has  already  published  tracts  on  oMer  applications  of  Quaternions,  mathematical 
and  physical,  including  some  on  Electro-Dynamics,  appears  to  the  writer  eminently 
fitted  to  carry  on,  happily  and  usefully,  this  new  branch  of  mathematical  science : 
an4  likely  to  become  in  it,  if  the  expression  may  be  allowed,  one  of  the  chief  succes- 
sors to  its  inventor. 
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with  expressions  for  the  consUnta^,  X,  X',  which  give,  by  LXXVI.i  the  followiDg 
valaes  for  the  scalar  semiaxes,* 

CLXXVI.  ..«  =  Ti  +  T»;     &=''**';      c  =  Tt-T<c; 

whence  conversely, 

CLXXVII.  ..Ti=^    Tjc=^;    T(c  -  jc)  =y  J  *«• 

(91.)  Knowing  thus  the  form  CLXXY.  of  the  function  ^,  which  answers  in  the 
ptesent  case  to  the  given  equation  CLXXIII.  of  the  generating  ellipsoid,  there 
would  be  no  difficulty  in  carrying  on  the  calculationa,  so  as  to  reproduce,  in  connexion 
with  the  two  constants  i,  k,  all  the  preceding  theorems  and  formula)  of  the  present 
Series,  respecting  the  Wave  and  the  Index-Surface.  But  it  may  be  more  useful  to 
show  briefly,  before  we  conclude  the  Scries,  how  we  can  past  from  QMatermiout  to 
Cartesian  Co-ordinates,  in  any  question  or  formula,  of  the  kind  lately  considered. 

(92.)  The  three  italic  letters,  ijk,  conceived  to  be  connected  by  the  four  fmrnda- 
mental  relations, 

,•2  =y2  =  Ai  =  ijk  =  -  1.  (A),  183, 

were  originally  the  only  peculiar  symbols  of  the  present  Calcnlos ;  and  although 
they  are  not  now  so  much  used,  as  in  the  early  practice  of  quaternions,  because  cer- 
tain general  siyns  of  operation,  such  as  S,  V,  T,  U,  K,  have  since  been  introduced, 
yet  they  (the  symbols  ijk)  may  be  supposed  to  be  still  familiar  to  a  student,  as  linh 
between  quaternions  and  co-ordinates. 

(93.)  We  shall  therefore  merely  write  down  here  some  leading  expressions,  of 
which  the  meaning  and  utility  seem  likely  to  be  at  once  perceived,  especially  after 
the  Calculations  above  performed  in  this  Series. 

c  (94.)  The  vector  semiaxes  of  the  generating  ellipsoid  being  called  a,  /3,  y  (comp. 
(40.)  (42.)),  we  may  write, 

CLXXVIII.  ..a^iOy     P  =jb,     y  =  kc', 

CLXXIX. .  .  ^p  =  a-^Sa'^p  +  /3-'S/3- V  +  y-'SyV  =  Xa-^SorV  =  -  2iJ-«jr ; 

CLXXX.  . .  Sp^p  =  2  (Sa-^py  =  :^atx^  ;         CLXXXI.  .  •  Sp^-^  =  2tf»x9 ; 

CLXXXII.  .  .  (^  +  0  p  =  2a  (a-«  +  e)  Sa-^p  ; 


*  The  reader,  at  this  stage,  might  perhaps  usefully  turn  back  to  that  Cmsintc- 
Hon  of  the  Ellipsoid,  illustrated  by  Fig.  53  (p.  226),  with  the  Remarks  thereon, 
which  were  given  in  the  few  last  Series  of  the  Section  II.  i.  13,  pages  223>2S3.  It 
will  be  seen  there  that  the  three  vectors,  i,  k,  c  —  k,  of  which  the  lengths  are  ex- 
pressed by  CLXXVir.,  are  the  three  sides,  cb,  ca,  ab,  of  what  may  be  called  the 
Generating  Triangle  ABC  in  the  Figive ;  and  that  the  deduction  CLXXVI.,  of  the 
three  semiaxes,  abc,-  from  the  two  vector  constants,  i,  r,  with  many  connected 
results,  can  be  very  simply  exhibited  by  Geometry.  The  whole  subject,  of  the  equa- 
tion T  (cp  +  pc)  s  ic3  - 1*  of  the  ellipsoid,  was  very  fully  treated  in  the  Lectures  ; 
and  the  calculations  may  be  made  more  general,  by  the  transformations  assigned  in 
the  long  hilt  important  Section  III.  ii.  6  of  the  present  Elements,  so  that  it  : 
unnecessary  to  dwell  more  on  it  in  this  place. 
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CLXXXIII.  . .  (0  +  eyip  =  Sa  (a  2  +  e)-»  Scrip ; 
CLXXXIV. .  .  if  r«  =  Tp«  =  S*',  then  w  =  r-«(0  +  >-«)-ip 


CLXXXV. .  .  for  fFflM,  0  =  Spu  =  S = +  — ^  + 


r2-a2      r2-fl2      r8-6»  ^r«_c«» 
or  CLXXXYL  . .  1  =  -  8pu> »  -  Spfv  =  -  Sv^p 

a^     _      a»  y«  z« 

and  the  Index-Surface  may  be  treated  similarly,  or  obtained  from  the  Wav€  by 
changing  abc  to  their  reciprocals. 

423.  As  an  eighth  specimen  of  physical  application  we  shall  in- 
vestigate, by  quaternions,  MacCullagh*s  Theorem  of  the  Polar  Planey* 
and  some  things  therewith  connected^  for  an  important  case  of  inci- 
dence of  polarized  light  on  a  biaxal  crystal:  namely,  for  what  was 
called  by  him  the  case  of  uniradial  vibrations. 

(1.)  Let  homogeneous  light  in  air  (or  in  a  vacunro),  with  a  velocity f  taken  for 
unity,  fall  on  a  plane  face  of  a  doubly  refracting  crystal,  with  such  a  polarization 
that  only  one  refracted  ray  shall  result ;  let  p,  p\  p"  denote  the  veetore  ofray-velo- 
eity  of  the  incident,  refracted,  and  reflected  lights  respectively,  p  having  the  direc- 
tion of  the  incident  ray^  prolonged  within  the  crystal^  but  p"  that  of  the  reflected 
ray  outside  ;  and  let  p,'  be  the  rector  o/wave-slownetSy  or  the  index-vector  (comp. 
422,  (1.)),  for  the  refracted  light :  these ybur  vectors  being  all  drawn  from  a  given 
point  of  incidence  o,  and  p\  like  p\  being  within  the  cx^'stal. 

(2.)  Then,  by  allX  wave  theories  oflight^  translated  into  the  present  notation, 
we  have  the  equations, 

II.  .  .  p"  =  -  vpv-\     with     ir.  .  .  v  =  /i'-  p, 
where  v  is  a  normal  to  the  face  ;  whence  also, 

III  .  .  p"  =  pS^^  -2/8  -^  ; 

IV.  .  .  p"  +  p  =  2t,     if    IV'. .  .  t  =  v-^Yp'p  =  v-iVvp ; 
and  V.  . .  p"  -  p  =  -  2i'Sp v-i  =  -  2v-iSpi' ; 


•  See  pp.  39,  40  of  the  Paper  by  that  great  mathematical  and  physical  philo- 
sopher, *'  On  the  Laws  of  Cryatailine  Reflexion  and  Refraction,^  already  referred 
to  in  the  Note  to  page  737  (Trans.  R.  I.  A.,  Vol.  XVIII.,  Part  I.). 

t  Of  course,  by  a  suitable  choice  of  the  units  of  time  and  space,  the  velocities  and 
slownessses,  here  spoken  of,  may  be  represented  by  lines  as  short  as  may  be  thought 
convenient. 

X  These  equations  may  be  deduced,  for  example,  from  the  principles  of  Hny- 
ghena,  aa  stated  in  his  Tractatus  de  Lumine  (Opera  reliqua,  Amst,  1728). 
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80  that  the  three  veetorsy  p,  fi\  p'\  terminate  on  one  right  iine<,  which  is  perpemdi- 
eular  to  the  face  of  the  cryttal :  and  the  bisector  of  the  anple  between  the^rj/  and 
third  of  them,  or  between  the  incident  and  reflected  rays,  ib  the  intersecHoH  c  of  the 
plane  of  incidence  with  the  same  plane  face. 

(S.)  Let  r,  r',  r"  be  the  vectors  of  vibration  for  the  three  rays  p,  p',  p",  con- 
ceived to  be  drawn  from  their  respective  extremities ;  then,  by  all*  theories  of  tan- 
gential vibration,  we  have  the  eqaations, 

VI.  .  .  Spr  =  0 ;        VII.  . .  S/i'r'  =  0 ;        VIII.  . .  Sp^r"  =  0 ; 

to  which  Mac  Cullagh  adds  the  supposition  (a),  that  the  vibration  in  the  crystal  is 
perpendicular  to  the  refracted  ray  .*  or,  with  the  present  symbols,  that 

IX. .  .  Sp'r'  =  0  j    whence    X.  . .  r'  ||  Vft'p'j 

the  direction  of  the  refracted  vibration  r  being  thns  in  general  determined,  when 
those  of  the  vectors  p'  and  ft  are  given. 

(4.)  To  deduce  from  r'  the  two  other  vibrations,  r  and  r",  Mac  Cnllagfa  as- 
sumes, (6),  the  PHnciple  of  Equivalent  VibrationSf  expressed  here  by  the  formnla, 

XI.  ..  r-r'+r"  =  0, 
in  virtue  of  which  the  three  vibrations  are  parallel  to  one  eommoii  plane,  and  the  re- 
fracted vibration  is  the  vector  sum  (or  resultant)  of  the  other  two ;  (c),  the  Principle 
of  the  Vis  Fiva,  by  which  the  reflected  and  refracted  lights  are  together  equal  to  the 
incident  lighty  which  is  conceived  to  have  caused  them ;  and  (<f),  the  Principle  of 
Constant  Density  of  the  Ether,  whereby  the  masses  of  ether,  disturbed  by  the  three 
lights,  are  simply  proportional  to  their  volumes :  the  two  last  hypotheaesf  being 
here  jointly  expressed  by  the  equation, 

XII.  .  .  Sv(pr«-pV»  +pV'«)  =  0. 
(5.)  Eliminatmg  p"  and  r''  from  XII.  by  V.  and  XL,  r'  goes  off;  and  we  flod, 
with  the  help  of  L  and  11'.,  the  following  linetw  equation  in  r, 

xni...2sl=i  +  g  =  g^.  if  xiir....'=/-p'; 

a  second  such  equation  is  obtained  by  eliminating  p"  and  r"  by  III.  and  XL  from 
VIIL,  and  attending  to  I.  VL  VIL,  namely, 

XIV.  . .  2SpvSfi'T=  (p« -^'«)Spr'=-  S/v'Spr' ; 
and  a  third  linear  eqiuition  in  r  is  given  immediately  by  VI. 


•  The  equations  VI.  VII.  VIII.  hold  good,  for  instance,  on  Fresnel's  principles; 
but  Fresnel's  tangential  vibration  in  the  crystal  has  a  direction  perpeneReular  to  that 
adopted  by  Mac  Cullagh. 

t  In  the  concluding  Note  (p.  74)  to  this  Paper,  Professor  Mac  Cullagh  refers  to 
an  elaborate  Memoir  by  Professor  Neumann,  published  in  1837  (in  the  Berlin  Trans- 
actions for  1835),  as  containing  precisely  the  same  system  of  hypothetical  principles 
respecting  Light.  But  there  was  evidently  a  complete  mutual  independence,  in  the 
researches  of  those  two  eminent  men.  Some  remarks  on  this  subject  will  be  found 
in  the  Proceedings  of  the  R.  I.  A.,  Vol.  I.,  pp.  232,  374,  and  Vol.  IL,  p.  96. 
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(6.)  Solving  then  for  r,  by  the  niles  of  the  present  Calcolas,  this  system  of  the 
three  linear  &nd  scalar  equations  VI.  XIIL  XIV.,  we  find  for  the  incident  vibration 
the  following  vector  expretaiony* 

XV.  ..r  =  |^';     or    XV'.  . .  2rSpv  =  r'Spv'- i/Sior'; 

and  accordingly  it  may  be  verified  by  mere  inspection,  with  the  help  ofVIL  and  IX., 
that  this  vector  value  of  r  satisfies  the  three  scalar  equations  (5.).  And  when  the 
incident  vibration  has  been  thus  deduced  from  the  refracted  vibration  r',  the  reflected 
vibration  r"  is  at  once  given  by  the  formula  XI.,  or  by  the  expression, 

XVL..r"  «r'-r; 

(7.)  The  relation  XV'.  gives  at  once  the  equation  of  complanarity, 

XVIL  ..  Sv'rr'  =  0,     or  the  formula     XVIIL  .  . /i'-p' |||  r,  r'; 

if  then  a  plane  be  anywhere  so  drawn,  as  to  be  paraflel  (4.)  to  the  three  vibrations 
r,  r',  r",  it  will  be  parallel  also  to  the  line  /a'  -  p\  which  connects  two  correspond- 
ing points^  on  the  wave  and  index  surface  in  the  crystal :  but  this  is  one  form  of 
enunciation  of  Professor  Mac  Cullagh's  Theorem  of  the  Polar  Plane^  which  theorem 
is  thus  deduced  with  great  simplicity  by  quaternions,  from  the  principles  above  sup- 
posed. 

(8.)  For  example,  if  we  suppose  that  op  and  oq,  in  Fig.  89,  represent  the  re- 
fracted ray  p\  and  the  index  vector  p,'  corresponding,  and  if  we  draw  through  the 
line  pg  a  plane  perpendicular  to  the  plane  of  the  Figure,  then  the  plane  so  drawn 
will  contain  (on  the  principles  here  considered)  the  refracted  vibration  r',  and  will 
he  parallel  to  both  the  incident  vibration  r  and  the  reflected  vibration  r";  whence 
the  directions  of  the  two  latter  vibrations  may  be  in  general  determined,  as  being 
aho  perpendicular  respectively  to  the  incident  and  reflected  rays,  p  and  p"  :  and  then 
the  relative  intensities  (Tr«,  Tr'*,  Tr"*)  of  the  three  lights  may  be  d  duced  from  the 
relative  amplitudes  (Tr,  Tr',  Tr")  of  the  three  vibrations,  which  may  them- elves  be 
found  from  the  three  complanar  directions,  by  a  simple  resolution  of  one  line  r  into 
two  others,  of  which  it  is  the  vector  sum,  as  if  the  vibrations  -were  forces, 

(9.)  The  equations  11'.  IV'.  V.  and  XIII'.  enable  us  to  express  the  four  vectors,  • 
/4' (=  p  +  v),  »(=  p  -  v'^Svp)^  p" (=  p - 2i/-iSi'p),  and  p  (^p\r- v'),  in  terms 
of  the  three  vectors  p,  v,  v',  which  are  connected  with  each  other  by  the  relation, 

XIX.  .  .  t  {=  p  -  v-»Svp),    p"  (=  p  -  2v-»Svp),    and    p*  (=  p  +  v  -  v^ 
XIX.  .  .  v»  +  2Syp  =  Sv  (p  +  v),    because    XIX'.  . .  S vp'=  S  (v'  -  v)  p, 


*  The  expressions  XV.  XVI.  enable  us  to  determine,  not  only  \^x^  directions  Ur, 
Ur"  of  the  incident  and  reflected  vibrations,  but  also  their  amplitudes  Tr,  Tr",  or 
the  intensities  Tr',  Tr"*  of  the  incident  and  reflected  lights,  for  any  given  or  assumed 
amplitude  Tr'  of  the  refracted  vibration,  or  intensity  Tr'^  of  the  refracted  light, 
after  having  determined  the  direction  Ur'  of  the  refracted  vibration  by  means  of  the 
formula  X. 
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as  in  XIII.,  or  because  ft^-(fl=: S/i'v*)  by  I.  and  XIII'. ;  and  with  which  r  is 
connected  (VII.  and  IX.),  by  the  two  equations, 

XX.  ..S(p  +  v)r'  =  0,    and    XXI.  .  .  Sv r' =  0 ; 
while  r  and  r'  are  connected  with  the  same  three  vectors,  and  with  r^,  by  the  rela- 
tions VI.  YIII.  XI.  XIII.,  which  conduct,  by  elimination  of  r",  to  the  following 

system  (comp.  (5.))  of  three  linear  and  scalar  equations  In  r, 

* 

XXII.  . .  Spr  =  0 ;     2SvpSvr  =  Sv'  (p  +  v)  Svr  ;     2SvpSr'-»r  =  Svp ; 

and  therefore  to  the  vector  expression, 

2rSvp  =  VpvV,  as  in  XV. 

(10.)  By  these  or  other  transfomations,  there  is  no  difficulty  in  deducing  this 
new  equation,  in  which  u  may  be  any  vector, 

XXIII.  ..VvV{(p-<.>)r-(p'-«)r'  +  0>"-ai)ri"}r'  =  0; 

and  conversely,  when  w  is  thus  treated  as  arbitrary y  the  formula  XXIII.,  with  the 
relations  (9.)  between  the  vectors  p,  p',  p",  v,  v\  fj,\  but  without  any  restriction  (ex- 
cept ittelf)  on  r,  r',  r",  is  sufficient  to  give  the  two  vector  equations, 

XI.  ..r-r'+r"=:0,     and     XXIV. .  .  pr-pV  +  p"r"  =  arir» +y, 
in  which 

XXV.  .  .  «?  =  Sv  (pr  -  p V  +  p V)  =  S vvV,  and  XXI. . .  y  =  S  (pr  -  p'r'p  +  p'O  > 
and  which  conduct  to  the  two  scalar  equations  (among  others), 

XXVII. ..  Sic  (pr-pV  +  p  V)  =  0,     if    XXVir.  ..Scv  =  0, 
and  XXVIII. . .  Svp  (Spr  -  Sp V)  =  Si/p'S/iV ; 

so  that  if  we  now  suppose  the  equations  VI.  VIII.  IX.  to  be  given,  the  equation 
VII.  wiIl/o//oir,  by  XXVIII. ;  while,  as  a  case  of  XXVII.,  and  with  the  significa- 
tion IV.  or  IV'.  of  I,  we  have  the  equation, 

XXIX.  .  .  Si*(pr  -  p't'  +  p"r")  =  0. 

(11.)  And  thus  (or  otherwise)  it  may  be  shown,  that  the  three  scalar  equations 
*VI.  VIII.  IX.,  combined  with  the  one  vector  formula  XXIII.,  which  (on  aoooont  of 
the  arbitrary  oi)  is  equivalent  to^Sre  scalar  equations,  are  sufficient  to  give  the  same 
direction  of  r',  and  the  same  dependencies  of  r  and  t"  thereon,  as  those  expressed  by 
.the  equations  X.  XV.  XVI. ;  and  therefore  (among  other  consequences),  to  the  for- 
mula XII.  and  XVII. 

(12.)  But  the  equations  VI.  VIII.  IX.  contain  what  may  be  called  the  Princi- 
ple of  Rectangular  Vibrations  (or  of  vibrations  rectangular  to  rays) ;  and  the  for- 
mula XXIII.  is  easily  interpreted  (416.),  as  expressing  what  may  be  termed  Uie 
Principle  of  the  Resultant  Couple  :  namely  the  theorem,  that  if  the  three  vibrations 
(or  displacements),  r,  r',  r",  be  regarded  as  three  forces^  rt,  rV,  b' t",  acting  ai  the 
ends  of  the  three  rays,  p,  p',  p'',  or  or,  or',  or"  (drawn  in  the  directions  (1.)  from 
the  point  of  incidence  o),  then  this  other  system  of  three  forces^  RT,  —  rV,  r"!*  (con- 
ceived as  applied  to  a  solid  body),  is  equivalent  to  a  single  eovp/e,  ofurhich  the  plane 
is  parallel  (or  the  axis  perpendicular)  to  the  face  of  the  crystal. 
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(J 3.)  It  foUoiTB  then,  by  (10.)  and  (11.),  that  from  these  two  principles, ♦  (I.) 
and  (II.),  we  can  infer  all  the  following : 

(III.)  the FrincipU  of  TangeiOial  Vibrations  (or  of  vibrations  tangential  to  the 
waves) ; 

(IV.)  the  FrincipU  of  Equivalent  Vibrationa  (i.)  \ 

(V.)  the  Principle  of  the  Via  Viva,  as  ex  pressed  (in  conjunction  with  that  of  the 
Conatant  Density  of  the  Ether)  by  the  equation  XII. ; 

(VI.)  the  Principle  (or  Theorem)  of  the  Polar  Plane; 

And  (VII.)  what  may  be  called  the  Principle  of  Equivalent  Momenta,f  namely 


*  The  word  "  Principle"  is  here  employed  with  the  usual  latitude,  as  representing 
eilherm  hypotheais  auvmed^  or  a  theorem  deduced^  bat  made  a  ground  of  aubaequent 
deduction.  The  principle  (I.)  of  rectangular  vibrationa  coincideaf  for  the  case  of  an 
ordinary  medium^  with  the  principle  (III.)  of  tangential  vibrationa  ;  but,  for  an  ex- 
traordinary medium,  except  for  the  case  (not  here  considered)  o{  ordinary  raya  in  an 
ttniaxal  cryataly  these  two  principles  are  diatinct,  although  both  were  assumed  by 
Mac  CuUagh  and  Neumann.  The  present  writer  has  already  disclaimed  (in  the  Note 
to  page  736)  an}*  responsibility  for  the  phyaical  hypotheaea  ;  so  that  the  results  given 
above  are  offered  merely  as  instances  of  mathemaiical  deduction  and  generalization 
attained  through  the  Calculus  of  Quaternions. 

t  In  a  very  clear  and  able  Memoir,  by  Arthur  Cay  ley,  Esq.  (now  Professor 
Cayley),  "  On  Professor  Mac  Cullagh's  Theorem  of  the  Polar  Plane,"  which  was 
read  before  the  Royal  Irish  Academy  on  the  23rd  of  February,  1857,  and  has  been 
printed  iu  Vol.  VI.  of  the  Proceedinga  of  that  Academy  (pages  481-491),  this  name 
"  principle  of  equivalent  moments,"  is  given  to  a  statement  (p.  489),  that  '*  the' 
moment  of  B^t'  round  the  axis  AHfia  equal  to  the  sum  of  the  moments  of  i2^  and 
/TV  round  the  same  axis" ;  the  line  AH  being  (p.  487)  the  intersection  of  the 
plane  of  incidence  with  the  plane  of  separation  of  the  two  media,  that  is,  with  the 
face  of  the  crystal :  while  lit,  Rt\  R*t''  are  lines  representing  (p.  488)  the  three 
vibrationa  (incident,  refracted,  and  reflected),  at  the  ends  of  the/Ar«tf  rayaAR,  ABf 
AR\  which  are  drawn  from  the  point  uf  incidence  A,  so  as  to  lie,  all  three  (p.  487), 
within  the  eryataL  And  in  fact,  if  this  statement  be  modified,  either  by  changing 
the  sign  of  the  moment  of  JS*  V'  (p.  49 1),  or  by  drawing  the  reflected  ray  APC\  like 
the  line  ob"  of  the  present  investigation  in  the  air  (or  in  vacuo),  inatead  of  prolong- 
ing it  hackwarda  within  the  biaxal  crystal,  it  agreea  with  the  eaae  XXIX.  of  the 
more  general  formula  XXVII.,  which  is  itself  tnc/ucf«<f  in  what  has  been  called  above 
the  Principle  of  the  Resultant  Couple.  In  venturing  thus  to  point  out,  as  the  sub- 
ject obliged  him  to  do,  what  t<eeraed  to  him  to  be  a  slight  inadvertence  in  a  Paper  of 
such  interest  and  value,  the  present  writer  hopes  that  he  will  not  be  supposed  to  be 
deficient  in  the  admiration  (long  since  publicly  expressed  by  him),  which  is  due  to  the 
vaiit  attainments  of  a  mathematician  so  eminent  as  Professor  Cayley. 

Since  the  preceding  Series  423,  including  its  Notes  (so  far),  was  copied  and  sent 
to  the  printers,  the  writer's  attention  has  been  drawn  to  a  later  Paper  by  Mac  Cul- 
lagh  (read  December  9tb,  1839,  and  published  in  Vol.  XXL,  Part  I.,  of  the  Trans- 
actions of  the  Royal  Irish  Academy,  pp.  17-50),  entitled  *^  An  Eaaay  towarda  a 
Dynamical  Theory  of  eryatallina  Reflexion  and  Refraction  ;"  in  which  there  is  given 
at  p.  43)  a  theorem  essentially  equivalent  to  the  above-stated  ''Principle  of  the 

5  E 
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theorem  that  the  Moment  of  the  Befi-aeted  Vibration  (b't^  m  equal  to  the  Sum  of 
the  Moments  of  the  Incident  and  Reflected  Vihrationt  (sTand  b''t"),  wiih  reepeeito 
any  Hne,  which  ie  oft,  or  parallel  to,  the  Face  of  the  Chyttal. 


[It  appears  by  the  Table  of  Initial  Pages  (see  p.  liz.),  that  the  Author  had  in- 
tended to  complete  the  work  by  the  addition  of  Seven  Articles.] 


Resultant  Couple,**  but  expressed  so  as  to  include  the  case  where  the  vibrations  are 
not  uniradialj  so  that  the  double  refraction  of  the  crystal  is  allowed  to  manifest  itself. 
Mac  CuUagh  speaks,  in  his  enunciation  of  the  theorem,  of  measuring  each  ray,  in  the 
direction  of  propagation  :  which  agrees  with,  but  of  course  anticipates,  the  direc' 
tion  of  the  reflected  ray ^  adopted  in  the  preceding  investigation.  The  writer  believes 
that  subsequent  experiments,  by  Jamin  and  others,  are  considered  to  diminish  moch 
the  phytical  value  of  the  theory  above  discussed. 


39  Pa-teju^ostkr  Royt,  E.C. 
London:  January  1S70, 
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By  the  Rev.  G.  R.  Gleig,  M.A.  Popular 
Edition,  carefully  revised;  with  copious 
Additions.    Crown  8vo.  with  l*ortrait,  5«. 

Father   Mathew:  a  Biography. 

By  John  Francis  Maguire,  M.P.  Popular 
Edition,  with  Portrait.    Crown  8vo.  3».  Ud. 

History  of  my  Beligious  Opinions. 

By  J.  H.  Newman,  D.D.  Bemg  the  Sub- 
stance of  Apalogia  pro  Yit&  Su&.  Post  8vo. 
price  G«. 

Letters    and    Life   of    Francis 

Bacon,  including  all  his  Occasional  Works. 
Collected  and  edited,  with  a  Commentary, 
by  J.  Speddino,  Trin.  Coll.  Cantab.  Vols. 
L&IL8V0.24*.    Vols.  m.  &  IV.  24». 

Felix  Hendelssohn's  Letters  firom 

.  Itafy  and  Switzerland,  and  Letters  from 
1833  to  1847,  translated  by  Lady  Wallace. 
With  Portrait.    2  vols,  crown  8vo.  6a,  each. 


Captain   Cook's  Life,   Voyages, 

and  Discoveries.    ISmo.  Woodcuts.  2s.  Bd. 

Memoirs  of  Sir  Henry  Havelook, 

K.C.B.      By   John    Clark   Mabsqxan. 

Cabinet  Edition,  with  Portrait.  Crowu  8vc. 
price  5s. 

Essays  in  Ecclesiastical  Biogra- 
phy. By  the  Right  Hon.  Sir  J.  Stephen. 
LL.D.    Cabinet  Edition.  Grown  8to.  7s.  6d, 

The  Earls  of  Granard :  a  Memoir  or 

the  Noble  Family  of  Forbes.  Written  b>- 
Admiral  the  Uon.  Jony  Forbes,  and  £dite<i 
by  George  Arthur  Hastings,  prfseni 
Earl  of  Granard,*  KLP.    8vo.  10». 

I  Vicissitudes  of  FamiHes.    By  Sir 

I  J.  Bernard  Bukke,  C.B.  Ulster  King  of 
Arras.  New  Edition,  remodelled  and  en- 
larged,   2  vols,  crown  8vo.  21s. 

Lives  of  the  Tudor  Prinoesses, 

including  Lady  Jane  Grey  and.  her  Sbten^. 
By  Ag2«es  Strickland.  Post  8vql  with 
Portrait,  &c.  I2s,  Gd. 

Lives  of  the  Queens  of  En^and. 

By  Agxes  Stbicklaxd.  Libranr  Edition, 
newly  reviaetl ;  with  Poitraita  of  CTcrk 
Queen,  Autographs,  and  Vignettes.  8  voi^. 
post  8vo.  7«.  6rf.  each. 

Maunder's  Biographical  Trea- 
sury. Tliirtecnth  Edition,  lecoustmcted  an*.! 
partly  re-written,  with  above  1 ,000  additiocal 
Memoirs,  by  W.  L.  R.  Gates.  Fcp.  KH*.  Cti. 


CriticisTriy  Philosophy^  Polity^  <^'C. 


England  and  Ireland.     By  John 

Stiart  Mill.    Fifth  Edition.    8vo.  Is. 

The  Subjection  of  Women.    By 

Jonx  Stuart  Mill.    New  Edition.    Post 
8vo.  5s. 

On  Bepresentative  Government. 

By  John  Stuart  Mill.    Third  Edition. 

8vo.  9s.  crown  8vo.  2». 
On  liiberty.    By  the  same  Author.    Ponrth 

Edition.      Post  8vo.  7s.  6<t     Crown    8vo. 

Is.  4<f. 
Prinoiplea  of  Political  Economsr.  By  the 

same.    Sixth  Edition.    2  vols.  8ro.  80«.  or 

in  1  vol.  crown  8vo.  6». 
ntilitariaziism.  By  the  same.  3d£dit8vo.6«* 
Dissertations  and  Discussions.   By  the 

same  Author.    Second  Edition.  3  vols.  8vo. 

Szamination  of  Sir  "W.  Hamilton's 
Philosophy,  and  of  the  principal  Philoso- 
phical Questions  discussed  in  his  Writings. 
By  the  same.    Third  Edition.    8vo.  IG*. 


A  System  of  Logic,  Batiocixiative 

and  Inductive.  By  Jonx  Stuabt  Milu 
Seventh  Edition.    2  vols.  8va  25a. 

Inaugural  Address  delivered  to  th- 

University  of  St.  Andrews.  By  Juu^i 
St  I' ART  Mill.   8vo.  5*.    down  8va  Is. 

Analysis  of  the  Phenomena  of 

the  Human  Mind.  By  James  Mn.i-  A 
New  Edition,  with  Xot^  Illusti«tiT«  a»i 
Critical,  by  Alexander  Bain,  A51>re« 
FiNDLATER,  and  Geoboe  Grote.  Editeil 
with  additional  Notes,  by  Jonx  Six'aiii 
Mill.    2  vols.  8vo.  price  281*. 

The  Elements  of  Political  Eco- 
nomy. By  Henry  Duxniko  Kacleucv 
M.A.  Barrister-at-Law.    8vo.  16a. 

A  Dictionary  of  Political  "Boooamj; 
Biographical,  Bibliographical,  Histofical 
and  Practical.  By  the  same  Anthor.  V«>f- 
1.  roval  8vo.  oOs. 


NEW  WORKS  I'L-DLisiiKD  BY  LONGMANS  and  CO. 


Lord  Bacon's  Works,  collected 

and  edited  by  R.  L.  Ellis,  MJL.  J.  Sped- 
DixG,  M.A.  and  D.  D.  Heath.  Vols.  I.  to 
V.  Fhilosopfiical  Works,  6  vols.  8vo.  £4  6». 
Vols.  VI.  and  VII.  Literary  and  Profea- 
»hnal  Workt,  2  vols.  £1 16s. 

Analysis  of  Mr.  Mill's  System  of 

Logic.  By  W.  Stkbbixg,  M.A.  New 
Edition.    12mo.  3«.  6</. 

The  Institutes  of  Justinian;  with 

English  Introduction,  Translation,  and 
Notes.  By  T.  C.  Sandars,  M.A.  Borrister- 
at-Law.    New  Edition.    8vo.  16«. 

The  Ethics  of  Aristotle ;  with  Essaya 

and  Notes.  By  Sir  A.  Grant,  Bart.  M.A. 
LL.D.  Second  Edition,  revised  and  com- 
pleted.   2  vols.  8vo.  price  28». 

The  Nicomachean  Ethics  of  Aris- 
totle. Newly  translated  into  English.  By 
R.  Williams,  B.A.  Fellow  and  late  Lec- 
turer of  Merton  College,  and  sometime 
Student  of  Christ  Church,  Oxford.  8vo.l2«. 

Bacon's  Essays,  with  Annotations. 

By  R.  WiiATELY,  D.D.  kte  Archbishop  of 
Dublin.    Sixth  Edition.    8vo.  10«.  6d. 

Elements  of  Logic.  By  B.  Whatbly, 

D.D.  late  Archbishop  of  Dublin.  New 
Edition.    Sto.  10«.  (W.  crown  8vo.  4».  ^d, 

Elamentfl   of    XUietorlo.      By  tbo   same 

Author.  N<w  Edition.  8vo.  10«.  Cd.  Crown 

8vo.  4*.  6</. 
Sngliah  Symonyines.  ByE-JANE^HATBLY. 

Edited   hy  Archbishop    Wilitely.     5th 

Edition.    Fdp.  3*. 

An   Outline   of  the    Necessary 

Laws  of  Thought :  a  Treatise  on  Pure  and 
Applied  Logic.  By  the  Most  Rev.  W. 
Thomson,  D.D.  Archbishop  of  York.  Ninth 
Thousand.    Crown  8vo.  5«.  6</. 

The  Eleotion  of  Bepresentatives, 

Parliamentary  and  Municipal;  a  Treatise. 
By  Thomas  H  ABE,  Barrister-at-Law.  Third 
Edition,  with  Additions.    Crown  8vo.  G». 

Speeches  of  the  Bight  Hon.  Lord 

Macau  lay,  corrected  by  Himself.  Library 
Edition,  8vo.  12».  People's  Edition,  crown 
8vo.  8«.  6d. 

Lord    Macaulay's    Speeches    on 

Parliamentary  Reform  in  1831  and  1832. 
16mo.  price  One  Shilling. 

Walker's  Pronouncing  Diction- 

arv'  of  the  English  Language.  Thoroughly 
rev-ised  Editions,  by  B.  II.  Smart.  8vo. 
12ii.  ICmo.  C». 


A    Dictionary    of    the    English 

Language.  By  R.  G.  Latham,  M.A.  M.D. 
F.R.S.  Founded  on  the  Dictionary  of  Dr.  S. 
JoHNsox,  as  edited  by  the  Rev.  H.  J.  Todd 
with  numerous  Emendations  and  Additions, 
4  vols.  4to.  price  £7. 

Thesaurus  of  English  Words  and 

Phrases,  classified  and  arranged  so  as  to 
facilitate  the  expression  of  Ideas,  and  assist 
in  Literary  Composition.  By  P.  M.  Roobt, 
M.D.  New  Edition.  Crown  8vo.  10s.  6A 
The  Debater  ;  a  Series  of  Complete  • 
Debates,  Outlines  of  Debates,  and  Questions 
for  Discussion.    By  F.  Rowton.    Fcp.  6*. 

Lectures  on  the  Science  of  Lan- 
guage, delivered  at  the  Royal  Institution. 
By  Max  Miiller,  M.A.  Fellow  of  All  Souls 
CoUege,  Oxford.  2  vols.  8vo.  First  Series, 
Fifth  Edition,  12«.  Second  Series,  Second 
Edition,  18«. 

Chapters  on  Language.    By  F.  W. 

Farrar,M.A.  F.R.S.  late  Fellow  ofTrm. 
Coll.  Cambridge.    Crown  8\'o.  8«.  6rf. 

A  Book  about  Words.  By  G.  F. 
Graham.    Fcp.  8vo.  3».  6</. 

Manual  of  English   Literature, 

Historical  and  Critical :  with  a  Chapter  on 
English  Metres.  By  Thomas  Arnold,  M.A. 
Second  Edition.  C)rown  8vo.  7«.  6c/. 
Southey's  Doctor,  complete  in  One 
Volume,  edited  by  the  Rev.  J.  W.  Waster, 
B.D.    Square  crown  8vo.  12«.  G<f. 

Historicsil  and  Critical  Commen- 
tary on  the  Old  Testament;  with  a  New 
Translation.  By  M.  M.  Kalisch,  Ph.D. 
VoL  I.  Genesis,  '8vo.  18«.  or  adapted  for  the 
General  Reader,  12».  VoL  II.  Exodus,  16». 
or  adapted  for  the  General  Reader,  12«. 
Vol  III.  Leviticus,  Part  I.  15<.  or  adapted 
for  the  General  Reader,  8». 

A  Hebrew  Qrammar,  with  BzeroiBeB. 
By  the  same.  Part  I.  Outlines  with  Exer- 
cises, 8vo.  12«.  Gd.  Key,  bs.  Part  II.  Ex- 
ceptional Forms  and  Constructions,  12s.  Bd, 

A  Latin-English  Dictionary.    By 

J.  T.  White,  D.D.  of  Corpus  Christi  Col- 
lege, and  J.  E.  Riddle,  M.A.  of  St.  Edmund 
Hall,  Oxford.  Third  Edition,  revised.  2 
vols.  4to.  pp.  2,128,  price  42». 
"Wliite's  CoUege  Ijatin-BnglishDictioii- 
ary  (Intermediate  Size),  abridged  from  the 
Parent  Work  for  the  use  of  University 
Students.   Medium  8vo.  pp.  1,048,  price  18s. 

"White's  Jtmior  Student's  Complete 
Latin-English  and  English -Latin  Dictionary. 
Revised  Edition.  Square  12mo.  pp.  1,058, 
price  12*. 

a         .»!«  TEnolish-Latin,  5».  6<f. 

Separately  |l,„,^.e,^„„,„;  7,.  gd. 


NEW  WORKS 


BT  L0NGMAK8  aki>  00. 


An  Bncfliflb-Greek  Ifeaaoon,  con- 
taining all  the  Greek  Words  tned  by  Writers 
of  good  aothorttj.  By  C.  D.  YosoK,  B.A. 
New  Edition.    4to.  tU, 

MLr.  Tonge^s  Kew  Iiezioont  En- 
glish and  Greek,  abridged  fh>m  his  larger 
work  (as  above).    Square  12mo.  Bt,  StL 

A  Greek-Tgngliflh  Lezioon.  Com- 
piled by  H.  6.  LIODBL^  D.D.  Dean  of 
Christ  Chnivh,  and  R.  Soott,  D.D.  Master 
of  BaUioL  Filth  EdiUon.  Crown  4to.  dl«.  6i2. 

A  Iiexioon,  Greek  and  EngUflh, 

abridged  for  Sdioob  from  Liddbll  «nd 
Scott's  Greek-EngUah  Xexicon.  Twelfth 
Edition.  Square  12mo.  7s.  Qd. 

A  Praotioal   Dictionary  of  the 

Firench  and  Eoglish  Langn^ee.  By  Pro- 
fessor Lioif  CoHTANSBAU,  many  years 
French  Examiner  for  Militaiy  and  Ciril 
Appointments,  &c.  New  Edition,  careTtiUy 
levised.    FMt  Sya  10s.  BtL 


Contanaeaa's  Pocket  Dictionary, 

French  and  English,  abridged  from  the 
Practical  Didaonary,  by  the  Avtbor.  New 
Edition.  Iftno.  price  3t.  SdL 
A  Sanakrit-Bngliflii  Dictionary. 
The  Sanskrit  words  printed  both  in  the 
original  Deranagari  and  in  Roman  lettcs ; 
with  References  to  the  Best  EditiesB  of 
Sanskrit  Authors,  and  with  EtymolQgiea 
and  comparisons  of  Cognate  Words  chiefly 
in  Greek,  Latin,  Gothic,  and  Angio-Saxoa. 
Compiled  by  T.  Bexfkt.    Svow  52a.  €^ 

New  Practical  Dictionary  of  the 

German  Language;  Gemum-EngUsh,  and 
Enc^ish-German.  By  the  Ber.  W.  L 
Blacklxt,  MJL.  and  Dr.  Carl  Haktci 
FnifiDLAKDER.    Post  8to.  7s.  6dL 

The  Mastery  of  Iiangaagea;  or, 

the  Art  of  Speaking  Foreign  Tongues 
Idiomatically.  By  Thomas  PRBafDBBOAsr, 
late  of  the  Civil  Service  «t  MadrB&  Seooad 
Edition.    8to.  6«. 


Miscellanems  Works  and  Popular  Metaphysics. 


The  EAsays  and  Contributions  of 

A.  K.  H.  B.  Author  of  *  The  Recreations  of 
a  Country  Parson.'    Uniform  Editions : — 

Beoreations  of  •  Ck>untr7  Fanon. 
First  and  Sbookd  Sebies,  3«.  M.  each. 

The  ConunonplAoe  Fhiloflopber  in 
Town  and  Country.   Crown  8vo.  a«.  6dL 

laetanre  Hoors  in  Town  $  Baajs  Oonaola- 

tory,J£sthetical,  Moral,  Social,  and  Domestic. 
Crown  8to.  8c  M, 

The  Automn  EottdcyB  of  a  Ocnintry 

Paraon.    Crown  8vo.  d«.  %dL 

The  OraTer  Thoughts  of  •  Conntry 
Parson.  First  and  Sboomd  Series,  crown 
8vo.  8f.  6d.  each. 

Orltioal  Hsmts  of  a  Oonntry  Fanon. 
selected  lh>m  Essays  contributed  to  jPniMr's 
Magaziiu,    Ciown  8vo.  8«.  6dL 

Bnnday  Afternoons  at  the  Parish 
Church  of  a  Scottish  UhiYoaty  City. 
Grown  8vo.  8s.  M, 

Iiessons  of  Middle  Age,  with  some 
Account  of  Tsrions  Cities  and  Men. 
Crown  8vo.  8t.  6dL 

Counsel  and  Comfort  Spoken  firoxn  a 
City  Pulpit    Crown  8ro.  8»,  6«2L 

Changed  Aspeots  of  TTnchanged 
Truths;  Memorisls of  St  AndTCwi  Sondays. 
down  8vo.  8«.  6<f. 


Short  Studies  on  Great 
By  Jakes  Axthont  Frodbe,  MJk.  late 
Fellow  of  Exeler  CoUc^  Otxfoni.    Thiid 

Edition.    8vo.  12«. 

Lord  Kacaulay^  Hffianellaneoaa 

Writings:— 
LiBRART  EDinov,  2  vols.  8vo.  PoTtmi^  Sis. 
People's  Eomox,  1  toL  crown  Srow  4m.  6d. 

The  Bay.  Sydney  Smith'ft  Mia- 

cellaneous  Woriea;  including  his  Cositriba- 
tions  to  the  Edimbmr^  Bariam,  1  vol. 
crown  8vo.  6s. 

TiMt  VSrn  and  "Wisdom  of  tisa  Mer, 
Sydney  Smith  :  a  SelectioQ  of  the  most 
memorable  Passages  in  his  Writings  and 
Conversation.    16mo.  8s.  GdL 

The  Silver  Store.     Collected  fbom 

MedisBval  Christian  and  Jewish  Mines^  By 
the  Rev.  S.  Barixg-Gould^  IdLA..  Croini 
8yo.  Ss.  W. 

Traces  of  History  In  tiie  names 

of  Places ;  with  a  Vocabulaiy  of  Ae  Roeits 
out  of  which  Names  of  Places  in  EagkBii 
and  Wales  are  foitned.  By  FukVBX 
Edmukds.    Crown  8vo.  7s.  6<L 

Essays  selected  from  Oon1siba« 

tions  to  the  Edimburgh  Bevitw.  By  Hestet 
RoeEBS.  Second  Editimi.  8  toIb.  ftp.  Vm. 
Beason  snd  Faitii,  their  CUdxns  nd 
Conflicts.  By  the  same  Author.  Xev 
Edition,  revised.    Crown  8to.  price  ISs.  8dL 


8«leotioiia  ttom,  %km  Correflpooduioe 
of  R.  £.  H.  Greyson.  By  the  same  Author. 
Third  Edition.    Crown  8vo.  7».  6J. 

Families  of  Speeoh,  Four  Lectures 
ddiverad  at  the  Royal  Institution  of  Great 
Britain ;  with  Tablos  and  a  Map.  By  the 
Bay.  F.  W.  Fabbab,  M^  F.R.S.  Post 
8  TO.  {^Nearly  rtad^. 

Chips  from  a  German  Workshop ; 

being  Essays  on  the  Science  of  Religion, 
and  on  Mythology.  Traditions,  and  Customs. 
By  Max  M  b ller,  M.A.  Fellow  of  All  Souls 
College,  Oxford.  Second  Edition,  reyised, 
with  an  Index.     2  vols.  8vo.  24*. 

Word  Gtossip  ;  *  Series  of  Familiar 
Essays  on  Words  and  their  Peculiarities. 
By  the  Rev.  W.  L.  Blackley,  MA.  Fcp. 
8vo.  5«. 

Menes  and.  Cheops  identified  in  His- 

tnry  under  DiScrent  N^men;  \\Uli  other 
(Vit^jL".  By  Carl  Yon  RiK  AST.  Svo.TrUk 
5  Ulu^trntiotjfl,  price  10*,  Grf. 

An  Introduction  to  Mental  PM- 

loeophv,   on   the   Inductive   ilvUiotL      Py 
J.  0.  Mo II ELL,  M*A.  LL,D,    8vo,  1  >*, 
Hemetita  of  Poyoliologr,  coTitminiiif  the 
And^ysis  of   tha  Intdlix'tunl   Toivtrs*      By 
the  afime  Author.     Poet  Svu*  7*.  Gd, 

Th©    Secret   of   Hegel:   being  the 

ll^vliftii  System  tn  Oiigin,  Principle,  Form, 
iBd  Mmller^  l^y  Jamjla  Hutch iiiiox  &rjD- 
Uwo,     2  vols.  8vo.  28j. 

The    Senses  and  the    Intellect. 

By  ALKXAsdJiiR  Balv,  LL.D.  Prof,  of  Lo^ic 
in  th«  Univ.  of  Abtrdu^n,    TbirU  Edition. 
Svo.  15a. 
^ho    Bmotions   and    th«  "W^lll,    bj  the 
&ami9  Author.    Second  Kdition.     Bro.  15«. 

On  tho  8tud7  of  Cii&rvnoT,  lucJuaiuR 
J3J1  Estimate  of  Phj^tnjlO|j:y*  By  tbc  aamo 
Author.    Svo.  9*. 


I  cirrong  ana  jrree;  or,  j^^rst  steps 

towards  Social  Science.  By  the  Author  of 
«Mj  Life  and  What  ehaU  I  do  with  It?' 
8vo.  lOff.  6d 

The  Philosophy  of  Keoessity;  or, 

Natural  Law  as  apijUicable  to  Mental,  Moral, 
and  Social  Science.  By  Charlbs  Bbay. 
Second  Edition.    Svo.  9«. 

The  Sduoation  of  the  VaeUnss   and 

Aifections.  By  the  sama  Author.  Third 
Edition.    Svo.  8«.  6<f. 

On  Voroe,  its  Mentel  and  Moral  Goire- 
latea.    By  the  same  Author.    Svo.  6a. 

Mind  and  Manner,  or  Diversities  of 
Life.    By  James   Flamank.     Post    Svo. 

Charaoteristics  of  Men,  Manners, 

Opinions,  Times.     By  Anthony,   Third 

Earl  of  SnAFTESBURT.  PubliiiLcd  from  the 
Kditiun  of  1713,  with  EDgravin^  dpsifiTncd 
by  tbc  Author ;  ai^d  Kditedt  with  Marginal 
AtuUysis,  Kotes,  and  Illtjstrations,  by  the 
Eev,  W.  M.  Hatch,  M.A.  Fdlow  of  New 
College  Oxford.  3  vols,  Sm  Vol.  L 
price  14** 

A  Treatise  on  Human  ITaturei 

beini^  an  Attempt  to  Introduce  the  ExI^t^' 
rimeutal  Method  of  Kea&oninjkf^  ji>to  Moral 
Subjecbi.  By  David  Hl-^b.  Edited,  wltb 
a  PndJ miliary  Dis9«rtiition  and  Note»,  by 
T,  H.  Ghees,  FeUow^  and  T>  H.  Gho^ 
late  Scholaif  of  Balliol  College,  Oxfurd. 
I  [/»  tht  pre$$. 

Efisays  Moral,  Politiealp  and  Id- 

I        Icrary,    By  David  Hi  me.    By  the  same 
I        Edituts.  [/ft  t/ttpFteM*, 

1        *,•  The  above  will  form  a  new  edition  of 
Paved   Hitme's  Pkih$ophv*tii   WoHUj   f9om- 
;    plet«  in  Four  Tolumear  to  be  had  in  Tvro 
I    separate  Sections  as  anuotmosd. 


Astronomy^  Meteorology^  Popular  Geography^  ^'C- 
Ontlines   of    Astronomy.      By  Sir 

J.  F.  VV.  Uekj^hkl,  Bart*  M.A.  Kew 
Edition,  rt^vii^L^l;  with  rkte^  And  Woodtiutd. 
Svo.  18*. 


Saturn  and  its  System.    By  Rick- 

ARiJ  A,  Phixti>Ri  B*A.  late  Stholar  of  St.  , 
John'i  CoU.  Cam?**  luid  Kiug^B  Coll.  London, 
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By  J.  Paget,  F.R.S.  Soigeon-Exti  ao rdiasry 
to  the  Qneen.  Edited  by  W.  Tuibieb,  M  J. 
New  Edition  in  preparation. 
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Albert    Purer,     his    Iiife    and 

Works;  including  Autobiographical  Papers 
and  Complete  Catologues.  By  William 
B.  Scott.  With  Six  Etchings  by  the 
Author  and  other  Illustrations.    8yo.  16s. 

Half-Hour  I«ectnres  on  the  His- 
tory and  Practice  of  the  Fine  and  Orna- 
mental Arts.  By.  W.  B.  Soott.  Second 
Edition.  Crown  8vo.  with  50  Woodcut 
Illustrations,  8f .  %d. 

The  Iiord's   Prayer  Illustrated 

by  F.  B.  PiCKBasGiLL,  RJ^..  and  HjmmY 
Alfokd,  D.D.  Dean  of  Canteibury.  Imp. 
4to.  21s. 


The  Chorale  Book  for  England ; 

a  complete  Hymn-Book  in  aooordanoe  with 
the  Services  and  Festivals  of  the  Church  of 
England :  the  Hymns  Translated  by  Miss 
C.  Wink  worth;  the  Tunes  arranged  by 
Prof.  W.  S.  Bennett  and  Otto  Gold- 
schsodt.    Fcp.  4to.  12s.  6d. 

Six  Iieotures  on  Harmony.  De- 
livered at  the  Royal  Institution  of  Great 
Britain.  ByG.A.MAOFARREN.  8vo.10s.6rf. 

Lyra  Gtormanica,  the  Christian  Year. 
Translated  by  Cathkbinb  Winkwobth; 
with  125  Illustrations  on  Wood  drawn  by 
J.  Leighton,  F.S.A.    Quarto,  21s. 

Lyra  Germanioa.  the  Christian  life. 
Translated  by  Catherine  Winkwoeth  ; 
with  about  200  Woodcut  Illustrations  by 
J.  Leiohton,  F.S.A.  and  other  Artists. 
Quarto,  21s. 

The  New  Testament,  illustrated  with 
Wood  Engravings  after  the  Early  Maatsfs, 
chiefly  of  the  Italian  School.  Crown  4to. 
63s.  ck>th,  gilt  top ;  or  £6  5s.  morooco. 

The  Iiife  of  Man  Symbolised  by 
the  Months  of  the  Tear  in  their  Seaaons 
and  Phaso.  Text  sdeeted  by  Riokasd 
PiGOT.  25  niustrataoBs  on  Wood  from 
Originsl  Designs  by  John  Luorton, 
F.S.A.    Quarto,  42s. 
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Cats'   and   Farlie's    Moral    £m- 

blenii ;  with  Aphorisms,  Adages,  and  Pro- 
verbs of  all  Nations :  coinpriidng  121  Illus- 
trations on  Wood  by  J.  Leioiitox,  F.SA. 
with  an  appropriate  Text  hy  R.  Piqot. 
Imperial  8vo.  dl«.  6<f. 

Shakspeare's  Midsummer  Night's 

Dream,  illustrated  with  24  Silhouettes  or 
Shadow  Pictures  by  P.  Konewka,  en^^raved 
on  Wood  by  A.  Vooel.    Folio,  31».  6rf. 

Shakspeare's     Sentiments     and 

Similes  Printed  in  Black  and  Gold,  and  illu- 
minated in  the  Missal  style  by  Henry  Noel 
iiuMPiiREYS.  In  massive  corcrs,  containing 
the  Medallion  and  Cypher  of  Shakspeare. 
Square  post  8vo.  21».  ^ 

Goldsmith's  Poetical  Works,  II- 

lustratod  with  Wood  £nj;ravings,  from 
Dosi^s  by  Members  of  the  Etching  Clib. 
Imp.  IGmo.  7s.  Od. 


Sacred  and  Legendary  Art.    Br 

Mrs.  Jameson.  With  numerous  Etching? 
and  Woodcut  Illustrations.  6  vols,  square 
crown  8vo.  price  £5  15«.  6dL  doth,  or 
£12  12«.  bound  in  morocco  by  Riviere.  To 
be  had  also  in  cloth  only,  in  Foub  Sebies, 
as  follows : — 

IiegendB  of  the  Saints  and  Martyrs. 
Fifth  Edition,  with  19  Etchings  and  187 
Woodcuts.  2  vols,  square  crown  8ro. 
31«.  6<f. 

Ije^ndB  of  the  Monastio  Orders.  Tmrd 
Edition,  with  11  Etchings  and  88  Woodcuts. 
1  vol.  square  crown  8vo.  21s. 

IjegendB  of  the  Madonna.  Third  Edition, 
^-ith  27  Etchings  and  165  Woodcota  I 
vol.  square  crown  8yo.  21s. 

The  History  of  Onr  liord,  as  exempliS^ 
in  Works  of  Art.  Completed  by  Ladr 
Eastlake.  Revised  Edition,  with  13 
Etchings  and  281  Woodcuts.  2  vols, 
square  crown  Bvo.  42«. 


The  Useful  Arts,  Manufactures^  ^r. 


Drawing  ftt>m  19'ature.    By  Gkokob 

Barnakd,  Professor  of  Drawing  at  Rugby 
School.  With  18  Lithographic  Plates  and 
108  Wood  Engravings.  Imp.  8vo.  25s.  or 
in  Three  Parts,  royal  8vo.  7s.  6d.  each. 

Gwilt's  Encyclopaedia  of  Archi- 
tecture. Fifth  Edition,  it'lth  Alterations 
and  considerable  Additions,  by  Wyatt 
Papwortii.  Additionally  illustrated  with 
nearly  400  Wood  Engravings  by  0.  Jewitt, 
and  upwards  of  100  other  new  Woodcuts. 
8vo.  62s.  Od. 

Italian  Sculptors :  being  a  Histoiy  of 

Sculpture  in  Northern,  Southern,  and  East- 
em  Italy.  By  C.  C.  Peukins.  With  80 
Etchings  and  18  Wood  Engravings.  Im- 
perial 8vo.  42t. 

Tuscan    Sctdptors,  their    Lives, 

Works,  and  Times.  By  the  same  Author. 
With  45  Etchings  and  28  Woodcuts  from 
Original  Drawings  and  Photographs.  2 
vols,  imperial  8vo.  6ds. 

Hints  on    Household  Taste   in 

Furniture,  Upholstery,  and  other  Details. 
By  Charles  L.  Eastij^ke,  Architect. 
Second  Edition,  with  about  90  Illustrations. 
Square  crown  8vo.  18s. 

The  Engineer's  Handbook;  ex- 
plaining the  principles  which  should  g^de 
the  young  Engineer  in  the  Construction  of 
Machinery.  By  C.  S.  Lowndes.  Post8vo.  5s. 

Lathes  and  Turning,  Simple,  Me- 
chanical, and  Omamentid.  By  W.  Henry 
NoRTHooTT.  With  about  240  Illustrations 
on  Steel  and  Wootl.    8vo.  18s. 


Principles  of  Mechanism,  designed 

for  the  use  of  Students  in  the  Universities^ 
and  for  Engineering  Students  generally. 
By  B.  Willis,  M.A.  F.R.S.  dkc.  Jackscnian 
Professor  of  Natural  and  Kxperimental 
Philosophy  in  the  University  of  Cambridge. 
A  new  and  enlai^ed  Edition.     8vo. 

Handbook    of    Practical    Tele- 

graphy,  published  with  the  sanction  of  the 
Chairman  and  Directors  of  the  Electric 
and  International  Telegraph  Company,  ws^ 
adopted  by  the  Department  of  Telegraph? 
for  India.  *  By  R.  S.  Culley.  Third  Edi- 
tion.   8vo.  lhs.^d. 

ITre's  Dictionary  of  Arts,  Manu- 
factures, and  Mines.  Sixth  Edition,  diieflr 
re-written  and  greatly  enlaiged  by  Robeet 
Hunt,  F.R.6.  assisted  by  nuraeroos  Con- 
tributors eminent  in  Science  and  the  Aits, 
and  familiar  with  Manufactures.  With 
2,000  Woodcuts.  3  vols,  medium  8to. 
£4  Us.  6(£. 

Treatise  on  Mills  and  Millwork. 

By  Sir  W.  Fairbairn,  F,R.Sl  With  18 
Plates  and  322  Woodcuts.    2  vols.  8v<)l  32k. 


UseAil  IzLformation  for  Bngineors.  By 
the  same  Author.  Fibst,  Seooxd,  anJ 
Third  Series,  with  many  Plates  and 
Woodcuts.    3  vols,  crown  8vo.  10s.  6d.  each. 

The  Application  of  Cast  and  'Wronslit 
Iron  to  Building  Purposes.  By  the  snoe 
Author.    New  Edition,  preparing  for  pab- 

lication. 
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Iron  Sbip  BiiiLding,  its  History 

and  Progress,  as  comprised  in  a  Series  of 
Kxpcrimental  Kesearcboa  on  the  Laws  of 
.Strain ;  tlic  Stren^llis^  Fumis,  and  other 
conditions  of  the  Material ;  and  an  Inquir}' 
into  the  Present  and  Prospective  State  of 
the  Navy,  including  the  Experimental 
Results  on  tlie  Resisting  Po^vers  of  Armour 
Phitcs  and  Shot  at  High  Velocities.  By  Sir 
W.  Fairraikx,  F.R.S.  With  4  Plates 
and  130  Woodcuts,  8vo.  I85. 

Encyclopsedia  of  Civil  Engineer- 
ing, Historical,  Theoretical,  and  Practical. 
By  E.  Cresy,  C.E.  With  above  3,000 
Woodcuts.    8vo.  42«. 

The  Artisan  Club's  Treatise  on 

the  Steam  Engine,  in  its  various  Applica- 
tions to  Mines,  Mills,  Steam  Na\*igation, 
Railways,  and  Agricalture.  By  J.  Bournk, 
C.E.  New  Edition ;  with  Portrait,  37  Plates, 
and  546  Woodcuts.    4to.  42s. 

A  Treatise  on  the  Screw  Pro- 
peller, Screw  Vessels,  and  Screw  Engines, 
as  adapted  for  purposes  of  Peace  and  War ; 
vith  notices  of  otherMctbods  of  Propulsion, 
Tables  of  the  Dimensions  and  Perfonnance 
of  Screw  Steamers,  and  Detailed  Speciiica- 
tions  of  Ships  and  Engines.  By  John 
B«>urxe,C.E.  Third  Edition,  with  54  Pktes 
and  287  Woodcuts.    Quarto,  QBs. 

Catechism  of  the  Steam  Engine, 

in  its  various  Applications  to  Mines,  Mills, 
Steam  Navigation,  Railways,  and  Agricul- 
ture. By  John  Bourne,  C.E.  New  Edi- 
tion, with  89  Woodcuts.    Fcp.  6». 

Recent    Improvements    in   the 

Steam-Enginc  in  its  various  applications  to 
Mines,  Mills,  Steam  Navigation,  Railways, 
and  Agriculture.  By  John  Boi'rne,  C.E. 
lieing  a  Supplement  to  his  *  Catechism  of 
the  Steam- Engine.'  New  Edition,  in- 
cluding many  New  Examples  anion^^ 
which  are  several  of  the  most  remarkable 
Kkgines  exhibited  in  Paris  in  1867  ;  with 
121  Woodcuts.    Fcp.  8vo.  6». 

Bourne's  Examples  of  Modem 

Steam,  Air,  and  Gas  Engines  of  the  most 
Approved  Types,  as  employed  for  Pumping, 
for  Driving  Machinery,  for  Locomotion, 
and  for  Agriculture,  minutely  and  prac- 
tically described.  Illustrated  by  Working 
Drawings,  an  I  embodying  a  Critical  Ac- 
count of  all  Projects  of  Recent  Improve  nent 
in  Furnaces,  Boilers,  and  Engines.  In  course 
of  publication,  to  be  completed  in  Twenty- 
four  Parts,  price  2«.  6c/.  each,  forming  One 
Volume,  with  about  50  Pktes  and  400 
Woodcuta. 


Handbook  of  the  Steam  Engine. 

By  John  Bourne,  C.E.  forming  a  Key  to 
the  Author's  Catecliism  of  the  Steam  Engine. 
With  67  Woodcuts.    Fcp.  9». 

A     History     of  the     Machine^ 

Wrought  Hosiery  and  Lace  Manufactnrea. 
By  William  Felkin,  F.L.S.  F.S.S.  With 
3  Steel  Plates,  10  Lithographic  Plates  of 
Machinery,  and  10  Coloured  Impressions  of 
Patterns  of  Lace.    Royal  8vo.  21*. 

Mitchell's  Manual  of  Fraofcioal 

Assaymg.  Third  Edition,  for  the  most  part 
re-written,  with  all  the  recent  Discoveries 
incorporated.  By  W.  Crookes,  FJLS. 
With  188  Woodcut?.    8vo.  28«. 

Boimann's  Handbook  of  Aniline 

and  its  Derivatives;  a  Treatise  on  the 
Manufacture  of  Aniline  and  Aniline  Colours. 
Revised  and  edited  by  William  Crookbs, 
F.Ri>.    8vo.  with  5  Woodcuts,  10#.  6</. 

Practical  Treatise  on  Metallurgy, 

adapted  from  the  last  German  Edition  of 
Professor  Khrl's  Metallurgy  by  W. 
Crookes,  F.R.S.  &c.  and  E.  RShbio, 
Ph.D.  M.E.  In  Three  Volumes,  8va.  with 
62o  Woodcuts.  Vol.  I.  price  31#.  (yd. 
Vol.  II.  price  3G».  A'ol.  III.  price  31».  Od. 

The  Art  of  Ferftmiery  ;  the  History 

and  Theory  of  Odours,  and  the  Methods  of 
Extracting  the  Aromas  of  Plants.  By  Dr. 
Pi  ESSE,  F.C.S.  Third  Edition,  with  63 
Woodcuts.    Crown  8vo.  10*.  Qd. 

Chemioal,  Natural,  and  Fhysioal  Magic, 
for  JuvenUcs  during  the  Holidays.  By  the 
same  Author.  Third  Edition,  enlai^ged  with 
38  AVoodcuts.    Fcp.  6». 

Loudon's  Encyclopsedia  of  Agri- 
culture: comprising  the  Laying-out,  Im- 
provement, and  Management  of  Landed 
Property,  and  the  Cultivation  and  Economy 
of  the  Productions  of  Agriculture.  With 
1,100  Woodcuts.    8vo.  21». 

Loudon's  Enoyclopeddia  6f  Gardening : 
comprising  the  ITicory  and  Practice  of 
Horticulture,  Floriculture,  ArbfmcultaT«, 
and  Landscape  Gardening.  With  1,000 
Woodcuts.    8vo.  21». 

Bayldon's  Art  of  Valuing  Bents 

and  Tillages,  and  Claims  of  Tenants  upon 
Quilting  Farms,  both  at  Michaelmas  and 
Lady-Day.  Eighth  Edition,  revised  by 
J.  C.  MoRTOx.    8vo.  10».  6d. 
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Religious  and  Moral  Works. 


An  Exposition  of  the  30  Articles, 

Hifttorical  and  Doctrinal.  By  £.  Harold 
Bbowke,  D.D.  Lord  Bishop  of  Ely.  Eighth 
Edition.    8vo.  16«. 

TBramtTi  ation-Qnertloiui  on  *  Bishop 
Browne's  Exposition  of  the  Articks.  By 
the  Rev.  J.  GoBLK,  M.A.    Fcp.Ss.64l. 

Arohbishop  Iieighton's  Sermons 

•Dd  Charges.  With  Additions  and  Correc- 
tions firom  MSS.  and  with  Historical  and 
other  lUnstrative  Notes  by  William  West, 
Incumbent  of  S.  Columba'S;  Naini.  8vo. 
price  15s. 

Bishop  Cotton's  Instructions  in 

the  Principles  and  Practice  of  Christianity, 
intended  chiefly  as  an  Introduction  to  Con- 
firmation.   Sixth  Edition.    18mo.  2s.  6cr. 

The  Acts  of  the  Apostles ;  with  a 

Commentary',  and  Practical  and  Derotional 
Soggestions  for  Readers  and  Students  of  the 
EngUsh  Bible.  By  the  Rev.  F.  C.  Cook, 
M.A.  Canon  of  Exeter,  &c.  New  Edition, 
Sto.  12s.  64I. 

The   Life   and   Epistles  of  St. 

Paul.  By  the  Rev.  W.  J.  ComrBBAiuc, 
M.A.  and  the  Ycry  Rev.  J.  Sw  Howsox, 
D.D.  Dean  of  Chester  :— 

Library  Editiox,  with  all  the  Original 
Illustrations,  Map»,  Landscapes  on  Steel, 
Woodcuts,  &c    2  vols.  4to.  48s. 

Intebaiediate  Edition,  with  a  Selection 
of  Maps,  Plates,  and  Woodcuts.  2  vols, 
square  crown  8vo.  Sis.  6d, 

People's  Edition,  revised  and  con- 
densed, with  46  Illustrations  and  Maps.  2 
vols,  crown  8vo.  12«. 

The  Voyage  and  Shipwreck  of 

St.  Paul ;  with  Dissertations  on  the  Ships 
and  Navigation  of  the  Andents.  By  James 
Smith,  F.R.S.    Crown  8vo.  Charts,  10s.  6(f. 

Bvidence  of  the  Truth  of  the 

Christian  Religion  derived  Arom  the  Literal 
Fulfilment  of  Prophecy.  By  Alexander 
Keith,  D.D.  87th  Edition,  with  numerous 
Plates,  in  square  8vo.  12s.  6<l.;  also  the 
89th  Edition,  in  post  8vo.  with  6  Plates,  6s. 

The  History  and  Deatiny  of  the  'World 

and  of  the  Church,  according  to  Scripture. 
By  the  same  Author.  Square  8vo.  with  40 
Illustrations,  10s. 


Ewald's  History  of  Israel  to  the 

Death  of  Moses.  Translated  from  the  Ga- 
man.  Edited,  with  a  Preface  and  an  Ap- 
pendix, by  Russell  Mabtiseau,  M.A. 
Professor  of  Hebrew  in  Mandiester  New 
College,  London.  Second  Edition,  continned 
to  the  Commencement  of  the  Monarehy.  2 
vols.  8vo.  24s. 

Five  Tears  in  a  Protestant  Sis- 
terhood and  Ten  Years  in  a  Catholic  Con- 
vent ;  an  Autobiography.    Post  Sro.  7«.  Sd, 

The    Idfe    of    Margaret    ICsry 

Hallahan,  better  known  in  the  reli- 
gious world  by  the  name  of  Mother  Mar- 
garet. By  her  REUoiors  Childbxst. 
With  a  Preface  by  the  Bishop  of  BinBUig- 
ham.    8vo.  with  Portrait,  lOis. 

The  See  of  Boine  in  the  Middle 

Ages.  By  the  Rev.  Oswald  J.  Rkichel, 
B.C.L.  and  M.A.  Tice-Prindpal  of  Coddes- 
don  College.    8vo.  [iVsaHfjr  natfy. 

The  Evidence  for  the  Papacy 

as  derived  from  the  Holy  Scriptures  and 
from  Primitive  Antiquity ;  with  an  Intro- 
ductory Epistle.  By  the  Hon.  CoLnr 
Lindsay.    8vo.  llfmrhf  rmufy. 

ACritical  and  GirammaticalGom- 

mentary  on  St.  PauVs  Epistles.    By  C  J. 

Ellioott,  D.D.  Lord  Bishop  of  Glooosntcr 

and  BristoL    8vo. 
Galatiana,  Fourth  Edition.  8s.  6d. 
Bpheaians,  Fourth  Edition,  8s.6tf. 
Pastoral  Spiatles,  Fourth  Edition,  lOt.  6d. 
Fhilippians,  ColoasiaziB,  and  PhilaiaofB, 

Third  Edition,  10s.  6d, 
Thessalonlans,  Third  Edition.  7s.  9d, 

Historical  Lectures  on  the  lAA  of 

Our  Lord  Jens  Christ :  being  the  Halsean 
Lectures  for  1859.  By  C.  J.  Elljoott,  DlD. 
Lord   Bishop   of  Qlooeester   and  BkiateL 

Fifth  Edition.    8vo.  12s. 

The  Deetfaiy-  of  fhe  Oreatnre ;  and  eCker 
Sermons  preached  before  the  Univeni^  of 
Cambridge.    By  the  saHMi    Post  8f«.  U. 

An  Introduction  to  the  Stndy  of 

the  New  TesUment,  Critical,  Exegetical, 
and  TbeologicaL  By  the  Rev.  S.  DA\ii)0Q!r, 
D.D.  LL.D.    2  vols.  8vo.  80s. 

TheGreek  Testament;  withlTotos, 

Grammatical  and  ExegeticaL  By  the  Bev. 
W.  Webster,  M.A.  and  the  Rev.  W.  F. 
Wilkinson,  M.A.    2  vols.  8vo.  £2  4«. 

Vol.  I.  ^e  Gospels  and  Acts,  20s. 

Vol.  II.  the  Epistles  and  Apocalypse^  S4s, 


NEW  WORKS  puBLibHbD  BY  LOXGMAXS  and  CO. 


15 


Bev.  T.  H.  Home's  Introduction 

to  the  Critical  Study  and  Knowledge  of  the 
Unity  Scriptniea.  Twelfth  Edition,  as  last 
lerlsed  thnraghout.  With  4  Maps  and  22 
Woodcuts  and  Facsimiles.    4  vols.  8vo.  42a. 

Bav.  T.  H.  Home's  Compendious  In- 
trodaction  to  the  Study  of  tiie  Bible,  being 
an  Analysis  of  the  larger  work  by  the  same 
Author.  Be-edited  by  the  Rev.  John  Atbb, 
HJL    With  Maps,  &c.    Post  8to.  6«. 

The  Treasury  of  Bible  Know- 
ledge; being  a  Dictionary  of  the  Books, 
PexBons,  Places,  Events,  and  other  Matters 
of  which  mention  is  made  in  Holy  Scrip- 
ture; Intended  to  establish  its  Authority 
and  iSustrate  its  Contents.  By  Rev.  J. 
Ayre,  M.A.  With  Maps,  15  Plates,  and 
nnmeravs  Woodcuts.    Fcp.  10a.  Sd. 

Every-day  Scripture  Difficulties 

explained  and  illustrated.  By  J.  E.  Pres- 
OOTT,  M.  A.  YoIm  I.  Maithew  and  Mark ; 
Vol.  IL  I/nAe  and  John,  2  vols.  8vo.  price 
9s.  each. 

The   Pentateuch    and   Book  of 

Joshua  Critically  Examined.  By  the  Right 
Rev.  J.  W.  CoLKKso,  D.D.  Lord  Bishop  of 
NataL    Crown  8vo.  price  6t. 

The  Clmroh  and  the  World;  Three 

Series  of  Essays  on  Questions  of  the  Day, 
by  various  Writers.  Edited  by  the  Rev. 
Obbt  SIUPI.BT,  M.A.  8  vols.  8vo.  15s.  each. 

The  Formation  of  Christendom. 

By  T.  W.  Allies.  Parts  I.  and  II.  8vo. 
price  12s.  each. 

Christendom's  Biyisions ;  a  Philo- 

sophicd  Sketch  of  the  Divisions  of  the 
Christian  Family  in  East  and  West.  By 
Smtimo  a.  FrouLKSS,  formerly  Fellow  and 
Tlitsr  of  Jesus  ColL  Oxford.  Post8vo.7«.6<;. 

Christendom's  Bivisions,  Part  II. 

Orteks  and  LatinM,  being  a  Ilistory  of  their 
Dissensions  and  Overtures  fbr  Peace  down 
to  the  Reformation.  By  the  same  Author. 
Post  8vo.  15«. 

The  Hidden  Wisdom  of  Christ 

sad  the  Key  of  ILnowledge;  or.  History  of 
the  Apocrypha.  By  Ernest  Ds  Buhsen. 
2  vols.  8vo.  28t. 

Tlw  Xeyv  of  St.  Peter ;  or,  the  House  of 
Bechah,  connected  with  the  Hbtory  of 
fliyvibolism  and  IdoUtry.  By  the  same 
Author.    8vo.  14s. 

The  Power  of  the  Soul  over  the 

Body.  By  Geo.  Moorr,  M.D.  M.R.aP.L. 
ftc   SSxth  Edition.   Crown  8vo.  8f.  6<f. 


ThO  Tyi>e8  of  Genesis  briefly  con- 
sidered as  Revealing  the  Devdopment  of 
Human  Nature.  By  Andrew  Jukes. 
Second  Edition.    Cro¥m  8vo.  7s.  8dL 

The  Second  Deatli  and  the  Bestitntion 
of  All  Things,  with  some  Preliminary  Re- 
marks  on  the  Nature  and  Inspiration  of 
Holy  Scripture.  By  the  same  Author. 
Second  Edition,    Crown  8vo.  8s.  6d, 

Essays  and  Beviews.    By  the  Rev. 

W.  Tebiple,  D.D.  the  Rev.  R.  Williams, 
B.D.  the  Rev.  B.  Powell,  M.A.  the  Rev. 
H.  B.  Wilson,  B.D.  C.  W.  Goodwin,  M.A. 
the  Rev.  M.  Pattison,  B.D.  and  the  Rev. 
B.  JowETT,  M.A.    12th  Edition.    Fcp.  6». 

BeligiOUS  Bepubhcs ;  Six  Essays  on 
Congregationalism.  By  W.  M.  Fawcett, 
T.M.  Hbrbkrt,  M.A.  E.  G.  Herbert,  LL.B. 
T.  H.  Pattison,  P.  H.  Pte-Smith,  M.D. 
B,A.  and  J.  Anstie,  B.A.  8vo.  price  8s.  6</. 

Passing  Thoughts  on  Religion. 

By  the  Author  of  *Amy  Herbert.'  New 
Edition.    Fcp.  5s. 

Self-examination  before  Oonflrmation. 
By  the  same  Author.    d2mo.  Is.  Qd, 

Beadings  for  a  Month  Preparatory  to 
Confirmation  from  Writers  of  the  Early  and 
English  Church.    By  the  some.    Fcp.  4s. 

Headings  for  Sveiy  Day  in  Iient,  com- 
piled from  the  Writings  of  Bishop  Jeremy 
Taylor.    By  the  same.    Fcp.  5s. 

Preparation  for  the  Holy  Ooxnmnnion} 
the  Devotions  diiefly  firom  the  works  of 
Jeremy  Taylor.    By  the  same.    d2mo.  8s. 

Thoughts  for  the  Holy  Week, 

for  Toung  Persons.  By  the  same  Author. 
New  Edition.    Fcp.  8vo.  2s. 

Principles  of  Education  drawn 

from  Nature  and  Revelation,  and  Applied 
to  Female  Education  in  the  Upper  rianoog 
By  the  same  Author.    2  vols.  fcp.  12s.  Bd, 

Bishop  Jeremy  Taylor's  Entire 

Works:  with  Life  by  Bisnop  Hbber. 
Revised  and  corrected  by  the  Rev.  C.  P. 
Eden.     10  vols.  £5  5«. 

England  and  Christendom.     By 

ARCHBisnop  Manning,  D.D.  Post  8vo. 
price  10s.  Sd, 

The  Wife's  Manual ;    or.  Prayers, 

Thoughts,  and  Songs  on  Several  Occasions 
of  a  Matron's  Life.  By  the  Rev.  W.  Cal- 
vert, M.A.    Crown  8vo.  10s.  BtL 

Singers  and  Songs  of  the  Church : 

being  Biographical  Sketches  of  the  Hymn- 
Writers  in  all  the  principal  Collections; 
with  Notes  on  their  Psalms  and  Hymns. 
By  JosiAH  Miller,  M.A.  Second  Edition, 
enlargod.    Post  8vo.  10s.  6<f. 
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*0pirittial  Songs*  for  the  SondayB 

and  Holidays  throughout  the  Year.  By 
J.  H,  B.  MoNSELT.,  LL.D.  Yicar  of  Egham 
and  Rornl  Dean.  Fourth  Edition,  Sixth 
Thousand.    Fcp.  price  -is,  Qd. 

The  Beatitudes :  Abaaement  before  God : 
Sorrow  for  Sin ;  Meekness  of  Spirit ;  Desire 
for  Holiness ;  Gentleness  ;  Purity  of  Heart ; 
the  Peace-makers  ;  Sufferings  for  Christ. 
By  the  same  Author.  Third  Edition,  re- 
Tised.    Fcp.  ds.  6d. 

Hia  Fresenoa  not  hia  Memory,  1835. 
By  the  same  Author,  in  memory  of  his  Son. 
Sixth  Edition.    16mo.  U. 

Iiyra  Gtermanica ;  Two  Selections  of 
Household  Hymns,  translated  from  the 
German  by  Miss  Catherine  Winkavorth. 
First  Series,  the  Christian  Year,  Hymns 
for  the  Sundajrs  and  Chief  Festivals  of  the 
Church ;  Second  Series,  the  Chririian 
Life,    Fcp,  8vo.  price  3».  6rf,  each  Skuies. 


Lyra    Bucharistlca  ;    Hymns   ac^ 

Verses  on  the  Holy  Conunnnion,  Ancient 
and  Modem :  with  other  Poems.  Edited  tr 
the  Rev.  Orbv  Siiiplev,  M.A.      Seoorti 

Edition.    Fcp.  5«. 

Shipley's  Iiyra  Messianioa.   Fcp.  5#. 
Shipley's  Lyra  Mystica.   Fcp.  s«. 

Endeavours  after  the  Christian 

Life :  Discourses.  By  Jaues  Martcvea  i . 
Fourth  and  Cheaper  Edition,  carefully  re- 
vised ;  the  Two  Series  complete  in  C>r>t 
Volume.    Post  8vo.  7».  Cdl 

Invocation  of  Saints  and  Angels ; 

for  the  use  of  Members  of  the  English  Charvh. 
Edited  by  the  Kev.  Okry  Shiplet,  M^\. 
24mo.  3s.  6</. 

Introductory    Lessons    on    the 

History  of  Religious  Worship ;  being  a 
Sequel  to  the  same  Author's  'Lessons  07i 
Christian  Evidences.'  By  Riciiari> 
WiiATELY.D.D.  Xew  Edition.  18mo.2s.<Mi 


Travels^   Voyages^  (^'C. 


Sngland  to   Delhi;   a   Narrative   of   ' 
Indian    Travel.      By    John    Matiieson,    ! 
Glasgow*    Imperial  8vo.  "with  very  nume- 
rous Illustrations. 

ItStters  from  Australia.    By  John 

IfARTiNEAU.     Post  8vo.  pricc  7«.  Gd. 

Travels  in  the  Central  Caucasus 

and  Bashan,  including  Visits  to  Ararat  and 
Tabreez  and  Ascents  of  Kazbek  and  Elbruz. 
By  D0CGT.A8  W.  FnF.8!iFiELi>.  With  3 
Maps,  2  Panoramas  of  Summits,  4  full-page 
Woiod  Engravings,  and  16  Woodcuts. 
Square  crown  8vo.  18«. 

Cadore  or  Titian's  Country.    By 

J06IAH  Gilbert,  one  of  the  Authors  of  the 
'Dolomite  Mountains.'  With  Map,  Fac- 
simile, and 40  Illustrations.  Imp.Svo. dl«.  Od. 

The  Dolomite  Mountains.    Excnr- 

aions  through  Tj-rol,  Carinthia,  Camiolo, 
and  Friuli.  By  J.  Gii^bert  and  G.  C. 
Churchill,  F.R.G.S.  With  numerous 
Illustrations.    Scjuare  crown  8vo.  21*. 

Pilgrimages  in  the  Pyrenees  and 

Landes:  Their  Sanctuaries  and  Shrines. 
By  Dexys  Shynb   Lawlor.      Post  8vo. 

Pictures  in  Tyrol  and  Elsewhere. 

From  a  Family  Sketch-Book.  By  the 
Author  of  'A  Voyage  en  ZigzagV  &c. 
Second  Edition.  4to.  with  many  lU us  t ra- 
tions, 21f, 


How  we  Spent  the  Summer;  or, 

a  Voyage  en  Zigzag  in  Switzeiiand  and 
Tyrol  with  some  Memhers  of  the  Alpixh 
Club.  Third  Edition,  re-drawn.  In  oblong 
4to.  with  about  300  Ilhistrations,  !&«. 

Beaten  Tracks ;  or,  Pen  and  Pencil 
Sketches  in  Italy.  By  the  Authoress  of 
*  A  Voyage  en  Zigzag.*  With  42  Platf5, 
containing  about  200  Sketches  from  Draw- 
ings made  on  the  Spot.    8vo.  16«. 

The  Alpine  Club  Map  of  the  Chain 

of  Mont  Blanc,  from  an  actual  SurvcT-  in 
1868—1864.  By  A.  Adams -Reilly, 
F.K.G.S.  M.A.C.  In  Chromolithography  on 
extra  stout  drawing  paper  28in.  x  I7in. 
price  10«.  or  mounted  on  canvas  in  a  folding 
case,  12s.  Gd. 

Pioneering  in  the  Pampas;  cr, 

the  First  Four  Years  of  a  Settler's  Expe- 
rience in  the  La  Plata  Camps.  By  R.  A. 
Seymour.  Second  Edition.  Post  8vo.  with 
Map,  6«. 

The     Paraguayan     War:     witii 

Sketches  of  the  History  of  Paraguay,  acd 
of  the  Manners  and  Customs  of  the  People; 
and  Notes  on  the  Militai}'  Engineering  of 
the  War.  By  Georck  TnoMPaoy,  C.E. 
With  8  Maps' and  Plans  and  a  Portrait  (f 
Lopez.    Post  8vo.  12«.6</. 

Notes  on  Burgundy.     By  Chabi.» 

Richard  Wkld.  Edited  by  his  Widow ; 
with  Portrait  and  Memoir.  Post  8to. 
price  8«.  Sd. 
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History    of   Bificovery    in    our 

AtutralasiAn  Colonies,  Australia,  Tasmania, 
and  New  Zealand,  from  the  Earliest  Date  to 
the  Present  Day.  By  William  Howitt. 
^Vith  3  Maps  of  the  Recent  Explorations 
from  Official  Sources.    2  vols.  8vo.  20s, 

The  Capital  of  the  Tycoon;  a 

Narrative  of  a  3  Years'  Residence  in  Japan. 
By  Sir  RuTH£RFonD  Alcxktk,  ELCB. 
2  vols.  8yo.  with  numerous  Illustrations,  42«. 

Quide  to  the  Psrrenees,  for  the  use 

of  Mountaineers.  By  Ciiarles  Packe. 
iSecond  Edition,  with  Maps,  &c.  and  Appen- 
dix.   Crown  8vo.  7».  6</. 

The  Alpine  Guide.  By  John  Ball, 
M.R.IA.  late  President  of  the  Alpine  Club. 
Post  8yo.  with  Maps  and  other  illustrations. 

Guide  to  the  Eastern  Alps,  price  lOs.dd^ 

Guide  to  the  "Western  Alps,  including 
Mont  Blanc,  Monte  Rosa,  Zermatt,  &c. 
price  6s.  6d. 

Guide  to  the  Central  Alps,  including 
all  the  Oberiand  District,  price  75.  Gd. 

Introduction  on  Alpina  Travelling  in 
general,  and  on  the  Grcology  of  the  Alps, 
price  Is.  Either  of  the  Three  Volumes  or 
Parts  of  the  Alpine  Guide  may  be  had  with 
this  Introduction  prefixed,  price  Is.  extra. 

Boma  Sotterranea;   or,  an  Account 

of  the  Roman  Catacombs,  especially  of  the 
Cemetery  of  San  Callisto.  Compiled  from 
the  Works  of  Commendatore  G.  B.  De  Ros^^i, 
by  the  Rev.  J.  S.  Northoote,  D.D.  and  the 
i:ev.  W.  B.  Brownlow.  With  Plans  and 
numerous  other  Illustrations.   8vo.  Sis.  Qd, 

Memorials  of  London  and  Iion- 

don  Life  in  the  13lh,  14th,  and  15th  Cen- 
turies; being  a  Series  of  Extracts,  Local, 
Social,  and  Political,  from  the  Archives 
of  the  City  of  London,  a.d.  1276-1419. 
S.'locted,  translated,  and  edited  by  H.  T. 
IwiLKY,  M.A.    Royal  8vo.  2 la. 


Commentaries  on  the  History, 

Constitution,  and  Chartered  Franchises  of 
the  City  of  London.  By  George  Norton, 
formerly  one  of  the  Common  Pleadeisof  the 
City  of  London.     Third  Edition.    8vo.  14«. 

Curiosities  of  London;   exhibiting 

the  most  Rare  and  Remarkable  Objects  o 
Interest  in  the  Metropolis;  with  nearly 
Sixty  Years*  Personal  Recollections.  By 
John  Timbs,  F.S.A.  New  Edition,  cor- 
rected and  enlarged.    8vo.  Portrait,  21». 

The  Northern  Heights  of  Lon- 
don ;  or,  Historical  Associations  of  Hamp- 
stead,  Highgatc,  Muswell  Hill,  Homsey, 
and  Islington.  By  William  Howitt. 
With  about  40  Woodcuts.  Square  crown 
8vo.  2ls. 

The    Bural    Life   of    England. 

By  the  same  Author.  With  Woodcuts  by 
Bewick  and  Williams.  Medium,  8vo.  12«.  6d. 

Visits   to    Bemarkable    Places : 

Old  Halls,  BatUe-Fields,  and  Scenes  illus- 
trative  of  striking  Passages  in  English 
History  and  Poetry.  By  the  same  Author. 
2  vols,  square  crown  8vo.  with  Wood  En* 
graving8f25s. 

Narrative  of  the  Euphrates  Ex- 
pedition carried  on  by  Order  of  the  British 
Government  during  the  years  1835,  183G, 
and  1837.  By  General  F.  R.  Ciiesney. 
F.R.S.  With  2  Maps,  45  Plates,  and  Hi 
Woodcuts.    8vo.  24*. 

The  Grerman  Working  Man ;  hoing 

an  Account  of  the  Daily  Life,  Amusements, 
and  Unions  for  Culture  and  Material  Pro- 
gress of  the  Artisans  of  North  and  Soutii 
Germany  and  Switzerland.  By  Jame^ 
Samuelsox.  Crown  8vo.  with  Frontb- 
piece,  OS.  (yd. 


Works  of  Fiction. 


Vikram  and  the  Vampire;    or, 

Tales  of  Hindu  Devilry.  Adapted  by 
Richard  F.  Burton,  F.R.G.S.  &c.  With 
Illustrations  by  Ernest  Griset.  Crown 
8V0.98. 

Mabeldean,  or  Christianity  Be- 

versed;  being  the  History  of  a  Noble 
FamUy :  a  Social,  Political,  and  Theological 
NoveL  By  Owen  Gower,  of  Gay  brook. 
3  vols,  post  8vo.  31s.  Qd, 
Through  the  ITight;  a  Tale  of  the 
Times.  To  which  is  added  ONWARD,  or 
a  SUMMER  SKETCH.  By  Walter 
SwKKTMAN,  B.A.    2  vols,  post  8vo.  21*. 


stories  and  Tales  by  the  Author 

of  'Amy  Herbert,'  uniform  Edition,  each 
Tale  or  Story  a  single  volume : — 


Amy  Herbert,  2*.  Gd. 
Gertrude,  2s.  Gd. 
Earl*s  Daughter, 

2s.  Gd. 
Experience  of  Life, 

28.  Gd. 
Cleve  Hall,  8*.  Gd. 
Ivors,  3«.  Gd. 
A  Glimpse  of  tlxe  'World.    Fcp.  7«.  6<f. 
Journal  of  a  Home  Iiife.  Post  8vow  8«.  id. 
After  Iiife ;  a  Sequel  to  the  'Journal  of  a  Home 

I/ifi'.'     Tost  8vo.  19».  Gd. 

G 


Katuarixe  Ashtox, 

3s.  Gd. 
Margaret    Perci- 

NAL,  OS. 

L  AN  ETON     PAR30X- 
AGE,  49.  Gd. 

Ursula,  4s.  Gd. 
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The  Warden ;  a  Noiwl.    By  Ahtbovt 

TfeM>i.i/>PB.    Gkowii  8to.  1«.  ml 
Barahester   Towvra;   a  Seqnd  to  'The 
~  Warden.'    Oewn  8vo.  2t. 

XJnole  Peter's  Fairy  Tale  for  the 

XlXth  Century.  Edited  by  Elizabeth 
M.  Sewell,  Author  of' Amy  HertMrt,'  &c. 
Fcp.  8vo.  7s.  6d, 

Becker's  GkUlns ;  or,  Roman  Scenes  of 
the  Time  of  Augustus.    Post  870.  7s.  Sd, 

Becker's  Charides:  Hlortntire  of 
Fkiyate  Life  of  the  Ancient  Greeks.  Post 
8f0.7«.WL 

Tales  of  Ancient  Greece.  By  George 

W.  Ck>x,  M.A.  late  Scholar  of  Trin.  CoU. 
Oxford.  Being  a  collective  Edition  of  the 
Author*8  Clasncal  Series  and  Tales,  com- 
plete in  One  Volume.    Crown  Svo.  6«.  Bd. 


A  Manual  of  Xyihologyy'  in  the 

form  of  Question  and  Answer.  By  tbe  Ber. 
Gborob  W.  Cox,  M  JL  Into  S<Aolar  ot 
Trinity  CoUegs^  Ozfbrd.    Fcp.  Us. 

Cabinet  Edition  of  ITovels  and 

Tales  by  J.  G.  Whyte  Melville  : — 

The  Gladiatobs,  5«.  Holmby  House,  5s. 
D16BY  Grand,  5s.      Good  for  NoTHnro^Cf. 
Kate  Coventry,  6s.  QuEEir*8  Maries,  fv. 
General  BoiTNCB,  5s.  The  lNTKRrsBnB,5<. 

Doctor  Harold's  B'ote^Book.   By 

Mrs.  GASGOiaHE,  Author  of  *The  Kezt 
Door  Neighbour.'    Fcp.  Svo.  6s. 

Our  Children's  Story.    By  One  of 

their  Gossips.  By  the  Author  of  'Yoyage 
en  Zigzag/  <  Pictures  in  TyroV  Ae.  Small 
4to.  with  Sixty  IllistiatioRS  b^-the  Anther, 
price  10s.  6dL 


Poetry  and  The  Dranui. 


Thomas  Moore's  Poetical  Works, 

the  only  Editions  containing  tiie  Anther's 
last  Copyright  Additions  :>~ 

Shamrock  Edition,  price  8s.  6dL 

Buby  Edition,  with  Portrait,  6j. 

Cabinet  Edition,  10  voLs.  fcp.  8vo.  35c. 

People's  Edition,  P<»tndt,  &c.  10s.  M. 

Library  Edition,  Portrait  &  Vignette,  14s. 

Moore's  Lalla  Bookh,  Tennial's  Edi- 
tion, with  68  Wood  Engravings  flrom 
Original  Drawings  and  other  Dlnstrations. 
Fcp.  4U>.  21s. 

Moore's  Irish  Melodies,  MaeUae's 

Edition,  with  181  Steel  Plates  from  Original 
Drawings.    Snper-royal  8vo.  81s.  Sd. 

Miniatiire  Sdition  of  Moore's  Xrlah 
JUelodies,  with  Maclise's  lUustrations  (as 
above),  reduced  in  Lithography.  Imp. 
16mo.  10s.  6<2. 

Southey's    Poetical  Works,  with 

the  Author's  last  Corrections  and  copyright 
Additions.  Librsry  Edition.  Medium  Svo. 
-with  Portrait  and  Vignetle^  14s. 

Lays  of  Ancient  Borne ;  with  Iwy 

and  the  Armada.  By  the  Bight  Hon.  Lord 
Macacjlay.    16mo.  4s.  6d. 

Iiord  Maoanlay's  Iiajs  of  Ancient 
Borne.  vVith  90  Illustrations  on  Wood, 
Original  and  from  the  Antique^  from 
Drawings  by  G.  Scharf.    Fcp.  4to.  21s. 

Miniature  Edition  of  Iiord  Maeanlay'a 
Lays  of  Ancient  Borne,  with  Scharfa 
BlnetrationB  (as  above)  reduced  in  Litho- 
graphy.   Imp.  16mo.  10s.  6rf. 


Goldsmith's  Poetical  Works,  Bins- 

trsted  with  Wood  Engxavingsfrom  Designs 
by  Members  of  the  Etchhw  Clcb.  Imp. 
18mo.  7s.  6dL 

Poems.  By  Jean  Ingelow.  Fifteenth 
Edition.    Fcpb  Svo.  5«. 

Poems  by  Jean  Ingek>w.    A  Hew 

Edition,  with  nearly  100  Illustralions  by 
Eminent  Artists,  engraved  on  Wood  by  the 
Brothers  Dalzieu    Fq>.  4to.  21s. 

Mopsa  the  Fairy.    By  Jxah  in&MtJom. 

With  Eight  Illustrations  engraved  en  Wood. 
Fcp.  Svo.  6s. 

A  Story  of  Doom,  and  other  PImdis. 
By  Jean  Ingelow.  Third  Edition.  Fq>. 
5s. 

Poetical  Works  of  Letitla  Bliaa- 

beth  Landon  (L  J£.L.)     2  vols.  16mo.  Ids. 

Bowdler's    Family    Shakspeara,' 

cheaper  Genuine  Edition,  complete  in  1  voL 
large  type,  with  36  Woodcut  Illustiations, 
price  14s.  or  in  6  pocket  vols.8s.  6d,  each. 

Arandines  Cami.  CoUegitatqneedidit 
H.  Drury«  M  Jl.  Editio  Sexta,  coravit  H. 
J.  Hodgson,  M  A.    Crown  Svo.  price  7s;.  6^ 

Horatii  Opera,  Pocket  Edition,  with 
carefully  corrected  Text,  Marginal  Beftr- 
ences,  and  Introduction.  Edited  by  the  Rev. 
J.  £.  YoNOE,  MJL    Square  18mo.  4a.  6dL 

Horatii  Opera»  library  Edition,  with 
Copious  English  Notes,  Marginal  ReliereneB 
and  Various  Readix^s.  Edited  by  the  Rev. 
J.  E.  ToNGE,  M Jk.    Svo.  21s. 


OTAe  mad  of  Hom«r  in  Bni^iBh 

K«3e«met«r  Yene.  B7J.  Hsinrr  D^akt, 
:M.A.  of  Exeter  College,  Oxford.  Squarn 
cro-wn  8vo.  21*. 


M.A.    Wkh  tke  lulias  Text.    Sva  21c. 
Huntmg  Songs  and  HisoeUane* 

oas  Versea.    By  R.  E.  Eobbton  WABBxnt- 
Txm,    Second  Edition.    Fcp.  8yo.  6c. 


Rural  SportSj  <^e. 


SxLoyelop»dia  of  Bnral  Sports ; 

A  Oompwte  Acoomtty  MistoncsJy  PrMticsl^ 
and  Descriptive,  of  Hunting^,  Shooting, 
Fishing,  Fn^**g,  &e.  By  D.  P.  BtAow. 
With  abo^  600  WoodcaU  (20ficomDen^BS 
by  John  Leech).    8vo.  42c. 
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M.D.  Eleventh  Edition,  revised  and  en- 
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T.  BuLL,M.D.    Fcp.  ^ 

The  Maternal   Management  of 

Children  in  Health  and  Disease.  ByTHOjLv^ 
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Good  for  Nothing  18 

Holmby  House 18 

— — ^—  Interpreter  18 

. Kate  Coventry 18 

Queen's  Maries  18 

HnmussoHir's  Letters  4 

MeiMB  and  Cheops  7 

MmaxwALS'B  ( H.)  Historical  Studies  8 

—  (C.)  Pall  of  the  Roman  Republic  8 

■  Romans  under  the  Empire  8 

.                              Boyle  Lectures 8 

MXBSIVIBLD  and  Bybbs's  Navigation  ....  7 

Mhjm  on  Horse's  Foot  and  Horse  Shoeing .  19 

on  Horses' Tfieth  and  Stables  19 

Jfxiui  (J.)  on  the  Mind 4 

Mux  (i.S.)  on  Liberty 4 

England  and  Ireland 4 

Subjection  of  Women    4 

■  -                   on  Representative  Government  4 
— ^-^—  on  Utilitarianism   4 

*B  Dtesertations  and  Discusstons 4 

Pbtttioal  Economy   4 


Mill's  System  of  Lagic 4 

Hamilton's  Philoaoplqr 4 

Inaugural  Addrasa  at  8ft.  Aadrav's .  4 

MiLLBB'8BleiB€iitaof(%ndi*r7 f 

Hymn  Writers 18 

MlTCHKLL'sManwd  of  Assaying IS 

MoBSBLL's  Bealitwlea M 

His PwasiiBS  Bot  Ma  Menory..  IS 

'SplritBal  001108'    li 

MooBB'a  Irish  Melodtea IS 

LallaBookh 3S 

JoMTnalandCorospotidenca....  8 

Poetical  Worka. 18 

(Dr.G.)  Power  of  the  Soul  vrm 

thaBody iff 

MoBBLL'8  Elements  of  Psyeholcgy  7 

Mental  Philosophy T 

M9llbb'8  (Max)  Chips  from  a  Gennaa 

Workshop  f 

Lactnrea  on  the  SciBnee  of  Lan^ 

tSoagB 5 

(K.  O.)  Literature  of  Ancient 

Greece 8 

Mubchibob  on  Continued  Fevers 10 

on  Liver  Complaints 10 

Mubb'b  Language  and  Literature  of  Grtefle  t 


New  Testament  mnatratod  wHh  Wood  En- 
gravings fh>m  the  Old  Masters  11 

Newhab'b  H  istory  ofhis  Religions  Opinions  4 

Nichols's  Handbook  to  British  Museum..  28 

Nightikgalb'b  Notes  on  Hospitals  28 

NiLBSOB'B  Scandinavia 9 

NoBTHCOTB's  Sanctuary  of  the  Madonna . .  14 

NoBTHCOTT  on  Lathes  and  Turning  12 

Nobtob'b  City  or  London   17 

OPLiBe'B  AniHWI  Chcuiisiry  IS 

Course  of  Practical  Chemistry  ..  19 

Manual  of  Chemistry f 

Lectures  on  Carbon   10 

Outlines  of  Chemietry 19 

Our  Children's  Story 18 

OwBv'B  Comparative  Aaaloniy  aad  fbjtik^ 

logyofYertebrafteAninala • 

Lectures  on  the  Invertebratft......  8 

PlCKB'B  Guide  to  the  Fjrrenees U 

Pagbt'b  Lectures  on  Surgical  Pathology  ..  IS 

Pbbbiba's  Manual  of  Materia  Medica u 

Pbbkibb'b  Italian  and  Tuscan  Sculptota  ..  IS 

Phillips's  Chiide  to  Geology s 

Pictures  in  Tyrol it 

PiBS8B*s  Art  of  Perfiimery is 

Chemical,  Natural,  and  Phyaioal  Msgitt  18 

Pratt's  Law  of  Building  Societies 28 

PBBBDBBGABT'a  Mastery  of  languages  ....  S 

Pbbbcott'b  Scripture  Difflcultiea is 

Pboctob'b  Handbook  of  the  Stars   7 

Saturn  7 

Pybb'b  England  and  France  in  the  Fifteenth 

Century   2 

Qnarteoriy  Journal  of  BflleiMa. 2 


RETURN  TO  the  circufation  desk  of  any 
University  of  California  Ubrary 
or  to  the 
NORTHERN  REGIONAL  LIBRARY  FACILITY 
Btdg.  400.  Richmond  Field  Station 
University  of  California 
Richmond,  CA  94804-4698 


ALL  BOOKS  MAY  BE  RECALLED  AFTER  7  DAYS 

•  2-month  loans  may  be  renewed  by  calling 
(510)642-6753 

•  1  -year  loans  may  be  recharged  by  bringing 
books  to  NRLF 

•  Renewals  and  recharges  may  be  made  4 
days  prior  to  due  date. 
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